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Duality relations for M coupled Potts models

Jesper Lykke Jacobsen
LPTMS, Bâtiment 100, Université Paris–Sud, F-91405 Orsay, France

~Received 21 April 2000!

We establish explicit duality transformations for systems of M q-state Potts models coupled through their
local energy density, generalizing known results for M51,2,3. The M-dimensional space of coupling constants
contains a self-dual submanifold of dimension DM5@M /2# . For the case M54, the variation of the effective
central charge along the self-dual surface is investigated by numerical transfer matrix techniques. Evidence is
given for the existence of a family of critical points, corresponding to conformal field theories with an extended
SM symmetry algebra.

PACS number~s!: 05.50.1q, 05.70.Jk, 75.10.Hk

For several decades, the q-state Potts model has been used
to model ferromagnetic materials @1#, and an impressive
number of results are known about it, especially in two di-
mensions @2–4#. More recently, its random-bond counterpart
has attracted considerable attention @5#, primarily because it
permits one to study how quenched randomness coupling to
the local energy density can modify the nature of a phase
transition.

But despite the remarkable successes of conformal invari-
ance applied to pure two-dimensional systems, the amount of
analytical results on the random-bond Potts model is rather
scarce. Usually the disorder is dealt with by introducing M
replicas of the original model, with mutual energy-energy
interactions, and taking the limit M→0. The price to be paid
is, however, that the resulting system loses many of the prop-
erties ~such as unitarity! that lie at the heart of conventional
conformal field theory @6,7#.

Very recently, an alternative approach was suggested by
Dotsenko et al. @8#. These authors point out that the pertur-
bative renormalization group @6# ~effectively an expansion
around the Ising model in the small parameter «5q22)
predicts the existence of a nontrivial infrared fixed point at
interlayer coupling g*}2«/(M22)1O(«2), so that the re-
gions M,2 and M.2 are somehow dual upon changing the

sign of the coupling constant1 @9#. More interestingly, for
M53 they identify the exact lattice realization of a critical
theory with exponents consistent with those of the perturba-
tive treatment, and they conjecture that this generalizes to
any integer M>3. Their proposal is then to study this class
of coupled models, which are now unitary by definition, and
only take the limit M→0 once the exact expressions for the
various critical exponents have been worked out. One could
hope to attack this task by means of extended conformal field
theory, thus combining the Zq symmetry of the spin variable
by a non-Abelian SM symmetry upon permuting the replicas.

Clearly, a first step in this direction is to identify the lat-
tice models corresponding to this series of critical theories,
parametrized by the integer M>3. For M53 this was
achieved @8# by working out the duality relations for M
coupled Potts models on the square lattice, within the
M-dimensional space of coupling constants giving rise to SM
symmetric interactions amongst the lattice energy operators

1The case M52 is special: For q52 ~the Ashkin-Teller model!
the coupling presents a marginal perturbation, giving rise to a
halfline of critical points along which the critical exponents vary
continuously @3#. On the other hand, for q.2 where the perturba-
tion is relevant, the model is still integrable, but now presents a
mass generation leading to noncritical behavior @9#.
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of the replicas. Studying numerically the variation of the
effective central charge @10# along the resulting self-dual
line, using a very powerful transfer matrix technique, the
critical point was unambiguously identified with one of the
endpoints of that line.

Unfortunately, it was hard to see how such duality rela-
tions could be extended to the case of general M. The calcu-
lations in Ref. @8# relied on a particular version @11# of the
method of lattice Fourier transforms @12#, already employed
for M52 two decades ago @13#. Though perfectly adapted to
the case of linear combinations of cosinoidal interactions
within a single ~vector! Potts model @12#, this approach led to
increasingly complicated algebra when several coupled mod-
els were considered. Moreover, it seemed impossible to re-
cast the end results in a reasonably simple form for larger M.

In the present Rapid Communication we wish to assess
whether such a scenario of a unique critical point with an
extended SM symmetry can indeed be expected to persist in
the general case of M>3 symmetrically coupled models. We
explicitly work out the duality transformations for any M,
and show that they can be stated in a very simple form @Eq.
~9!# after redefining the coupling constants.

The lattice identification of the M53 critical point in Ref.
@8# crucially relied on the existence of a one-parameter self-
dual manifold, permitting only two possible directions of the
initial flow away from the decoupling fixed point. We find in
general a richer structure with an @M /2#-dimensional self-
dual manifold. Nonetheless, from a numerical study of the
case M54 we end up concluding that the uniqueness of the
nontrivial fixed point can be expected to persist, since the
decoupling fixed point acts as a saddle point of the effective
central charge.

Consider then a system of M identical planar lattices,
stacked on top of one another. On each lattice site i, and for
each layer m51,2, . . . ,M , we define a Potts spin s i

(m) that
can be in any of q52,3, . . . distinct states. The layers inter-
act by means of the reduced Hamiltonian

H5(̂
i j&

Hi j , ~1!

where ^i j& denotes the set of lattice edges, and an SM sym-
metric nearest-neighbor interaction is defined as

Hi j52 (
m51

M

Km ( 8
m1Þm2Þ•••mm

)
l51

m

d~s i
(m l) ,s j

(m l)!. ~2!

By definition the primed summation runs over the (m
M) terms

for which the indices 1<m l<M with l51,2, . . . ,m are all
different, and d(x ,y)51 if x5y and zero otherwise.

For M51 the model thus defined reduces to the conven-
tional Potts model, while for M52 it is identical to the
Ashkin-Teller-like model considered in Ref. @13#, where the
Potts models of either layer are coupled through their local
energy density. For M.2, additional multienergy interac-
tions between several layers have been added, since such
interactions are generated by the duality transformations, as
we shall soon see. However, from the point of view of con-
formal field theory these supplementary interactions are ir-
relevant in the continuum limit. The case M53 was dis-
cussed in Ref. @8#.

By means of a generalized Kasteleyn-Fortuin transforma-
tion @14# the local Boltzmann weights can be recast as

exp~2Hi j!5 )
m51

M

) 8
m1Þm2Þ•••mm

3F11~eKm21 !)
l51

m

d~s i
(m l) ,s j

(m l)!G . ~3!

In analogy with the case of M51, the products can now
be expanded so as to transform the original Potts model into
its associated random cluster model. To this end we note that
Eq. ~3! can be rewritten in the form

exp~2Hi j!5b01 (
m51

M

bm ( 8
m1Þm2Þ•••mm

)
l51

m

d~s i
(m l) ,s j

(m l)!,

~4!

defining the coefficients $bm%m50
M . The latter can be related

to the physical coupling constants $Km%m51
M by evaluating

Eqs. ~3! and ~4! in the situation where precisely m out of the
M distinct Kronecker d-functions are nonzero. Clearly, in
this case Eq. ~3! is equal to eJm, where

Jm5 (
k51

m

S m
k DKk ~5!

for m>1, and we set J05K050. On the other hand, we find
from Eq. ~4! that this must be equated to (k50

m (k
m)bk . This

set of M11 equations can be solved for the bk by recursion,
considering in turn the cases m50,1, . . . ,M . After some
algebra, the edge weights bk ~for k>0) are then found as

bk5 (
m50

k

~21 !m1kS k
m D eJm. ~6!

The partition function in the spin representation

Z5(
$s%

)̂
i j&

exp~2Hi j! ~7!

can now be transformed into the random cluster representa-
tion as follows. First, insert Eq. ~4! on the right-hand side of
the above equation, and imagine expanding the product over
the lattice edges ^i j&. To each term in the resulting sum we
associate an edge coloring G of the M-fold replicated lattice,
where an edge (i j) in layer m is considered to be colored
~occupied! if the term contains the factor d(s i

(m) ,s j
(m)), and

uncolored ~empty! if it does not. ~In this language, the cou-
plings Jk correspond to the local energy density summed
over all possible permutations of precisely k simultaneously
colored edges.!

The summation over the spin variables $s% is now trivi-
ally performed, yielding a factor of q for each connected
component ~cluster! in the coloring graph. Keeping track of
the prefactors multiplying the d-functions, using Eq. ~4!, we
conclude that

Z5(
G

)
m51

M

qCmbm
Bm , ~8!
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where Cm is the number of clusters in the mth layer, and Bm
is the number of occurencies in G of a situation where pre-
cisely m (0<m<M ) edges placed on top of one another
have been simultaneously colored.

It is worth noticing that the random cluster description of
the model has the advantage that q only enters as a param-
eter. By analytic continuation one can thus give meaning to a
noninteger number of states. The price to be paid is that the
Cm are, a priori, nonlocal quantities.

In terms of the edge variables bm the duality transforma-
tion of the partition function is easily worked out. For sim-
plicity we shall assume that the couplings constants $Km% are
identical between all nearest-neighbor pairs of spins, the gen-
eralization to an arbitrary inhomogeneous distribution of
couplings being trivial. By analogy with the case M51, a
given coloring configuration G is taken to be dual to a col-
oring configuration G̃ of the dual lattice obtained by applying
the following duality rule: Each colored edge intersects an
uncolored dual edge, and vice versa. In particular, the de-
mand that the configuration Gfull with all lattice edges colored
be dual to the configuration Gempty with no colored ~dual!
edge fixes the constant entering the duality transformation.
Indeed, from Eq. ~8!, we find that Gfull has weight qMbM

E ,
where E is the total number of lattice edges, and Gempty is
weighted by qMFb̃0

E , where F is the number of faces, includ-
ing the exterior one. We thus seek for a duality transforma-
tion of the form qMFb̃0

EZ($bm%)5qMbM
E Z̃($b̃m%), where for

any configuration G the edge weights must transform so as to
keep the same relative weight between G and Gfull as between
G̃ and Gempty .

An arbitrary coloring configuration G entering Eq. ~8! can
be generated by applying a finite number of changes to Gfull ,
in which an edge of weight bM is changed into an edge of
weight bm for some m50,1, . . . ,M21. By such a change,
in general, a number k<M2m of pivotal bonds are removed
from the coloring graph, thus creating k new clusters, and the
weight relative to that of Gfull will change by qkbm /bM . On
the other hand, in the dual configuration G̃ a number M
2m2k of clusters will be lost, since each of the k new
clusters mentioned above will be accompanied by the forma-
tion of a loop in G̃. The weight change relative to Gempty

therefore amounts to b̃M2m /( b̃0qM2m2k). Comparing these
two changes we see that the factors of qk cancel nicely, and
after a change of variables m→M2m the duality transfor-
mation takes the simple form

b̃m5

qmbM2m

bM
for m50,1, . . . ,M , ~9!

the relation with m50 being trivial.
Self-dual solutions can be found by imposing b̃m5bm .

However, this gives rise to only @(M11)/2# independent
equations

bM2m5qM /22mbm for m50,1, . . . ,FM21

2 G , ~10!

and the M-dimensional parameter space $bm%m51
M , or

$Km%m51
M , thus has a self-dual submanifold of dimension

DM5@M /2# . In particular, the ordinary Potts model (M
51) has a unique self-dual point, while for M52 @13# and
M53 @8# one has a line of self-dual solutions.

Our main result is constituted by Eqs. ~5! and ~6! relating
the physical coupling constants $Km% to the edge weights
$bm%, in conjunction with Eqs. ~9! and ~10! giving the ex-
plicit ~self-!duality relations in terms of the latter.

Since the interaction energies entering Eq. ~3! are invari-
ant under a simultaneous shift of all Potts spins, an alterna-
tive way of establishing the duality transformations procedes
by Fourier transformation of the energy gaps @11#. This
method was used in Refs. @13# and @8# to work out the cases
M52 and M53, respectively. However, as M increases,
this procedure very quickly becomes quite involved. To bet-
ter appreciate the ease of the present approach, let us briefly
pause to see how the parametrizations of the self-dual lines
for M52,3, expressed in terms of the couplings $Km%, can
be reproduced in a most expedient manner.

For M52, Eq. ~10! gives b25q , where from Eqs. ~5! and
~6! b25e2K11K222eK111. Thus,

eK25
2eK11~q21 !

e2K1
, ~11!

in accordance with Ref. @13#. Similarly, for M53 one has
b15qb2 /b35b2 /Aq , with b15eK121, b2 as before, and
b35e3K113K21K323e2K11K213eK121. This immediately
leads to the result given in Ref. @8#,

eK25
~21Aq !eK12~11Aq !

e2K1
,

~12!

eK35
3~eK121 !~11Aq !1q3/2

11

@~21Aq !eK12~11Aq !t#3
e3K1 .

Returning now to the general case, we notice that the self-
dual manifold always contains two special points for which
the behavior of the M coupled models can be related to that
of a single Potts model. At the first such point,

bm5qm/2 for m50,1, . . . ,FM

2 G , ~13!

one has K15log(11Aq) and Km50 for m52,3, . . . ,M ,
whence the M models simply decouple. The other point

bm5d~m ,0! for m50,1, . . . ,FM

2 G ~14!

corresponds to Km50 for m51,2, . . . ,M21 and KM
5log(11qM/2), when the resulting model is equivalent to a
single qM-state Potts model. Evidently, for M51 these two
special points coincide.

Specializing now to the case of a regular two-dimensional
lattice, it is well-known that at the two special points the
model undergoes a phase transition, which is continuous if
the effective number of states (q or qM as the case may be!
is <4 @15#. In Ref. @8# the question was raised whether one
in general can identify further nontrivial critical theories on
the self-dual manifolds. In particular, it was argued that for
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M53 there is indeed such a point, supposedly corresponding
to a conformal field theory with an extended S3 symmetry.

To get an indication whether such results can be expected
to generalize also to higher values of M, we have numeri-
cally computed the effective central charge of M54 coupled
models along the two-dimensional self-dual surface. We
were able to diagonalize the transfer matrix for strips of
width L54,6,8 lattice constants in the equivalent loop
model. Technical details of the simulations have been re-
ported in Ref. @8#. Relating the specific free energy f 0(L) to
the leading eigenvalue of the transfer matrix in the standard
way, two estimates of the effective central charge, c(4,6)
and c(6,8), were then obtained by fitting data for two con-
secutive strip widths according to @16#

f 0~L !5 f 0~` !2

pc

6L2
1••• . ~15!

A contour plot of c(6,8), based on a grid of 21321 param-
eter values for (b1 ,b2), is shown in Fig. 1. The data for
c(4,6) look qualitatively similar, but are less accurate due to
finite-size effects. We should stress that even though the ab-
solute values of c(6,8) are some 4% below what one would
expect in the L→` limit, the variations in c are supposed to

be reproduced much more accurately @8#. On the figure q
53, but other values of q in the range 2,q<4 lead to
similar results.

According to Zamolodchikov’s c-theorem @10#, a system
initially in the vicinity of the decoupled fixed point
(b1 ,b2)5(Aq ,q), shown as an asterisk on the figure, will
start flowing downhill in this central charge landscape. Fig-
ure 1 very clearly indicates that the decoupled fixed point
acts as a saddle point, and there are thus only two possibili-
ties for the direction of the initial flow.

The first of these will take the system to the stable fixed
point at the origin which trivially corresponds to one self-
dual q4-state Potts model. For q53 this leads to the genera-
tion of a finite correlation length, consistent with ceff50 in
the limit of an infinitely large system. As expected, the flow
starts out in the b2 direction, meaning that it is the energy-
energy coupling between layers (K2) rather than the spin-
spin coupling within each layer (K1) that controls the initial
flow.

More interestingly, if the system is started out in the op-
posite dirrection ~i.e., with K2 slightly positive! it will flow
towards a third nontrivial fixed point, for which the edge
weights tend to infinity in some definite ratios. ~Exactly what
these ratios are is difficult to estimate, given that the
asymptotic flow direction exhibits finite-size effects.! Seem-
ingly, at this point the central charge is only slightly lower
than at the decoupled fixed point, as predicted by the pertur-
bative renormalization group @8#. From the numerical data
we would estimate the drop in the central charge as roughly
Dc50.01–0.02, in good agreement with the perturbative
treatment which predicts Dc50.01681O(«5) @8#.

All of these facts are in agreement with the conjectures
put forward in Ref. @8#, and in particular one would think
that this third fixed point corresponds to a conformal field
theory with a non-Abelian extended S4 symmetry.

Finally, the numerics for q52 ~four coupled Ising mod-
els! is less conclusive, and we cannot rule out the possibility
of a more involved fixed point structure. In particular, a c
52 theory is not only obtainable by decoupling the four
models, but also by a pairwise coupling into two mutually
decoupled four-state Potts ~or Ashkin-Teller! models. In-
deed, a similar phenomenon has already been observed for
the case of three coupled Ising models @8#.

The author is indebted to M. Picco for some very useful
discussions.
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FIG. 1. Contour plot of the effective central charge c(6,8) along
the self-dual surface (b1 ,b2) for four coupled three-state Potts
models. The decoupled fixed point is shown as an asterisk, and
renormalization group flow lines are sketched as a guide to the eye.
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Abstract

We present a method for classifying conformal field theories based on Coulomb gases (bosonic
free-field construction). Given a particular geometric configuration of the screening charges, we give
necessary conditions for the existence of degenerate representations and for the closure of the vertex-
operator algebra. The resulting classification contains, but is more general than, the standard one
based on classical Lie algebras. We then apply the method to the Coulomb gas theory for the two-
flavoured loop model of Jacobsen and Kondev. The purpose of the study is to clarify the relation
between Coulomb gas models and conformal field theories with extended symmetries.  2001
Elsevier Science B.V. All rights reserved.

PACS: 05.50.+q; 64.60.Fr; 75.10.Hk

1. Introduction

Conformal field theories (CFT) based on Coulomb gases arise in a variety of two-
dimensional problems in statistical physics [1,2]. Furthermore, a great number of CFTs are
known to possess a Coulomb gas formulation. Early examples, such as the Potts model or
the critical and tricritical points in the O(n) model, were based on a single scalar field, and
the physical operators could be interpreted as particles carrying scalar quantised electric
and magnetic charges.

More recently, multicomponent Coulomb gases employing several bosonic free fields
have appeared in the study of critical phases in the so-called fully-packed loop models [3].
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A first step in their resolution consists in bijectively mapping configurations of oriented
loops to those of a discretised surface. The basic idea is here to interpret the loops as
contour lines of the surface height, but due to the fully-packing constraint it turns out that
the height variables in general have to be vector valued. Based on symmetry and entropic
considerations, an effective action of the Liouville type can then be written down for the
continuum limit of this interfacial representation. However, this action contains a certain
number of elastic constants whose exact values cannot be inferred directly from the discrete
model.

Important technical progress was achieved with the use of the loop ansatz. It states
that the most relevant vertex operators in a given model have to be exactly marginal and
taken into the action as screenings, thus allowing all the elastic constants to be fixed [4].
This situation is truly remarkable: the discrete model precludes an a priori knowledge
of the parameters defining its continuum limit, but it nevertheless fixes the geometry of
the screening charges and thus permits an exact a posteriori determination of the very
same parameters. As the end result one obtains a CFT in the form of a Coulomb gas
(in general multicomponent, the number of components being the dimensionality of the
height space) with a given background charge and screening operators. Physical operators
are represented by vertex operators

(1.1)V �β(z, z̄) = :ei �β �ϕ(z,z̄): ,

with �β taking values on a particular lattice, specific to the given model. The vector �ϕ(z, z̄)
contains a set of bosonic free fields �ϕ(z, z̄) = {ϕ1(z, z̄), ϕ2(z, z̄), . . . , ϕD(z, z̄)}, which can
be interpreted as the continuum limit of the components of the discrete interfacial height.

The question which appears naturally is whether there is a chiral algebra hidden behind
this conformal theory, defined as a multicomponent Coulomb gas, and what it might be.
In particular, given the fact that fully-packed loop models may possess a central charge
c > 1 [3], one may wonder if the chiral algebra could be bigger than just the Virasoro
one, ensured by the conformal invariance of the model. Put differently: might a particular
model, represented in the continuum limit as a Coulomb gas, have additional, or extended
symmetries? By this we mean not just global symmetries, which are usually explicit, but
symmetries which are extended on the level of the chiral algebra, i.e., extended infinitely.
In case of a positive answer this would imply the existence of extra chiral operators, like
W(z) operators, which form an extended chiral algebra together with the stress-energy
tensor T (z).

Presence of such symmetries in the Coulomb gas would not automatically ensure that
they persist in the original model defined on the lattice, and that the model would be
integrable. Still, in case of a positive answer for the continuum theory (existence of
extended symmetries) but negative for the lattice model, one could try to find an integrable
version of it on the lattice.

On the other hand, in case of a negative answer in the continuum (no extra chiral
operators in the multicomponent Coulomb gas model, in addition to T (z)) the prediction
for the lattice model is likely to be definitive: extended symmetries will not come about
on the lattice, and the model will not be integrable. It is in this perspective, looking for
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the existence of extra symmetries or their absence, that we shall try to clarify the relation
between Coulomb gas models and CFTs which are based on extended chiral algebras.

The general method is presented in Section 2. We here study the necessary conditions
for the existence of degenerate representations and for the closure of the vertex-operator
algebra. These conditions are of course met by all W-type extended CFTs which are based
on simply laced Lie algebras, but in fact they are less restrictive. In particular they are
fulfilled by the two-flavour fully-packed loop model of Jacobsen and Kondev [3], whose
continuum limit is reminiscent of, but not identical to, the classical WA3 theory. To assess
whether such theories actually contain extra chiral operators we work on a case-to-case
basis, computing the exact form of such operators or proving that they do not exist. In
Section 3 this method is applied to a variety of two- and three-component Coulomb gases,
in particular to those which arise in the solution of loop models. We finally present our
conclusions in Section 4.

2. General method

2.1. Background charge and screenings

The primary information defining a Coulomb gas model can be summarised as follows:

1. Dimensionality of the Coulomb gas (number of free-field components),D.
2. The background charge, �α0.
3. A set of D screening operators,

(2.1)
{

:ei �αa �ϕ(z,z̄): | a = 1,2, . . . ,D
}

.

We shall assume that, for a generic model, the number of screenings equals the
dimensionality of the Coulomb gas. Namely, if the number of screenings were less than
D then a subset of free fields would decouple, and the model could be represented as a
direct product of a submodel with the background charge and screenings and a submodel
of actual free fields, no background charge, and no screenings. If, alternatively, due to a
special symmetry of the lattice to which the screenings belong, the number of screenings
exceeds D, a subset of exactly D screenings ought to be sufficient to define correlation
functions of physical operators. Different choices of a subset of D screenings should give
equivalent results. At least this should be the case for a Coulomb gas with an underlying
chiral algebra, which classifies all the operators in the model, and with respect to which the
physical operators are primaries. This last point will be made more precise in the following.
For the moment we do not have any reasons for assuming such special symmetries of the
lattice to which the screenings should belong.

The primary information on a Coulomb gas, as stated above, is sketched in Fig. 1. For
various lattice models, like Potts or O(n) models [1,2], or more general loop models [3],
the geometry of ({�αa}, �α0) is known explicitly. But we shall here derive general constraints
on the possible geometries, by using consistency conditions of the corresponding CFT.



526 V.S. Dotsenko et al. / Nuclear Physics B 618 [FS] (2001) 523–550

Fig. 1. Background charge vector �α0 and the vectors {�αa} defining the screening operators
V�αa

(z, z̄) = :ei �αa �ϕ(z,z̄): for a = 1,2, . . . ,D. On the figure,D = 3. {Θa} are the angles which {�αa}
make with the background charge �α0.

We take �α0 as given. The stress-energy tensor of D free fields{ϕa(z, z̄)} will be taken in
the form

(2.2)T (z) = −1

4
:∂ �ϕ(z)∂ �ϕ(z): + i �α0∂

2 �ϕ(z),

with the two-point correlation functions of the fields{ϕa(z, z̄)} normalised as

(2.3)
〈

ϕa(z, z̄)ϕb(z
′, z̄′)

〉

= 2δa,b log
1

|z− z′|2 .

With this normalisation, the conformal dimension (with respect to the stress-energy
tensor (2.2)) of a vertex operator

(2.4)V�α(z, z̄) = :ei �α �ϕ(z,z̄):

will be equal to

(2.5)∆�α = �α2 − 2�α�α0.

The first condition on the screening operators (2.1) is that they have to be marginal,
∆�αa

= 1 for a = 1,2, . . . ,D. This condition ensures that contour integrals of the screenings

(2.6)Qa =
∮

C

dzV�αa
(z), a = 1,2, . . . ,D,

commute with the Virasoro algebra generated by T (z). The operator V�αa
(z) in (2.6) is

assumed to be the holomorphic part of the screening operator V�αa
(z, z̄) in (2.1), in the

sense of holomorphic–antiholomorphic factorisation of correlation functions of vertex
operators, or, more generally, in the sense of holomorphic–antiholomorphic factorisation
of two-dimensional integrals of correlation functions of vertex operators with respect to
the contour integrals [5,6].

To make the screenings marginal, the vectors {�αa} in (2.1) have to satisfy the condition

(2.7)∆�αa
= �α2

a − 2�αa �α0 = 1,
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Fig. 2. The complete set of screenings {�α+
a , �α−

a }, and the background charge �α0.

or

(2.8)α2
a − 2αaα0 cosΘa = 1,

(2.9)α±
a = α0 cosΘa ±

√

1 + α2
0 cos2 Θa .

Here {Θa} are the angles in Fig. 1, and α±
a are the “lengths” of the vectors �αa (one positive,

α+
a , and one negative, α−

a ), which satisfy the condition (2.7).
In Fig. 1 we have indicated a particular geometry of the vectors �α0 and {�αa}. This choice

of geometry is for the moment arbitrary. The only constraint, once the directions of �α0

and {�αa} have been chosen, is on the lengths of the screenings, Eq. (2.9). There are two
solutions, “+” and “−”, for each direction, and we shall see in the following that the
consistence of the corresponding CFT requires the use of them both. Since the “lengths”
{α−

a } are negative, the screening vectors {�α−
a } are oriented in the opposite direction with

respect to {�α+
a }. The set of screenings has thus been doubled, D screenings {�α+

a } and D

screenings {�α−
a }, as indicated in Fig. 2. We also note the relations between α+

a and α−
a

(2.10)α+
a + α−

a = 2α0 cosΘa,

(2.11)α+
a α−

a = −1,

which follow from Eq. (2.8). These relations will be used in the following.

2.2. Necessary condition for degenerate representations. Kac formula

We shall be looking for a Coulomb gas theory based on a chiral algebra. The number
of chiral operators forming this algebra has to be equal to the number of free fields,D.
In addition to T (z), this requires D − 1 extra chiral operators to control all the degrees of
freedom of the theory, i.e., to control D free fields.

We shall assume that these extra chiral operators belong to the module of the identity
operator, just like T (z), i.e., that they are made as linear combinations of products of
derivatives of free fields. For a Coulomb gas theory based onD bosonic fields this last
assumption appears to us to be natural. This is essentially because in this case the chiral
operators will have zero Coulomb charge; their correlation functions will therefore not
require the integrated screening operators, they will be “simple”.

It should be noted that this argument is valid only in the case of �α0 �= 0, where, in general,
correlation functions of generic vertex operators do require screenings. Generic correlation
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functions are therefore not simple, but those made exclusively of chiral symmetry operators
are. This argument implicitly supposes that an acceptable Coulomb gas theory will allow
for a deformation of the trivial free-field point�α0 = 0, which has c = D.

Assuming therefore that the extra chiral operators belong to the module of the identity,
the possible chiral algebras for Coulomb gas theories should be made of operators with
integer conformal dimensions, ∆ ∈ N. Furthermore, since a dimension-one current is
known to generate a continuous rather than a discrete symmetry, we require ∆ � 2. This
means that the chiral algebras should be of the W type. If this algebra exists, the screening
operators (integrated along the contours) have to commute with it, in order to respect the
extended symmetry of the given theory.

For chiral operators in the form of linear combinations of products of derivatives of free
fields, the operators which are primary with respect to them are the vertex operators

(2.12)V �β(z, z̄) = :ei �β �ϕ(z,z̄): ,

where �β is for the moment arbitrary. In fact, an operator Φ(z, z̄) being primary with respect
to a particular chiral operator W(z) means that the operator product expansion (OPE) of
W(z) with Φ(z, z̄) takes the form

(2.13)W(z)Φ(z′, z̄′) = A

(z − z′)∆W
Φ(z′, z̄′)+ · · · ,

where A is a (structure) constant. Loosely speaking, the most singular term in the
expansion in powers of (z − z′) produces again the operator Φ(z, z̄). Evidently, when
W(z) is a linear combination of products of derivatives of free fields, each term involving
a total of ∆W derivatives, and when Φ(z, z̄) = V �β(z, z̄) is an exponential of free fields, cf.
Eq. (2.12), the expansion W(z)V �β(z

′, z̄′) will be precisely of the form (2.13).

Until now �β has been an arbitrary vector. For special values of �β it may however happen
that primary operators appear in the module of V �β(z, z̄). They are called singular states, and
their presence means degeneracy of the module. Since the integrated screenings commute
with the operators of the chiral algebra, the singular state in the module of V �β(z, z̄) may be
obtained by mapping, with the use of screenings, another vertex operator V �β ′(z, z̄) into the
module of V �β(z, z̄). This is brought about in the following way:

(2.14)S
(

V �β(z, z̄)
)

=
D
∏

a=1

(

∮

Ca

duaV�α+
a
(ua)

)na

V �β ′(z, z̄),

where na ∈ N0 for a = 1,2, . . . ,D. Here S(V �β ) is a singular state in the module of V �β , and
�β ′ should be related to �β by

(2.15)�β ′ = �β −
∑

a

na �α+
a .

The configuration of contours{Ca} in Eq. (2.14) is shown in Fig. 3. The set of contours in
the figure is only schematic, since there are in factna distinct contours corresponding to
the screenings of type a = 1,2, . . . ,D.
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Fig. 3. Having integrated first all the screenings except for one type (whose choice is not important),
one finally integrates the last screening, at the pointu1, around z.

This prescription for realising closed contour integrations of screenings around a fixed
vertex operator, on which they act to induce the mapping (2.14), was first used in Ref. [7].

More precisely, the mapping of Eq. (2.14) is defined, and the singular stateS(V �β) exists,
only if

(2.16)∆ �β ′ − ∆ �β = N,

where N is a positive integer. In fact, as the screenings commute with T (z), the
conformal dimension of S(V �β) is equal to that of V �β ′ . Being a descendent state, the
conformal dimension of S(V �β) should differ from ∆ �β by an integer. One thus obtains
the condition (2.16).

Another way to get (2.16) is to require that the monodromy for the analytic continuation
of the expression on the right-hand side of (2.14) with respect to the common variable u1

(cf. Fig. 3) be trivial, so that the contour of integration over u1 around z closes. Otherwise
the integrated screenings would not actually commute with T (z) and with other operators
of the chiral algebra. It can be checked that this trivial monodromy requirement leads
equivalently to the condition (2.16) [7].

