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Résumé

Dans cette these, nous étudions le régime fortement couplé de I'extension supersymétrique maxi-
male de la théorie de Yang-Mills. Cette théorie est tenue pour intégrable, dans la limite planaire,
ce qui offre 'opportunité de calculer plusieurs observables pour des valeurs arbitraires de la con-
stante de couplage. Plus précisement, en admettant 'integrabilité de I’operateur de dilatation et
en utlisant les équations de ’ansatz de Bethe qui lui sont associées, nous dérivons les expressions
a couplage fort de certaines dimensions d’échelle de la théorie. Nous comparons nos résultats avec
les prédictions issues de la théorie des cordes duale et discutons la validité de la correspondance
AdS/CFT au niveau de nos observables.

Mots-clés: Théorie de Yang-Mills, Dimensions anormales, Intégrabilité, Chaine de spins, Cou-
plage fort, Correspondance AdS/CFT, Théorie des cordes.
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Strongly Coupled Dynamics and Integrability in Maximally Supersymmetric Yang-Mills
Theory

Abstract

In this thesis, we analyse the strongly coupled regime of the maximally supersymmetric ex-
tension of the four-dimensional Yang-Mills theory. This theory is believed to be integrable in
the planar limit which offers the possibility of computing various quantities for arbitrary values
of the coupling constant. Namely, assuming the complete integrability of the dilatation operator
and making use of the associated set of all-loop asymptotic Bethe ansatz equations, we derive the
strong coupling expressions of various scaling dimensions in the planar gauge theory. Applying the
AdS/CFT correspondence, we compare our results with predictions coming from the dual string
theory description and test the gauge/string duality for the quantities under consideration.

Keywords: Yang-Mills theory, Anomalous dimensions, Integrability, Spin chain, Strong cou-
pling, AdS/CFT correspondence, String theory.
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Chapter 1

Introduction

Understanding the dynamics of gauge theories at strong coupling is one of the outstanding prob-
lems in the theory of strong interactions — Quantum Chromodynamics (QCD). At present, there
exists a lot of evidences that Yang—Mills theories should admit a complimentary description via
yet to be identified string theories [1, 2, 3, 4, 5, 6, 7]. The latter operate in terms of collective
degrees of freedom - Faraday lines - which are more appropriate to tackle the strong-coupling
dynamics of four-dimensional gauge theories. The string dynamics should describe the excitations
of the gauge theory flux tube.

The most prominent and thoroughly studied to date example of the gauge/string duality is
the correspondence between the maximally supersymmetric N' = 4 Yang-Mills (SYM) theory and
the type IIB string theory on AdSs x S background [8, 9, 10, 11]. The four-dimensional N = 4
SYM theory has a vanishing beta function and no dimensionful parameter. It is a non-confining
gauge theory, with gauge group SU(N,), and it defines a conformal field theory (CFT), for any
value of the Yang-Mills coupling g%M and of the number of color N.. For this reason, the duality
above is also known as the AdS/CFT correspondence. The two (dimensionless) parameters of the
string theory, namely the string coupling gs; and the (effective) string tension VA, are related to
those of the gauge theory as

where ¢? = g%MNC/ 1672 is the ‘t Hooft coupling constant. It follows that in the 't Hooft planar
limit, N, — oo with ¢®> = g%MNC /1672, the string theory becomes free and only depends on the
string tension v/A, which can take arbitrary values. The two-dimensional Lagrangian describing
propagation of a single string in the curved background is uniquely fixed by the symmetries [12]
up to a multiplicative factor o< v/\.

The gauge/string duality establishes the correspondence between scaling dimensions of com-
posite operators in the A/ = 4 SYM theory and the energies of the string excitations in the dual
string picture. In the (planar) gauge theory, the scaling dimensions are defined as eigenvalues of
the dilatation operator, that can be computed perturbatively at weak coupling ¢> < 1. In the
string theory, the calculation of the spectrum of energies is obtained after quantizing the string
o-model — a problem that still awaits for its solution. In the regime of string states carrying large
quantum numbers, it can be tackled by semiclassical methods [13, 14, 15] as soon as VA~g>1,
which is a necessary condition to tame the quantum fluctuations of the string. To make definite

13



14 CHAPTER 1. INTRODUCTION

comparisons between the gauge and string theory computations, it is therefore desirable to develop
non-perturbative tools on both sides of the correspondence.

An exciting recent development is the emergence of integrability on both sides of the cor-
respondence. On the string side, integrable structures appear at the classical level [16, 17, 18]
while the quantum integrability of the full AdSs x S® world-sheet theory remains an open question
(see [19] for a recent survey of quantum integrability of the light-cone string o-model). On the
gauge theory side, this symmetry is not seen at the level of the classical Lagrangian and man-
ifests itself through remarkable integrability properties of the dilatation operator of the gauge
theory [20, 21, 22], in planar limit. The gauge/string duality hints that this integrability should
exist in the gauge/string theory for arbitrary values of the coupling constant.

The above mentioned integrable structures are not specific to N/ = 4 SYM theory and they
are also present in generic gauge theories [23, 24, 25] including QCD, though for a restricted class
of observables. Indeed, the integrability symmetry has been first discovered in studies of high-
energy asymptotics of scattering amplitudes in planar QCD [26, 27]. Later, similar integrable
structures have been observed in the spectrum of one-loop anomalous dimensions, in the sector
of the so-called maximal-helicity Wilson operators [28, 29, 22]. It was found that the one-loop
dilatation operator in this sector can be mapped, in the planar limit, into the Hamiltonian of
the Heisenberg spin chain, with the spin operators in the chain sites defined by the generators of
the ‘collinear’ SL(2,R) subgroup of the full conformal group [30]. The Heisenberg magnet is a
quantum integrable spin chain and its Hamiltonian can be diagonalized by means of the Bethe
ansatz. It follows that its energy spectrum, or equivalently the spectrum of one-loop anomalous
dimensions, can be obtained by solving a set of algebraic equations, the so-called Bethe ansatz
equations.

In planar N' = 4 SYM theory, the integrability of the one-loop dilatation operator extends to all
operators and it can be mapped into an integrable Heisenberg super-spin-chain with spin operators
belonging to the superconformal algebra psu(2,2]4) [21]. Its diagonalization leads to a set of nested
Bethe ansatz equations for the complete spectrum of one-loop anomalous dimensions [21]. A great
deal of activity has been devoted recently to the test of higher loop integrability in the N = 4
theory [31, 32, 33, 34, 35, 36, 37] and significant evidence has been gathered supporting its presence
in various closed subsectors specific to this particular theory (see [38] for a review). It culminated
in the proposal of all-loop (asymptotic) Bethe ansatz equations for the spectrum of anomalous
dimensions of (infinitely long) operators [39, 40, 41, 42, 43, 44]. In this thesis, we will make
use of these equations to compute the strong coupling expressions of distinguished observables in
the gauge theory and then make comparison with the predictions coming from the dual string
theory. We stress that these equations have been conjectured and not proved from first principles.
However, they are based on a ‘minimal’ set of assumptions underlying the general approach to
deal with models believed to be completely integrable. They are therefore well constrained and
cannot be deformed at will.

We will consider the s[(2) sector spanned by Wilson operators built from L copies of the same
complex scalar field and N light-cone components of the covariant derivative. The anomalous
dimensions in this sector are non-trivial functions of the 't Hooft coupling constant g and of the
quantum numbers of the Wilson operators — the twist L and the Lorentz spin N. Significant
simplification occurs in the limit when the Lorentz spin grows exponentially with the twist [45],
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L ~ log N with N — oo. In this limit, the anomalous dimensions scale logarithmically with
N for arbitrary coupling and the minimal anomalous dimension dA;, has the following scaling