This condition, with �β ′ defined by (2.15) and∆ �β ,∆ �β ′ given by (2.5), fixes special values

of �β for which the module of V �β contains singular states, i.e., is degenerate.
Note that we have only applied the “ +” screenings in Eqs. (2.14), (2.15). The reason

is that once the solution for �β is found, it will automatically satisfy the corresponding
condition with negative screenings. For the analysis of singular states the “ +” and “ −”
screenings are therefore complimentary. A similar remark holds true for a mixed mapping,
i.e., one involving both “ +” and “ −” screenings: the corresponding conditions do not lead
to new solutions. These statements should become more clear from the analysis that will
follow.

We remark that this way of defining the degenerate representations, using the mapping
by screenings between vertex operators and vertex operator modules, has probably been
used first in Ref. [8] to reproduce the Kac formula for conformal dimensions for the
degenerate representations of the Virasoro algebra. This method has also been used in
[9,10] to define the degenerate representations of W-algebra CFTs based on classical Lie
algebras.

Until now we have assumed a set of screenings, as depicted in Figs. 1, 2, with no
restrictions yet, except for those on the lengths of screenings, cf. Eqs. (2.7)–(2.9). As we
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are looking for Coulomb gas theories which should eventually be endowed with extended
chiral algebras, we shall next identify the vertex operators {V �β(z, z̄)} which induce the
degenerate representations of that chiral algebra.

Our approach can be outlined as follows: without knowing yet the chiral algebra, for
a given set of screening operators we shall define, by using the mappings described
above, the “would be degenerate representations”. The screening operators are assumed to
commute with the (presently unknown) chiral algebra. We shall define, for given screenings
and background charge, the discrete set of values of �β for which the operators V �β(z, z̄)
would induce degenerate representations, if the chiral algebra really existed. In this way
we shall arrive at a necessary condition for the existence of degenerate representations.
The condition will also become sufficient when the corresponding extended chiral algebra
is found.

The advantage of this approach will be that, having defined such special values of �β
corresponding to given screenings, it will allow us to derive next a set of constraints “acting
backwards”, i.e., that limits the allowed configurations of screenings and the background
charge.

From the vast literature on W-algebras it is well-known that the proper way to look for
singular states in the module of V �β(z, z̄) is to apply mappings of the type (2.14) by shifting
�β ′ away from �β only along the “principal” directions defined by the individual screenings,
and not as has been sketched schematically in Eqs. (2.14), (2.15), where several different
screenings are involved simultaneously.

For the direction associated with the first screening, the mapping takes the form

(2.17)

S1
(

V �β(z, z̄)
)

=
(

∮

C

duV�α+
1
(u)

)n

V �β−n�α+
1
(z, z̄) =

n
∏

i=1

∮

duiV�α+
1
(ui)V �β−n�α+

1
(z, z̄),

cf. Figs. 3, 4. The condition (2.16) becomes

(2.18)∆ �β−n�α+
1

− ∆ �β = N,

where N should be a positive integer. Substituting the formula (2.5) for ∆ �β−n�α+
1

and ∆ �β ,
one finds

(2.19)
( �β − n�α+

1

)2 − 2�α0
( �β − n�α+

1

)

− �β2 + 2�α0 �β = N,

which gives

(2.20)−2n
( �β − �α0

)�α+
1 + n2(α+

1

)2 = N.

The general solution of this equation for the allowed values of �β takes the form

(2.21)2
( �β − �α0

)

=
(

nα+
1 + n′α−

1

)

�ω1,

where the vector �ω1 should verify the equation �ω1�e1 = 1 with �e1 = �α+
1 /α+

1 , and n′ in (2.21)
is an another positive integer. By substituting (2.21) into (2.20) one findsN = nn′ so that,
for �β of the form (2.21), the constraint (2.18) is indeed verified.
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Fig. 4. Mapping of the module of V �̃β ≡ V �β−n�α+
1

into the module of V �β , in the direction of the first

screening �α+
1 .

By similarly requiring that singular states be produced for each of the D screening
directions, defined by the vectors{�α+

a }, one finds that �β has to satisfy

(2.22)2
( �β − �α0

)

=
D
∑

a=1

(

naα
+
a + n′

aα
−
a

)

�ωa .

Here the D vectors { �ωa} are defined by

(2.23)�ωa �eb = δa,b,

and {�ea} are the unit vectors which define the directions of the screenings:

(2.24)�α±
a = α±

a �ea for a = 1,2, . . . ,D.

Eq. (2.22) generalises (2.21). Alternatively it can be presented as

(2.25)�β = �β(n′
1,n1)(n

′
2,n2)···(n′

D,nD) =
D
∑

a=1

(

na

2
α+
a + n′

a

2
α−
a

)

�ωa + �α0.

This expression can be simplified by developing�α0 in terms of the vectors { �ωa/2},

(2.26)�α0 =
∑

a

Xa
�ωa

2
.

The expansion coefficients{Xa} are then found by using the orthogonality property (2.23):

(2.27)Xb = 2�α0�eb = 2α0 cosΘb = α+
b + α−

b ,

where in the last step we have used the relations (2.10) between α+
a and α−

a . The angles
{Θa} have been defined in Figs. 1, 2. Substituting (2.27) into (2.26), we arrive at

(2.28)�α0 =
∑

a

α+
a + α−

a

2
�ωa,



532 V.S. Dotsenko et al. / Nuclear Physics B 618 [FS] (2001) 523–550

Fig. 5. The mapping is of the form (
∮

C duV�α+
1
(u))nS̃1 = V �̃β+n�α+

1
.

which can finally be inserted in Eq. (2.25) to yield the following set of values of �β:

(2.29)�β(n′
1,n1)(n

′
2,n2)···(n′

D,nD) =
D
∑

a=1

(

1 + na

2
α+
a + 1 + n′

a

2
α−
a

)

�ωa .

For the “conjugate” values of �β , viz. �̃β = 2�α0 − �β, one finds:

(2.30)�̃β(n′
1,n1)(n

′
2,n2)···(n′

D,nD) =
D
∑

a=1

(

1 − na

2
α+
a + 1 − n′

a

2
α−
a

)

�ωa .

The manifestation of singular states in the module of the vertex operator V �̃β(z, z̄) is so

to say dual to that of V �β(z, z̄). If the module of V �̃β is degenerate, it contains particular

primary states which produce, as images under appropriate mappings, the vertex operators
V �β ′ several screenings away, as indicated in Fig. 5. More details on these properties can be
found in the paper [7]. Physically, in theories with a chiral algebra, the set of dual operators
{V �β ,V �̃β} can either represent the same (singlet) operator (such as the energy operator) or

a doublet of conjugate operators (an example being the {σ,σ †} spin operators in the three-
state Potts model).

For the conformal dimensions of the vertex operators V �β(z, z̄), with the above values

for �β , one obtains

∆ �β(···) = ∆2�α0− �β(···) ≡ ∆(n′
1,n1)(n

′
2,n2)···(n′

D,nD)

=
D
∑

a=1

(

u
(a)

n′
a ,na

)2
(�ωa)

2 + 2
D
∑

a<b

u
(a)

n′
a,na

u
(b)

n′
b,nb

�ωa �ωb

(2.31)−
D
∑

a=1

D
∑

b=1

(

α+
a + α−

a

)

u
(a)

n′
a ,na

�ωa �ωb,

where we have defined
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(2.32)u
(a)

n′
a ,na

= 1 − na

2
α+
a + 1 − n′

a

2
α−
a .

The procedure that we followed above to define β(n′
1n1)(n

′
2n2)···(n′

DnD ) in Eqs. (2.29),
(2.30), is perfectly standard. Initially it has been used in Refs. [8–10].

Note that if the chiral algebra consisting of D chiral operators commuting with the
screenings is found, Eq. (2.31) together with Eqs. (2.29), (2.30) would become the Kac
formula for the degenerate representations of the Coulomb gas theory at hand. But in
our approach it should rather be interpreted as a necessary condition for the existence
of degenerate representations, for any given configuration of the screenings. The existence
of the extended chiral algebra is not yet guaranteed.

It should be noticed that the degeneracy of the module of V �β in all D screening

directions, with �β taking its values in the discrete set (2.29), must be required in order
for the operator algebra of the operators {V �β(z, z̄)} to be well defined. We shall consider
the properties of this vertex-operator algebra shortly.

Another remark is on a detail which was actually implicit in the above arguments:
for a theory with an extended chiral algebra to be acceptable we want it to contain one
free parameter. Put differently, we want the theory to exist for general values of α0, or,
alternatively, of the central charge c. In the class of CFTs in which we are interested, c
must remain a free parameter until we eventually impose the much stronger constraint of
unitarity, in which case it will be forced to take its values in a discrete (but still denumerably
infinite) set. In general we expect the structure of a CFT to be very rigid, in the sense
that once we impose additional constraints that limit the generality of the theory, we will
immediately either generate inconsistencies or, in the best case, fixc to take a finite number
of values. We can illustrate this remark through the example of the two-flavoured loop
model of Jacobsen and Kondev [3]. In the special cases where the fugacities of either loop
flavour take the value 2 (resp. 1), the model is known to be equivalent to the su(4)k=1

Wess–Zumino–Witten model [11] (resp. to the equally-weighted six-vertex model), both
of which are bona fide CFTs with fixedc = 3 (resp. c = 1). But it is not because of these
two special cases that we shall accept the general model (i.e., with generic values of the
loop fugacities) as a theory with an extended chiral algebra.

Returning to the general study, one could define the central charge from the two-point
function of T (z)

(2.33)
〈

T (z)T (z′)
〉

= c/2

(z − z′)4 ,

where T (z) is given by (2.2), and the correlation functions of the fields {ϕa(z, z̄)} are
normalised as in Eq. (2.3). From (2.2), (2.3) and (2.33) one then finds

(2.34)c = D − 24(α0)
2.

The Coulomb gas theory itself is defined for general values ofα0. Naturally, then, we
are looking for conditions on the theory under which it would contain an extended chiral
algebra for general values of α0, or, equivalently, of the central charge.
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2.3. Closure of the operator algebra of the operators {V �β(···)}

Having defined the “would be degenerate” operators {V �β(···)} ≡ {V(n′
1,n1)(n

′
2,n2)···(n′

D,nD )},
with { �β(···)} defined by Eqs. (2.29), (2.30), we shall impose next the condition that their
operator algebra closes. In a Coulomb gas theory with background charge and screenings
the OPE for a product of two vertex operators V �β1

(z, z̄) and V �β2
(z′, z̄′) produces by

conservation of electric charge the vertex operator V �β1+ �β2
(z′, z̄′), but also the vertex

operators where the charge �β1 + �β2 has been shifted by any number of screening vectors.
Thus, schematically,

V �β1
(z, z̄)V �β2

(z′, z̄′)∼ V �β1+ �β2
(z′, z̄′)+ descendents

(2.35)+ V �β1+ �β2+�α+
1
(z′, z̄′)+ descendents + · · · .

In general the OPE of V �β1
V �β2

will produce the entire set of operators

(2.36){V �β1+ �β2+
∑

a (ka �α+
a +la �α−

a )}

as well as their descendents. If �β1 and �β2 belong to the Kac table, i.e., to the sets

{ �β(n′
1,n1)(n

′
2,n2)···(n′

D,nD)}, { �̃β(n′
1,n1)(n

′
2,n2)···(n′

D,nD)} given by Eqs. (2.29), (2.30), then in order

that the operators (2.36) also belong to the Kac table, the screening vectors {�α+
a } must

decompose as a integer linear combination of the basis vectors spanning (2.29), (2.30),
i.e., the set {α+

a
�ωa

2 }. It is sufficient to ensure this decomposition for the “+” screenings,

since the corresponding decomposition of the “ −” screenings over the basis {α−
a

�ωa

2 } will
then follow automatically. Writing

(2.37)�α+
a =

∑

b

Aabα
+
b

�ωb

2
,

the integer coefficientsAab can be computed by projecting onto the normalised screening
vectors, cf. Eq. (2.24):

(2.38)�α+
a �ec =

∑

b

Aabα
+
b

1

2
�ωb�ec =

∑

b

Aabα
+
b

1

2
δbc = 1

2
Aacα

+
c ,

(2.39)Aac = 2(�α+
a , �ec)
α+
c

= 2�α+
a �α+

c

(�α+
c )2

.

We observe that when expressing the matrix of coefficients Aab in terms of screening
vectors, one recovers the same form as the Cartan matrix in the theory of classical Lie
algebras, expressed in terms of the simple root vectors. The classification condition is the
same: its components have to be integers.

It is well-known that this condition implies that the screening vectors {�α+
a } must belong

to the root lattice of one of the classical Lie algebras. This criterion appears here as
a necessary condition for the closure of the operator algebra of the vertex operators
V(n′

1,n1)(n
′
2,n2)···(n′

D,nD)(z, z̄). Clearly, since we are interested in the most general Coulomb

gas theory, and not just a closed sub-theory, we can further require the {�α+
a } to be a set of

basis vectors of the root lattice. However, there is for the moment no need that we should
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constrain further to the simple roots of a classical Lie algebra, in which case we would
immediately limit ourselves to the standard classification of W-type extended CFTs.

Several remarks are in order.
In the Coulomb gas theory there are additional constraints on the lengths of the vectors

{�α+
a }, in order to ensure the marginality of the screening operators. These constraints are

expressed by Eq. (2.9).
For the case of simply laced algebras, all the lengths of {�α+

a } have to be equal. In this
case, to maintain the marginality constraint (2.9) upon varying α0, all the angles {Θa} have
to be equal.

For non-simply laced algebras, e.g., Bn, the ratio of the lengths of long and short roots
is

√
2. This is incompatible with Eq. (2.9), at least for small values of α0. We conclude

that for Coulomb gas models defined in terms of bosonic fields only, the screening vectors
{�α+

a } have to correspond to the basic vectors of the root lattice of simply laced algebras
only: An, Dn, E6, E7 or E8. It is in fact well-known that the free-field representation for
W-theories based on non-simply laced algebras uses fermionic fields, in addition to the
bosonic ones [10].

We emphasise once again that we are analysing the generic case of a Coulomb gas
model of D bosonic fields {ϕa(z, z̄)}, with a non-degenerate set of D screening vectors
{�α+

a } which couple to all the fields{ϕa(z, z̄)}. On the contrary, if the set of the screening
operators is reduced and some of the fields{ϕa(z, z̄)} are decoupled from screenings, our
arguments do not apply. For instance one could imagine having an extra bosonic field which
bosonises a couple of fermionic fields. Evidently, there is a wide range of possibilities of
constructing non-generic Coulomb gas models.

As has been concluded above, in our Coulomb gas models all {Θa} have to be equal,
i.e., the vector �α0 has to be “equidistant” from all the screening vectors, cf. Fig. 1. All the
lengths of the screening vectors {�α+

a } have to be identical, as have those of {�α−
a }. We shall

henceforth denote them as α+ and α−. Eqs. (2.9)–(2.11) now take the simpler form

(2.40)α± = α0 cosΘ ±
√

α2
0 cos2 Θ + 1,

(2.41)α+ + α− = 2α0 cosΘ,

(2.42)α+α− = −1.

Similarly, Eq. (2.28) for the background charge vector becomes

(2.43)2�α0 =
∑

a

(

α+
a + α−

a

)

�ωa = (α+ + α−)
∑

a

�ωa,

and Eq. (2.44) now reads

(2.44)�α±
a =

∑

b

Aabα
±
b

�ωb

2
= α±

2

∑

b

Aab �ωb.

From this latter equation one finds

(2.45)�ωa =
∑

b

A−1
ab

2�α±
b

α±
=
∑

b

2A−1
ab �eb,
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where A−1
ab is a matrix inverse of Aab. Substituting (2.45) into (2.43) one obtains

(2.46)2�α0 = (α+ + α−)
∑

a

∑

b

2A−1
ab �eb ≡ (α+ + α−)

∑

b

mb�eb,

with the notation mb =∑

a 2A−1
ab . We finally arrive at the following relation between the

background charge and the screenings:

(2.47)2�α0 =
∑

a

ma

(

�α+
a + �α−

a

)

.

Multiplying by �α0 we also deduce that

(2.48)
1

cos2 θ
=
∑

a

ma .

Another remark can be made concerning the degeneracy assumption of the module of
V �β(z, z̄), which has been used throughout the analysis. Its justification is that an extended
chiral algebra must necessarily possess degenerate representations realised by the vertex
operators, which are primaries as has been argued in the beginning of this section.

That the operator algebra of {V �β}, corresponding to such degenerate representations,
should close can be shown by using, for instance, the differential equations for correlation
functions. These equations could be derived if the singular states were realised explicitly
by the chiral algebra operators. In the analysis we have just used these assumptions.

One particular feature in the construction of “would be singular states” by mappings
produced by the integrated screenings is that we have demanded the degeneracy in all D
directions, corresponding to the D vectors {�α+

a }. This condition is necessary to ensure that
the OPE of two operators V �β1

(z, z̄), V �β2
(z′, z̄′) produces only a finite number of primary

operators out of an, in principle, infinite set of operators:

(2.49){V �β1+ �β2+
∑

a (ka �α+
a +la �α−

a )},
cf. the arguments given above in connection with Eqs. (2.35), (2.36).

The support for this way of implementing the degeneracy assumption can be found, on
one hand, in the fact that a finite OPE (in a sense of a finite number of primaries appearing
in the OPE) is also a consequence of the above-mentioned differential equations. On the
other hand, a subset of the primaries produced by the OPE (2.35) by adding an appropriate
amount of screenings will consist of vertex operators V �β ′(z, z̄) which are preimages of
singular states, in the sense of the mapping (2.14). This subset, which constitutes the
unphysical part of the Kac table, have to decouple from the rest in correlation functions
as well as in the operator algebra of physical operators. In this way the infinite set of
operators appearing in (2.49) will be restricted to a finite number of physical operators.
The fact that we demand degeneracy in all D directions is thus tantamount to bordering
the physical domain of the Kac table in all these directions.

It is interesting to apply the above result to the two-flavoured loop model introduced
by Jacobsen and Kondev [3]. Its configurations are those of two colours of closed loops
(Nb black loops and Ng grey ones) placed on the edges of a square lattice, in such a way
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that every vertex of the lattice touches exactly one loop of either colour. Introducing loop
fugacities nb and ng for the loop flavours, the partition function of the discrete model reads

(2.50)Z =
∑

G

n
Nb
b n

Ng
g ,

where G are the fully-packed loop configurations just defined. Interestingly, this model is
critical for any 0 � |nb|, |ng| � 2.

In the Coulomb gases obtained from loop models [3] the conditions defined above are
not satisfied in general. In particular, the components of the matrixAab, cf. Eq. (2.39), are
not integer-valued for generic values of nb and ng belonging to the critical manifold. 2 As
a result, defining the “would be degenerate representations” and the Kac table would not
make sense: the operator algebra of vertex operators {V �β(···)} would not close.

In these models one defines physical operators differently, by using physical arguments
and constructions that are directly linked to quantities in the discrete model of oriented
loops. The operators coupling to the electric part 3 of the Coulomb gas again take the
form of vertex operators {V �β(z, z̄)}, with �β belonging to a particular lattice, which, e.g.,
in case of the two-flavoured loop model will be a three-dimensional body-centered cubic
lattice. The operator algebra of the operators {V �β(z, z̄)} is closed, by construction. But
one will, in general, have to admit an infinite OPE for a couple of operatorsV �β1

V �β2
. As

it stands, a model with such properties will not have an extended chiral algebra, will not
have extended symmetries. It is just a Coulomb gas endowed with conformal invariance,
nothing more.

On the other hand, one can check that in the special case nb = ng of the above-
mentioned model the matrix Aab appearing in Eq. (2.39) actually does have integer valued
components:

(2.51)Aab = 2(�αa, �αb)

(�αb)2 =





2 1 0

1 2 1

0 1 2



 .

The relation (2.47) between 2�α0 and the screenings is also nicely satisfied, withma =
(1,0,1). The physical operators of this model (the electric ones) coincide with {V �β(···)},
and they satisfy the necessary condition for the degeneracy of the modules in the way

2 It should be remarked that in the Coulomb gas models derived from the models of loops [1–3], the
normalisation of free fields, of their action, and of the two-point function, is usually different from the one that
we are using, defined by the two-point function (2.3). This implies a different definition for scalar products of
vectors, like the screening vectors {�α±

a }, background charge 2�α0, and the electric charges { �β} of the physical
operators V �β(z, z̄). This also results in a different formula for the conformal dimensions of the vertex operators.
To compare the formulas in a general setting, independent of the details of a particular model, the matrix of elastic
constants in the free field action of loop models has to be first diagonalised and then renormalised appropriately,
so that the two-point functions of free fields take the form of Eq. (2.3), or, in any case, take a form which is
symmetric with respect to the components of the free fields{ϕa(z, z̄)}.

3 Operators with magnetic Coulomb charge are also physically relevant. They correspond to topological
defects, vortices, in the interfacial representation, and they are reminiscent of disorder operators attached to a
defect line.
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Fig. 6. Screening geometry in the two-flavoured loop model.

it has been described above. (Incidentally, in the loop model language, for nb = ng the
general model can be rewritten in a way so that all three elasticity constants are equal [4].)

So far, so good. The worrying point is that the matrix Aab in Eq. (2.51) does not
correspond to a Cartan matrix of any classical Lie algebra. The closest one would be the
algebra A3, with the Cartan matrix of the form

(2.52)Aab =





2 −1 0

−1 2 −1

0 −1 2



 .

The fact that the off-diagonal elements of Aab are now negative is a general property of the
Cartan matrix associated with a classical Lie algebra, it being the matrix of scalar products
of simple root vectors. On the other hand, the condition for the closure of the algebra of
operators {V �β(...)

} requires, in its general form presented above, the integer-valuedness only.

To make more clear the difference between the two sets of vectors {�α+
a }, corresponding

to the matrices (2.51) and (2.52), we present them in Figs. 6 and 7. Evidently, the vectors
in Fig. 6, cf. Eq. (2.51), belong to the same lattice as the vectors in Fig. 7, but they are not
simple roots of A3. The vector �α+

2 has been switched from one side to another, leading to
a sign change in the off-diagonal elements of the matrix Aab.

It might be possible that a more refined analysis could be given to the selection
of screenings in the Coulomb gas models, taking into account the properties of
representations: detailed properties of the operator algebra and of the correlation functions
of physical operators. The purpose of the analysis would be to decide on the acceptance of
the theories with the non-classical matrices Aab, as in Eq. (2.51), which appear in the loop
models.

In the absence of such a more detailed analysis, but also to test one more detail of our
approach, we have directly calculated the chiral algebra operators, the W ’s, for the theories
with the matrices Aab in (2.51) and in (2.52).

This last part of our approach is in some sense akin to the inverse scattering problem:
with the data of scattering one has to reconstruct the Hamiltonian of the problem. Here we
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Fig. 7. Screening geometry in the WA3 model.

have constructed the Coulomb gases starting from the geometry of the screening operators.
But finally, having fixed them, it is then perfectly possible to calculate the extended chiral
algebra operators. In particular, in this way it is possible to give a definitive answer whether
an extended chiral algebra exists in the loop model with the matrix of screenings given by
Eq. (2.51).

This last part of the analysis is described and applied to a variety of particular Coulomb
gas problems in the section which follows. For the loop model with screening matrix (2.51)
the answer will be negative. The model does not have an extended chiral algebra, and its
symmetry is only a conformal one.

In the last section, which will be devoted to discussion and conclusions, we shall discuss
the possibilities to define, in the loop models setting, models which might lead to the
Coulomb gases related to the classical Lie algebras, with screenings realised by simple
roots. This appears to be the only possibility to provide them with extended symmetries.

3. Applications

We have seen in the preceding section that the general consistency requirements means
that the screening vectors must span the root lattice of a classical Lie algebra. In particular,
we would like to consider situations where this is the case, without actually taking the
screening vectors to be the simple roots of the concerned algebra. As we have seen above,
one such situation is of interest to the two-flavoured loop model of Jacobsen and Kondev.

We shall consider various such examples with D = 2 and D = 3. It should be noticed
that the fully-packed loop model on the honeycomb lattice (which has D = 2) possesses
a unique screening vector, which is proportional to the background charge [3]. We have
argued that such a situation is non-generic, and leads to the decoupling of one of the scalar
fields from the otherand from the background charge. Thus, from the point of view of
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CFT this theory is trivial. Notwithstanding this “triviality”, some of the critical exponents
related to geometrical properties of the loops do take non-trivial values [3], different from
those of the standard D = 1 loop model describing the dense phase of the O(n) model [1,2].
This is possible because these exponents do not belong to the physical part of the Kac table
for minimal models. We also point out that despite of the triviality of its CFT, the model
actually has an interesting integrable structure, due to its underlying slq (2) quantum group
symmetry [12].

Discarding such trivial possibilities, for both D = 2 and D = 3 there are two different
choices of D screening vectors of equal length, spanning the root lattice of AD . After
defining the method of computations we turn to the detailed application to those two cases.
One of the cases, of course, is the standard WAD geometry, and it serves as a check of our
computations that in this case we reproduce various known results.

3.1. Definitions

As already explained, we consider the case of a D-dimensional Coulomb gas with a
fixed background charge�α0 and D screening charges. In addition to T , we must construct
D − 1 extra chiral operators with integer dimensions. These operators are made as linear
combinations of products of derivatives of free fields. We shall choose here the simplest
construction, namely to search for chiral operators W3, . . . ,WD+1 , where the subscript
in Wi indicates its dimension. It is of course possible that the fields Wi should be
found on higher levels, but for reason of simplicity we find this unlikely. After building
the most general operators on the respective levels, we will impose on them that they
commute with the integrated screening operators, as explained in Section 2.2, and that
they be primary operators. The primarity condition is requested in order to ensure that
{T (z),W3(z), . . . ,WD+1(z)} forms a closed algebra.

The requirement that a fieldW commutes with the currents of Eq. (2.6) can be written

(3.1)
[

W(z),Q
]

=
[

W(z),

∮

C0

dz′ V (z′)

]

=
∮

Cz

dz′ V (z′)W(z) = 0,

where we have deformed the integration contour as indicated in Fig. 8. This implies that
the residue must be zero:

(3.2)Res
(

V (z′)W(z); z
)

= 0.

Fig. 8. Deformation of the integration contour in (3.1).
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Second, W must be a primary operator of dimension ∆W :

(3.3)T (z)W(z′) = ∆W

(z− z′)2
W(z′)+ 1

(z − z′)
∂W(z′)+ · · · .

We shall see below that for a specified choice of the screening charges, these two
constraints, when properly expressed, suffice to uniquely determine theW operator, up
to a global normalisation. To fix the latter, we impose a third constraint:

(3.4)W(z)W(z′) = c/∆w

(z − z′)2∆W
+ · · · .

Keeping only the holomorphic part in (2.2), (2.3) and (2.4), we have

(3.5)T (z) = −1

4

D
∑

i=1

(∂ϕi)
2 + i �α0 · ∂2 �ϕ,

(3.6)
〈

ϕi(z)ϕj (z
′)
〉

= −2δij log(z − z′)

with the corresponding central charge:

(3.7)c = D − 24
D
∑

i=1

(

αi
0

)2

and the screening operators:

(3.8)Vk(z) = exp

(

i
∑

i

αi
kϕi(z)

)

= exp

(

1

2

∑

i

gi
kϕi(z)

)

with gi
k = 2iαi

k . With this last definition, the Wick contraction with a derivative of a field
reads simply

(3.9)Vk(z
′)∂ iϕj (z) = aig

j
k

(z′ − z)i
V (z′)

with a1 = a2 = 1, a3 = 2 and a4 = 6. Forming suitable linear combinations, this formula
will allow us to compute (3.2) for any operator W(z) built out of the fieldsϕi(z) and their
derivatives. However, we still need to develop the screening operator around z:

Vk(z
′)= exp

(

∑

i

gi
k

2
ϕi(z

′)

)

= exp

(

∑

i

gi
k

2

(

ϕi(z)+ (z′ − z)ϕ′
i(z)+ (z′ − z)2

2
ϕ′′
i (z)

+ (z′ − z)3

6
ϕ′′′
i (z)+ · · ·

)

)
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(3.10)

= Vk(z)

(

1 + (z′ − z)
∑

i

gi
k

2
ϕ′
i(z)

+ (z′ − z)2

[

∑

i

gi
k

4
ϕ′′
i (z)+

∑

i,j

gi
kg

j
k

8
ϕ′
i(z)ϕ

′
j (z)

]

+(z′ − z)3

[

∑

i

gi
k

12
ϕ′′′
i (z)+

∑

i,j

gi
kg

j

k

8
ϕ′
i(z)ϕ

′′
j (z)

+
∑

i,j,k

gi
kg

j
kg

l
k

48
ϕ′
i(z)ϕ

′
j (z)ϕ

′
l(z)

]

+ · · ·
)

,

where we have used the notation ϕ′
i(z

′) = ∂ϕi(z
′), ϕ′′

i (z
′) = ∂2ϕi(z

′) and ϕ′′′
i (z′) =

∂3ϕi(z
′).

We consider an operator WN of dimension N , built as a linear combination of the
derivatives of the D scalar fields. Let us define byND(N) the number of terms in the linear
combination which forms the most general operator of dimension N . We then impose the
constraint that this operator commutes with the D screening charges. As shown above,
this corresponds to canceling the residue in z of the product V (z′)WN (z), which for a
general operator WN amounts to canceling an operator of dimension N − 1. We then
expect D ×ND(N − 1) constraints. Next we have to impose the primarity. In the product
T (z)WN (z′), we have to cancel all the powers in (z − z′)−i for i = N + 2,N + 1, . . . ,3.
Since the power (z− z′)−i comes with an operator of dimension N + 2 − i , we will get an
additional number of constraints equal to ND(0)+ND(1)+ · · · +ND(N − 1). Thus for a
Wn operator with ND(N) parameters, we have (D + 1)ND(N − 1)+ND(N − 2)+ · · · +
ND(0) constraints. Of course, this is just the maximal number of constraints that we can
expect, since in general not all of the corresponding linear equations will be independent.

3.2. Two scalar fields

The most general operator of dimension three built from two scalar fields is:

W3 =
∑

i

ai∂
3ϕi +

∑

i

bi∂ϕi∂
2ϕi +

∑

i

ci(∂ϕi)
3

(3.11)+
∑

i �=j

dij
(

∂2ϕi

)

∂ϕj +
∑

i �=j

eij (∂ϕi)
2∂ϕj .

We shall choose the coordinate system so that the background electric charge is directed
along the 1-direction. The stress-energy tensor then reads

(3.12)T (z) = −1

4
(∂ϕ1)

2 − 1

4
(∂ϕ2)

2 + iα0∂
2ϕ1.