behavior [45, 46, 47]
5Amin - 2Fcusp(g) + e(gaj) IOgN +.oo (102)

where j = L/log N is an appropriate scaling variable and ellipses denote terms of order O(log0 N).
Here, the coefficient in front of log N is split into the sum of two functions in such a way that
€(g,j) carries the dependence on the twist and it vanishes for j = 0. The first term inside the
square brackets in (1.0.2) has a universal, twist independent form [48, 49]. It involves the function
of the coupling constant known as the cusp anomalous dimension. This anomalous dimension was
introduced in [50] as describing the scale dependence of Wilson loops with a light-like cusp on
the integration contour [51]. The cusp anomalous dimension plays a distinguished role in N' =4
theory and, in general, in four-dimensional Yang-Mills theories since, aside from the logarithmic
scaling of the anomalous dimension (1.0.2), it also controls infrared divergences of scattering
amplitudes [50, 52], Sudakov asymptotics of elastic form factors [53], gluon Regge trajectories [54]
etc.

According to (1.0.2), the asymptotic behavior of the minimal anomalous dimension is deter-
mined by two independent functions, Icysp(g) and €(g, j). At weak coupling, these functions are
given by series in powers of g2 and the first few terms of the expansion can be computed in per-
turbation theory [51, 49, 55, 56, 57, 58].! The AdS/CFT correspondence permits to obtain the
strong coupling expressions of I'cysp(g) and €(g, j) from the semiclassical expansion of the energy
of a folded spinning string [14, 15, 45, 59, 60, 46, 61].

The Bethe ansatz approach to computing these functions to one-loop order at weak coupling
was developed in [62, 45, 49]. With the help of the of all-loop (asymptotic) Bethe ansatz equa-
tions [41, 43, 44], it was extended to higher loops in [63, 44, 47] leading to integral equations for
Ieusp(g) and €(g, ), the so-called Beisert-Eden-Staudacher (BES) and Freyhult-Rej-Staudacher
(FRS) equations, respectively. They are valid in the planar limit for arbitrary values of the
scaling parameter j and of the coupling constant g.

For the cusp anomalous dimension, the solution to the BES equation at weak coupling is in
agreement with the most advanced explicit four-loop perturbative calculation [51, 49, 55, 56, 57,
58] in the gauge theory. The BES equation can also be analyzed at strong coupling as done
in [64, 65, 66, 67, 68, 69, 70, 71]. It was found that the cusp anomalous dimension admits an
expansion in 1/g [69, 70]

o0

Ceusp(9) = Z ck/gk, (1.0.3)

k=—1
with coefficients being determined order by order by the BES equation. They start as
3log 2 K
oo A= g2
where K is the Catalan’s constant. On the string theory side of the AdS/CFT correspondence, the
relation (1.0.3) should follow from the semiclassical expansion of the energy of a folded spinning

Cc_1 = 2, Co = (1.0.4)

1Strictly speaking, the scaling function €(g, j) is not accessible by a direct gauge theory perturbative calculation,
in distinction to the cusp anomalous dimension. The scaling function is computed in the gauge theory with the
help of integrability, that is by applying the Bethe ansatz approach.
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string. In the right-hand side of (1.0.3), the leading contribution ~ 2¢g should correspond to the
classical energy and ¢ should describe (k+1)-th loop correction (k > 0). Explicit two-loop stringy
calculation [14, 15, 60] yields a result which is in a perfect agreement with (1.0.3) and (1.0.4),
providing a remarkable verification of the AdS/CFT correspondence.

In this thesis, we will explain how the BES equation can be solved at strong coupling and
we will recover the expansion (1.0.3) with the coefficients (1.0.4). We will also consider non-
perturbative ~ e~2™ corrections to (1.0.3), which are tied to the non-Borel summability of the
series (1.0.3).

Concerning the scaling function €(g, j), entering (1.0.2), an interesting proposal was put for-
ward in [46] that it can be found exactly at strong coupling in terms of the non-linear O(6)
bosonic sigma model embedded into the AdSs x S° string o-model. More precisely, using the
dual description of Wilson operators as folded strings spinning on AdSs x S® and taking into ac-
count the one-loop stringy corrections to these states [59], it was argued that the scaling function
€(g,j) should be related to the energy density e (p) in the ground state of the O(6) model
corresponding to the charge density p = j/2,

€(g,j) +3

o)) = =5 (1.0.5)

This relation should hold at strong coupling and for j ~ m, where m is the mass gap of the O(6)
model. To leading order, the mass gap is found in string theory as [46]

m=kg"/*e ™ [1+0(1/g)], k= 284714 (2. (1.0.6)

The O(6) sigma model is an exactly solvable theory [72] and the dependence of o) (p) on the
mass scale m and the charge density p can be found exactly with the help of the (zero-temperature)
thermodynamic Bethe ansatz (TBA) equations. Together with (1.0.5) and (1.0.6), it allows to
determine the scaling function €(g, j) at strong coupling in the regime j ~ m ~ e~"9,

In this thesis, we will establish the relation between scaling function and O(6) energy density,
Eq. (1.0.5), in both planar A" = 4 SYM theory at strong coupling, by solving the FRS equation in
the relevant regime [73, 74, 75|, and in string theory, by following the proposal of [46] and making
use of the results of [15, 45, 59, 61, 76]. We will construct the mass scale m, Eq. (1.0.6), on both
sides of the AdS/CFT correspondence and make comparison between the two expressions.

The thesis is organized as follows. In Chapter 2, we start with introducing the Wilson operators
of the sl(2) sector and developing the Bethe ansatz approach to the computation of their one-
loop anomalous dimensions. Then we focus on the large spin limit of the minimal anomalous
dimension and derive an integral equation determining the one-loop cusp anomalous dimension
and scaling function. In Chapter 3, we consider the BES equation for the all-loop cusp anomalous
dimension and analyze its solution at strong coupling, computing both perturbative and leading
non-perturbative contribution. In Chapter 4, we analyze the string scaling function obtained from
the semiclassical expansion of the energy of a folded spinning string. We show that it is possible
to interpret the string scaling function as the energy density of a charged excited state in the
O(6) model. From this matching, we extract the two-loop expression of the mass gap of the O(6)
model in terms of the coupling constant. Then we perform a similar analysis starting from the
FRS equation on the gauge theory side. At strong coupling and within a suitable regime for the
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scaling variable j, we prove that this equation for the scaling function can be cast into the TBA
equations for the O(6) model. In this way, we are able to compute the gauge theory prediction
for the mass gap for the O(6) model, that we compare with the string theory result. The Chapter
5 contains concluding remarks.
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Chapter 2

Wilson Operators and Integrability

In this chapter, we will study properties of Wilson operators belonging to the so-called sl(2)
sector. These are gauge-invariant, single-trace, local operators carrying a Lorentz spin N and a
twist L. We will be interested in computing the spectrum of their scaling dimensions, obtained
by diagonalizing the dilatation operator D in the s[(2) sector.

The dilatation operator of the gauge theory is written as a sum of a tree-level and anomalous
contribution, denoted Dy and 6D respectively,

D =Dy+D. (2.0.1)
It corresponds to the splitting of the scaling dimension into canonical and anomalous dimension,
A= Ag+90A. (2.0.2)

The action of Dy on twist L and spin N Wilson operators is already diagonal, with eigenvalue
Ag = N + L. The action of §D is more involved and its diagonalization is a non-trivial problem.
In the planar limit and to one-loop order in the weak coupling expansion, we will see that the
dilatation operator D can be mapped into the Hamiltonian H of a s[(2) Heisenberg spin chain.