For this case, we have N2(0) = 1, N2(1) = 2, and N2(2) = 5. Thus we will have 8
constraints from the primarity of W3 and 10 constraints from the commutation of the W3

operator with the two screening operators.
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By applying first the constraints from the primarity, we obtain seven equations on the 10
constants entering in (3.11):

a1 = −4α2
0c1, b1 = −6iα0c1, b2 = 6iα0

(

1 − 8α2
0

)

c1,

e21 = −3
(

1 − 8α2
0

)

c1, e12 = i

4α0
(d12 + d21), a2 = −2

3
iα0d12,

(3.13)12iα0c2 = (

1 − 24α2
0

)

d12 + (

1 + 8α2
0

)

d21.

3.2.1. Classical WA2 geometry
Turning now to the commutation of W3 with the screening operators, we begin by

considering the geometry of the classical WA2 theory:

(3.14)�α+
1 = α+

(

1

2
,

√
3

2

)

, �α+
2 = α+

(

1

2
,−

√
3

2

)

,

where α+ is related to α0 by the relation (2.7), i.e., α0 = 1
2 (α

+ − 1
α+ ).

The two screenings are related by a reflectional symmetry, and it is thus no surprise that
considering just �α+

1 leads to a single-parameter solution

a1 = 0, a2 = 24α2
0 c̃, b1 = 0, b2 = 0, c1 = 0,

c2 = 4c̃, qd12 = 12iα0c̃, d21 = 36iα0c̃,

(3.15)e12 = −12c̃, e21 = 0.

If we also impose the normalisation condition (3.4), then we end up with the following
expression of the parameters in terms of the central charge (c = 2 − 24α2

0 ):

(3.16)a2 = i(2 − c)

12
√

5c + 22
, c2 = i

3
√

5c + 22
, d12 = ±

√

(2 − c)

24(5c + 22)
,

(3.17)d21 = 3d12 = ±
√

3(2 − c)

8(5c + 22)
, e12 = − i√

5c + 22
.

Thus, our final result reads

(3.18)T = −1

4
(∂ϕ1)

2 − 1

4
(∂ϕ2)

2 + i

√

2 − c

24
∂2ϕ1,

(3.19)

W3 = 1√
5c + 22

(

i(2 − c)

12
∂3ϕ2 + i

3
(∂ϕ2)

3 ±
√

2 − c

24

(

∂2ϕ1
)

∂ϕ2

±
√

3(2 − c)

8

(

∂2ϕ2
)

∂ϕ1 − i(∂ϕ1)
2∂ϕ2

)

.

Up to the normalization constant, this coincides with the solution of Fateev and
Zamolodchikov [9].
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3.2.2. Alternative geometry
Consider next the alternative geometry of the screening charges

(3.20)�α+
1 = α+

(

√
3

2
,

1

2

)

, �α+
2 = α+

(

√
3

2
,−1

2

)

.

These vectors still span a triangular lattice, i.e., the root lattice of the Lie algebra A2. They
also correspond to a “Cartan matrix” where the signs of the off-diagonal elements have
been changed:

(3.21)
2(�αi, �αj )

(�αj )2 ≡ Aij =
(

2 1

1 2

)

.

In this case we find only the trivial (null) solution forW .

3.3. Three scalar fields

In this section we have found it convenient to impose the following parametrisation for
the screening operators

(3.22)gi
1 = 2ia(1,0,−1), gi

2 = 2ia(−1,1,0), gi
3 = 2ia(1,0,1)

and for the stress-energy tensor

(3.23)α1
0 = X/2, α2

0 = X, α3
0 = 0.

Here the variable X = (2a − 1/a) is related to the central charge by c = 3 − 30X2.
We now have to consider the construction of two operators of dimensions 3 and 4. The

most general such operators built from three scalar fields read

W3 =
∑

i

ai∂
3ϕi +

∑

i

bi∂ϕi∂
2ϕi +

∑

i

ci(∂ϕi)
3 +

∑

i �=j

dij
(

∂2ϕi

)

∂ϕj

(3.24)+
∑

i �=j

eij (∂ϕi)
2∂ϕj + f ∂ϕ1∂ϕ2∂ϕ3

and

W4 =
∑

i

ai∂
4ϕi +

∑

i

bi∂ϕi∂
3ϕi +

∑

i �=j

cij ∂
3ϕi∂ + ϕj

∑

i

di
(

∂2ϕi

)2

+
∑

i<j

eij ∂
2ϕi∂

2ϕj +
∑

i

fi
(

∂2ϕi

)

(∂ϕi)
2 +

∑

i �=j

gij
(

∂2ϕi

)

(∂ϕi)(∂ϕj )

+
∑

i �=j

hij

(

∂2ϕi

)

(∂ϕj )
2 +

∑

i �=j,k;j<k

iijk
(

∂2ϕi

)

(∂ϕj )(∂ϕk)+
∑

i

ji(∂ϕi)
4

+
∑

i �=j

kij (∂ϕi)
3(∂ϕj )+

∑

i<j

lij (∂ϕi)
2(∂ϕj )

2

(3.25)+
∑

i �=j,k;j<k

mijk(∂ϕi)
2(∂ϕj )(∂ϕk).

Note that there is some overlap among the symbols used to designate the constants entering
in the definitions ofW3 and W4. These constants are of course independent in the two cases,
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but in order to avoid complicating the notation we do not distinguish them by an extra
index. This convention should lead to no confusion since we shall consider the operators
W3 and W4 separately in the following.

3.3.1. Classical WA3 geometry
In this case we have N3(0) = 1, N3(1) = 3, N3(2) = 9, N3(3) = 22 and N3(4) = 51.

Thus, Eq. (3.24) for W3 contains 22 free parameters. Imposing the commutation of W3

with the screening charges produces 3 × 9 constraints on these parameters.
Solving the corresponding equations gives the following relations, leaving just two free

parameters, b1 and d13:

(3.26)a1 = −iXb1, a2 = −2iXb1, a3 = −id13X,

(3.27)b3 = b2 = b1, d32 = d31 = d13, f = i
d13

X
.

Next we impose the primarity of W3, yielding N3(0)+N3(1)+N3(2) = 13 additional
constraints. It turns out that the only additional condition which result from these
constraints is b1 = 0. Thus we end with the following result:

T (z) = −1

4

3
∑

i=1

(∂ϕ1)
2 + i

√

3 − c

120

(

∂2ϕ1 + 2∂2ϕ2
)

,

(3.28)

W3(z) ∝
(

3 − c

30
∂3ϕ3 + i

√

3 − c

30

((

∂2ϕ1
)

∂ϕ3 + (

∂2ϕ3
)

∂ϕ1 + (

∂2ϕ3
)

∂ϕ2
)

− ∂ϕ1∂ϕ2∂ϕ3

)

.

To normalise this properly, we demand that W(z)W(z′) = c/3
(z−z′)6 + · · ·. It follows that the

above solution should be divided by − 4
5 (7 + c). The singularity at c = −7 will reappear in

W4 (see below).
The computation for the W4 operator goes along the same line as for the W3 case, but

with much more parameters and constraints. In this case, we have N3(4) = 51 parameters
in the definition ofW4 (see (3.25)). There are 3 × N3(3) = 66 constraints produced by
the commutation of the screening operators with W4, and N3(0) + N3(1) + N3(2) +
N3(3) = 35 additional constraints coming from the requirement that W4 be a primary
operator. We thus have 101 constraints on the 51 parameters. Solving these constraints is
rather straightforward since they are just linear equations. Our result (up to a multiplicative
factor) can be expressed as a function of the central charge c (all the terms not present
being zero):

(3.29)a1 = i

√
3 − c(−26 + c + 2c2)√

30
, a2 = −i

√
3 − c(c − 2)(c + 7)√

30
,

(3.30)b1 = b3 = −2(c − 6)(c + 2), b2 = 3(c − 2)(c + 7),

(3.31)c12 = −(c − 3)(5c + 22), d1 = 1

5

(

−18 − 63c − 2c2),
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(3.32)d2 = 1

10
(c + 7)(19c − 102), d3 = −9

2
(c − 2)(c + 7),

(3.33)e12 = −2

5
(c − 3)(9c − 2), f1 = −i8

√

6

5

√
3 − c (c + 7),

(3.34)f2 = 2f1, g12 = g31 = g32 = i
√

30
√

3 − c (5c + 22),

(3.35)h12 = i

√

6

5

√
3 − c (17c + 54), h13 = −i8

√

6

5

√
3 − c (c + 7)= f1,

(3.36)h21 = h23 = i

√

6

5

√
3 − c (9c − 2), j1 = j2 = j3 = 12(c + 7),

(3.37)l12 = l13 = l23 = −3(17c + 54)

with the following solution:

W4 = i

√
3 − c(−26 + c + 2c2)√

30
∂4ϕ1 + 1

5

(

−18 − 63c − 2c2)(∂2ϕ1
)2

+ (c + 7)

{

−i

√
3 − c√

30

[

(c − 2)∂4ϕ2

+ 48
(

∂2ϕ1(∂ϕ1)
2 + 2∂2ϕ2(∂ϕ2)

2 + ∂2ϕ1(∂ϕ3)
2)]

+ 3(c − 2)

[

∂ϕ2∂
3ϕ2 − 3

2

(

∂2ϕ3
)2
]

+ 1

10
(19c − 102)

(

∂2ϕ2
)2
}

+ 12
(

(∂ϕ1)
4 + (∂ϕ2)

4 + (∂ϕ3)
4)

+ (17c + 54)

{

i

√

6

5

√
3 − c ∂2ϕ1(∂ϕ2)

2

− 3
(

(∂ϕ1)
2(∂ϕ2)

2 + (∂ϕ1)
2(∂ϕ3)

2 + (∂ϕ2)
2(∂ϕ3)

2)
}

+ (9c − 2)i
√

3 − c

{

−i
2

5

√
3 − c ∂2ϕ1∂

2ϕ2

+
√

6

5

(

∂2ϕ2(∂ϕ1)
2 + ∂2ϕ2(∂ϕ3)

2)
}

(3.38)

+ i(5c + 22)
√

3 − c
{

−i
√

3 − c ∂3ϕ1∂ϕ2

+
√

30
(

∂2ϕ1∂ϕ1∂ϕ2 + ∂2ϕ3∂ϕ3∂ϕ1 + ∂2ϕ3∂ϕ3∂ϕ2
)}

.

Finally, we impose the standard normalisation W(z)W(z′) = c/4
(z−z′)8 + · · ·, which means

that all the above should be divided by the factor

(3.39)192(2 + c)(7 + c)(22 + 5c)(114 + 7c).

In particular, the W4 operator becomes singular at a set of special values of the central
charge:

(3.40)c = −7, c = −2, c = −22

5
, c = −114

7
.
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These singularities are exactly those found by Blumenhagen et al. [13]. Kausch and
Watts [14] find in addition the singularitiesc = 1/2, c = −68/27 and c = −24 of which
we see no sign.

3.3.2. Alternative geometry
Finally, we consider the geometry of the two-flavoured loop model (cf. Eq. (2.51)), for

which we use the following parametrisation for the screening operators

(3.41)gi
1 = 2ia(1,0,−1), gi

2 = 2ia(1,1,0), gi
3 = 2ia(1,0,1)

and for the stress-energy tensor

(3.42)α1
0 = X/2, α2

0 = 0, α3
0 = 0.

In this case, very tedious computations show that for W3 as well as for W4, all the
parameters are zero under the application of the constraints.

4. Discussion

The classification of all possible two-dimensional CFTs has posed a major theoretical
challenge ever since the introduction of the series of minimal models [15], and several
fundamental questions remain open to this day. Among the approaches exploiting Coulomb
gas techniques we should here mention the exact computation of partition functions on the
torus [16,17], which has the merit of making direct correspondence between lattice models
and modular invariants. In the context of the present paper, the generalisations to coset
theories with c > 1 [18,19] and field theories based on Lie algebras [20] are particularly
interesting. Also, an extension of the standard coset classification of CFTs using Coulomb
gases [21] was used in Ref. [22] to obtain an alternative description of a particular W3

invariant model.
In this paper we have discussed the general construction of CFTs based on Coulomb

gases with several bosonic fields. The requirement that the CFT be consistent has dictated
us two physical guiding principles: the existence of degenerate representations, and the
closure condition on the vertex operator algebra. From these principles we have obtained
the classification condition (2.39) stating that the screening vectors must belong to the root
lattice of a classical Lie algebra. The screenings are however not required to be simple
roots, and therefore the matrix Aac in Eq. (2.39) is more general than the Cartan matrix in
the theory of W-algebras.

One of the main motivations of our work has been the attempt to identify the CFT
underlying two different model of fully-packed loops (FPL) [3]: the single-flavoured FPL
model on the honeycomb lattice and the two-flavoured FPL model on the square lattice.
Both these loop models are known to be critical for any value of the loop fugacities in
the interval [−2,2]. In both cases, the underlying Coulomb gas furnishes exact values
of the central charge, the thermal scaling dimension, and the scaling dimensions of an
infinite set of topological defects linked to the propagation of a set of strings between two
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points (“watermelon dimensions”) [1,2]. In the honeycomb case this information is further
supported by a Bethe ansatz solution, the integrability of the model being assured by its
slq(2) quantum group symmetry [12], whereas in the square case no Bethe ansatz solution
is known, except at the point (nb, ng) = (2,2) [23].

However, without access to the associated CFT, our knowledge of these models cannot
be considered complete. To illustrate this point it is useful to compare with the finite-
temperature O(n) model on the honeycomb lattice [1,2]. Its low-temperature critical phase
is described by the dense phase of a (non-fully packed) loop model, the loops being
defined in terms of the diagrammatic expansion of the associated spin model. This loop
model is solvable, both as a Coulomb gas and by Bethe ansatz techniques, and it furnishes
information on critical indices analogous to the FPL cases mentioned above. On the other
hand, when n = −2 cos(πg) with m = g/(1 − g) a positive integer (m � 3) the model
is known to coincide with the series of minimal models of conventional CFT. For these
unitary cases a wealth of further information is available, and many interesting applications
become possible. To mention but one important example, the knowledge of exact operator
product expansions makes it possible to study perturbatively the coupling of quenched
randomness to the local energy density of such models. For the FPL cases one could
imagine addressing the problem of a compact polymer in a random environment by similar
techniques, but to do so knowing the corresponding CFT becomes indispensable. Another
illustration of the complementarity of the two approaches (Coulomb gas versus CFT) is
that the watermelon dimensions [1], which have a straightforward interpretation in terms
of the loop model, coincide with CFT operators that are outside the physical part of the
Kac table [2] (see also Ref. [24] for a review). Conversely, local physical operators in the
CFT description do not in general seem to have an analogue in the loop approach.

In the present work we have argued that the honeycomb FPL model is in fact trivial from
the CFT point of view, since one of the scalar fields decouples from the other, and from the
background charge. On the other hand, we have showed that the non-trivial two-flavoured
FPL model satisfies the classification condition (2.39). However, we have also found that
the extended chiral operators needed to control the D − 1 remaining degrees of freedom
(with D = 3) do not exist, at least not on level 3 and 4 of the identity module. We can of
course not rule out the eventuality that such operators exist at higher levels, but we find it
rather unlikely.

To acquire a consistent CFT description of fully-packed loops, it thus seems to us that
the most natural thing to do would be to somehow modify the definition of the loop models
in question, so that the corresponding CFTs become the classical W-theories, WA2 and
WA3, respectively. We recall that in the Coulomb gas formalism, the operator assigning
the proper weights to the loops is a periodic function on the ideal state graph. The lattice
to which screenings must belong is therefore fixed by standard Fourier analysis [3]. One
generally assumes that all of the Fourier modes come with non-zero amplitudes, and the
actual screenings are therefore singled out as being those closest to the background charge
vector, since this ensures the lowest conformal dimension. For loop models with further
adjustable parameters one may however imagine that the amplitude corresponding to the
closest vectors can be made to vanish, in which case the screenings will have to be chosen
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from the vectors second-closest to the background charge, and so on. This is actually what
happens in the O(n) model, where the temperature T acts as an adjustable parameter.
By making the obvious (“closest”) choice for the screening vector, the one-dimensional
Coulomb gas describes the dense (critical) phase, as mentioned above. But by fine-tuning
the temperature it is possible to access another dilute (tricritical) phase, corresponding
to the choice of the next-closest screening [24,25]. This situation is rather analogous
to standard Ginzburg–Landau theory, where fine-tuning may serve to make theϕ4 term
vanish, thus giving access to multi-critical behaviour governed by a more general ϕ2n term.
In a certain sense, successive fine-tuning of more and more parameters is tantamount to
augmenting the symmetry of the corresponding critical theory. We would expect that the
CFTs of the two FPL models under consideration may be turned into the classical WA2

and WA3 theories by fine-tuning suitable extra parameters, thus driving the systems to
multi-criticality.

For the moment we do not have any concrete proposal for the construction of such
tunable parameters. The introduction of temperature-like vacancies in FPL models is
known [26] to introduce a flow towards the dense phase of the standard O( n) model [1,
2], so clearly the temperature is not a suitable parameter for endowing the model with a
higher symmetry. A more promising possibility would be to progress in analogy with the
ferromagnetic Ising model, which can be driven to tricriticality by introducing a staggered
magnetic field and fine-tuning its strength (in addition to the critical temperature). For the
fully-packed loop models, it is possible to impose several staggered fields that act so as to
distinguish between the various ideal states [3].
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Abstract

This note addresses the meander enumeration problem: “count all topologically inequivalent
configurations of a closed planar non self-intersecting curve crossing a line through a given number
of points”. We review a description of meanders introduced recently in terms of the coupling to
gravity of a two-flavored fully-packed loop model. The subsequent analytic predictions for various
meandric configuration exponents are checked against exact enumeration, using a transfer matrix
method, with an excellent agreement.  2000 Elsevier Science B.V. All rights reserved.

PACS: 05.20.-y; 02.10.Eb; 04.60.Nc
Keywords: Meanders; Fully packed loop models; Coulomb gas; 2D quantum gravity; Transfer matrix

1. Introduction

The meander problem is one of those tantalizing questions that has resisted a definite
solution for decades, although it is very easy to state: “given a positive integer n, in how
many topologically distinct ways can a closed non-intersecting planar curve (road) cross a
straight line (river) in exactly 2n points (bridges)?”

Originally an exercise of recreational mathematics [1], the meander problem turned
out to have applications in the most various branches of science: sorting algorithms in
computer science [2], enumeration of ovals of planar algebraic curves [3], classification
of three-manifolds [4], and in connection with a particular type of self-avoiding walk
describing the compact folding of a linear chain [5].

An obvious strategy would of course be to evaluate the first few meander numbersMn, in
the hope of finding an explicit formula, valid for arbitrary n. Such enumerative approaches
exist on various levels of sophistication [6–9], and a recent transfer matrix method [10]
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carried out this program up to n= 24. Although an explicit expression for Mn appears to
be out of reach, it became clear that, in analogy with two-dimensional lattice polymers,
the meander numbers scale asymptotically as Mn ∼ CR2n/nα , where R is a connectivity
constant and α a configuration exponent.

A major achievement of random matrix theory has been to deal with precisely such
asymptotic enumeration problems [11]. It is therefore natural to apply such techniques to
the meander problem [12–14]. In particular it has emerged that a generalized multi-road
multi-river meander problem, in which each closed segment of river (respectively, road) is
given the statistical weight n1 (respectively, n2), can be cast as a Hermitian matrix model,
known as the O(n1, n2) model [5]. In the special case of n2 = 1 this model is soluble by
a saddle-point method, leading to an exact evaluation of R and α [15,16]. Unfortunately
these results do not pertain to the original meander problem, which is recovered in the limit
n1, n2 → 0.

In a recent publication [17] it was argued that the meander problem is a particular
realization of the coupling to gravity of a certain two-flavored loop model [18], initially
defined on the square lattice. The most general gravitational version of this loop model
is a generalization of the meander problem in which river and road segments, counted
with their respective weights of n1 and n2, are allowed to cross as well as to touch one
another without crossing (tangency points) [17]. We shall refer to this model as tangent
meanders. On the regular lattice, directed segments of river and road can be inserted
by means of certain magnetic defect operators, for which the anomalous dimensions are
known exactly. When dressed by quantum gravity, these dimensions transform according
to the KPZ formula [19–21]. This transformation allows one to extract exact values for
the configuration exponent α of tangent meanders, whereas R, being a non-universal
quantity, is lost in the process. The connection to the original meander problem is then
made by arguing that tangency is irrelevant from a renormalization point of view [17].
Thus, the result for α in fact pertains to the original meander problem, i.e., to the
gravitational O(n1, n2) model. Moreover, the operator content of the theory gives access
to other geometries, involving several rivers, possibly with marked points, as well as semi-
meanders (river with a source).

Here we review and extend the arguments of [17]. In particular we establish the
irrelevance of tangency rigorously in a number of special cases. We also add credibility to
the theoretical predictions by performing extensive exact enumerations of various meander
geometries, using a generalization of the transfer matrix method presented in [10]. We
first address multi-component meanders, that allow for precisely checking the predicted
value of the central charge of the underlying conformal theory. Next we explore two
distinct river geometries, namely (i) two parallel rivers, and (ii) one semi-infinite river, that
permit to validate their magnetic operator formulation within the corresponding conformal
theory. We finally consider the case of tangent meanders and verify the irrelevance
of tangency, thus confirming the cornerstone of the argument. In all cases we find an
excellent agreement with theory, typically confirming the configuration exponents with
4–5 significant digits.
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The paper is organized as follows. In Section 2 we review the square-lattice loop model
and its solution, before presenting its gravitationally dressed version and the results for
the asymptotics of a range of meander-related quantities. The transfer matrix algorithms
are presented in Section 3, and in Section 4 we analyze the data and compare them to the
theoretical predictions. Our conclusions and some perspectives can be found in Section 5.

2. Theory: from fully-packed loop gases to meanders

In this section, we review the arguments of Ref. [17] relating the meander problem to the
gravitational version of a particular fully-packed loop model initially defined on the square
lattice [18]. The effect of gravity is to replace the lattice with a random quadrangulation of
the sphere. The lattice loop gas is described in Section 2.1 while its conformal structure is
presented in Section 2.2. The connection to meanders via two-dimensional quantum gravity
is explained in Section 2.3. This leads naturally to an effective field theory description
detailed in Section 2.4 together with the subsequent predictions for various meandric
configuration exponents.

2.1. Fully-packed loop gas on the square lattice

The configurations of the fully-packed loop model that we shall consider are defined
by assigning to each edge of the two-dimensional square lattice either of two colors (say,
black or white, represented as solid or dashed lines in Fig. 1, also referred to as 1 and 2 in
the following) in such a way that each vertex has exactly two black and two white incident
edges. Up to obvious rotations, this gives rise to the two vertex configurations depicted
in Fig. 1 in which the black and white lines either avoid or cross each other. Note that
with periodic boundary conditions the black and white lines form loops. It is interesting
to remark that the fully-packed loop model’s configurations defined here differ from those
of the so-called densely packed loop model [18] in that each vertex is visited by a black
and a white loop, whereas in the dense case, loops of a given (say black) color are not
constrained to visit all vertices.

The partition function of the fully-packed loop model is then defined by assigning a
weight n1 per black loop and n2 per white one,

Fig. 1. A typical fully-packed loop configuration on the square lattice. Assuming doubly periodic
boundary conditions, there are 6 black loops (solid lines) and 4 white ones (dashed lines). Up to
rotations, the vertices of the model are of the two types (a) “crossing” or (b) “avoiding”.
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ZFPL(n1, n2)=
∑

fully-packed loop
configurations

n
L1
1 n

L2
2 , (2.1)

where we have denoted by Li the total numbers of loops of each color i = 1,2.
Following [18] we shall denote the model with partition function (2.1) as the FPL2(n1, n2)

model, while the densely packed version is referred to as the DPL2(n1, n2) model.
The loop weights ni may be recast as local Boltzmann weights as follows. This step

is important in the field theoretic description of the model, since it leads to a local field
theory. Let us assign to each black or white loop an arbitrary orientation, and attach to
each vertex a local Boltzmann weight eiπ(ε1e1+ε2e2)/4 where εi = 1 if the oriented loop of
color i makes a left turn, εi = 0 if it goes straight, and εi = −1 if it makes a right turn.
Summing over all possible orientations of all loops, we get a factor 2 cos πei per loop of
color i , and therefore we reproduce the desired loop weights by setting

n1 = 2 cosπe1, n2 = 2 cosπe2. (2.2)

2.2. Conformal field theory description

The FPL2(n1, n2) model is known to be critical for 0 6 ni 6 2 [18], and is described
in the continuum limit by a simple conformal field theory based on free scalar fields.
To identify its basic degrees of freedom, it is useful to rephrase the model as a (three-
dimensional) height model as follows. Starting from an oriented fully-packed black and
white loop configuration, we first bicolor the vertices of the square lattice, say with
alternating filled (•) and empty (◦) dots. Then we use the dictionary of Fig. 2 to assign
one of the four labels A,B,C,D to each colored and oriented edge. With this convention,
it is clear that edges of type ABAB . . . alternate along black loops, whereas edges of type
CDCD . . . alternate along white loops, and that each vertex has one incident edge of each
type A,B,C and D. It is seen that the four-labeling with A,B,C,D is in one-to-one
correspondence with the coloring and orientation of edges of the FPL2 model. In particular,
the orientation of a given black or white loop is reversed if we interchange the A and B or
C and D labels along the loop.

The above colors allow for the definition of a dual vector height variable on the center of
each face of the lattice. Indeed, viewing as vectors the A,B,C,D labeling of the edges of

Fig. 2. A typical configuration of the FPL2 model together with the bicoloration of its vertices
(checkerboard of filled (•) and empty (◦) dots). We have added the corresponding dictionary that
allows to map the loop configurations ontoA,B,C,D labelings of the edges.
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Fig. 3. Rules determining the change of the height variable across labeled edges. We adopt the
Ampère convention that the height is increased (respectively, decreased) by the edge value if the
arrow of the edge points to the left (respectively, right). The edge labels must be interpreted as
three-dimensional vectors with the respective values A, −B, C, −D.

the lattice, let us arbitrarily fix the height to be zero on a given face of the lattice, and define
it on all other faces by successive use the rules of Fig. 3 for the transition from a face to
any of its neighbors. Note that it is necessary to impose the condition A + B + C + D = 0
to ensure that the heights are consistently defined around each vertex. We may therefore
assume in all generality that A,B,C,D are actually four vectors in R

3 with vanishing sum.
To get a more symmetric formulation, we may further fix A,B,C,D to be the four unit
vectors pointing from the center of a tetrahedron towards its vertices. The heights are then
clearly three-dimensional, as linear combinations of A,B,C,D. In the continuum limit, it
was argued [18] that the three-dimensional height variable turns into a three-dimensional
scalar field. Moreover the symmetries of the model completely fix the action for these fields
and the corresponding field theory is conformal, with central charge

cFPL(n1, n2)= 3 − 6

(

e2
1

1 − e1
+

e2
2

1 − e2

)

, (2.3)

where ei have been defined in (2.2) and are constrained by 06 ei 6 1/2. Actually the
shift in the central charge away from 3 is due to the introduction of a background electric
charge, ensuring that loops that have nontrivial winding with respect to the periodic
boundary conditions still get correctly weighted, although for such loops the argument
given before (2.2) no longer holds true.

2.3. Meanders: the coupling to gravity

To finally get to meanders, we must consider the coupling of the FPL2(n1, n2) model to
two-dimensional quantum gravity, by allowing the square lattice to fluctuate into arbitrary
planar four-valent graphs. For each such graph the fully-packed loop model is still defined
by coloring the edges black or white and allowing only the vertices shown in Fig. 1. As
before, each colored loop is weighted by the appropriate ni factor (i = 1,2).

If we try to go through the steps of the previous section, namely by transforming the
model into a height model, the issue of bicolorability of the vertices of the lattice becomes
crucial on a random four-valent graph. Indeed, not all such graphs are vertex-bicolorable.
So the coupling to gravity stricto sensu (sum over arbitrary planar four-valent graphs) will
destroy this property.

We may now follow either of the two following paths. First, we can repair this and
impose that the particular coupling to gravity preserve the bicolorability, namely that the
gravitational model be defined on the set of vertex-bicolorable four-valent graphs only.
These graphs are dual to the so-called eulerian quadrangulations. In genus zero (planar
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Fig. 4. Rules determining the change of the height variable across labeled edges in the non-bicolored
case. These rules are identical to those of Fig. 3, with the further restriction that B = −A and
D = −C, allowing to ignore the bicoloration of vertices.

case), the latter are characterized by the fact that all their vertices have an even valency
(Euler condition). If we couple the FPL2(n1, n2) model to eulerian gravity, the A,B,C,D
labeling is still well-defined, as well as the three-dimensional height, now defined on the
centers of the faces of the graph. This preserves the degrees of freedom of the flat space
model entirely in the gravitational formulation. This approach was initiated in [22,23] for
the simpler case of the fully packed O(n) model with only one type of loops.

On the other hand, we can study how the degrees of freedom of the model are affected
by the coupling to ordinary (non-eulerian) quantum gravity. Having lost the bicolorability
of vertices, it is no longer possible to distinguish between A and B labels on one hand,
and C and D on the other. We may still define an edge-labeling of the graph in one-to-
one correspondence with oriented colored fully-packed loop configurations on the graph,
but with vectors A,B,C,D satisfying the two constraints A + B = 0 and C + D = 0, and
picking A and C to be two perpendicular unit vectors in R

2. The correspondence between
color/orientation and A,C labels reads as in Fig. 4. As in Eq. (2.1), the model is further
completed by attaching weights ni to each loop of color i = 1,2. We may now define a
height variable on the centers of the faces of the graph, by use of the previous rules. The
main difference is that the height now lives in two dimensions (the plane generated by A
and C). Such a dimensional reduction is also observed on the square lattice when going
from the FPL2(n1, n2) to the DPL2(n1, n2) model [18]; interestingly enough, the same
dimensional reduction is also observed when the FPL2 model is defined on the Manhattan
square lattice, with oriented loops respecting the Manhattan orientation [24]. It results in a
shift c→ c− 1 in the central charge of the underlying conformal theory, namely

c(n1, n2)= cDPL(n1, n2)≡ 2 − 6

(

e2
1

1 − e1
+

e2
2

1 − e2

)

. (2.4)

In the following, we will concentrate on this formulation, eventually leading to the solution
of the meander problem.

The partition function of the fully-packed model coupled to ordinary quantum gravity,
hereafter referred to as the GFPL2(n1, n2) model, reads in genus zero:

ZGFPL(n1, n2;x, y)

=
∑

four-valent planar
graphs Γ

∑

FPL configs. C
on Γ

1

|Aut(Γ,C)|
n
L1
1 n

L2
2 x

Va(Γ )yVb(Γ ), (2.5)

where the sum extends over all the genus zero four-valent graphs Γ , and |Aut(Γ,C)| is
the order of the symmetry group of Γ equipped with the loop configuration C. We have
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Fig. 5. Examples of (a) a tangent meander with 2 tangency points (b-vertices) and 6 bridges
(a-vertices) and (b) a meander with 8 bridges.