Namely, we will find that
6D = 2¢°H + O(g"), (2.0.3)

where g2 = ¢2,,N./1672 is the 't Hooft coupling constant. The Heisenberg magnet is a completely
integrable system and its Hamiltonian H can be diagonalized by means of the algebraic Bethe
ansatz. As we shall see, it implies that the spectrum of one-loop anomalous dimensions can be
found by solving a set of algebraic equations, the so-called Bethe ansatz equations.

In the large spin limit N — oo, we will solve the Bethe ansatz equations for the minimal
anomalous dimension dAn;, and verify the logarithmic scaling

0Amin = 2l cusp(9) log N + ..., (2.0.4)

which holds for any value of L [49]. In this way, we will find the one-loop expression of the cusp
anomalous dimension Teusp(g) = 492 + O(g*). We will also consider the regime of large twist
obtained in the generalized scaling limit L ~ log N > 1 and will explain how the result (2.0.4)
gets modified.

Finally, we will report on the all-loop asymptotic Bethe ansatz equations that are believed to
diagonalize the all-loop, asymptotic, planar dilatation operator in the s[(2) sector [40, 41, 44].
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2.1 Wilson Operators

2.1.1 Definition

In /=4 SYM theory, the s[(2) sector is spanned with Wilson operators made out of L copies of
a given complex scalar field Z(0) - evaluated at the origin - and an arbitrary number N of light-
cone covariant derivatives D = n#D,,, with n? = 0. They carry two global conserved charges, the
Lorentz spin N and the twist L (or R-charge).!

The generic expression for twist L and spin NV Wilson operators reads
O} (0) = tr[DM 2(0) ... D" 2(0)] , (2.1.1)

with {k,,} a set of L positive integers satisfying N = k1 + ... + kr. The trace in (2.1.1) is taken
over the (implicit) color indices carried by the operators D* Z(0) viewed as N. x N, traceless
matrices, with N, the number of color. It ensures that the composite operator O{ki}(O) is gauge
invariant. As a result, we note that the operator O{ki}(O) is defined up to a cyclic permutation
k1—>k2—>...—>kL—>k1.

In order to analyse the properties of the Wilson operators with given twist L but arbitrary
Lorent spin N, it is convenient to introduce a non-local light-cone operator that serves as a
generating function for them. It is given by

O(nz1,...,nzr) = tr[Z(nz)[z1, 22] . .. Z(nzp)|zr, 21]] (2.1.2)

where {z,,} is a set of abscissae along the light-cone direction specified by n. The symbol [z, 2, +1]
in (2.1.2) stands for a Wilson line, connecting the space-time points nz,, and nz,,;1, that ensures
the gauge invariance of the non-local operator (2.1.2). We will not need its explicit expression
since we can get rid of it by assuming the light-cone gauge D = 9, equivalent to [z, zZm+1] = 1.
The operator (2.1.2) then simplifies to

O(nz1,...,nzp) = tr[Z(nz1)... Z(nzg)] . (2.1.3)

One easily verifies that the Taylor expansion of the non-local operator (2.1.3) generates all local
Wilson operators (2.1.1) with arbitrary number of derivatives D = 9.

The Wilson operators (2.1.1), or the light-cone operator (2.1.3), suffer from the UV divergences
that plague the theory and are enhanced by the product of fundamental fields taken at the same
space-time point, or along a light-cone direction. It is then necessary to regularize the theory and
renormalize these operators in order to give them a proper meaning. In the following, we will
always assume that we are dealing with operators that have been already renormalized.

2.1.2 Symmetries

The Wilson operators fall into multiplets of the conformal group, which is an exact symmetry of
N = 4 SYM theory. Infinitesimal conformal transformations in 3+ 1 dimensions define the algebra
s0(4,2) whose 15 generators correspond to 4 translations P, 6 Lorentz rotations M,, = —M,,, 1

!Our terminology is borrowed from QCD where similar operators first appeared in the description of the deeply
inelastic scattering [77, 78].
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dilatation D and 4 special conformal transformations K. Only few of them leaves the light-cone
direction n invariant and acts non-trivially on the light-cone operator (2.1.3). They produce the
algebra of the so-called collinear conformal subgroup [30], generated by

S.= - D+wMy) . Si= K, S =P, (214

where 7 is a light-like vector, 72 = 0, satisfying ntn, = 1. Notice that the operator M = n*n"M,,
in (2.1.4) measures the Lorentz spin.