Fig. 6. A type b-vertex of the FPL2 gravitational model, together with its dual height configuration.
We note that the NE and SW heights are identical. We may therefore undo the vertex as shown, which
results in its irrelevance.

also denoted by Va,Vb the total numbers of vertices of type a and b defined in Fig. 1
in the particular loop configuration, namely we have weighted each crossing of a black
and a white loop by x and each avoiding by y . When x = y , these are interpreted as the
cosmological constant, as the total number of vertices Va + Vb of Γ is also the area of the
corresponding dual random surface.

To generate meanders, we must now extract from (2.5) the configurations with only one
black and one white loop, that will, respectively, play the role of the river and the road.
This is done by taking the limit n1, n2 → 0 in (2.5), resulting in

ZGFPL(x, y)= lim
n1,n2→0

1

n1n2

(

ZGFPL(n1, n2;x, y)− 1
)

=
∑

n,p>0,
n+p>1

x2nyp

2(2n+ p)
µ2n,p, (2.6)

where we have denoted by µ2n,p the total number of tangent meanders with 2n crossings
and p tangency points, i.e., configurations of a non-selfintersecting circuit (road) crossing a
line (river) through 2n points (bridges) and touching the river p times (tangent contacts), as
illustrated in Fig. 5. The usual meander numbers defined in [5] correspond to only crossings
and no tangent points and read Mn = µ2n,0. In (2.6), the prefactor 1/(2(2n+ p)) stands
for the symmetry factor attached to the tangent meanders: going from the graph to the
representation where the river is a line, we may indeed cut the river loop in 2n+p places in
between bridges and tangency points, and we still have 2 choices for the up/down position.

The meanders are therefore generated by the function (2.6) for y = 0. Let us now show
that the universality class of the tangent meanders is the same as that of meanders. In the
transformation into a (two-dimensional) height model, the “tangency” vertex b of Fig. 1
corresponds to the arrangements of heights on adjacent faces depicted in Fig. 6. We notice
that the NE and SW heights are identical, irrespectively of the orientations of the two
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loops. This means that as far as the height variable is concerned this vertex may be simply
removed as shown. We conclude that the b-vertex of the model is irrelevant [17]. As a
consequence, we expect the following asymptotics for N = 2n+ p large of the partition
function µN (x, y) for tangent meanders with a total N of bridges and tangency points:

µN (x, y)=
∑

n,p>0,
2n+p=N

x2nypµ2n,p ∼ C(x, y)
R(x, y)N

Nα
, (2.7)

where the configuration exponentα is independent of x and y for x > 0 and y > 0. In
particular, when y = 0, α is identified with the meander configuration exponentMn ∼
CR2n/nα . The irrelevance of the vertex b will be checked numerically in Section 4.4 below.

More generally, we may consider tangent meanders with one single river, but arbitrarily
many possibly interlocking closed roads. This is given by the n1 → 0 limit of (2.5) while
n2 = q is kept finite, namely

ZGFPL(q;x, y)= lim
n1→0

1

n1

(

ZGFPL(n1, n2 = q;x, y)− 1
)

=
∑

n,p>0;n+p>1

x2nyp

2(2n+ p)
µ2n,p(q), (2.8)

where we have defined the tangent meander polynomial

µ2n,p(q)=
n+p
∑

k=1

µ
(k)
2n,pq

k (2.9)

with coefficients µ(k)2n,p being the numbers of tangent meanders with k connected
components of road, 2n bridges and p tangency points. The polynomialµ2n,0(q)=mn(q)

coincides with the meander polynomial defined in [5]. We may also define the canonical
partition function:

µN (q;x, y)=
∑

n,p>0,
2n+p=N

x2nypµ2n,p(q). (2.10)

We expect a large N asymptotic behavior of the form

µN (q;x, y)∼ C(q;x, y)R(q;x, y)
N

Nα(q)
, (2.11)

where the configuration exponentα(q) only depends on q and not on y/x , due to the
irrelevance of the b-vertex. In particular, it takes the same value at y/x = 0, where
it coincides with the multi-component meander configuration exponent, i.e., mn(q) ∼
C(q)R(q)2n/nα(q).

In the special case q = 1 of arbitrarily many roads without extra weight, these numbers
can be computed exactly. Indeed, we may decompose an arbitrary multi-component
tangent meander with 2n bridges and p tangency points into its upper part (above the
river) and lower part (below), and consider that these may be obtained first by pickingp1

points among the total N = 2n+ p to be the upper tangency points, and p2 = p − p1 to
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be the lower ones. Let us then draw small semi-circles tangent to the p points, p1 of them
in the upper half, p2 in the lower. With the 2n bridges, we have now a total of 2n+ 2p1

points in the upper half and 2n+ 2p2 in the lower one to be connected among themselves
by pairs through non-intersecting arches. Such upper and lower arch configurations have
already been extensively studied in [5]. In particular, there are cm = (2m)!/(m!(m+ 1)!)
(cm are the Catalan numbers) distinct upper arch configurations connecting 2m bridges by
pairs in the upper half plane above the river. Hence we must choose among the cn+p1 upper
arch configurations and thecn+p2 lower ones to form an arbitrary multi-component tangent
meander. This results in the formula

µ2n,p(q = 1)=
p

∑

p1=0

(2n+ p)!
p1!(p− p1)!(2n)!

cn+p1cn+p−p1, (2.12)

where the combinatorial factor accounts for the choices of upper and lower tangent points
among the total of 2n+ p. The corresponding partition function (2.10) reads

µN (q = 1;x, y)=N !
∑

n,p,
2n+p=N

x2n

(2n)!
∑

p1,p2,
p1+p2=p

yp1

p1!
yp2

p2!
cn+p1cn+p2 . (2.13)

When N is large, this is easily estimated by a saddle-point technique, making use of the
Stirling formula. For x, y > 0, we find the largeN behavior

µN (q = 1;x, y)∼ (4x + 8y)N

N3
(2.14)

up to a multiplicative constant depending on x and y only. This shows explicitly that the
exponent α(q = 1) = 3 is robust and is not affected by the respective values of x and y .
This confirms in particular the above-mentioned irrelevance of the b-vertex, asα keeps to
the same value, irrespectively of y .

In conclusion, the meander numbers belong to the universality class of GFPL2(n1, n2)

model at n1, n2 → 0. The corresponding flat space theory has the central charge (2.4)
with, according to (2.2), e1 = e2 = 1/2, hence c = −4. In the next subsection, we will
concentrate on the partition function ZGFPL(x, y = 0) (2.6) that generates the meander
numbers.

More generally, the multi-component meander polynomial belongs to the universality
class of the GFPL2(n1, n2) model, with n1 → 0 and n2 = q and central charge (2.4).
Finally, we may also consider meanders with arbitrarily many rivers and roads, with
a weight n1 per river and n2 per road; these objects belong to the universality class
of the GFPL2(n1, n2) model. It has been shown using matrix model techniques that
the GFPL2(n1 = 1, n2 = q) with y = 0 belongs to the same universality class as the
O(q) model when coupled to ordinary gravity (i.e., defined on arbitrary four-valent
graphs) [15]. More precisely, the number of multi-river, multi-road meanders with a total
of 2n intersections and with a weight q per road and 1 per river, also weighted by their
inverse symmetry factor (and multiplied by 4n to make it comparable to Mn) behaves for
large n as
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Fig. 7. The transformation of the four-valent a- and b-vertices of the FPL2 model into pairs of
trivalent ones connected by an extra (gray) edge, depicted as a wavy line. Due to the 1 to 2
correspondence in the case of the a-vertex, we must restrict ourselves to the case x = 2y, and then
each trivalent vertex receives a weight

√
y .

C(1, q)R(1, q)2n/nα(1,q), R(1, q)= 2
sin2(πe/2)

e2
,

α(1, q)= 2 − e

1 − e
, q = 2 cos(πe).

(2.15)

The determination of R(1, q) on which we have no prediction was made possible by an
explicit mapping of the matrix model onto a particular version of the gravitational O(q)
model, where the critical value of the cosmological constant xc can be explicitly calculated.
The value α(1, q) corresponds to the expected scaling behavior of a c = 1 − 6e2/(1 − e)

(cf. (2.4) with n1 = 1 and n2 = q) conformal theory coupled to two-dimensional quantum
gravity. In particular, when q = 1, c= 0 we get α(1,1)= 5/2 as expected in “pure gravity”
without matter.

It is interesting to notice that if we restore the b-vertex (with a weight y per vertex),
and choose specifically x = 2y , then the GFPL2(1, q) model can be mapped onto that
of tricoloring the edges of a random trivalent graph (with black, gray and white edge
colors) with a weight q per loop of alternating say gray and white colors. Indeed, the
quartic vertices a and b may be decomposed into pairs of connected trivalent ones as
shown in Fig. 7 in which we have added a third type of edge, say with gray color. This
transformation allows to map the configurations of the GFPL2(1, q) model weighted by
x = 2y per a-vertex and y per b-vertex onto those of arbitrary edge-tricolored trivalent
graphs, with a weight

√
y per vertex and q per white/gray loop. The latter model was

solved in [25] and identified with a particular version of the fully-packed O(2q) model
on random trivalent graphs: indeed, the white and gray edges form naturally fully packed
loops on the graph, and on each loop we may interchange the two colors to generate new
tricolorings, hence we may simply draw fully-packed loops on trivalent graphs, and attach
a weight 2q to each of these loops. But the loops have all even lengths and this turns out
to dimensionally reduce the model to an effective O(2q/2 = q) one with central charge
c= 1 − 6e2/(1 − e) as before. This particular point therefore lies in the same universality
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class as the model without b-vertex, which gives another explicit example of the irrelevance
of the b-vertex.

2.4. Field theory description of meandric numbers

The coupling of a conformal field theory with central chargec 6 1 to two-dimensional
quantum gravity (i.e., its definition on random surfaces) has a simple field-theoretical
formulation in terms of the Liouville field describing the conformal classes of metrics
of the surfaces. This has led to a number of results, including the precise determination
of various critical exponents. Indeed, the gravitational theory (say on genus zero surfaces)
displays a critical behavior as a function of the cosmological constant x . In particular, there
exists a finite valuexc of x at which the (connected) partition function behaves as

Z(x)∼ (xc − x)2−γ (c), (2.16)

where the string susceptibility exponent γ is related to the central charge c through [19–21]

γ (c)=
c− 1 −

√
(1 − c)(25 − c)

12
. (2.17)

When applied to the DPL2(0,0) model of the previous section (with c = −4), whose
gravitational version was shown to describe meanders, we find that

γ ≡ γ (−4)= −
5 +

√
145

12
. (2.18)

Comparing (2.16) with the expansion

ZGFPL(x)=
∑

n>1

x2n

4n
Mn (2.19)

we deduce the asymptotic behavior [17]

Mn ∼ C
x−2n
c

nα
, α = 2 − γ = 29 +

√
145

12
. (2.20)

Moreover, a number of the operators of the flat space conformal theory (in particular
the spinless ones, with conformal dimensions h= h̄) get dressed by gravity, in such a way
that they acquire anomalous scaling dimensions. Any given operator φk with dimensions
hk = h̄k , is dressed into an operator φ̃k with dressed dimension∆k such that the correlation
functions behave as

〈

φ̃k1 φ̃k2 . . . φ̃kp
〉

∼ (xc − x)2−γ+6(∆ki−1), (2.21)

when x approaches the critical value xc, and where the dressed dimension ∆k is related to
the flat space conformal dimension hk through

∆k =
√

1 − c+ 24hk −
√

1 − c
√

25 − c−
√

1 − c
. (2.22)

Let us now present the operator content of the c = −4 conformal theory describing the
dense loop model DPL2(0,0) [18]. For generic values of n1, n2, the DPL2(n1, n2) has
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a continuum description as a two-component scalar field with charges at infinity. More
precisely, it is a Coulomb gas made of two decoupled scalar fields, with c = c(ni) =
1 − 6e2

i /(1 − ei) = −2 at ni = 0 (ei = 1/2), respectively, each viewed as the effective
field theory of loops of one color. In particular, within each scalar field theory (indexed
by the color i = 1,2), there exist operators ψ(i)k (z) that create k oriented defect lines (of
color i) for the scalar field, with conformal dimensions [26,27]:

h
(i)
k = k2 − 4

32
(2.23)

at ni = 0. In the Coulomb gas formalism, these correspond to electromagnetic operators
with electric charge ei (spin-wave) and magnetic charge ±k/2 (vortex), according to
whether the defect line is oriented from or to the insertion point, and k is a strictly positive
integer. The electric charge ensures that, if the defect lines wind around the insertion
point, all extra curvature weights get cancelled [28]. For k = 0, (2.23) must be replaced
by h(i)0 = 0 corresponding to the identity operator. The correlation functions must have a
vanishing total magnetic charge. Although these operators also carry an electric charge
1/2 = e1 = e2, the electric neutrality of correlators imposes no extra condition. 4

We may also combine operators for both colors, namely consider mixed operators
ψk1,k2 =ψ

(1)
k1
ψ
(2)
k2

with conformal dimension hk1,k2 = h
(1)
k1

+ h
(2)
k2

for k1, k2 ∈ Z.
Let us now study the dressing of these operators by gravity, and interpret them in

meandric terms. The dressed operator ψ̃(i)k again corresponds to the creation of a vertex
with |k| outcoming (k > 0) or incoming (k < 0) lines of color i .

As a first example, note that h(i)2 = 0. From the formula (2.21), it is clear that the

operators ψ̃(i)±2 have the effect of marking a point on a loop of color i . However, due to
the constraint of global magnetic neutrality of correlators, the marking is not arbitrary as
the loop of color i must have an even number of marks (alternating ψ̃(i)2 and ψ̃(i)−2). In

particular, the one-point function 〈ψ̃(1)2 〉 that would naively count meanders with a marked

river turns out to vanish, while for instance the two-point function 〈ψ̃(1)2 ψ̃
(1)
−2 〉 indeed counts

meanders with two marked points on the river. We will meet more examples of this below.
The first application of the above concerns the two point function describing the insertion

of a segment of river (color 1)
〈

ψ̃
(1)
1 ψ̃

(1)
−1

〉

∼ (xc − x)2∆1−γ . (2.24)

Recall that when we take the limit n1, n2 → 0, only diagrams with one connected
component of river and one of road are selected. In the case of (2.24), the river forms a
segment, around which the road can freely wind (see Fig. 8). To fix ambiguities, let us
send one end of the river to infinity (say to the left) and therefore represent the river as a
half-line (this is allowed as we work on Riemann sphere). The number of configurations

4 It can be shown [29] that the corresponding non-minimal conformal theory pertaining to the loops of color
i (with central charge c = 1 − 6e2

i
/(1 − ei )) is equally well defined as a theory with central charge c = 1, in

which the operator content has been reorganized, and in particular all of the above electromagnetic operators get
a vanishing electric charge, while their magnetic one is unchanged. A supersymmetric version of this theory was
also introduced in [30], in which arbitrary correlators could be calculated, irrespectively of the electric charge.
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Fig. 8. A typical semi-meander configuration.

Fig. 9. A typical example of an eight figure river geometry (a). On the sphere, it is equivalent to the
situation of (b), where the river crossing has been cleared of all winding pieces of road. This crossing
may finally be sent to infinity (c) so as to form two parallel rivers. We have represented a particular
configuration of road with 2p1 = 4 bridges on one loop and 2p2 = 2 on the other. Due to magnetic
neutrality in the operator formulation, the two loops are marked as shown.

of a closed road crossing a half-line (river with a source) through n bridges is defined as
the semi-meander number Mn. We immediately identify the series expansion of (2.24) as
a function of x to be

〈

ψ̃
(1)
1 ψ̃

(1)
−1

〉

=
∑

n>1

Mnx
n. (2.25)

We therefore deduce the semi-meander asymptotics [17]

Mn ∼ C
xc

−n

nᾱ
, ᾱ = 1 + 2∆1 − γ = 1 +

√
11

24

(
√

5 +
√

29
)

. (2.26)

Our second example is the “eight” meander, in which the river forms the figure “eight”.
To generate it, we need to insert an operator ψ̃(1)4 , but magnetic neutrality forces us to insert

two river-marking operators ψ̃(1)−2 , one on each loop of the eight. The three-point correlation

function 〈ψ̃(1)4 (ψ̃
(1)
−2 )

2〉 therefore generates the numbers of meanders whose river forms an
eight figure, and with one marked point on each loop (see Fig. 9 (a)). To fix ambiguities,
let us send the river-crossing to infinity. We may now represent the river as two parallel
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Fig. 10. A meander with two parallel rivers may be viewed as a meander “with a seam”. The point
where the seam is attached is a remnant of the point at infinity (say to the left), where the two rivers
meet. The seam just prevents roads from encircling this point.

lines (all connected to the four-valent point at infinity), but the markings are still there (cf.
Fig. 9 (c)). Hence we have

〈

ψ̃
(1)
4

(

ψ̃
(1)
−2

)2〉 = 1

2

∑

n>1

x2nM2-mark
n

=
1

2

∑

n>1

x2n
∑

p1+p2=n
(2p1 + 1)(2p2 + 1)Mp1,p2, (2.27)

where M2-mark
n is the number of meanders with two rivers, each of which is marked, and

Mp1,p2 is the number of meanders with two parallel rivers, and with 2p1 bridges one the
first and 2p2 on the second (there are indeed 2pi + 1 possible markings on a river loop
with 2pi bridges). Note the prefactor of 1/2 accounting for the fact that we distinguish the
top and bottom of the figure when we represent a two-river meander. From (2.21), we find
that [17]

M2-mark
n ∼ const

x−2n
c

nα2-mark
,

α2-mark =∆4 + 2∆2 − γ = 1

24

(
√

5 +
√

14
)(

√
5 +

√
29

)

. (2.28)

It is also easy to determine the large n behavior of the unmarked meanders with two
parallel rivers. Let us draw the two rivers horizontally. We may view the two rivers as
connected to each other at their far left (at infinity) and represent them as in Fig. 10 as
one marked line, such that a seam originates from the marked point that prevents any road
from encircling the point to the left. So we have mapped two-river meanders onto one-river
meanders with a seam. We may now generate all meanders with a seam by considering all
the ways of placing a seam on the upper-half of meanders. If E(M) denotes the total
number of upper exterior arches of a meander M (namely arches that have no other arch
above them), then there areE(M)+1 distinct ways of decorating the meander with a seam.
Hence the total number of two-river meanders reads
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Fig. 11. How to construct a new meander with 2n+ 2 bridges from a meander with 2n bridges and
one distinguished exterior arch, here on the upper half of the meander. We cut the corresponding arch,
and glue it back across the river, by encircling the whole lower part of the meander. This is easily
inverted within the set of meanders with 2n+ 2 bridges and one unique upper or lower exterior arch,
showing that this construction gives only rise to distinct meanders.

M2-riv
n =

∑

meanders M
with 2n bridges

(

E(M)+ 1
)

= 〈E + 1〉nMn, (2.29)

where 〈· · ·〉n stands for the average over all meanders with 2n bridges.
We now argue that 〈E + 1〉n remains finite when n → ∞. Indeed, starting from a

meander with 2n bridges, we may construct one new meander with 2n + 2 bridges for
each upper and lower exterior arch. As shown in Fig. 11, we simply cut the arch and close
it on the other half, thus creating two new bridges and keeping a single connected road.
Such meanders have 2n+ 2 bridges and one single exterior arch on the side where we have
closed the arch, and are all distinct. Hence we may write that their number is bounded by
Mn+1, namely

2
∑

meanders M
with 2n bridges

E(M)6Mn+1 ⇒ 〈E〉n 6
1

2

Mn+1

Mn

→
R

2
. (2.30)

We therefore have the asymptotic bounds 1 6 〈E + 1〉n 6 1 + R/2, which implies that
M2-riv
n ∝R2n/nα like ordinary meanders, hence α2-riv = α. We also deduce that

〈

(2p1 + 1)(2p2 + 1)
〉

n
≡

∑

p1+p2=n(2p1 + 1)(2p2 + 1)Mp1,p2
∑

p1+p2=nMp1,p2

∼ nβ ,

β = α − α2-mark = 2 −∆4 = 2 − 1

24

(
√

14 −
√

5
)(

√
5 +

√
29

)

= 1.521898 . . . . (2.31)

This shows the rather unexpected result that the two-river meanders tend to be very
asymmetric, with a number of bridges of the order n on one river (since p1 + p2 = n) and
of the order nβ−1 on the other, with β − 1 = 0.521898 . . . . The above arguments can be
generalized to the case of multi-component meanders and give rise to similar predictions.
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In [17], a number of other results have been presented, all corresponding to more
sophisticated river geometries, and making use of the magnetic defect operators ψ̃(i)k . It
would also be possible in principle to use mixed operators to generate diagrams with both
road and river geometries fixed. Another direction consists in going away from the point
n1 = n2 = 0, for instance by considering the GFPL2(n1 = 0, n2 = q) model in which
meanders with arbitrary numbers of roads are considered, with a weight q per road. In
that case, the corresponding conformal theory with central charge (2.4)

c= −1 − 6
e2

1 − e
, e= 1

π
Arccos

(

q

2

)

(2.32)

may be viewed as two decoupled bosonic field theories: a c = −2 theory (that of river
loops, at n1 = 0) and one with c = c(q)= 1 − 6e2/(1 − e), where q = 2 cosπe (that of
road loops). The generating function ZGFPL(q;x, y = 0) (2.8) for meander polynomials
reads

ZGFPL(q;x, y = 0)=
∑

n>1

x2n

4n
mn(q)∼ (xc − x)2−γ (c) (2.33)

with γ (c) as in (2.17), and c as in (2.32). This turns into the asymptotics

mn(q)∼ C(q)
R(q)2n

nα(q)
, α(q)= 2 − γ (c), (2.34)

namely [17]

α(q)= 2 + 1 − e+ 3e2 +
√

(1 − e+ 3e2)(13 − 13e+ 3e2)

6(1 − e)
(2.35)

with e as in (2.32). An analogous formula holds for the (multi-component) semi-meander
polynomials, namely

m̄n(q)∼ C(q)
R(q)n

nᾱ(q)
, ᾱ(q)= 1 + 2∆1(c)− γ (c), (2.36)

with ∆1(c) as in (2.22), c as in (2.32), and h1 = −3/32 as in (2.23). This yields [17]

ᾱ(q)= 1 +
√

2(24e2 + e− 1)
(
√

1 − e+ 3e2 +
√

13 − 13e+ 3e2
)

24(1 − e)
, (2.37)

with e as in (2.32).
An important remark is in order concerning the range of validity of (2.35) and (2.37).

First, the DPL2(0, q) model is critical only for q 6 2, i.e., e > 0. We expect therefore a
very different scaling behavior for the meandric numbers when q > 2. At large q , it was
shown in Ref. [8] that

α(q)=
3

2
(2.38)

independently of q .
On the other hand, for semi-meanders, this transition at q = 2 is never reached. Indeed,

another phenomenon appears at a value qc < 2. It corresponds to a proliferation of
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Fig. 12. A typical “branched” semi-meander.

connected components of road and also of the pieces of road that wind around the source
of the river. More precisely, let us compare the two following contributions to the multi-
component semi-meander numbers, according to whether:

(i) “branched” semi-meanders dominate: the semi-meander is typically separated into
two parts, namely the interior and exterior of a “big circle” as shown in Fig. 12. The
contribution of such semi-meanders reads asymptotically

∑

n1+n2=n

R(q)n1

n
ᾱ(q)

1

× R(q)n2

n
ᾱ(q)

2

∼ R(q)n

n2ᾱ(q)−1
, (2.39)

(ii) “connected” semi-meanders dominate: the semi-meanders cannot be cut as in (i),
and typically behave as

R(q)n

nᾱ(q)
. (2.40)

The transition between the two regimes (i)–(ii) will take place when 2ᾱ(q)− 1 = ᾱ(q).
We deduce that precisely at the transition, we must have ᾱ = 1, which according to (2.37)
takes place when 24e2 + e− 1 = 0, namely at the critical value e= ec, q = qc given by

ec =
√

97 − 1

48
, qc = 2 cosπ

√
97 − 1

48
, (2.41)

also corresponding to c = 3/4. Hence the formula (2.37) is only valid for ec 6 e, namely
q 6 qc = 1.673849 . . . < 2. Beyond q = qc, we expect the average number of connected
components of road to be of the order of n, and we have [8]

ᾱ(q)= 0, for q > qc. (2.42)

It is quite interesting to notice that the transition of semi-meanders is of a different nature
than that of meanders. The latter simply encounters the q = 2 transition of the O(q)model.
The former undergoes a winding transition, in which semi-meanders become very different
from meanders. Indeed, as long as the dominant semi-meanders have very little winding
around the source of the river, they behave just like meanders (hence R(q)= R(q) in the
regime q < qc). But when the winding number of the semi-meanders becomes relevant (of
the order of n) we expect many more semi-meanders than meanders with the same number
of bridges, and R(q) > R(q) for q > qc.
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3. Meander enumeration algorithms

In this section, we will describe the algorithms that we used to check numerically our
predictions of Section 2 for the different configuration exponents. All the results presented
below concern the case n1 = 0, i.e., a connected river configuration, and a varying weight
n2 = q per road, i.e., multi-connected road configurations. We will also consider the several
meander geometries discussed in Section 2.

All our algorithms are based on transfer matrix techniques. Transfer matrices have
proven to be very powerful for studying a wide range of statistical mechanics systems,
especially in two dimensions. Originally applied to systems with local interaction, such as
the Ising model, the “row to row” transfer matrix describes the transition between two
successive rows of spins, say at ‘time’ t and t + 1 along the transfer direction. More
recently, the transfer matrix technique was also applied to systems with non-local degrees
of freedom, but where, in a suitably designed basis, the statistical weights can still be
evaluated between neighboring time slices. In this way it became possible to study self-
avoiding polygons [31] and walks [32], and the random cluster model [33], to mention but
a few important examples.

Finally, transfer matrices can also be applied to random lattice problems, as long as
a definite transfer direction can be defined, as for instance in the case of lorentzian
gravity [34]. This is also precisely the case in the meander problem, where we can simply
choose to transfer along the river, adding one bridge in each time step. This was first
recognized by Jensen in [10] where the method proved to be much better than previous
enumeration algorithms, leading in particular to the largest accessible numbers of bridges.

When implemented on a computer, the transfer matrix algorithms will allow to
enumerate exactly the various meandric objects that we are interested in for a fixed finite
number N of bridges up to a certain maximal value of N (typically up to 48 bridges in
the results presented below). From these exact finiteN values, we can extract estimates
for the large N asymptotic behaviors, and in particular for the configuration exponents
described in Section 2. We can then compare these estimates to the corresponding expected
theoretical values.

This section is organized as follows: the case of one infinite river (the original meander
problem) is discussed in Section 3.1, while the other geometries, including the case of two
infinite parallel rivers (connected at infinity), with possibly marked points on each of them,
and the case of a semi-infinite river (semi-meanders), are discussed in Section 3.2. In the
three cases above, we allow only crossing vertices of type a (cf. Fig. 1). The inclusion of
tangency points for the infinite river case (tangent meanders) is discussed in Section 3.3.

3.1. One infinite river (meanders)

Fig. 13 shows a typical meander system with one infinite river andN = 8 bridges. The
partition function is defined by giving a weightn2 = q to each road. The transfer matrix
acts by transferring from the left to the right a vertical line intersecting the river between
two consecutive bridges. A state characterizes that part of the system that is to the left of
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Fig. 13. A multi-road meander with 8 bridges and 2 connected components. Upon addition of a new
bridge, four different operations (O, C, U and D) are allowed, as discussed in the text. We also show
the state of that part of the meander that is to the left of a given vertical line perpendicular to the river
(here in position after t = 2 steps). The transfer matrix acts by transferring this line from the left to
the right.

the vertical line by listing the pairwise connectivities amongst the road segments as well as
the position of the river.

Whenever the vertical line is transfered one step to the right, a new bridge is added
and one out of four possible operations (O, C, U and D) can take place, as indicated on
the figure. Each of these operations connects two consecutive states of the system, before
and after the addition of the bridge. The operation O opens a new road segment on top
of the river, thus connecting the two sides of the river. Similarly the operation C closes a
road on top of the river. This operation comes in two variants, depending on whether the
closed segment was already connected before the addition of the bridge (C) or not (C∗). In
the former case, the road segment is erased and a non-trivial Boltzmann factor of q must
be accounted for. In the latter case, the connectivity is transformed so as to connect the
left-over partners of the two road segments that were eliminated. Finally, a road segment
immediately below the river can move up (operation U), and a segment just above the river
can move down (operation D).

In order to fully specify the transfer matrix of this problem we need to enumerate
the possible connectivity states at a given time. The number of such states determines
the size of the memory needed to store information at time t = n. We will therefore
compute the number F(n,N) of connectivity states after addition of the nth bridge for
any n= 1,2, . . . ,2N for the case of 2N bridges. Also, to implement the calculation of
the meander partition function on a computer, one needs to order these states so that the
entries of the transfer matrix can be accessed by means of a one-to-one mapping between
the states and the set of integers 1,2, . . . ,Nstates. Here Nstates stands for the total number of
states encountered in the whole transfer process from the left of the first bridge to the right
of the last one. It is also the dimension of the explored state space and depends explicitly
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Fig. 14. Transfer matrix enumeration of all multi-road meanders with 6 bridges. The figure lists the
complete set of intermediary states after the nth bridge (n= 1,2, . . . ,5) along with their respective
weight.

on the number 2N of bridges added in the whole process. This number will be estimated
below while the explicit ordering procedure will be presented at the end of this subsection.

Before we turn to the general case, let us illustrate the state counting for one infinite
river with 2N = 6 bridges. In Fig. 14, we detail the intermediate steps in the calculation
of the corresponding meander polynomial m3(q). The figure depicts the complete set of
states generated by the transfer process, when connecting the “empty” states (vacua) before
bridge 1 and after bridge 6, along with their respective weights. Apart from the “empty”
states F(0,6)= F(6,6)= 1, we read F(1,3)= 1, F(2,3)= 4, F(3,3)= 6, F(4,3)= 5,
F(5,3) = 1 and Nstates = 11. The result of the calculation is the meander polynomial
m3(q) = 5q3 + 12q2 + 8q , indicating that with 6 bridges there are, respectively, 8, 12
and 5 meanders with 1, 2 and 3 connected components.

Dimension of the state space:
Let us now turn to the computation of the numbers F(n,N). To this end we

begin by relating these numbers to properties of a certain class of restricted Brownian
walks. Consider a situation where there are p1 (respectively, p2) road segments above
(respectively, below) the river, and where these segments are pairwise connected in such
a way that exactly h arches cross the river. It is easy to check that the four operations O,
C, D and U described above always shift p1, p2 and h by one unit, either +1 or −1, so
that, by induction, n, p1, p2 and h have the same parity. Clearly, we also have h 6 p1

and h 6 p2 as an arch crossing the river connects a point above it to a point below it.
There are then (p1 − h)/2 (respectively, (p2 − h)/2) non-crossing arches that stay above
(respectively, below) the river. Now, while a crossing arch can be generated by means of
a single bridge, by using the move O, the generation of a non-crossing arch necessitates
at least two moves (O followed by either U or D). Therefore, twice the number of non-
crossing arches plus the number of crossing arches cannot supersede the number of bridges
added, i.e., p1 + p2 − h6 n. In terms of h, the arch “height” above the river, this leads to
the constraint:

max(0,p1 +p2 − n)6 h6 min(p1,p2). (3.1)
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Fig. 15. A typical arch configuration (a) below the river and the corresponding walk (b). The walk
has p = 7 steps and final heighth= 3. At each step the height coordinate hi on (b) changes by ±1,
according to whether an arch is opened or closed in (a).

Note that the above condition automatically implies that pi 6 n, i = 1,2.
The above constraint turns out to be the only one as long as n6N . For n >N there are

additional constraints, since we must always be able to annihilate any given state at level
n in at most 2N − n moves so as to end up with the “empty” state at the right of the 2 N th
bridge. Since p1 and p2 can decrease by at most one at each step, we thus have to impose
for n >N the two extra conditions:

p1 6 2N − n, p2 6 2N − n. (3.2)

It is easy to estimate the number Nstates of accessible states, i.e., those which satisfy
the above constraints (3.1) and (3.2) for all n = 1, . . . ,2N . An arch configuration, read
from the bottom and upwards, can be mapped onto a (p1 + p2)-step Brownian walk,
where the position hi (i = 0, . . . , p1 + p2) of the walk starts from h0 = 0 and is increased
(respectively, decreased) by one unit for each opening (respectively, closing) of an arch,
as illustrated on Fig. 15. Evidently these walks are constrained by hi > 0 for all i .
Decomposing the walk into its left part (describing the arches below the river) and its right
part (describing the arches above the river) connected at height h, we are naturally lead to
definef (p,h) as the number of walks going from height 0 to height h (or equivalently that
of walks going from height h to height 0) in p steps.

To evaluate f (p,h) is a standard exercise. First note that without the constraint h > 0
this would simply read

( p
(p−h)/2

)

as me must choose the (p − h)/2 ascending steps. Each
walk violating the constraint at some point hits hi = −1. Let i be the first time this happens,
and consider reversing each step from i and onwards. The result is a walk going from 0 to
(−1)− (h+ 1), or equivalently from 0 to h+ 2. Therefore:

f (p,h)=
(

p

(p− h)/2

)

−
(

p

(p− h)/2 − 1

)

. (3.3)

In terms of f (p,h), the number F(n,N) of states accessible at level n can then be
written as
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F(n,N)=
min(n,N−n)

∑

p1=0

min(n,N−n)
∑

p2=0

min(p1,p2)
∑

h=max(0,p1+p2−n)
f (p1, h)f (p2, h)

=
n

∑

h=0

min(n,2N−n)
∑

p1=h

min(n+h−p1,2N−n)
∑

p2=h
f (p1, h)f (p2, h), (3.4)

where it is implicitly understood that h, p1 and p2 in the sums above all have the parity
of n.

When N > n it is possible to rewrite Eq. (3.4) in a simpler form, since the second
constraint in the upper limit of the summations over p1 and p2 (namely pi 6 N − n)
does not come into play. Setting p1 + p2 = 2p, we simply have to enumerate all the set
of p arches, cut by the river at a height h that has the same parity as n and satisfies the
constraint h> 2p− n. Let us define

hmin(n,p)≡
{

max(0,2p− n), for n even,
max(1,2p− n), for n odd.

(3.5)

In the walk language, we have to count all the walks of length 2p that stay non-negative
with a marking at a point of height h> hmin and with a well defined parity, that ofn. The
total number of non-negative walks of length 2p going from 0 to 0 and with a marked point
at position h can be easily calculated to be:

g(p,h)= f (2p,2h)+ f (2p,2h+ 2)=
(

2p

p− h

)

−
(

2p

p− h− 2

)

. (3.6)

Summing over the heights h > hmin(n,p) having the parity of n (which is also that of
hmin(n,p)) we have

n
∑

h=hmin(n,p),
h=hmin(n,p)mod2

g(p,h)=
(

2p

p− hmin(n,p)

)

. (3.7)

The complete number of states used in the transfer matrix is now simply obtained by
summing over the number of arches. Depending on the parity of n, we get:

F(n,N > n)=
n

∑

p=0

(

2p

min(p,n− p)

)

, for n even, (3.8)

and similarly:

F(n,N > n)=
n

∑

p=1

(

2p

min(p− 1, n− p)

)

, for n odd. (3.9)

Note that the above expressions do not depend on N . This is because we assumed that
n 6 N , in which case the second constraint (3.2) is ineffective. For large n, the above
expressions for F(n,N > n) can be evaluated by a simple saddle-point approximation.
Setting p = yn, we get a saddle point at a value y? solution of

(3y? − 1)3 = (1 − y?)(2y?)2, (3.10)
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Table 1
Number of intermediate states employed by the transfer matrix algorithm for multi-road meanders
with 2N bridges. The number of states F(N,N) after addition of the N th bridge is less than the
maximal number of states F(nmax,N), which occurs at a value nmax slightly above N

N F(N,N) F(nmax,N) nmax N F(N,N) F(nmax,N) nmax

1 1 1 1 13 12905 26770 15
2 4 4 2 14 27971 62959 16
3 6 6 3 15 59282 155153 18
4 16 16 4 16 128130 388695 19
5 29 29 5/6 17 272610 950128 20
6 68 68 6 18 588153 2279273 21
7 134 161 8 19 1254586 5733997 23
8 300 363 9 20 2703503 14523043 24
9 614 846 10 21 5777115 35946838 25

10 1349 1890 11 22 12438708 87192966 26
11 2813 4579 13 23 26613942 223196395 28
12 6126 11216 14 24 57268474 568622062 29

namely with the numerical value y? = 0.611491992 . . . . This value indicates that the state
statistics is indeed governed by arch systems with a number p = p1 = p2 = p? ≡ y?n of
arches. The quantity F(n,N > n) is then found to grow asymptotically as an, where

a = (2y?)2y
?

(1 − y?)1−y?(3y? − 1)3y?−1
, (3.11)

which, using (3.10), is also the solution of

a3 = (1 + a)2. (3.12)

This yields the numerical value a = 2.147899036 . . . .
In Table 1, we give some explicit values of the number of states needed when

enumerating meanders with 2N bridges. It is seen that the maximum number of states
occurs slightly after the addition of the middle bridge, n = N . For large N , one can
easily estimate the value nmax of n where this maximum occurs. Indeed, for n > N , the
second condition (3.2) starts to play a role. As we have seen, for large n, the state statistics
without the second constraint is dominated by arch configurations withp1 = p2 = p? =
y?n. Therefore, we expect this second constraint (3.2) to effectively affect the asymptotic
behavior and start reducing the number of states whenever p? = 2N − n, i.e., for n =
2N/(1 + y?). Assuming that this precisely corresponds to the step having the maximum
number of states, we have

nmax = 2N/(1 + y?)= 1.241085907 . . .N. (3.13)

We can then estimate the asymptotic number of encountered states in the whole process to
grow like:

Nstates ∼ F(nmax,N)∼ anmax = (2.582603447 . . .)N . (3.14)
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The estimates (3.13) and (3.14) agree with the values observed in Table 1.

Ordering the states:
According to Eq. (3.4), the full set of F(n,N) states can be ordered if we know how

to order the f (p,h) restricted Brownian walks defined above. Namely, in that case one
can order the complete set of states lexicographically after h, p1, p2, the value of the first
Brownian walk [1,2, . . . , f (p1, h)], and finally the value of the second Brownian walk
[1,2, . . . , f (p2, h)]. By this we mean simply that state A precedes state B if hA < hB .
If hA = hB this criterion is inconclusive, and one compares the values of p1, so that A
precedes B if p1,A <p1,B . In case of further equality one proceeds to compare p2, and so
on.

To order the Brownian walks, consider first the example contributing tof (7,3) shown
in Fig. 15. The idea is to obtain another formula for f (p,h) which will in turn allow us
to define a recursive ordering of the walks. We start by focusing on the first (lowermost)
arch. Either this arch is open (as is the case on the figure), or it closes at some other
point before p. In the first case the remaining arch configuration is a contribution to
f (p − 1, h − 1), and in the second the arches inside the first arch are independent of
the arches above its termination point. We therefore have

f (p,h)= f (p− 1, h− 1)+
∑

k=1,3,5,...

f (k − 1,0)f (p− k − 1, h), (3.15)

with f (0, h)= δ0,h, and f (p,h)= 0 for p < 0. This is the required formula.
A walk contributing to f (p,h) can now be recursively ordered, first by considering

the termination point of the lowermost arch (which by definition is infinity if that arch is
open), then by (recursively) considering the ordering of the smaller arch system inside the
first arch, and finally by (recursively) considering the ordering of the arch system above the
first arch (which only exists if that arch is closed). The procedure just described generalizes
the ordering of the Catalan connectivities cp/2 = f (p,0) given in Ref. [33].

3.2. Other geometries

We now come to the case of the more involved meandric geometries encountered in
Section 2.

Two infinite rivers:
It is possible to generalize the multi-road one-river transfer matrix to the case of several

rivers, provided that the latter can be deformed into a system of parallel lines that are
only connected among themselves at infinity. For simplicity we consider in the following
the case of two such infinite rivers. As we have seen, this situation also corresponds to the
deformation of the figure-eight configuration shown in Fig. 9, provided that a marked point
is added on each river.

As before, the crucial point is to have a well-defined transfer direction, which we simply
take to be parallel to both rivers. For any given configuration with 2N bridges we writeN =
N1 + N2, where 2N1 (respectively, 2N2) is the number of times the roads cross the first
(respectively, the second) river. Note that contrary to the bridges on the same river which
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Fig. 16. The deformation of a two-river configuration by sending all the bridges crossing the upper
river to the left and all the bridges crossing the lower river to the right. The transfer matrix acts by
first adding the left bridges, then the right ones.

are naturally ordered, bridges on the first and on the second river are not naturally ordered
with respect to one another. To avoid double counting in the transfer matrix approach, we
can simply deform the roads as in Fig. 16 so as to send all the bridges of river 1 to the
left and all those of river 2 to the right. In the transfer process, we thus add first the 2N1

bridges crossing the first river and then the 2N2 bridges crossing the second river.
Given a decomposition N = N1 + N2, the calculations therefore proceed exactly as in

the one-river case, except that when both N1 > 0 and N2 > 0 not all of the connectivity
states described in Section 3.1 come into use. Denoting by p1 the number of road segments
above the first river, byp2 the road segments in between rivers, and by p3 the segments
below the second river, we now have the following constraints after the addition of the nth
bridge:

p1 6 max
(

min(n,2N1 − n),0
)

,

p2 6 min(n,2N − n), (3.16)

p3 6 max
(

min(n− 2N1,2N − n),0
)

.

The total two-river meander polynomial is obtained by summing over the possible
decompositions. We can furthermore simply address the situation with a marked point on
either river by weighing each term in the decomposition by a factor of (2N1 +1)(2N2 +1).

One semi-infinite river (semi-meanders):
Finally, we have examined systems of semi-meanders, where the roads are allowed to

wind around the source of a semi-infinite river. Each winding numberw can be examined
separately, by choosing an initial state of w arches nested inside one another, and simply
applying the four operations discussed in Section 3.1. Unfortunately in this situation we
have not found a simple and full description of the generated states (apart from w = 0 and
w = 1). It is however still possible to carry out the transfer matrix calculations, by simply
inserting the generated states in an unordered list. The price to be paid is that to find a given
state one will have to sequentially search through the entire list, leading to a pitiful waste
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Fig. 17. The six new operations allowed for tangent meanders.

of computation time. This is nevertheless what we have done, and consequentially we have
had to content ourselves with smaller system sizes.

3.3. Tangency points

We have also enumerated systems of tangent meanders, where apart from the four types
of moves at each bridge described in Section 3.1, we allow for the six additional operations
depicted in Fig. 17. These moves allow to open a road whilst staying above or below the
river (Oa and Ob), to similarly close a road without crossing the river (Ca and Cb), and
finally to touch the river whilst staying above it or below it (Ta and Tb). The meander
polynomial is now defined by assigning a weightx to each of the crossing bridges and a
weight y to each of the tangent vertices.

Here again, we have not been able to find an explicit way of enumerating and ordering
the states obtained by applying this set of ten operations to the vacuum.

4. Numerical results

Let us now present our numerical results obtained by use of the algorithms presented
in Section 3, together with an appropriate extrapolation procedure. Section 4.1 discusses
multi-component meanders and introduces the extrapolation method. Section 4.2 is
devoted to the case of two parallel rivers, while Section 4.3 addresses semi-meanders.
Finally, we study tangent meanders in Section 4.4.

4.1. One infinite river (meanders)

We have enumerated multi-connected meanders with one infinite river and a fixed
fugacity q up to N = 24, i.e., 2N = 48 bridges for q = 0,

√
2,

√
3 and 2. In other words,

we evaluated the quantitiesMN = limq→0(mN (q)/q),mN (
√

2 ), mN (
√

3 ) and mN (2) for
N = 1, . . . ,24. From these numbers, we can extract estimates for the large N “activity”
per bridge R(q) and configuration exponentα(q) defined as in Eq. (2.11) by

mN (q)∼ C(q)
R(q)2N

Nα(q)
. (4.1)
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Fig. 18. The estimated central charge obtained from the values α(p)
N
(q) with p = 1,2,3 and 4

iterations. The size of the symbols decreases with the number of iterations. Each value is represented
at an abscissa n corresponding to the largest index N = n of mN (q) used in the estimate. We also
draw horizontal lines at the predicted values of c(q).

The estimates for α(q) can be transformed into estimates for the central charge c(q)
through the following relation, inverting (2.17) for γ = 2 − α(q):

c(q)= 1 − 6
(2 − α(q))2

(α(q)− 1)
. (4.2)

Starting from the zeroth order values:

R
(0)
N (q)≡

√

mN+1(q)

mN (q)
,

α
(0)
N (q)≡ (N + 1)2

(

mN+2(q)mN (q)

(mN+1(q))2
− 1

)

, (4.3)

we can build better estimates R(p)N and α(p)N by a recursive use of a standard convergence
acceleration procedure:

R
(p)
N =R

(p−1)
N − p+ 1

p

(R
(p−1)
N+1 −R

(p−1)
N )(R

(p−1)
N −R

(p−1)
N−1 )

R
(p−1)
N+1 +R

(p−1)
N−1 − 2R(p−1)

N

(4.4)

and similarly for α(p)N . The procedure implicitly assumes that the corrections to the
asymptotic scaling (4.1) are regular, i.e., integer powers of 1/N , in which case it guarantees
that R(p)N (q)=R(q)+O(1/Np+1).

Fig. 18 shows the estimated central charge obtained through (4.2) using α(p)N (q) for
p = 1,2,3,4, together with the expected central charge according to (2.4) with n1 = 0 and
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Table 2
Numerical estimates for the meander configuration exponent α(q), the activity R2(q) per pair of
bridges, and the central charge c(q). The error is implicitly on the last digit. The corresponding
theoretical values are also listed

q αtheor(q) αnum(q) R2
num(q) ctheor(q) cnum(q)

0 29+
√

145
12 =3.4201328 . . . 3.4207 12.26286 −4 −4.003

1 3 3.00000 16.000000 −2 −2.0000

√
2 53+

√
265

24 =2.8866175 . . . 2.885 17.52468 −3/2 −1.496
√

3 131+
√

1441
60 =2.8160084 . . . 2.812 18.68970 −6/5 −1.18

2 13+
√

13
6 =2.7675918 . . . 2.75 19.669 −1 −0.95

Fig. 19. Numerical estimates (triangles) for the meander configuration exponentα(q) for 0 6 q 6 2,
together with the predicted value (2.35)–(2.32) (solid line). We display the result of several iterations
of our convergence acceleration procedure. The size of the symbols decreases with the number of
iterations.

n2 = q . For completeness, we also show the corresponding estimates obtained for q = 1
with mN (1)= (cN )

2 in terms of the Catalan numbers cN . The corresponding quantitative
values are displayed in Table 2.

We have also computed the numbers M(k)
N = µ

(k)
2N,0 of meanders with one infinite river,

2N bridges and a fixed number k of connected components (k = 1, . . . ,N ) for N =
1, . . . ,20 (40 bridges). As an illustration we display the results for N = 20 in Table 3.

From these values, we can extract the polynomials mN (q)=
∑N
k=1M

(k)
N qk , hence the

values R(q) and α(q) for a varying fugacity q . These values are displayed in Fig. 19
together with the prediction (2.35)–(2.32).
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Table 3
Multi-component meander numbers M(k)

N with 2N = 40 bridges and k connected components of
road, k = 1,2, . . . ,20

k M
(k)
20 k M

(k)
20

1 64477712119584604 11 706958959835806990
2 511563350415103008 12 235265604762448572
3 1901345329566422790 13 64713641205591820
4 4405839231880790648 14 14658557362753320
5 7145814923879522986 15 2709804590263296
6 8632733743310196256 16 402058856155712
7 8070705247685170684 17 46500885666900
8 5988061883039308848 18 3978168316200
9 3587066097601934530 19 226760523600

10 1755310029771295216 20 6564120420

All our estimates clearly validate the theoretical predictions with a very good accuracy.
We note a small discrepancy for values of q close to q = 2. This corresponds to the regime
which has the worst convergence of our acceleration procedure. This poor convergence
might be due to either corrections which are not regular, as implicitly assumed, or to the
vicinity of a transition at q = 2 where the DPL2 model stops being critical. We anyway
impute this small discrepancy to our estimation procedure.

4.2. Two infinite rivers

Beyond the central charge, we can also test the operator content of the theory. A first
check concerns the dimension∆4 of the operator creating a vertex with four outgoing river
segments, which, as we already explained, can be measured through the configuration
exponent α2-mark for two parallel infinite rivers with a marked point on each river. As
we mentioned before, in the absence of marking, we expect the two-river configuration
exponent α2-riv(q) to be simply the same as that of meanders with a single infinite river.

Fig. 20 and 21 show our results based on enumerations with up to 2N = 42 bridges
for fixedq = 0,

√
2,

√
3 and 2. For completeness, we also added estimates for q = 1, as

extracted from the exact expressions:

m2-riv
N (q = 1)=

N
∑

p=0

cpcN−pcN = cNcN+1 (4.5)

for two un-marked rivers, and

m2-mark
N (q = 1)=

N
∑

p=0

(2p+ 1)
(

2(N − p)+ 1
)

cpcN−pcN

= cN

(

4N+1 −
(

2n+ 3

n+ 1

))

(4.6)
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Fig. 20. The estimated configuration exponent for twoun-marked rivers, obtained with p = 1,2,3
and 4 iterations of the acceleration procedure (4.4). The size of the symbols decreases with the
number of iterations. Each value is represented at an abscissa n corresponding to the largest index
N = n of m2-riv

N (q) used in the estimate. We also draw horizontal lines at the predicted values of
α2-riv(q).

Fig. 21. The estimated configuration exponent for twomarked rivers, obtained with p = 2,3 and 4
iterations of the (modified, as explained in the text) acceleration procedure. The size of the symbols
decreases with the number of iterations. Each value is represented at an abscissa n corresponding
to the largest index N = n of m2-mark

N (q) used in the estimate. We also draw horizontal lines at the
predicted values of α2-mark(q).
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Table 4
Numerical estimates for the configuration exponent and the activityR2(q) per pair of bridges in the
case of two un-marked rivers (upper half) and two marked rivers (lower half). The error is implicitly
on the last digit. The corresponding theoretical values are also listed

q α2-riv(q) αnum(q) R2
num(q)

0 29+
√

145
12 =3.4201328 . . . 3.4205 12.2627

1 3 3.00000 16.000000
√

2 53+
√

265
24 =2.8866175 · · · 2.882 17.5246

√
3 131+

√
1441

60 =2.8160084 · · · 2.80 18.688

2 13+
√

13
6 =2.7675918 . . . 2.75 19.663

q α2-mark(q) αnum(q) R2
num(q)

0
√

5+
√

14√
29−

√
5

=1.8982348 . . . 1.89 12.26

1 3/2 1.499 15.9999
√

2
√

5+
√

23√
53−

√
5

=1.3941001 . . . 1.393 17.527

√
3

√
11+

√
56√

131−
√

11
=1.3285858 . . . 1.33 18.69

2
√

11+
√

2√
26−

√
2

=1.2838772 . . . 1.28 19.67

for two marked rivers. Note that in this latter case of two marked rivers, the leading contri-
bution m2-mark

N (1)∼ (16)N/N3/2 is corrected by a sub-leading contribution ∼ (16)N/N2,
with an exponent displaced by a half-integer. In this case, the corrections to the leading
term thus involve generically half-integers instead of integers. We expect this phenom-
enon to be generic for all values of q with a double expansion involving both the exponent
α2-mark(q) and its “descendants” shifted by integers, and a sub-leading correction with the
exponent α2riv(q)− 1 and its descendants. Since α2-riv − 1 −α2-mark is always close to 1/2
for the values of q of interest, we decided to use a modified acceleration procedure assum-
ing half-integer corrections to scaling (the index p in (4.4) now takes half-integer values).
The estimates of Table 4 and Fig. 21 have been obtained with this modified procedure.

Here again, the numerical values corroborate our predictions for the various configu-
ration exponents. Note that we find that the activity per bridge is for these two cases the
same as for a single infinite river. It should not come as a surprise that the activityR(q)
per bridge is independent of the particular meander geometry since it is a bulk quantity
insensitive to the choice of boundary conditions (river shapes). It is also interpreted as the
inverse of the convergence radius common to all the generating functions of the numbers
at hand, also viewed as various correlators within the same theory.
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Fig. 22. Numerical estimates for the semi-meander configuration exponent ᾱ(q) for 0 6 q 6 qc,
together with the predicted value (2.37)–(2.32). We display the result of several iterations of the
acceleration procedure. The size of the symbols decreases with the number of iterations.

4.3. One semi-infinite river (semi-meanders)

As a second check of the operator dimensions of the theory, we also considered the
case of semi-meanders with a single semi-infinite river (n1 = 0) and a arbitrary number
k of connected components of road. Our estimates rely on an exact enumeration of the
numbers M (k)

N (w) of semi-meanders with N bridges, k roads and winding number w for
1 6 N 6 33, 1 6 k 6 N , 0 6 w 6 N and w = N mod 2. For illustration, we list in Table
5, respectively, the numbersM (k)

33 =
∑

wM
(k)
33 (w) of semi-meanders with N = 33 bridges

and k roads (irrespectively of the winding numbers) as well as the numbers M (1)
33 (w) of

connected semi-meanders with winding number w = 1,3,5, . . . ,33.
For this particular geometry, a clear parity effect occurs and it is thus important to make

numerical evaluations from semi-meander numbers with either even or odd N to avoid
large numerical errors. The results presented in Fig. 22 were extracted from even values
of N . Table 6 lists quantitative values for the configuration exponent and the activity per
pair of bridges. Here again, we note that the activity per bridge is identical to that of
the other geometries. As shown in Fig. 22, the configuration exponent is in very good
agreement for q less than 1.5. For larger values of q , a small discrepancy appears, again
imputable to a poor convergence probably due to the vicinity of a transition point, now
at q = qc where we expect a proliferation of connected components of road for the semi-
meander geometry.

4.4. Tangent meanders

Finally, we also checked our assertion that the “tangency” vertices of type b (see Fig. 1)
are irrelevant. We computed the canonical partition function µN (q;x, y) defined in (2.10)
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Table 5
Multi-component semi-meander numbersM (k)

N withN = 33 bridges and k connected components of

road, k = 1,2, . . . ,33, and fixed winding connected semi-meander numbersM (1)
N
(w) with N = 33

and w = 1,3,5, . . . ,33

k M
(k)
33 k M

(k)
33

1 455792943581400 18 3659252585228
2 3285874327160852 19 1040041120124
3 11119764476127424 20 279039302088
4 23598381333433844 21 70513532334
5 35436190513634790 22 16729859124
6 40334792072264540 23 3710923316
7 36464182713722576 24 765325248
8 27136413723456560 25 145710912
9 17127401092409102 26 25374900

10 9409371247346540 27 3992846
11 4602479751584184 28 558396
12 2042918178657320 29 67804
13 835326688674886 30 6904
14 318096906554664 31 557
15 113643690324368 32 32
16 38261586556480 33 1
17 12168938393766

w M
(1)
33 (w) w M

(1)
33 (w)

1 59923200729046 19 16277801502
3 121544501379440 21 1326698396
5 125267070807626 23 73827420
7 85716694410306 25 2638462
9 42336073574012 27 55052

11 15599486790514 29 568
13 4337132101822 31 2
15 908960663970 33 0
17 142142103262

for the particular case of tangent meanders with a single connected component of road
(q = 0), a fixed weightx = 1 for “crossing” vertices and with several values of the weight
y per “tangency” vertex. We enumerated up to N = 24 vertices for y = 0.5, 1 and 2 while
y = 0 simply corresponds to the meander configurations of Section 4.1 for which we have
results up to 48 vertices.

Our results are represented in Fig. 23 and the corresponding quantitative values listed
in Table 7. We find a clear evidence that the configuration exponent is independent ofy ,
indicating that the universality class of tangent meanders and that of meanders are the
same, as predicted in Section 2.3.
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Table 6
Numerical estimates for the configuration exponent and the activityR2(q) per pair of bridges in
the case of one semi-infinite river (semi-meanders). The error is implicitly on the last digit. The
corresponding theoretical values are also listed

q ᾱtheor(q) ᾱeven(q) ᾱodd(q) R 2
even(q) R 2

odd(q)

0 1 +
√

11
24 (

√
29 +

√
5) 2.0532 2.051 12.26287 12.2626

= 2.0531987 . . .

1 3/2 1.500000 1.500000 16.000000 16.000000
√

2 1 +
√

2
48 (

√
53 +

√
5) 1.282 1.282 17.5247 17.5247

= 1.2803730 . . .

Fig. 23. The estimated configuration exponentα for tangent meanders with a weight y = 0, 0.5, 1
and 2 per tangency vertex. The size of the symbols decreases with the number p of iterations (here
p = 1,2,3,4). Each value is represented at an abscissa n corresponding to the largest index N = n

for the number of vertices (respectively, the number of bridge pairs in the case y = 0) used in the
estimate. We also draw horizontal lines at the predicted value.

5. Discussion and conclusion

In this paper, we have presented theoretical and numerical evidence for a number of
exact meandric configuration exponents. Although the sequence of physical arguments
leading to the exact predictions is by no means a mathematical proof, the numerical
evidence is compelling. Let us add a few comments on possible generalizations of our
work.
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Table 7
Numerical estimates for the configuration exponent and the activityR(q) per bridges in the case of
tangent meanders with q = 0, x = 1 and y = 0, 0.5, 1 and 2. The error is implicitly on the last digit.
The corresponding theoretical value is also listed

y αtheor αnum(y) Rnum(y)

0 29+
√

145
12 = 3.4201328 . . . 3.4207 3.50184

1/2 29+
√

145
12 = 3.4201328 . . . 3.4208 6.188

1 29+
√

145
12 = 3.4201328 . . . 3.422 8.735

2 29+
√

145
12 = 3.4201328 . . . 3.4 13.63

5.1. Ranges of validity and transitions

The physical arguments presented above allow to go much farther than just the case
of one or two rivers. Indeed, we have seen that meanders are a particular case of the
GFPL2(n1, n2) model at n1 = n2 = 0 with y = 0. Let us define multi-river and multi-road
meander polynomials of order n, mn(n1, n2), by the following expansion of the partition
function ZGFPL (2.5) for y = 0

ZGFPL(n1, n2;x)=
∑

n>1

x2n

4n
mn(n1, n2). (5.1)

Then we can as well predict the following large n asymptotic behavior

mn(n1, n2)∼ C(n1, n2)
R(n1, n2)

2n

nα(n1,n2)
, α(n1, n2)= 2 − γ

(

c(n1, n2)
)

, (5.2)

where c(n1, n2) is the central charge of the DPL2(n1, n2) model (2.4), and γ (c) is as in
(2.17). The general prediction (5.2) was actually proved in the case n1 = 1 and arbitrary
0 6 n2 6 2 in [15], by solving a particular matrix model.

Note however that the range of validity of (2.17) imposes that c(n1, n2)6 1. This gives
the total range of validity of Fig. 24. Outside of this range, we must consider the two
following cases:

(i) One of the ni > 2: then the DPL2 model is no longer critical, and we have no
field theoretical prediction as to the value of the configuration exponent. It has
been shown however, using matrix model techniques, that in the resembling case
of the so-called O(n) model, the critical exponent takes a constant value α = 3/2
independently of n > 2 [16].

(ii) Both n1, n2 6 2 but c(n1, n2) > 1: one encounters the well-known “ c = 1 barrier”
phenomenon in two-dimensional quantum gravity [35,36]. The corresponding
theories are dominated by configurations of surfaces with long fingers (branched
polymer phase of quantum gravity). Remarkably, it was shown that γ = 1/2
throughout this phase, leading also to a constant exponent α = 3/2.
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Fig. 24. The range of validity of the exact prediction for the meander configuration exponent in
the general case of a weight n1 per river and n2 per road. In addition to the criticality constraint
that 0 6 ni 6 2, we have represented the c(n1, n2) = 1 curve (joining the points (n1 = 2, n2 = 1)
and (n1 = 1, n2 = 2), and passing by (n1 =

√
2, n2 =

√
2)), beyond which the meanders are in a

branched polymer phase. We have also represented by a dashed line the location of the winding
transition joining the point (0, qc) to the point (1,2).

Hence we expect (for different reasons) that α = 3/2 identically outside of the range of
Fig. 24, for n1, n2 > 0. On the ordinate axis of Fig. 24, where n1 = 0, we recover for
meanders the announced transition at n2 = q = 2, beyond which the DPL2 model is no
longer critical; numerical results however get poorer as we approach this point and we
could not confidently analyze it numerically so far. In the case of semi-meanders, we have
predicted an earlier “winding” transition point at n2 = qc = 2 cos(π(

√
97 − 1)/48). More

generally, the configuration exponent for multi-component and multi-river semi-meanders
(one half-line plus an arbitrary number of river loops) is predicted to be

ᾱ(n1, n2)= α(n1, n2)− 1 + 2∆1(n1, n2)

= 1 + 1

24

(
√

25 − c(n1, n2)+
√

1 − c(n1, n2)
)

×
√

6(1 − e1)− 4c(n2), (5.3)

where c(n2)= 1−6e2
2/(1−e2) and ni = 2 cosπei . The range of validity of (5.3) is smaller

than the domain of Fig. 24, as it is delimited by the curve 3(1 − e1)/2 + 6e2
2/(1 − e2)= 1,

with ni = 2 cosπei (it is represented in dashed line on Fig. 24). The latter corresponds
to a winding transition as explained above, where the number of pieces of road winding
around the source of the semi-infinite river becomes relevant. Above that curve, we expect
the semi-meander configuration exponent to identically vanish.

5.2. Extensions

Extending the generalization of the previous subsection, we could consider both
complicated river geometries and keeping n1, n2 finite. This requires some care when
dealing with the electromagnetic operators creating river vertices, as several geometries
might correspond to the same correlators. Also extra care should be exercised when
imposing that the meandric objects be connected: in the multi-river and multi-road case, a
meander must be globally connected, but can have disconnected rivers or roads. We may
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also define higher-genus meandric numbers [5] which can also be enumerated by transfer
matrix techniques, for instance on a torus.

As discussed before, we may also consider the coupling of the FPL2 model to eulerian
gravity, namely by summing over genus zero tetravalent graphs with only faces of even
valency. Then all the above predictions are expected to still hold, except that we must take
the formula (2.3) for the central charge, that remains one unit above that of the DPL2 model
as we have ensured the vertex-bicolorability of the graphs we sum over [22,23]. Note that,
in this eulerian case, the b-vertex of Fig. 1 is now relevant and we must take y 6= 0 to get
the above shifted central charge. The range of validity of Fig. 24 is reduced in this case to
the zone of the square [0,2] × [0,2] delimited by the curve c= 1 joining the point (2, q?)
to the point (q?,2), with q? = 2 cos(π(

√
13 − 1)/6)= 0.410135 . . . . One should also be

able to check numerically the predictions for eulerian gravity, using a suitable modification
of our transfer matrix technique, in order to incorporate the vertex-bicolorability.

Another direction of generalization would be to consider more loop colors. For instance,
one can define folding problems of two-dimensional lattices onto ad-dimensional target
space, that in turn correspond to fully-packed loop models with a given number of loop
colors, related to d . Attaching a different fugacity for loops of different colors, we may
generate different universality classes, described by different conformal theories. Upon
coupling to two-dimensional quantum gravity, these models would correspond to multi-
colored meanders of some kind.

A final direction of generalization would be to add “matter” to the meandric graphs.
Indeed, imagine we would like to consider a more involved model for a compactly folded
polymer (protein), by attaching to its nodes a spin variable with inter and intra-chain Ising-
like interactions. Then a simple way of describing it would be by first defining this matter
spin model on the configurations of the square lattice fully-packed loop model, and then
switching on gravity. If the matter model is still conformal, this should immediately lead
to new configuration exponents for meanders in the presence of matter.

5.3. Algebraic exponents

It is both interesting and sad to notice that the only meandric numbers that can be
calculated exactly with reasonably simple combinatorial formulas are all in one way or
another related to Catalan numbers, and the corresponding exponents are always integers
or half-integers (take for instance the case n1 = 0, n2 = 1, then c= −2, α = 3, ᾱ = 3/2).

For general rational values of the ei , we predict however that the exponents are algebraic
numbers, roots of some quadratic equations with integer coefficients. Remarkably, such
exponents are not commonplace in physics, but have emerged in some recent works on
random walks [37,38]. If we could devise some relation between the meander problems and
this other type of problems, we would probably be able to get a mathematically rigorous
proof of our predictions.
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The effect of quenched impurities on systems undergoing first-order phase transitions is studied
within the framework of the q-state Potts model. For large q a mapping to the random-field Ising
model explains the absence of any latent heat in 2D, and suggests that for d . 2 such systems
exhibit a tricritical point with an exponent n related to those of the random-field model by n 

nRFys2 2 aRF 2 bRFd. In 2D we analyze the model using finite-size scaling and conformal invariance,
and find a continuous transition with a ratio byn which varies continuously with q, and a weakly
varying exponent n ø 1. We find strong evidence for the multiscaling of the correlation functions.
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Although the effect on the critical behavior of adding
quenched bond randomness to classical systems whose
pure version undergoes a continuous phase transition is
well understood in terms of the Harris criterion [1], the
analogous situation when the pure transition is first order
is less well studied. Following earlier work of Imry and
Wortis [2], Aizenman and Wehr [3] and Hui and Berker
[4] argued that in 2D any amount of randomness should
lead to a vanishing of the latent heat. The arguments lead-
ing to this conclusion are analogous to those used by Imry
and Ma [5] for the absence of any spontaneous magneti-
zation in the random field Ising model (RFIM) for d  2:
the bond randomness couples to the local energy density,
which is different for the coexisting phases of the pure
model, in the same manner that the random field couples
to the local magnetization of the RFIM. The vanishing of
the latent heat should be accompanied by a divergent cor-
relation length, and, if so, the question arises as to which
universality class(es) the corresponding continuous tran-
sition belongs. A suitable model in which to study this
is the q-state Potts model, whose pure version in 2D un-
dergoes a first-order transition for q . 4, otherwise being
continuous. Chen, Ferrenberg, and Landau [6] undertook
an extensive Monte Carlo investigation of the case q  8.
In addition to confirming the continuous nature of the tran-
sition, these authors extracted numerical values of the criti-
cal exponents which appear to be consistent with those of
the pure 2D Ising model. Similar values have also been
claimed for the case q  4, when the pure transition is con-
tinuous [7]. This disagrees with the predictions of Ludwig
and Cardy [8], Ludwig [9], and Dotsenko et al. [10], who
find a new random fixed point for q . 2, based on an ex-
pansion in powers of q 2 2.

As will become clear, many of our results generalize, but
let us for definiteness consider a Potts model on the square
lattice with degrees of freedom si taking q values, and
a reduced Hamiltonian 2

P
ij Kijdsisj , where the sum is

over nearest neighbor pairs. The ferromagnetic couplings

Kij are quenched random variables, taking the values K1

and K2, each with probability 1

2 . When seK1 2 1d seK2 2
1d  q this model is, on average, self-dual, and, if the
transition is unique, is therefore at its critical point [11].
It is useful to parametrize eKij 2 1  uij  qs1y2d1wij ,
where wij  6w, and w . 0 measures the strength of
the randomness. The partition function of this model may
be mapped onto that of the random cluster model [12], in
which each bond of the lattice is either occupied, when
it is counted with weight uij , or empty, in which case it
is counted with weight 1. The partition sum is over all
such configurations, in which each connected cluster of
sites is weighted by a factor q. Let us first consider the
pure model, with w  0. In the limit q ! `, the sum
over configurations is dominated by only two: the empty
lattice, in which no bonds are occupied, which contributes
a factor qN , where N is the total number of sites, and the
full lattice, with a weight s

p
q d2N , since the number of

bonds is Os2Nd. All other configurations are down by
powers of q1y2. At the self-dual point, there are therefore
two coexisting states with identical bulk free energy and
different internal energy densities, indicating, as expected,
that the transition has a nonvanishing reduced latent heat
per bond ,

1

2 ln q. For the pure model, this analysis may
be extended to take into account higher order corrections
in q21y2, with no essential change in the physical picture.
Now consider an interface between these two phases. For
large q, the lowest energy interface is parallel to a lattice
direction, say the x axis, and is such that all the bonds
with y # some integer are occupied, and those above this
are empty (or vice versa). There will also be entropic
fluctuations y  hsxd of this interface, described by the
usual solid-on-solid interfacial Hamiltonian, proportional
to the length of the interface. The interfacial tension for
large q is s ,

1

4 ln q, independent of the local shape of the
interface. This is to be compared with s , 2J between
the ordered phases of a low temperature Ising model with
reduced exchange coupling J.
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Now consider the effect of adding bond randomness
to the random cluster model. Each configuration of the
interface will be weighted by an energy

P
x

P
y,hsxd 3

wsx, yd ln q, where sx, yd labels bond positions. This
may be rewritten, up to a term independent of hsxd, as
1

2

P
xs

P
y,hsxd 2

P
y.hsxddwsx, yd ln q. Compared with the

energy of an RFIM interface with spins ssx, yd  61

coupled to a reduced random field hsx, yd  6hRF , the
interfacial models are identical with the correspondence
J $ 1

8 ln q, and hRF $ 1

2 w ln q. In addition, the imposi-
tion of a uniform reduced magnetic field h on the RFIM,
which distinguishes between the two coexisting phases, is
seen to be equivalent to a deviation t ; sT 2 TcdyTc in
the temperature variable away from the critical self-dual
point. Since this couples to the energy density we find the
correspondence h $ 1

4 t ln q.
Of course, this is strictly valid only as q ! `. At finite

q the q dependence of cluster configurations with more
complicated topologies is not simply accounted for by
the interfacial tension. For the same reason, the mapping
is not between bulk configurations of the two models.
However, it will be argued that certain universal properties
are controlled by an a renormalization group (RG) fixed
point at infinite q, and for these the mapping should be
asymptotically exact. Although this has been described
in terms of a 2D self-dual model, it should be clear that
it is more general: lack of self-duality corresponds to a
skewness in the distribution of the random fields hsx, yd,
which may be compensated by adding a suitable uniform
field (corresponding to a shift in the Tc of the Potts
model), and, similarly, higher dimensions may be taken
into account by appropriately replacing

p
q by q1yd .

The RG properties of the interface in the RFIM near
d  2 have been well studied [13]. When translated into
the variables of the random-bond Potts model, the flow
equations have the form

dwydl  2sdy2 2 1dw 1 Aw3 1 . . . , (1)

dsln qd21ydl  2sln qd21fsd 2 1d 2 Aw2 1 . . .g , (2)

dtydl  ts1 1 Aw2 1 . . .d , (3)

where A . 0 is a nonuniversal constant. Corrections to
these equations are supposed to be higher order in w and
in q21y2. The RG flows for d . 2 and the consequent
phase diagram are shown in Fig. 1. In the pure models,
for q . some q2sdd (low T in the RFIM), there is phase
coexistence with a nonvanishing latent heat (spontaneous
magnetization), controlled by a fixed point at infinite q
(T  0). For d . 2 this persists into the shaded region,
bounded by a line of tricritical points where the latent heat
vanishes. The universal behavior along this line is con-
trolled by the fixed point R at w  Ossssd 2 2d1y2ddd and
infinite q. Using the correspondence t $ 1

2 h ? TRF , we
conclude that the thermal eigenvalue n21 of the random-
bond problem is related to the RG eigenvalues and expo-
nents of the RFIM by the scaling relations n21

 yh 2
u  s2 2 aRF 2 bRF dynRF , where 2u is the eigenvalue

FIG. 1. Schematic phase diagram in the critical surface for
d . 2. q increases to the left, and w is the disorder strength,
with P1P2 being the percolation limit. RG flows are indicated.
The latent heat is nonvanishing within the shaded region, and
elsewhere the transition is continuous, controlled by the line of
fixed points P1q1.

which controls the irrelevance of TRF and the consequent
violation of hyperscaling [13]. In the same manner, it may
be shown that the latent heat vanishes as swc 2 wdbRF as
the line Rq2 is approached from below. Of course, these
relations have been established only close to d  2, but, if
the topology of the RG flows does not change, they should
hold also in three and higher dimensions.

Above the line Rq2, the flows go to large w beyond the
validity of (1)–(3). In addition, the renormalized inter-
facial tension flows to zero and the mapping between the
models breaks down as domains of different topologies
proliferate. However, for infinite q the mapping remains
exact and the flows go to infinite w. This cannot happen
for finite q since this is the percolation limit K1yK2  0,
at which w21 is relevant [14]. There must therefore ex-
ist another line of stable fixed points emerging from P1,
which control the universal continuous transition for large,
but finite, values of w and q. It is tempting to conjecture,
as indicated by the dashed line in Fig. 1, that this con-
nects onto that found by expansion in powers of q 2 q1

[8], where q1 is the point where the exponent a of the
pure model changes sign [1]. Our analysis indicates that,
at least for d  2, this is the case. In 2D (when q1  2,
q2  4), the shaded region collapses, and for any nonzero
w the renormalized interfacial tension, and thus the latent
heat, vanish. The flows should be towards the line P1q1,
with a crossover length which, from Eq. (1), has the form
jX , e1y2Aw2

and therefore may become very large for
weak randomness.

We now turn to our numerical results for d  2. These
will be described in detail elsewhere [15]. As shown
by Blöte and Nightingale [16] the transfer matrix for
the pure q-state Potts model in a strip of width L may
be constructed in a basis in which q enters only as a
continuous parameter. We have generalized this to the
case when the bond strengths uij are quenched random
variables, and the transfer matrices Ti therefore depend on
the row labels i. The size of the transfer matrices grows
like 4L, independent of q, making this a practicable method
for larger q.

Starting with some suitable initial vector v0, the leading
Lyapunov exponent is given by [17] L0

L  limm!` 3
1

m ln ks
Qm

i1 Tidv0k. Higher exponents are found by
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iterating a set of vectors svid
k
j0, where a given vj is or-

thogonalized to the set svid
j21

i0 after each multiplication
by the transfer matrix. The average free energy per site is
then fL  2

1

L L0
L. For a system exhibiting a first-order

transition with a bulk correlation length j we expect
[16] fL , f` 1 OsL2de2Lyjd, so that lsLd ; lnf fL 2
f`g 1 d ln L , const 2 Lyj. In Fig. 2 we show this for
various values of q and the randomness strength R ;
K2yK1. We see that the randomness changes the transition
for q  8 into one with an apparently diverging correla-
tion length. In such a case the amplitude of the finite-size
correction has the form [18] fL , f` 2 pc0y6L2, where
c0 is the effective central charge [since fL is the quenched
free energy, in a replica formalism this is the derivative of
the central charge csnd with respect to the number of repli-
cas at n  0]. The value of c0 was determined by making
parabolic least squares of fL versus 1yL2 [19]. We found
the optimum trade-off between statistical errors and a
reasonable computation time by taking strips of length
m  105 and averaging fL over 100 independent realiza-
tions of the randomness for 1 # L # 8, and 3 realizations
for 9 # L # 12. Data collection was made for each 200
multiplications by Ti , and the first 2000 iterations of each
run were discarded in order to eliminate transients. The
parabolic fits were made by including the data points for
L0 # L # 12, where L0 must be chosen large enough to
justify the finite-size scaling form, and small enough to
minimize error bars. From the special cases of the Ising
model and percolation it appeared that L0  3 is optimal.

For the random-bond Ising model (q  2) with R 

2 we found c0
 0.495 6 0.006, in agreement with the

result of de Queiroz [19], c0
 0.498 6 0.003 using the

spin basis, and with the expected value c0


1

2 . For q  3

and R  2, our result c0
 0.799 6 0.006 is unable to

distinguish between the pure value of 4

5 and that of c0 ø
0.8025 obtained in Ref. [8] by an expansion in q 2 2.
For q  4 the results c0

 1.003 6 0.006 for R  2 and
c0

 1.010 6 0.022 for R  10 are consistent with each
other and the pure value c  1, but for larger q the R  2

results appear to saturate while those for R  10 show a
gradual increase: c0

 1.517 6 0.025 for q  8 and c0


3.003 6 0.031 for q  64. Similar values have recently
been reported by Picco [20]. However, it should be

FIG. 2. Plots of lsLd, normalized to ls1d  1, showing that
bond randomness renders the phase transition second order.

pointed out that these are also very close to those expected
at the percolation point R ! `. For then the replicated
model is the Potts model with qn states, so that c0



s≠y≠ndcPottssqndjn0  s5
p

3y4pd ln q ø 0.689 ln q; this
is confirmed by our transfer matrix calculations [15].
These are also remarkably close to the pure values for 2 #
q # 4. We conclude that measurement of the effective
central charge does not distinguish well between pure,
percolative, and nontrivial random behavior.

We therefore turned to the magnetic exponent x1 

byn. Although this may be determined in principle by
adding a ghost site [16], it proved more efficient to exploit
duality and relate the spin-spin correlation function Gsmd
on the strip to the free energy in the presence of a seam
of frustrated bonds. Details of this relation and how to
implement it in the transfer matrix will be given elsewhere
[15]. In pure systems, according to conformal symmetry
[21] Gsmd decays along the strip as exps22px1myLd, so
that the difference DfL in the free energy per site with and
without the seam behaves as 2px1yL2. However, in the
random system this difference typically has fluctuations
which are Osm21y2d. This has the consequence that,
while DfL ,

1

mL ln G is self-averaging, G is not [22].
In fact, as shown by Ludwig [9], the moments GsmdN

(where the overline denotes the quenched average) exhibit
multiscaling; that is, they scale with dimensions xN which
are not, in general, linear in N . Since conformal symmetry
assumes translational invariance, it refers only to such
averaged quantities. In practice, we can avoid the lack
of self-averaging by performing a cumulant expansion

ln GN
 N ln G 1

1

2 N2sln G 2 ln Gd2 1 . . . , (4)

where the higher cumulants may be directly extracted from
the statistical fluctuations in DfL. For values of q and R
which are not too large, this expansion appears to converge
well, keeping the first 3 or 4 cumulants. The fact that the
higher cumulants are nonzero implies multiscaling. Our
values for x1 are shown in Fig. 3. For 2 , q # 3 and
R  2 they are in perfect agreement with the predictions
of the sq 2 2d expansion of Refs. [9,10], and for q  3

and 4 they agree with recent Monte Carlo results of Picco
[23]. For larger q the results appear to increase smoothly
with q, with x1sq  8d  0.1415 6 0.0036. Thereafter
the cumulant expansion begins to break down.

Although the thermal exponent n should be related in a
similar manner to the first gap L1

L 2 L0
L in the Lyapunov

spectrum, for reasons we do not understand this yields
results which, if taken literally, appear to violate the bound
n $ 1 [24]. Instead we have measured n directly by
finite-size scaling of the magnetic correlation length away
from Tc, using phenomenological RG methods [25]. For
q  8, as shown in Fig. 4, we find clear evidence for fixed
points at R  1, with n 

1

2 (xT  0), and a random fixed
point with nR  1.01 6 0.02. At q  3 our results are
consistent with the perturbative value nR ø 1.02, and for
q  64 we find nR  1.02 6 0.03.
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FIG. 3. Magnetic exponent as a function of q, with R  2.

In summary, we have computed the exponents of the
2D random-bond Potts model and shown that while the
thermal exponent nR is consistent, within error bars, with
both the pure Ising value, and with the results of the sq 2
2d expansion, the magnetic exponent varies continuously
with q in a manner which agrees with this expansion in
the region it is expected to be valid, and with a value at
q  8 which is quite different from the Ising value of 1

8 .
This is in sharp disagreement with the Monte Carlo results
of Ref. [6]. One possible reason is that these authors use a
nonstandard definition of the order parameter which, while
it scales in the same way as the usual one in the pure
case, may not when multiscaling is present. Another is
that our very long strips are able to accommodate large
regions in which all q values of the order parameter are
realized, and this may not typically be the case in the
square geometries of Ref. [6]. Our results should also be
compared with those of Ref. [26], in which it is shown
that the random connectivity of a Voronoi–Delauney lattice
does not modify the first-order nature of the transition.
However, in this case it may be shown that the typical
random fluctuations in the energy of a region of size Ld

are OsLsd21dy2d rather than OsLdy2d as in our random-bond
model, so they are always smaller than the domain wall
energy. Another study [27], in which the transition was
observed to be softened, refers to a lattice with random
curvature which is fractal when embedded in the plane,

FIG. 4. Values of n extracted from phenomenological RG for
different strip widths and q  8. There is a fixed point at
R ø 8 with n ø 1 (see inset). Error bars are less than the
symbol size.

and to which neither our arguments nor those of Refs. [3,4]
directly apply.

We have also given a mapping of the random-bond
problem to the RFIM which suggests that for d . 2 such
systems should exhibit a tricritical point whose thermal ex-
ponent is related to those of the RFIM. This picture is quite
generic, and, since there are many real 3D systems which
undergo first-order transitions, it would be interesting to
reexamine the effect of random impurities in such cases.
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We numerically examine the large-q asymptotics of the q-state random bond Potts model. Special attention
is paid to the parametrization of the critical line, which is determined by combining the loop representation of
the transfer matrix with Zamolodchikov’s c-theorem. Asymptotically the central charge seems to behave like
c(q)5

1
2 log2(q)1O(1). Very accurate values of the bulk magnetic exponent x1 are then extracted by perform-

ing Monte Carlo simulations directly at the critical point. As q→` , these seem to tend to a nontrivial limit,
x1→0.19260.002.

PACS number~s!: 05.70.Jk, 64.60.Ak, 64.60.Fr

I. INTRODUCTION

Recently the two-dimensional q-state random bond Potts
model with q.4 has attracted considerable interest, because
it serves as a paradigm for examining the effect of quenched
randomness @1# on a first-order phase transition @2#. Since in
this case the randomness couples to the local energy density,
a theorem by Aizenman and Wehr @3#, along with related
analytical work @4,5#, suggests that the transition should be-
come continuous, as has indeed been verified by subsequent
numerical studies @6–13#. Unfortunately, analytical results
have been scarce, except in the limit q→` where properties
of a particular tricritical point were related to those of the
zero-temperature fixed point of the random field Ising model
in d521« dimensions @8#. From the conjectured phase dia-
gram @8# it is, however, known that this fixed point is not the
analytical continuation of the line of random fixed points
found for finite q.2 @14,15#. Namely, the latter ~henceforth
referred to as the q→` limit of the model! is rather believed
to be associated with a subtle percolationlike limit @8#, the
exact properties of which have not yet been fully elucidated.

In the present Rapid Communication we seek to gain fur-
ther knowledge of this q→` limit by producing numerical
results along the aforementioned line of critical fixed points
for very large values of q. Since cross-over effects to the
pure and percolative limits of the model have been shown to
be important @9,10#, special attention must be paid to the
parametrization of the critical line. Generalizing a recently
developed transfer matrix technique @16#, in which the Potts
model is treated through its loop representation @17#, we
were able to explicitly trace out this line, and as a by-product
obtain very precise values of the central charge. Based on
our numerical results for the q58k state model with k
51,2, . . . ,6 we find compelling evidence that

c~q !5
1
2 log2~q !1O~1 !. ~1.1!

Although this behavior of the central charge is reminiscent of
the Ising-like features of the tricritical fixed point discussed
above, we shall soon see that from the point of view of the
magnetic exponent the q→` limit is most definitely not in
the Ising universality class. Note also that our precision al-
lows us to convincingly distinguish the numerically com-
puted central charge from its analytically known value in the
percolation limit @9#.

With the numerically obtained parametrization of the
critical disorder strength at hand we then proceed to measure
the corresponding magnetic bulk scaling dimension x1 as a
function of q. The most suitable technique here is that of
conventional Monte Carlo simulations. Our results lend cred-
ibility to the belief @12# that x1(q) saturates as q→` . Based
on results for the q58k state model with k51,2,3 we pro-
pose the limiting value

x1~q !→0.19260.002 for q→` , ~1.2!

in agreement with the one reported in Ref. @12#. The fact that
Eq. ~1.2! does not coincide with any known scaling dimen-
sion of standard percolation is remarkable, and calls for fur-
ther analytical investigations of the q→` limit.

After explaining the loop model transfer matrices in Sec.
II, we state our results for the critical line and the central
charge in Sec. III. The Monte Carlo method and the resulting
values of the magnetic scaling dimension are presented in
Sec. IV, and we conclude with a discussion.

II. LOOP MODEL TRANSFER MATRICES

The partition function of the random bond Potts model
can be written as

Z5(
$s%

)̂
i j&

eK i jds i,s j, ~2.1!

where the summation is over the q discrete values of each
spin and the product runs over all nearest-neighbor bonds on
the square lattice. The K i j are the reduced coupling con-
stants, which for the moment may be drawn from an arbi-
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trary distribution. By the standard Kasteleyn-Fortuin trans-
formation @18#, Eq. ~2.1! can be recast as a random cluster
model

Z5(
$G%

qC~G! )
^i j&PG

~eK i j21 !, ~2.2!

where G is a bond percolation graph with C(G) independent
clusters. Note that q now enters only as a ~continuous! pa-
rameter, and since the nonlocality of the clusters does not
obstruct the construction of a transfer matrix @19# the inter-
esting regime of q@4 becomes readily accessible, provided
that one can take into account the randomness in the cou-
plings @9#.

In an analogous fashion we can adapt the even more ef-
ficient loop model representation @16# to the random case.
Indeed, trading the clusters for their surrounding loops on the
medial lattice @17#, Eq. ~2.2! is turned into

Z5qN/2(
$G%

qL~G!/2 )
^i j&PG

S eK i j21

Aq
D , ~2.3!

where N is the total number of spins, and configuration G

encompasses L(G) loops. The strip width L is measured in
terms of the number of ‘‘dangling’’ loop segments, and must
be even by definition of the medial lattice @16#.

A pleasant feature of the random bond Potts model is that
the critical temperature is known exactly by self-duality @20#.
Employing for simplicity the bimodal distribution

P~K i j!5
1
2 @d~K i j2K1!1d~K i j2K2!# , ~2.4!

and choosing the parametrization s i j[(eK i j21)/Aq , the
self-duality criterion takes the simple form

s1s251. ~2.5!

To fully identify the critical point the only free parameter is
then the strength of the disorder, which can be measured in
terms of R[K1 /K2.1 or s[s1.1.

III. CENTRAL CHARGE

In Ref. @16# we showed that Zamolodchikov’s c-theorem
@21# is a powerful tool for numerically identifying the fixed
points of a pure system. The idea is simple: From the lead-
ing eigenvalue of the transfer matrix, specific free energies
f 0(L) can be computed as a function of the strip width L.
Effective central charges c(L) are then obtained by fitting
data for two consecutive strip widths according to @22#

f 0~L !5 f 0~` !2

pc

6L2 1¯ . ~3.1!

By tuning the free parameter s of the system, local extrema
c„L ,s*(L)… are sought for, and finally the fixed point is iden-
tified by extrapolation: s*5s*(L→`).

In principle this strategy can also be employed for a dis-
ordered system, provided that error bars are carefully kept
under control. Now f 0(L) is related to the largest Lyapunov
exponent of a product of M→` random transfer matrices
@23,8#, and its statistical error vanishes as M 21/2 by the cen-

tral limit theorem. Thus, for large enough M any desired
precision on f 0(L) can be achieved.

An important observation is that for larger and larger L,
the c(L) found from Eq. ~3.1! become increasingly sensitive
to errors in f 0(L). Therefore, M must be chosen in accor-
dance with the largest strip width Lmax used in the simula-
tions. For the system at hand we found that four significant
digits in c(L) were needed for a reasonable precise identifi-
cation of s*(L), and with Lmax512 this in turn implies that
the f 0(L) must be determined with six significant digits. We
were thus led to choose M5108 for q58, and M5109 for
larger values of q. @Incidentally, improving our results to
Lmax514 would require augmenting M by at least a factor of
100 ~apart from the increased size of the transfer matrices!,
and since several months of computations were spent on the
present project this hardly seems possible in a foreseeable
future.#

Data collection was done by dividing the strip into M /l
patches of length l5105 lattice spacings, and for each patch
the couplings were randomly generated from a canonical
ensemble, i.e., the distribution ~2.4! was restricted to produce
an equal number of strong and weak bonds.

In the right part of Table I we show the resulting two-
point fits ~3.1! in the q58 state model, as a function of s.
The left part of the table provides analogous three-point fits,
obtained by including a nonuniversal 1/L4 correction in Eq.
~3.1!. In all cases the error bars are believed to affect only the
last digit reported. The two-point fits give clear evidence of a
maximum in the central charge, and we estimate its location
as s*56.562.0. The corresponding central charge is esti-
mated from the three-point fits, as these are known to con-
verge faster in the L→` limit @9#, and we arrive at c
51.53060.001. To appreciate the precision of this result, we
mention that the numerical values of c(q58) first reported
were 1.5060.05 @7# and 1.51760.025 @8#.

Table II summarizes our results for other values of q. Two
remarkable features are apparent. First, s*}qw is well fitted
by a power law with w50.3160.02. This gives valuable
information on how the q→` limit of the model is ap-
proached, and implies that the ratio of the coupling constants
R[K1 /K25log(11sAq)/log(11Aq/s) is a nonmonotonic
function of q that tends to the finite limiting value (1
12w)/(122w)54.360.6 as q→` . We shall discuss this

TABLE I. Effective central charge of the q58 state model, as a
function of disorder strength s. Two- and three-point fits to Eq. ~3.1!

are labeled as C(L ,L12) and C(L ,L14), respectively.

s c(4,8) c(6,10) c(8,12) c(4,6) c(6,8) c(8,10) c(10,12)

3 1.495 1.500 1.500 1.4101 1.4544 1.4731 1.4821
4 1.512 1.517 1.516 1.4157 1.4657 1.4868 1.4967
5 1.519 1.525 1.523 1.4152 1.4690 1.4918 1.5025
6 1.521 1.528 1.527 1.4116 1.4683 1.4927 1.5044
7 1.520 1.529 1.529 1.4067 1.4656 1.4915 1.5041
8 1.518 1.528 1.529 1.4013 1.4619 1.4890 1.5026
9 1.509 1.530 1.528 1.3972 1.4552 1.4860 1.5004

10 1.511 1.525 1.527 1.3908 1.4534 1.4826 1.4977
11 1.501 1.526 1.526 1.3873 1.4465 1.4791 1.4949
12 1.504 1.519 1.524 1.3816 1.4451 1.4756 1.4919
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finding further in Sec. V. Second, the central charge seems to
fulfill the relation ~1.1! as stated in the Introduction.

IV. MAGNETIC SCALING DIMENSION

In this section we explain the Monte Carlo method used
for obtaining values of the magnetic scaling exponent. Simu-
lations were performed on square lattices of size L3L with
periodic boundary conditions, with L ranging from 4 to
Lmax5128 for q58, 64 and Lmax564 for q5512.

We employed the Wolff cluster algorithm @24#. The first
part of the simulations was to determine the autocorrelation
times t, which were found to increase with the lattice size
and also with q. For the largest simulated lattices, we deter-
mined t as follows: 8864 cluster updates for q58 and L
5128, 30006215 for q564 and L5128, and 31 000
63000 for q5512 and L564. This rapid increase of t with
q explains why we simulate only up to L564 for the largest
q.

Next, we measure the magnetization, defined for each dis-
order sample x by

mx5

q^r&21

q21
, ~4.1!

where r5max(N1 ,N2 , . . . ,Nq)/L2 and Ns is the number of
Potts spins taking the value s. Here ^ . . . & denotes the ther-
mal average. Then the magnetization m(L) is obtained by
averaging over 105 disorder configurations for q58, and 104

configurations for q564 and 512. For each disorder sample,
100t updates were dedicated to the thermalization, and a
further 100t to the magnetization measurement. Error bars
were computed from the disorder fluctuations ~it can easily
be checked @10# that the contribution from thermal fluctua-
tions is negligible!, and the strength of the disorder was cho-
sen as indicated in Table II.

From a fit to m(L).L2x1, we obtain for the magnetic
scaling dimension

x15H 0.1535~10! for q58
0.172~2 ! for q564
0.180~3 ! for q5512 .

~4.2!

We see that the magnetic exponent seems to saturate as
we increase q. In view of the result ~1.1! for the central
charge we expect the asymptotic behavior should involve
log(q) rather than q itself, and indeed the data are well fitted
by

x1~q !5a1b/log~q !, ~4.3!

with a50.192(2) and b520.080(4). Thus, based on the
form ~4.3! we are led to propose the limiting value ~1.2! of
x1 given in the Introduction.

V. DISCUSSION

It is useful to juxtapose our findings on the large-q behav-
ior of the critical line with the phase diagram proposed in
Ref. @8#. In that work the disorder strength was parametrized
through s5qw with w.0, and the limit w→` was identified
with classical percolation on top of the strong bonds. Actu-
ally it is easily seen from Eq. ~2.2! that directly at q5` this
percolation scenario holds true whenever w.

1
2 , and assum-

ing that the line of critical fixed points is described by a
monotonic function w*(q) it can thus be confined to the
region w< 1

2 . With this slight reinterpretation, Ref. @8# ar-
gues that at q5` the critical point is located in the limit w
→

1
2 . Indeed, since for q5` any initial w!

1
2 will be driven

to larger values due to mapping to the random field Ising
model, this is nothing but the usual assumption of ‘‘no inter-
vening fixed points.’’

However, this seems at odds with the results of Table II,
where we found that for q@4 the critical line, when mea-
sured in terms of w, saturates at w50.3160.02. Unless our
numerical method is flawed by some gross systematic error,
it is thus a priori difficult to see how this can be reconciled
with the above result of w*(q5`)5

1
2 . A possible explana-

tion is that the limits q→` and w→
1
2 are highly noncom-

muting. This is witnessed by the jump in the central charge,
which in the percolation limit ~w5` and q,`! reads @8#

cperc5
5)

4p
ln~q !.0.477 69 log2~q !, ~5.1!

to be contrasted with our numerical result ~1.1!.
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Multiscaling of energy correlations in the random-bond Potts model

Jesper Lykke Jacobsen
LPTMS, Bâtiment 100, Université Paris–Sud, F-91405 Orsay, France
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We numerically calculate the exponents governing the disorder averaged and fixed-sample decay of the
energy-energy correlator in the q-state random-bond Potts model. Our results are in good agreement with a
two-loop expansion around q52 recently found from perturbative renormalization group techniques, fulfill the
correlation length bound n>2/d , and give further evidence against replica symmetry breaking in this class of
models.

PACS number~s!: 05.70.Jk, 64.60.Ak, 64.60.Fr

I. INTRODUCTION

The q-state random-bond Potts model is an interesting
framework for examining how a phase transition is modified
by quenched disorder coupling to the local energy density.
For q.2 such randomness acts as a relevant perturbation
@1#, and for q.4 it even changes the nature of the transition
from first to second order ~see Ref. @2# for a review!. In the
regime where (q22) is small, a score of analytical results
have been obtained from the perturbative renormalization
group, and the various expansions for the central charge and
the multiscaling exponents for the moments of the spin-spin
correlator compare convincingly to recent numerical work
@3#.

A particularly useful way of carrying out these simula-
tions is to consider the finite-size scaling of the Lyapunov
spectrum of the ~random! transfer matrix, thus generalizing
the method commonly applied to the eigenvalue spectrum in
a pure system @4#. A definite advantage over the more tradi-
tional technique of Monte Carlo simulations @5# is that the
transfer matrices allow for a representation in which q can be
regarded as a continuously varying parameter @6,4#, and in
particular one can study small non-integer values of (q22).

The outcome of applying this method to the energetic
sector of the transfer matrix, however, led to contradictory
results @4#. Most notably, the exponent X̃1 describing the
asymptotic decay of the disorder-averaged first moment of
the two-point function ^«(x1)«(x2)&}ux12x2u22X̃1 seemed
to be a rapidly decreasing function of q, in sharp disagree-
ment with an exact bound on the correlation length exponent,
n>2/d @7#, which in our notation reads X̃1>1.

More recent numerical work has emphasized the impor-
tance of crossover behavior @5# from the random fixed point
to, on one side, the pure Potts model, and on the other, a
percolationlike limit @4# in which the ratio R5K1 /K2 be-
tween strong and weak couplings tends to infinity. It became
clear that while the fixed ratio R52 employed in Ref. @4#
seems to have been adequate for studying the spin sector
when (q22) is small, in general higher values of R are
needed to measure the true random behavior in the regime
q.4 @5#.

These findings were put on a firmer ground when it was
realized @8# that Zamolodchikov’s c-theorem @9# can be used
to explicitly trace out the critical disorder strength R*(q) as

a function of q, by scanning for an extremum of the effective
central charge. In conjunction with an improved transfer ma-
trix algorithm in which the Potts model is treated through its
representation as a loop model, this allowed Jacobsen and
Picco @8# to produce very accurate results for the central
charge and the magnetic scaling dimension in the regime q
@4.

On the analytical side, the perturbative expansions for the
first three moments of the energetic two-point function have
been known for quite some time @10#. It was, however, only
very recently that Jeng and Ludwig @11# succeded in gener-
alizing these computations to a general Nth moment of the
energy operator ^«(x1)«(x2)&N}ux12x2u22X̃N, yielding

X̃N5NS 12

2

9p2
~3N24 !~q22 !2

1O~q22 !3D . ~1!

In particular, this makes available the experimentally rel-
evant exponent X̃08 describing the typical decay of the
energy-energy correlator in a fixed sample at criticality @10#.

In this Rapid Communication we show that by combining
the methods of Refs. @4,8# the exponents X̃1 and X̃08 can be
quite accurately determined numerically for small (q22). In
particular, we find X̃1>1 in full agreement with the correla-
tion length bound @7#, and our results lend strong support to
the above two-loop results of the perturbative renormaliza-
tion group.

II. SIMULATIONS

In order to compare our results with those of the (q22)
expansion, while on the other hand staying comfortably
away from q52 where logarithmic corrections are expected
@12#, our main series of data has q52.5. Iterating the transfer
matrix for a strip of width L a large number M@L of times,
we examine the probability distribution of the ratio between
the two largest Lyapunov exponents L0 , L1 @13# in terms of
the free energy gap D f (L)5(1/LM )ln(L0 /L1). We employ
the loop representation of the transfer matrix where each
loop on the surrounding lattice is given a weight n5Aq @14#,
and bond randomness is incorporated by weighing the two
possible vertex configurations by w i and 1/w i , where w i is a
quenched random variable that can assume two different val-
ues s and 1/s , each one with probability 1/2 @8#. By construc-
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tion, the system is then on average at its self-dual point @15#.
The strength of the disorder is measured by s.1, which is
related to the ratio between strong and weak bonds by R
5K1 /K25ln(11sAq)/ln(11Aq/s). The maximum strip
width employed in the study is Lmax512.

Following Ref. @8#, we start by locating the critical disor-
der strength s* by searching for a maximum of the effective
central charge. To do so, we must be able to determine finite-
size estimates c(L ,L12) @16# with five significant digits,
which means that the free energy f 0(L)5(1/LM )ln(L0)
must be known with seven digit precision. These consider-
ations fix the necessary number of iterations to be M5108.

Our results for c(L ,L12) as a function of L and s are
shown in Table I. For a sufficiently large system size L, these
data exhibit a maximum as a function of s, the position of
which determines a finite-size estimate s*(L), which con-
verges to s* as L→` . From the data of Table I, supple-
mented by improved three-point fits @4# ~not shown!, we ex-
trapolate to s*(q52.5)52.5(1).

The fluctuations in D f (L) are examined by dividing the
strip into M /m samples, each one of length m5105, from
which the first few cumulants of D f (L) can be determined.
As discussed in Ref. @4#, the exponent X̃08 is related to the
finite-size scaling @17# of the mean value ~first cumulant! of
D f (L), whereas X̃1 is similarly determined from the sum of
the entire cumulant expansion. In practice, the second cumu-
lant is roughly two orders of magnetude smaller than the
first, and higher cumulants are expected to be further sup-
pressed, even though their determination is made difficult by

numerical instabilities. We can therefore with confidence
truncate the sum of the cumulants after the second one.

Resulting finite-size estimates @17# of X̃08 and X̃1 are
shown in Tables II and III, respectively. Unlike what seemed
to be the situation in the magnetic sector, these estimates
exhibit a pronounced dependence on s. Jacobsen and Cardy
@4# worked at fixed R52, which for q52.5 would corre-
spond to s.1.7, and found X̃08,1 for all q.2. We see here
that the correct way to extract these exponents is to extrapo-
late the s5s* data to the L→` limit. With the help of
improved two-point estimates @4# ~not shown!, we thus ob-
tain

X̃0851.02~1 !, X̃151.00~1 !, ~2!

which verifies the bound of Ref. @7#. These exponents, as
well as the result for their difference X̃082X̃150.015(5), are
in very good agreement with the (q22)-expansion; see Eq.
~1!.

We have also performed simulations for higher values of
q, where the discrepancy between Refs. @4# and @7# was even
more pronounced, since s* is an increasing function of q.
For q52.75 and q53, we had to increase the number of
iterations to M5109 in order to keep the error bars under
control despite the higher disorder strength. In all cases we
found good agreement with Ref. @7# and with the (q22)
expansion, at least in the range where the latter can be as-
sumed to be valid. A summary of our results is given in
Table IV.

III. CONCLUSION

In summary, we have shown that the apparent violation of
the correlation length bound @7# observed in Ref. @4# can be

TABLE I. Effective central charge c(L ,L12) of the q52.5
state model, as a function of disorder strength s and the strip width
L.

s c(6,8) c(8,10) c(10,12)

1.0 0.637 75 0.648 44 0.654 04
1.5 0.637 74 0.648 54
2.0 0.637 70 0.648 74
2.1 0.637 67 0.648 77
2.2 0.637 64 0.648 79 0.654 15
2.3 0.637 59 0.648 80 0.654 15
2.4 0.637 54 0.648 79 0.654 13
2.5 0.637 48 0.648 79 0.654 11
2.6 0.637 40 0.648 77 0.654 09

TABLE II. Effective exponent X̃08(L) of the q52.5 state model,
as a function of disorder strength s and the strip width L.

s X̃08(6) X̃08(8) X̃08(10) X̃08(12)

1.0 0.9791 0.9513 0.9375 0.9293
1.5 1.0026 0.9754 0.9622
2.0 1.0468 1.0191 1.0057
2.2 1.0662 1.0377 1.0238 1.0158
2.3 1.0760 1.0470 1.0328 1.0246
2.4 1.0859 1.0563 1.0418 1.0333
2.5 1.0958 1.0656 1.0506 1.0419
2.6 1.1057 1.0749 1.0595 1.0504

TABLE III. Effective exponent X̃1(L) of the q52.5 state
model, as a function of disorder strength s and the strip width L.

s X̃1(6) X̃1(8) X̃1(10) X̃1(12)

1.0 0.9791 0.9513 0.9375 0.9293
1.5 1.0016 0.9746 0.9614
2.0 1.0389 1.0124 0.9997
2.2 1.0534 1.0269 1.0142 1.0065
2.3 1.0603 1.0338 1.0212 1.0133
2.4 1.0671 1.0405 1.0279 1.0198
2.5 1.0735 1.0469 1.0343 1.0260
2.6 1.0798 1.0531 1.0405 1.0320

TABLE IV. Numerical results for the critical disorder strength

(s* or R*) and energetic scaling exponents (X̃08 and X̃1) as func-
tions of q. The agreement with the two-loop expansion, Eq. ~1!, is
good.

q s* R* X̃08 X̃1

Numerics Theory Numerics Theory

2.50 2.5~1! 3.3~2! 1.02~1! 1.023 1.00~1! 1.006
2.75 3.0~3! 4.1~5! 1.04~2! 1.051 1.01~1! 1.013
3.00 3.5~5! 4.7~10! 1.06~3! 1.09 1.02~2! 1.02
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dismissed as a crossover effect due to the lack of tuning to
the critical disorder strength. In conjunction with the results
on degeneracy and descendents given in Ref. @4#, we would
thus claim that the transfer matrix method @4,8# can, at least
in principle, be used to relate the entire Lyapunov spectrum
to the operator content of the ~as yet unknown! underlying
conformal field theory.

In particular, we have supplied convincing numerical vali-
dation of the two-loop expansion ~1! for the energetic mul-
tiscaling exponents @11#. Our results also provide further evi-
dence in favor of the replica symmetric approach to the
perturbative calculations, since the assumption of initial rep-
lica symmetry breaking leads to X̃1511O(q22)3 @18#,
which seems to be ruled out by the results given in Table IV.
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Abstract

We study systems of M Potts models coupled by their local energy density. Each model is taken to
have a distinct number of states, and the permutational symmetry SM present in the case of identical
coupled models is thus broken initially. The duality transformations within the space of 2M − 1
multi-energy couplings are shown to have a particularly simple form. The selfdual manifold has
dimension DM = 2M−1 −1. Specialising to the case M = 3, we identify a unique non-trivial critical
point in the three-dimensional selfdual space. We compare its critical exponents as computed from
the perturbative renormalisation group with numerical transfer matrix results. Our main objective is
to provide evidence that at the critical point of three different coupled models the symmetry S3 is
restored.  2002 Elsevier Science B.V. All rights reserved.

PACS: 64.60.Fr

1. Introduction

In the study of coupled models, and also of disordered models in their replica
formulation, the permutation group symmetry SM is supposed to play an essential role
[1–3]. Namely, the interaction part of the action for a set of M identical coupled models

(1.1)Aint ∝
∫

d2x g
∑

a �=b

εa(x)εb(x)
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is explicitly invariant with respect to any permutation of the models. Here a and b are
replica indices, and {εa(x)} designates the set of local energy operators. In the lattice
definition of such coupled models the interaction part of the Hamiltonian takes a similar
form, with only

∫
d2x replaced by a summation and {εa(x)} by an appropriate lattice

expression.2

When one introduces asymmetric couplings, by generalising the common coupling
constant g to a matrix gab,

(1.2)Aint ∝
∫

d2x
∑

a �=b

gabεa(x)εb(x)

a perturbative renormalisation group (RG) analysis reveals that the SM symmetry is
restored at the fixed point. A detailed study of this scenario, within theε-type perturbative
RG for coupled Potts models, was carried out in [4]. Supposing all components of gab to
stay of order ε, their initial values being all positive,3 it was shown in [4] that the only
non-trivial fixed point, having one attractive direction, all other directions being repulsive,
is that with gab ≡ g.4 This type of restoration of the symmetry SM could be called “soft
universality”.

In this paper we are going to argue for a “strong universality” in the criticality of coupled
models. We shall mainly be interested in coupling M = 3 different models,5 via (1.2), with
{εa} belonging to Potts models with different number of states {q1, q2, q3}. This breaks the
permutational symmetry in a “strong” sense. Still, the RG calculations show the existence
of a single fixed point with all{gab} being positive, like it is the case for identical models.

To our knowledge, Simon [5] was the first to apply the RG analysis to a set of different
coupled Potts models. The most general model studied by this author was that of M1 Potts
models with q1 states and M2 Potts models with q2 states (q1 �= q2), all of them being
coupled. After determining the fixed point structure, he computed the dimensions of the
spin operators, as well as the RG equations for the energy operators to two-loop order.
The effect of disorder on these coupled systems was also analysed.

Here we generalise the RG calculations of [5] to the case of three different coupled
Potts models (q1 �= q2 �= q3). We shall compute the dimensions of energy operators, with a
special focus on the symmetry of the theory, at the non-trivial fixed point that generalises
the one found in [2] for three identical models. Within the space of couplings {gab}, the new
fixed point is stable in one direction and unstable in the others, the topology of the RG flows

2 In the case of the Potts model with nearest-neighbour spins σ
(a)
i

and σ
(a)
j

in the replica a, one has

εa(x) ∼ 1 − δ
(
σ
(a)
i

, σ
(b)
j

)
.

3 In [4] the interaction part of the action Aint (1.2) was actually defined with an extra minus sign, so that
initially all the components of gab were taken to be negative.

4 Ref. [4] also identified other fixed points, which are related to the basic one (with allgab equal and of the
same sign) by changing the sign of some of its components. This is equivalent to switching the sign of a certain
number of energy operators. This last operation is a symmetry of the individual Potts models, corresponding
to their selfduality (note however such duality transformations on the individual models are not directly related
to the global duality transformations on the entire coupled system to be discussed in Section 3). This argument
implies that the critical properties of the various critical points classified in [4] should be equivalent.

5 The duality transformations of Section 3 are however valid for general M .
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being similar to those of [2]. But there is also one apparent difference: the permutational
symmetry has disappeared, the coupled models being different.

The purpose of this paper will be to provide evidence, by using various methods, that
at the fixed point of three different coupled models the apparently lost symmetryS3 is
restored, implying a “strong universality”.

This symmetry restoration cannot be observed on the level of the initial action (1.2), as
discussed above, nor is it visible in the perturbative RG treatment, or in the Hamiltonian
of the explicit lattice realisation. This is because {εa} are the energy operators of different
models, with different scaling dimensions in particular.

The way we shall check for the restoration of the symmetry is by looking at the spectrum
of scaling dimensions at the new fixed point, within the sector of energy operators. Like in
the case of identical models [1–3], the RG analysis implies that the three energy operators
of the decoupled models {ε1(x), ε2(x), ε3(x)} will rearrange as three particular linear
combinations so as to form the new primary operators at the fixed point of the coupled
models.

In the case of identical models the corresponding linear combinations are easy to guess
on symmetry grounds. The irreducible representations (irreps) of the group S3 in the basis
{ε1(x), ε2(x), ε3(x)} consist of a (symmetric) singlet

(1.3)εS(x) = ε1(x)+ ε2(x)+ ε3(x)

and an (antisymmetric) doublet

(1.4)

{
εA1 = ε1(x)− ε2(x),

εA2 = ε1(x)− ε3(x)

that act as the new primary operators at the fixed point [1–3]. The fact that the operators
εA1 and εA2 belong to the same two-dimensional irrep means that their dimensions must
coincide: ∆(εA1) = ∆(εA2). These are however in general different from the dimension
∆(εS) of the one-dimensional irrep.

When coupling different models, the corresponding linear combinations of ε1, ε2, ε3
will have more complicated coefficients which have to be calculated by the RG technique.
One will find something of the form

(1.5)





ε∗
1 = K11ε1 +K12ε2 +K13ε3,

ε∗
2 = K21ε1 +K22ε2 +K23ε3,

ε∗
3 = K31ε1 +K32ε2 +K33ε3.

Since the initial dimensions ∆(ε1), ∆(ε2), ∆(ε3) of the decoupled models differ, one may
expect that the critical dimensions (RG eigenvalues) of the newly formed primary operators
ε∗

1 , ε∗
2 , ε∗

3 might all be different.
Our argument is that, in the case of coupling different models, it is not the linear

combinations (1.5) which have to be examined to analyse the symmetry, but rather the
spectrum of their critical dimensions. Permuting ε1, ε2, ε3 in the combinations (1.5) does
not make much sense because they are different. To permute ε∗

1 , ε∗
2 , ε∗

3 , one first has to
know their properties, their scaling dimensions, to decide if it makes sense or not.
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The conclusion will be that one has to study the spectrum of dimensions at the new fixed
point. This provides a representation independent information, independent of the way one
has defined the theory initially, as by its action (Hamiltonian) in Eq. (1.2).

If the symmetry S3 is restored then the dimensions

(1.6)∆
(
ε∗

1

)
, ∆

(
ε∗

2

)
, ∆

(
ε∗

3

)

should form a singlet and a doublet, as is the case when one couples initially identical
models.

The rest of the paper is organised as follows.
In Section 2 we analyse the case M = 3 by perturbative RG calculations. As will

be explained towards the end of that section, in this case the RG results alone are not
sufficient to decide whether the S3 symmetry is restored or not. We therefore propose
to study the coupled models through a particular lattice realisation, following [2]. To
that end, in Section 3, we extend the duality transformations derived in [6] for symme-
trically coupled models to the asymmetric case. The resulting relations are valid for
any number M of coupled models, and for the most general asymmetric multi-energy
couplings. In particular, we determine the selfdual solutions, thus simplifying dramatically
the subsequent numerical simulations.

After recalling briefly, in Section 4, the most efficient transfer matrix algorithm
constructed in [2], we show how it may be generalised to the case of asymmetrically
coupled models. We then turn to the numerical analysis in Section 5. We locate the non-
trivial critical point on the selfdual manifold for various systems of M = 3 coupled models,
and we provide accurate values of the central charge and the energetic scaling dimensions.
We shall find strong evidence for a singlet/doublet spectrum at the new fixed point. This
we interpret as a signal of the restoration of the S3 symmetry.

Finally, Section 6 is devoted to remarks and conclusions.

2. Renormalization group analysis

In the continuum limit, the three coupled Potts models can be represented by the action

(2.1)A =
3∑

a=1

A
(a)
0 +Aint,

(2.2)Aint =
∫

d2x

3∑

a �=b

g0
abεa(x)εb(x).

Here {A(a)
0 } represents three decoupled models, or more precisely the three decoupled

conformal field theories for these models at their respective critical points. The interaction
term Aint makes them coupled. In general, the initial couplings {g0

ab} are taken to be
different. Since {εa} have different dimensions when the models are different, even if
we start from identical couplings g0

ab = g0, they will become different in the course of
renormalisation.
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We shall parametrise the dimensions of the energy operators {εa} as in the papers [2,4,
5,7]

(2.3)
(
∆(a)

ε

)
phys = 1 − 3

2
εa,

where the physical dimension (∆
(a)
ε )phys corresponds to twice the conformal dimension, as

usual. The quantity εa , which measures the deviation from the Ising model, appears also
in the Coulomb gas parameter

(2.4)
(
α
(a)
+
)2 = 4

3
− εa .

For the Ising model one has ε = 0, whence α2
+ = 4/3 and (∆ε)phys = 1. The parameter α2

+
is useful in analytic calculations because it is simpler to use than the central charge of the
corresponding conformal theory.

The details of the RG calculations are the same as in Refs. [5,7]. In particular, all the
necessary integrals have been calculated in these papers. The generalisation to the case of
three different models is straightforward, and we shall therefore only give the final results.

It turns out to be convenient to redefine the expansion parameters{εa} and the coupling
constants {gab} as follows:

(2.5)
3

2
εa = ε̃a, gab = 1

4π
g̃ab.

From now on we shall adopt this convention, omitting the tildes throughout for simplicity
of notation.

The β-functions for the interaction (2.2) are found in the form (to two-loop order)

(2.6)





dg12
dξ ≡ β12

(
{gab}

)
= ε12g12 − g13g23 − 1

2g12
(
g2

13 + g2
23

)
,

dg13
dξ ≡ β13

(
{gab}

)
= ε13g13 − g12g32 − 1

2g13
(
g2

12 + g2
32

)
,

dg23
dξ ≡ β23

(
{gab}

)
= ε23g23 − g21g31 − 1

2g23
(
g2

12 + g2
31

)
.

Here ξ is the RG parameter, gab = gba by symmetry of the action (2.2), and we have
definedεab ≡ εa + εb .

The renormalisation of the energy operators, to second order, is found to be given by
the equations

(2.7)
dεa
dξ

= −(1 − εa)εa −
∑

b �=a

gabεb − 1

2

(∑

d �=a

(gad)
2

)
εa.

In matrix form this reads

(2.8)
dεa
dξ

= −
3∑

b=1

∆abεb,

(2.9)∆ab = (1 − εa)δab − γab
(
{gcd}

)
,

(2.10)γab =




− 1
2

(
g2

12 + g2
13

)
−g12 −g13

−g12 − 1
2

(
g2

21 + g2
23

)
−g23

−g13 −g23 − 1
2

(
g2

31 + g2
32

)


 .
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To define the new primary operators and their scaling dimensions at the new fixed point
we shall have to diagonalise the matrix ∆ab. It is however more convenient to regroup
the terms −εaδab − γab so that

(2.11)∆ab = δab −Λab,

(2.12)Λab =




ε1 − 1
2

(
g2

12 + g2
13

)
−g12 −g13

−g12 ε2 − 1
2

(
g2

21 + g2
23

)
−g23

−g13 −g23 ε3 − 1
2

(
g2

31 + g2
32

)




and we need only diagonalise the matrix Λab .
The non-trivial zeros of the β-functions (2.6) are found as

(2.13)





g∗
12 = √

ε13ε23
{
1 − 1

2ε12 − 1
4 (ε13 + ε23)

}
,

g∗
13 = √

ε12ε23
{
1 − 1

2ε13 − 1
4 (ε12 + ε23)

}
,

g∗
23 = √

ε12ε13
{
1 − 1

2ε23 − 1
4 (ε12 + ε13)

}
.

They correspond to the non-trivial fixed point of the coupled models which we are
interested in. It is readily checked that the fixed point (2.13) is stable in one direction and
unstable in the two others, as is the case when one couples identical models. Furthermore,
the topology of the RG flows is similar.

Substituting the fixed point values of the couplings in the matrixΛab and diagonalising
it, one obtains, after some algebra, the following expressions for the eigenvalues:

(2.14)λ1 = −a + b + c

2
+ 3abc

a + b + c
,

(2.15)

λ2,3 = a + b + c

2
− 6abc+ a2b + ab2 + a2c + ac2 + b2c + bc2

2(a + b + c)

± 1

2(a + b + c)

{
6a2b2c2

− 2abc
(
a2b + ab2 + a2c + ac2 + b2c + bc2 + a3 + b3 + c3)

+ a2b2(a + b)2 + a2c2(a + c)2 + b2c2(b + c)2}1/2
,

where we have simplified the notation by means of the abbreviationsa = ε12, b = ε13 and
c = ε23. According to the definition (2.11) ofΛab , the dimensions of the new primary
operators {ε∗

a}, cf. Eq. (1.5), are related to the above eigenvalues through

(2.16)∆
(
ε∗
a

)
= 1 − λa

for a = 1,2,3. We recall that all these calculations have been done to second order in ε.
It should be remarked that in the special case of two of the parameters being equal,

b = c and a �= b, the expressions for the dimensions simplify considerably. One finds

(2.17)∆
(
ε∗

1

)
= 1 + a + 2b

2
− 3ab2

a + 2b
,

(2.18)∆
(
ε∗

2, ε
∗
3

)
= 1 − a + 2b

2
+ b(4ab+ a2 + b2)

a + 2b
± b2(a − b)

a + 2b
.
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At first order inε, the RG results for the dimensions

(2.19)∆
(
ε∗

1

)
= 1 + a + b + c

2
,

(2.20)∆
(
ε∗

2

)
= ∆

(
ε∗

3

)
= 1 − a + b + c

2
form a singlet and a doublet, in accordance with the scenario for the restoration of the S3
symmetry discussed in the introduction. The degeneracy of the doublet is, however, lifted at
order ε2, by the last term in (2.15). This is true even when two of the models are identical,
and only for a = b = c does one recover the degeneracy ∆(ε∗

2) = ∆(ε∗
3) [2].

In Section 5, where the results of our numerical work are presented, we shall show that
this last result of the perturbative RG is wrong.6 We provide evidence that the splitting
between the dimensions of ε∗

2 and ε∗
3 is actually zero, and that the symmetry restoration

scenario therefore holds true.
We could suggest the following argument for the failure of the perturbative RG. The

ε-expansion calculations are valid for perturbed conformal theories because they respect
the conformal symmetry, just as dimensional regularisation is valid in the context of
pertubative calculations in a gauge theory because the method respects the gauge symmetry
(otherwise the results would be dependent on the regularisation technique). In the present
problem, the ε-regularisation should be correct as far as the conformal symmetry alone is
concerned. But in case of extra symmetries, such as S3, the method might well give wrong
results.

The RG formulae (2.14)–(2.16) for the scaling dimensions, and for the central charge
which will be given below, are still quite useful. Apart from the degeneracy issue just
discussed, they compare well with the numerical results of Section 5 when {εa} are small
enough.

As far as the dimensions∆(ε∗
2), ∆(ε∗

3), defined by Eqs. (2.15) and (2.16), are concerned,
it is their mean value which compares well with numerical results. It is worth noticing that
the splitting, namely, the third term in (2.15), is numerically smaller than the principal
ε2 term, the second term in (2.15). This is because of the compensation of negative and
positive terms in the third term of (2.15).7

The central charge can be obtained in a simple way using Zamolodchikov’s c-theorem
[8]. This theorem provides us with a function of the couplings c(g12, g13, g23) which
decreases along the renormalisation flow and takes a value c(g∗

12, g
∗
13, g

∗
23) at the fixed

point of the flow which equals the central charge of the associated conformal field theory.
With the conventions (2.5) taken into account, the c-function is uniquely determined by

(2.21)
∂c(g12, g13, g23)

∂gab
= −3

2
βab(g12, g13, g23),

(2.22)c(0,0,0)= c0 ≡ c1 + c2 + c3,

where c0 is the total central charge of three decoupled models.

6 We would still claim, of course, that our RG calculations are technically correct!
7 It is easy to check that the expression under the square-root sign of (2.15) is always non-negative, so that

λ2,3 are well defined.
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From Eq. (2.6) and Eqs. (2.21), (2.22) the c-function turns out to be given by

c(g12, g13, g23) = c0 − 3

4

(
ag2

12 + bg2
13 + cg2

23

)
+ 3

2
g12g13g23

(2.23)+ 3

8

(
g2

12g
2
13 + g2

12g
2
23 + g2

13g
2
23

)
.

At the fixed point we insert Eq. (2.13) into Eq. (2.23); up to the orderε4 the correction !c

of the central charge is

(2.24)!c = −3

4
abc+ 3

8

(
abc2 + bca2 + cab2).

3. Duality transformations

The possibility of endowing the Potts model with a duality transformation was one of
the main motivations for introducing it [9]. The study of duality for several Potts models
coupled by their local energy density was initiated by Domany and Riedel, who worked
out the case of two models with q1 and q2 states [10]. Technically, these authors used a
particular version of the method of lattice Fourier transforms [11], due to Wu and Wang
[12]. Dotsenko et al. generalised the computations to three symmetrically coupled q-state
models [2]. However, it became clear that the complexity of the Fourier method grew
rapidly as the number of models to be coupled was increased. Recently, it was pointed
out by Jacobsen that trading the Potts spin variables for a formulation in terms of random
clusters [13], or loops [14], the duality relations simplified dramatically. This observation
made it possible to work out the case of M coupled q-state Potts models, with the most
general coupling by local energy densities consistent with an SM symmetry [6].

We now show how to treat the even more general case, where each model does not
necessarily have the same number of states, and the coupling by local energy densities is
the most general one.

3.1. General case

Consider a set LM of M identical planar lattices L, which we imagine to be stacked on
top of one another. On each lattice site i ∈ L, and for each layer µ = 1,2, . . . ,M , we define
a Potts spin σ

(µ)
i taking the values σ

(µ)
i = 1,2,3, . . . , qµ. The layers interact by means of

the reduced Hamiltonian

(3.1)H =
∑

〈ij〉
Hij ,

where 〈ij 〉 denotes the set of lattice edges, and the nearest-neighbour interaction is defined
as

(3.2)Hij = −
∑

#⊂E

K#

∏

µ∈#
δ
(
σ
(µ)
i , σ

(µ)
j

)
.



434 V.S. Dotsenko et al. / Nuclear Physics B 631 [FS] (2002) 426–446

By definition, the Kronecker delta functionδ(x, y) = 1 if x = y , and zero otherwise. We
have here definedE as the product set

∏M
µ=1{∅,L(µ)}, so any one of the 2M subsets in

E can be interpreted as a certain subset of layer indices. One can also think of # ⊂ E

as specifying the state of a given edge 〈ij 〉, meaning that in the interaction term (3.2),
# determines which of the layers contribute to the product

∏
µ∈# of the corresponding

delta functions. The layers specified by some# ⊂ E then interact by means of the product
of their local energy densities, through a coupling constant K#.

For later convenience, we shall represent a subset # ⊂ E as a list of M open (◦) or filled
(•) circles, the µth circle indicating, respectively, the absence (or presence) of the factor
δ
(
σ
(µ)
i , σ

(µ)
j

)
. Furthermore, we sometimes use a single open (respectively, filled) circle as

an abbreviation of a list of M open (respectively, filled) circles.
When M = 1, the model defined by Eq. (3.2) reduces to the conventional Potts model,

whilst for M = 2 it is identical to the Ashkin–Teller like model considered in Ref. [10].
For M = 3, it is the asymmetric version of the model discussed in Ref. [2], which had
q ≡ q1 = q2 = q3, and whose couplings possessed an S3 symmetry upon permutation of
the layers. Using the above symbolic notation, this symmetry can be expressed by the
identities

K1 ≡ K•◦◦ = K◦•◦ = K◦◦•,

K2 ≡ K◦•• = K•◦• = K••◦,

(3.3)K3 ≡ K•••.

By means of a generalised Kasteleyn–Fortuin transformation [13] the local Boltzmann
weights can be recast as

(3.4)exp(−Hij ) =
∏

#⊂E

[
1 +

(
eK# − 1

)∏

µ∈#
δ
(
σ
(µ)
i , σ

(µ)
j

)
]
,

where we have simply used that exp(Kδ) = 1+[exp(K)−1]δ, if δ can only take the values
0 and 1. Since furthermore δ2 = δ, expanding the product over # will lead to the equivalent
form

(3.5)exp(−Hij ) = b◦ +
∑

#⊂E

b#
∏

µ∈#
δ
(
σ
(µ)
i , σ

(µ)
j

)
,

defining the coefficientsb#. The normalisation of Eq. (3.4) is expressed by the fact that
b◦ = 1.

To relate the b# to the physical coupling constants K#, we evaluate Eqs. (3.4) and (3.5)
in the situation where δ(σ

(µ)
i , σ

(µ)
j ) = 1 for µ ∈ #′, and zero otherwise. This resulting

equations

(3.6)exp

(∑

ρ⊂#′
Kρ

)
=
∑

ρ⊂#′
bρ

can readily be solved by applying the principle of inclusion–exclusion [15], yielding

(3.7)b# =
∑

#′⊂#

(−1)|#|−|#′| exp

(∑

ρ∈#′
Kρ

)
.
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The partition function in the spin representation

(3.8)Z =
∑

{σ }

∏

〈ij〉
exp(−Hij )

can now be transformed into the random cluster representation as follows. First, insert
Eq. (3.5) on the right-hand side of the above equation, and imagine expanding the product
over the lattice edges 〈ij 〉. To each term in the resulting sum we associate an edge colouring
G of LM , where an edge 〈ij 〉 in layer µ is considered to be coloured (occupied) if the term
contains the factor δ(σ (µ)

i , σ
(µ)
j ), and uncoloured (empty) if it does not. In other words, an

edge colouring G is determined by specifying an edge state #ij ⊂ E for every edge 〈ij 〉 ∈ L.
The summation over the spin variables {σ } is now trivially performed, yielding a factor

of qµ for each connected component (cluster) in layer µ of the colouring graph. Keeping
track of the prefactors multiplying the δ-functions, using Eq. (3.5), we conclude that

(3.9)Z =
∑

G

∏

#⊂E

b
B#

#

∏

µ∈#
q
Cµ
µ ,

where Cµ is the number of clusters in layer µ, and B# is the number of edges 〈ij 〉 ∈ LM

having the state #.
It is worth noticing that the random cluster description of the model has the advantage

that the qµ only enter as parameters. By analytic continuation one can thus give meaning
to a non-integer number of states. The price to be paid is that the Cµ are, a priori, non-local
quantities.

In terms of the edge variables b# the duality transformation of the partition function
is easily worked out. For simplicity we shall assume that the couplings constants K# are
identical between all nearest-neighbour pairs of spins. The generalisation to an arbitrary
inhomogeneous distribution of couplings is trivial; it suffices to letK# depend on 〈ij 〉 in
Eq. (3.4).

By definition, we take the colouring state# ⊂ E of the edge 〈ij 〉 ∈ L to be dual to the
complementary colouring #∗ of its intersecting dual edge 〈̃ij 〉 ∈ L̃. In the symbolic notation
introduced above, the complementarity operation ∗ simply means replacing every • by a ◦,
and vice versa. Also, note that we refer to dual quantities by a tilde throughout.

To establish the duality transformations, we begin by postulating that the configuration
G• with all lattice edges coloured, be dual to the configurationG∗

• ≡ G◦ with no coloured
(dual) edge.

This requirement fixes the constant entering the duality transformation. Indeed, from
Eq. (3.9), we find thatG• has weight bE•

∏M
µ=1 qµ, where E is the total number of lattice

edges, and G◦ is weighted by b̃E◦
∏M

µ=1 q
F
µ , where F is the number of faces, including the

exterior one. We thus seek for a duality transformation of the form

(3.10)
Z({b#})
Z̃({b̃#})

=
(
b̃◦
b•

)E M∏

µ=1

qF−1
µ ,

where for any configurationG the edge weights must transform so as to keep the same
relative weight between G and G• as between G∗ and G◦.
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An arbitrary colouring configurationG entering Eq. (3.9) can be generated by applying
a finite number of changes toG•, in which an edge of weight b• is changed into an edge
of weight b# for some # ⊂ E . By such a change, in general, a pivotal bond is removed
from the colouring graph in each of some subset #′ ⊂ #∗ of layers, thus creating |#′| new
clusters in the corresponding layers. The weight relative to that of G• will therefore change
by (b#/b•)

∏
µ∈#′ qµ. On the other hand, in the dual configurationG̃ a cluster will be lost

in each of the layers (#′)∗ ∩ #∗, since each of the |#′| new clusters mentioned above will be
accompanied by the formation of a loop in G̃. The weight change relative to G◦ therefore
amounts to (b̃#∗/b̃0)

∏
µ∈(#′)∗∩#∗ q−1

µ . Comparing these two changes we see that the factor∏
µ∈#′ qµ cancels nicely, and the duality transformation takes the simple form

(3.11)b̃# =
b#∗

b•

∏

µ∈#
qµ,

the relation with # = ◦ being trivial.
Note in particular that Eq. (3.11) with # = • implies that b•b̃• =

∏M
µ=1 qµ, since b◦ = 1

by definition. Then, dualising Eq. (3.11) once again yields

(3.12)˜̃
b# = 1

b̃•

∏

µ∈#
qµ

b#

b•

∏

µ∈#∗
qµ = b#,

so that the duality transformation is indeed involutive, as required.
The duality relations (3.11) can be recast in an even simpler form by trading the random

clusters for the loops surrounding them (and their duals) on the lattice Lm medial to L [14].
Using the Euler relation, we find that Eq. (3.9) must be replaced by

(3.13)Z =
(

M∏

µ=1

qµ

)N/2∑

G

∏

#⊂E

x
B#

#

∏

µ∈#
q
Lµ/2
µ ,

where, by a slight abuse of notation, we use the same notation G for the loop and the
cluster configurations, since they are in bijective correspondence.Lµ are now the number
of closed loops in layer µ, and N is the total number of vertices in L. Note that the bond
weights b# have now been replaced by

(3.14)x# = b#
∏

µ∈#
q−1/2
µ .

It is easily verified that the duality relations (3.11) now simply read

(3.15)x̃# = x#∗ .

This is our main result.
In the case of a lattice L = L̃ which is unchanged by the duality, such as the infinite

square lattice, we can now search for selfdual solutions. These are obtained by imposing
b̃# = b#, and read explicitly

(3.16)x
(s.d.)
# = x

(s.d.)
#∗ .

Since x◦ = 1 by normalisation, the selfdual manifold has dimension DM = 2M−1 − 1.
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Two special points always belong to the selfdual manifold. The first one is

(3.17)x# = 1, for any # ⊂ E .

It is straightforward to verify that in terms of the original couplings this means K◦···◦•◦···◦ =
1 + q

1/2
µ (with the unique • at position µ) for µ = 1,2, . . . ,M , all other K# being zero. In

other words, this is just M non-interacting selfdual (critical) Potts models.
The other special point is

(3.18)x◦ = x• = 1 (all other x# = 0).

In terms of the original couplings this means K• = 1+
∏M

µ=1 q
1/2
µ , all other K# being zero.

In this case, the M models effectively couple so as to form a single critical Potts model
with

∏M
µ=1 qµ states.

3.2. Two models

Let us briefly show how to recover the result for M = 2 [10] from the compact
formulation of Eq. (3.15).

Introducing the shorthand notation δµ = δ
(
σ
(µ)
i , σ

(µ)
j

)
for µ = 1,2, the Hamiltonian

(3.2) reads in this case

(3.19)−Hij = K•◦δ1 +K◦•δ2 +K••δ1δ2.

From Eq. (3.7) we have

√
q1 x•◦ ≡ b•◦ = eK•◦ − 1,

(3.20)
√
q2 x◦• ≡ b◦• = eK◦• − 1,

(3.21)
√
q1q2 x•• ≡ b•• = eK••+K•◦+K◦• −

(
eK•◦ + eK◦•

)
+ 1,

and using the selfduality criteria x•◦ = x◦• and x•• = x◦◦ ≡ 1 we readily find the solutions

eK◦• = 1 +
√

q2

q1

(
eK•◦ − 1

)
,

(3.22)eK•• =
√
q1 + √

q2[1 + (q1 − 1)e−K•◦]
√
q1 + √

q2(eK•◦ − 1)
.

3.3. Three models

For the case M = 3, the Hamiltonian (3.2) reads

−Hij =K•◦◦δ1 +K◦•◦δ2 +K◦◦•δ3

(3.23)+K◦••δ2δ3 +K•◦•δ1δ3 +K••◦δ1δ2 +K•••δ1δ2δ3.
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From Eq. (3.7) we have

b•◦◦ = eK•◦◦ − 1,

b◦•• = eK◦••+K◦•◦+K◦◦• −
(
eK◦•◦ + eK◦◦•

)
+ 1,

(3.24)

b••• = eK•••+K◦••+K•◦•+K••◦+K•◦◦+K◦•◦+K◦◦•

−
(
eK◦••+K◦•◦+K◦◦• + eK•◦•+K•◦◦+K◦◦• + eK••◦+K•◦◦+K◦•◦

)

+
(
eK•◦◦ + eK◦•◦ + eK◦◦•

)
− 1,

where the first and second line each represent three equations that can be obtained by
cyclically rotating the layer indices.

Imposing the selfduality criteria
√
q1 b◦•• = √

q2q3 b•◦◦ and b••• = √
q1q2q3 we obtain

after a little algebra

eK◦•• =
√
q2q3/q1(eK•◦◦ − 1)+ eK◦•◦ + eK◦◦• − 1

eK◦•◦+K◦◦•
,

eK••• = A

B
eK•◦◦+K◦•◦+K◦◦•,

A =
(
eK•◦◦ − 1

)
q2q3 +

(
eK◦•◦ − 1

)
q1q3 +

(
eK◦◦• − 1

)
q1q2

+
(
eK•◦◦ + eK◦•◦ + eK◦◦• − 2

)√
q1q2q3 + q1q2q3,

(3.25)

B =
[(

eK◦•◦ + eK◦◦• − 1
)√

q1 +
(
eK•◦◦ − 1

)√
q2q3

]

×
[(

eK•◦◦ + eK◦◦• − 1
)√

q2 +
(
eK◦•◦ − 1

)√
q1q3

]

×
[(

eK•◦◦ + eK◦•◦ − 1
)√

q3 +
(
eK◦◦• − 1

)√
q1q2

]
.

These expressions generalise those given in Ref. [2].
It should be clear that for higher M , manipulating such expressions by direct use of the

Fourier method [12] becomes extremely cumbersome.

4. Transfer matrix algorithm

In Ref. [2] it was shown that the transfer matrix T (L) for coupled Potts models on semi-
infinite strips of widthL may be written in a variety of ways. For a given L, the smaller
the dimension of T (L), the more efficient will be the computations, since both time and
memory consumption increase roughly linearly with dimT (L).

The best choice turns out to be to write the transfer matrix for the loop model on the
medial lattice Lm [14], which was referred to as algorithm alg4 in [2]. This also gives us
the advantage of having simple duality relations, cf. Eq. (3.15), and to be able to treat the
numbers of states {q1, q2, q3} as continuous parameters.

Let us recall from Eqs. (3.13) and (3.16) that the partition function for M = 3 coupled
models on the selfdual manifold can be written, up to a trivial multiplicative constant, as

(4.1)Z =
∑

G

x
B•◦◦+B◦••
1 x

B◦•◦+B•◦•
2 x

B◦◦•+B••◦
3 q

L1/2
1 q

L2/2
2 q

L3/2
3 ,
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Fig. 1. The relation between the random cluster model on the square lattice and the loop model on the
corresponding medial graph. The clusters consist of connected components of coloured edges (thick lines) or
isolated sites (filled circles). Loops on the medial graph (dashed lines) are defined by the convention that they
wrap around the cluster boundaries.

where we have put x1 = x•◦◦, x2 = x◦•◦ and x3 = x◦◦• for brevity. For simplicity, we shall
take the lattice L to be the square one, so that Lm is once again a square lattice.

In the loop picture, the symbols • and ◦ refer to the two different ways of splitting
the vertex, with a definition that alternates between the even and the odd sublattice; see
Fig. 1. But thanks to the selfduality, Eq. (4.1) is invariant with respect to a global colour
conjugation • ↔ ◦, and so one might as well forget about the distinction between the
sublattices.8 The number of occurrences of a given vertex splitting (and hence the B’s) can
be counted locally, and are thus easily realised as local Boltzmann factors in the transfer
matrix.

The Lµ in (4.1) count the number of closed loops in each layer µ = 1,2,3. Despite
of the non-local nature of the loops, these quantities do not obviate the construction of
the transfer matrix. Rather, they can be counted locally by writing the transfer matrix in
the basis of Catalan-like connectivities, as described in [2]. Formally, if Ck designates the
space of pairwise Catalan connectivities among a set of L = 2k points, T (L) acts on the
product space Sk = Ck ⊗ Ck ⊗ Ck . One has dimCk = (2k)!

k!(k+1)! .
Weighing the loops with a Boltzmann factor

√
qµ that depends on the layer µ is a

trivial modification of [2]. An important difference, however, is that the layers are now
distinguishable. Accordingly, one has simply dimSk = (dimCk)

3.
As in Ref. [2] we transfer along one of the main directions of the square lattice Lm, with

periodic boundary conditions in the transverse direction. To ensure that Ck be well defined,
we must take the strip width to be even, L = 2k.

We shall also need to consider the situation where all vertex weights x tend to infinity
in fixed ratios. Definingx ′

2 = x2/x1 and x ′
3 = x3/x1 as the relevant ratios, (4.1) can be

rewritten, once again up to an irrelevant multiplicative constant, as

(4.2)Z′ =
∑

G ′

x
′B◦•◦+B•◦•
2 x

′B◦◦•+B••◦
3 q

L1/2
1 q

L2/2
2 q

L3/2
3 ,

where the symbol G′ means all colouring figurations in which the local colourings◦ ◦ ◦
and • • • do not occur. In Ref. [2], the special case (x ′

2, x
′
3) = (1,1) with q1 = q2 = q3 was

identified as the non-trivial critical fixed point for three identical coupled models.

8 Using the language of Ref. [14], coupled Potts models constitute a staggered vertex model, which however
becomes homogeneous exactly on the selfdual manifold.
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5. Numerical results

Using sparse matrix factorisation techniques, we have been able to numerically compute
the first few eigenvalues of the transfer matricesT (L) for Z (4.1) and T ′(L) for Z′ (4.2)
for even strip widths up to Lmax = 12. The largest matrices had dimension dimT (Lmax) =
(132)3, but the sparse matrix factorisation necessitates the use of intermediate states
with L + 2 dangling loop segments, and so the largest sparse matrices involved were of
dimension (429)3.

5.1. Phase diagram and central charge

As a first test of our algorithm, we checked that it gave the correct eigenvalues at the
special points (x1, x2, x3) = (1,1,1) and (0,0,0), cf. Eqs. (3.17) and (3.18).

We then extracted the (effective) central charge from the leading eigenvalue λ0 in the
standard way [16,17]

(5.1)f0(L) = f0(∞)− πc

6L2
+ · · ·

with f0(L) = − 1
L

logλ0. Using the c-theorem [8], we could readily establish the topology
of the RG flows.

• In the space (x1, x2, x3), there is a one-parameter curve along which the partial
derivatives of the effective central charge with respect to the two perpendicular
directions vanish identically. Moreover, the corresponding second derivatives are
strictly negative, so that this curve acts as a “mountain ridge” for ceff.

• The curve passes through the points (0,0,0) and (1,1,1), and then goes to infinity
with some fixed ratios(x ′

2, x
′
3) ≡ (x ′∗

2 , x ′∗
3 ) that depend on (q1, q2, q3).

• For various values (q1, q2, q3) ∈ [2,4]3, with at most one qa = 2, we observe that ceff
is a monotonically decreasing function when going along the curve from the point
(1,1,1) towards either (0,0,0) or x1(1, x ′∗

2 , x ′∗
3 ), x1 → ∞. In the former case, the

decrease is rapid and gets more pronounced with increasing system size L, signalling
the first-order nature (ceff = 0) of the phase transition in the (q1q2q3)-state Potts model.
In the latter case, the decrease is very slight, distinguishing the point (x ′∗

2 , x ′∗
3 ) as a

candidate for the non-trivial fixed point of three coupled Potts models in the lattice
realisation.

Based on this evidence, we switched to the matrix T ′(L) in order to accurately locate the
point (x ′∗

2 , x ′∗
3 ) and study its critical properties. Invoking again the c-theorem [8], this was

done by scanning the space (x ′
2, x

′
3) for a maximum in ceff for different system sizes. As

usually [2], we obtained the best precision by including a non-universal 1/L4 term in (5.1),
and so our fits are based on three consecutive strip widthsL. The obtained maximum can
be interpreted as a finite-size pseudo-critical point, which tends to(x ′∗

2 , x ′∗
3 ) as L → ∞.

We have concentrated the main part of our computation time on two important special
cases: a tricritical Ising model and a three-state Potts model coupled with either an Ising
model or with a tricritical three-state Potts model. In the language of minimal models, we
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Table 1
Maxima of the effective central charge for the system M345, and the deviation from the value at the decoupling
point

L x′ ∗
2 x′ ∗

3 (ceff)max !c

2, 4, 6 0.8523(1) 0.7133(1) 1.93540138 −0.00058
4, 6, 8 0.8476(1) 0.7136(1) 1.98040147 −0.00352
6, 8, 10 0.8481(1) 0.7076(1) 1.99047341 −0.00416
8, 10, 12 0.8483(1) 0.7061(1) 1.99348414 −0.00443

Table 2
Maxima of the effective central charge for the system M456, and the deviation from the value at the decoupling
point

L x′ ∗
2 x′ ∗

3 (ceff)max !c

2, 4, 6 0.9230(1) 0.8679(1) 2.27445933 −0.0115
4, 6, 8 0.9218(1) 0.8661(1) 2.32198052 −0.0185
6, 8, 10 0.9213(1) 0.8645(1) 2.33129236 −0.0190
8, 10, 12 0.9211(1) 0.8639(1) 2.33327361 −0.0225

refer to these two situations as M345 ≡M3 ×M4 ×M5 and M456 ≡M4 ×M5 ×M6,
respectively.

The corresponding finite-size estimates for (x ′∗
2 , x ′∗

3 ) and for (ceff)max are given in
Tables 1 and 2. Rather than directly extrapolating (ceff)max to the L → ∞ limit, we
consider instead for any L its deviation !c(L) with respect to the corresponding value
found at the point where the three Potts models decouple. Since this deviation is
numerically small, it is reasonable to expect that the finite-size corrections toc at (x ′∗

2 , x ′∗
3 )

are similar to those at the decoupling point. Tables 1 and 2 confirm that this is indeed the
case: the estimates for !c only depend very weakly on L. As L → ∞, we obtain finally
the following extrapolated values for !c and for the critical couplings:

Model M345:
(
x ′ ∗

2 , x ′ ∗
3

)
=
(
0.8485(1),0.7053(5)

)
, !c = −0.0050(3),

(5.2)Model M456:
(
x ′ ∗

2 , x ′ ∗
3

)
=
(
0.9209(1),0.8633(3)

)
, !c = −0.025(3).

The values of !c are seen to compare quite favourably with the two-loop result of the
perturbative RG (2.24), whose numerical values read, respectively,

(5.3)!c(M345)RG = −0.0041, !c(M456)RG = −0.0175.

Actually, assuming that the RG series is alternating, the fifth-order term not present in
(2.24) would supposedly lead to even better agreement with the numerical results.

5.2. Higher exponents in the even sector

Examining the higher eigenvalues of the transfer matrices, one has also access to the
scaling dimensions by using the formula [18]

(5.4)fi(L)− f0(L) =
2π(∆i)phys

L2 + · · · .
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Table 3
Dimension of the antisymmetric energy operator
at (x′

2, x
′
3) = (1,1) for three coupled three-state

Potts models

L ∆(εA)

4, 6 0.6768
6, 8 0.6648
8, 10 0.6525
L → ∞ 0.63(3)
RG result 0.72

We here work in the even sector of the transfer matrix, and besides the identity operator
(the free energy) we expect to find the various energy-like primaries. In particular, we
are interested in the primary operators ε∗

1 , ε∗
2 , ε∗

3 discussed in Section 2; cf. Eq. (1.5).
According to Eqs. (2.14)–(2.16) we have 0 < ∆(ε∗

2),∆(ε∗
3) < 1 and 1 < ∆(ε∗

1) < 2 for
small enough {εa}, and so we expect the first three gaps of the transfer matrix to be
associated with these operators.

As in Ref. [2], the scaling dimensions of the operators have been extracted by adding
to Eq. (5.4) a non-universal 1/L4 term, and so the fits are based on two consecutive strip
widths L.

We consider first the case of coupling three identical models.
At the non-trivial fixed point(x ′

2, x
′
3) = (1,1) the second and third eigenvalues of the

transfer matrix are degenerate. These eigenvalues are associated with the operators εA1 , εA2

of (1.4) which generate the two-dimensional irrep of S3, as discussed in the introduction.
It is important to notice that in the transfer matrix algorithm of [2] the three layers were

treated symmetrically and only the operators which are symmetric under permutation of
the layer indices were accessible. In that case, the degenerate eigenvalues associated with
the energy doublet were not present in the spectrum of the transfer matrix. The fact that we
find them here is a strong confirmation of the antisymmetric nature of the corresponding
operators.

In Table 3 we report numerical values of the dimension ∆(εA) ≡ ∆(εA1) = ∆(εA2) in
the case of three coupled Potts models with q = 3. The final result∆(εA) = 0.63(3) is in
reasonable agreement with the RG value and also agrees well with the Monte Carlo result
∆(εA) = 0.63 ± 0.04 given in [2].

The fourth eigenvalue of the transfer matrix was already found in [2] and it corresponds
to the symmetric energy operator εS of Eq. (1.3). It is a non-trivial check of our transfer
matrices that the corresponding eigenvalue is identical to that of [2].

We now turn our attention to the case of three different coupled models.
In the space (x ′

2, x
′
3) of the couplings we have found that for any given system size L

there is a unique point (x ′
2, x

′
3)deg, at which the second and third eigenvalues are degenerate.

We have determined the location of this point for the models M345 and M456 with
L = 4,6,8,10 and it is shown on Figs. 2 and 3.

In contradistinction to the case of three coupled identical models, the points (x ′ ∗
2 , x ′ ∗

3 )

and (x ′
2, x

′
3)deg do not coincide for finite systems. It is however evident from Figs. 2 and 3

that these two points become closer as the system size increases. This suggests that in
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Fig. 2. The location of the critical point for the model M345 , as determined from the maximum of the effective
central charge. Filled triangles show the positions of the maxima (x′ ∗

2 , x′ ∗
3 ) as found from three-point fits with

system sizes ranging from L = 2,4,6 to L = 8,10,12. The asterisk indicates the extrapolation of these points
to the thermodynamic limit, L → ∞. Filled boxes give the positions (x′

2, x
′
3)deg of the degeneracy between the

second and third eigenvalues of the transfer matrix, with system sizes ranging from L = 4 to L = 10. This latter
sequence appears to converge to the same limiting point as the central charge data, in support of the symmetry
restoration scenario.

Fig. 3. Same data as in Fig. 2, but here for the model M456 .
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Table 4
Dimensions of the energy operators at (x′ ∗

2 , x′ ∗
3 ) for the M345 model

L ∆(ε∗
2) ∆(ε∗

3) ∆(ε∗
1)

4, 6 0.75734 0.7677 1.2991
6, 8 0.759 0.763 1.2803
8, 10 0.7564 0.75647 1.2761
RG result 0.746 0.771 1.287

Table 5
Dimensions of the energy operators at (x′ ∗

2 , x′ ∗
3 ) for the M456 model

L ∆(ε∗
2) ∆(ε∗

3) ∆(ε∗
1)

4, 6 0.6849 0.6857 1.2958
6, 8 0.6731 0.6756 1.2765
8, 10 0.6621 0.6637 1.2745
RG result 0.701 0.728 1.43

the thermodynamic limit they actually coincide. If this scenario holds true, we have at the
critical point that ∆(ε∗

3) = ∆(ε∗
2).

Since the finite-size effects in the sequence of points(x ′
2, x

′
3)deg are much stronger than

is the case for (x ′ ∗
2 , x ′ ∗

3 ), it is reasonable to measure numerical values of the dimensions
at the best available estimate for the latter point. We display the corresponding results
for ∆(ε∗

1), ∆(ε∗
2), ∆(ε∗

3) in Tables 4 and 5, once again for the models M345 and M456,
respectively. The numerical results are in quite good agreement with the two-loop RG
calculation of Section 2. Notice that in the case of ∆(ε∗

2), ∆(ε∗
3) we compare with the RG

values with the splitting ignored.
In Tables 4 and 5 we have given the results for ∆(ε∗

2) and ∆(ε∗
3) separately, although we

do in fact believe that the two dimensions coincide. This point of view is corroborated by
the fact that the difference between the dimensions of ε∗

2 and ε∗
3 decreases rapidly with the

lattice size. For L = 8,10 the numerical results give ∆splitting ≡ |∆(ε∗
3)−∆(ε∗

2)| < 0.0003
for the M345 model and ∆splitting < 0.002 for the M456 model.

In order to be sure that the very small values for ∆splitting obtained at finite size are
not somehow accidental, we have determined an upper bound for ∆splitting by directly
extrapolating the difference between the second and third eigenvalues of the transfer matrix
at the point (x ′ ∗

2 , x ′ ∗
3 ). The result is shown below together with the extrapolated values for

the dimensions of the three energy operators:

Model M345: ∆
(
ε∗

1

)
= 1.269 ± 0.002,

∆
(
ε∗

2

)
,∆
(
ε∗

3

)
= 0.750 ± 0.005, ∆splitting < 0.003,

Model M456: ∆
(
ε∗

1

)
= 1.272 ± 0.002,

(5.5)∆
(
ε∗

2

)
,∆
(
ε∗

3

)
= 0.645 ± 0.003, ∆splitting < 0.002.

The difference ∆splitting is well below the one predicted by the RG calculation, which reads,
respectively, 0.025 and 0.027 for the models M345 and M456. The numerical work thus
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provides clear evidence that at the non-trivial fixed point the splitting of the dimensions of
ε∗

3 and ε∗
2 is actually zero.

6. Discussion

In this paper we have shown that coupling M = 3 different Potts models (with
q1, q2, q3 > 2 and not too large) one obtains a unique non-trivial critical point. The critical
properties of this point, in particular its central charge and the values of various energetic
scaling dimensions, have been determined quite accurately by a perturbative RG treatment
and found to be consistent with large-scale numerical simulations. An exception is however
the RG prediction that at two-loop order the degeneracy between the two antisymmetric
energy operators should be lifted: this prediction has here been discarded on the basis of
numerical evidence.

An extension of our investigation to the case of spin-like operators will be published
elsewhere [19].

This work forms part of a larger project [2], in which we examine the possible
universality classes of coupled Potts models, and eventually their relation to the random-
bond Potts model. In particular, substantial evidence has been accumulated that in the
random-bond case replica symmetry is not broken, and one can thus hope to make
analytical progress by studying the unitary models that result from coupling a certain
number of minimal models.

We believe that the symmetry properties of the coupled models play an essential role.
It is in the light of this belief that the present work appears to be interesting: even in
the absence of an explicit SM symmetry in the initial action, this symmetry appears to
be restored at the non-trivial critical point. As far as a putative CFT classification of
SM symmetrical critical points goes, we therefore see that the number of models to be
classified is potentially very large. Indeed, assuming the conclusions of theM = 3 case
to carry over to a general number M of coupled models, one may expect a distinct SM
symmetric universality class to arise from coupling any different set of M minimal models.
If this is true, it would call for a substantial number of new CFTs endowed with extended
symmetries. Further research along these lines is currently in progress.
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