One can easily verify that the operators (2.1.4) satisfy the s[(2) commutation relations
[Sz,S+] = £S5, [St,S5_]=2S,. (2.1.5)

The first equality in (2.1.5) is an immediate consequence of the fact that n*P,, respectively n*K,,,
has dimension and Lorentz spin both equal to 1, respectively —1. Namely,

[D,n*P,] = [M,n"P,] =n"P,, [D,*K,] = [M,n"K,] = —n"'K, .
The last identity in (2.1.5) is due to the following commutation relation of so(4, 2)
[K,ua P = 20D —2M . (2.1.6)

Finally, we note that the s[(2) generators (2.1.4) commutes with the (internal) u(1) R-charge
giving the twist of the Wilson operators.

To make use of the s[(2) symmetry (2.1.4), we need to know how the operators S, 1 act on the
light-cone operator O(nzy,...,nzr), see Eq. (2.1.3). This is directly relevant to our problem of
finding the spectrum of anomalous dimensions since the anomalous part of the dilatation operator

6D = D — Dy is invariant under the sl(2) transformations?

[0D,S,+]=0. (2.1.7)
As for the dilatation operator, the operators S, + can be written as
Sox =540+ 05+, (2.1.8)

with 05, + = O(g?). Here, the tree-level operators S, 1o = lim, oS, 1 satisfy s[(2) commuta-
tion relations and act canonically on O(nzy,...,nzr). Plugging the decomposition (2.1.8) into
Eq. (2.1.7), we find that

[5D7 SZ,:I: 0] - 0(94) ’ (2'1'9)

where we took into account that D = O(g?). The identity, above, implies that the one-loop di-
latation operator is invariant under the tree-level s[(2) transformations generated by S +¢. These
classical s[(2) transformations are enough for our purpose, since we will not consider (explicitely)
higher-loop contributions to dD. To simplify the notations, we will drop the subscript 0 in the
following, S, +0 — S +.

2This is because the operators S, + generate an exact symmetry of the N' = 4 SYM theory. They are thus
physical observables with zero anomalous dimension, which is equivalent to (2.1.7).
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The (classical) spin operators S, i+ act on the fundamental field Z(nz) as [30]
S, Z(nz) = — (20, — s) Z(nz), (2.1.10)
St Z(nz) =— (22(9Z —2sz) Z(nz),
S_ - Z(nz) =0,Z(nz),
where s = —1/2. Expanding on both sides of (2.1.10) in powers of z, we obtain that
S, - 9k 2(0) = (s — k)9* 2(0), (2.1.11)
Sy - 0F2(0) = k(2s +1 — k)a*12(0),
S_. 9kz(0) = 9k 2(0),
where k = 0, ...,00. The relations (2.1.11) show that the set of local operators {9* Z(0)} map into
a basis of states {S¥ |s)} for the s = —1/2 highest weight, irreducible representation of the sl(2)
algebra. This s[(2) module, denoted V; in the following, is non-compact. It has a unique highest

weigth state |s), with defining property S, |s) = 0, and an infinite sequence of descendants S* |s),
with k=1,..., 0.

When acting on the operator O(nzy,...,nzr), the sl(2) generators S, + decompose into the
sum
L
Sep=Y 8", (2.1.12)
m=1
where SSZE) are the local spin operators acting on Z(nzy,) in O(nz1,...,nzr), see Eq. (2.1.3). After

Taylor expanding O(nz1,...,nzr), we obtain that the Wilson operators (2.1.1) can be mapped
into states in the (reducible) s[(2) module

V=V, ®...0V,, (2.1.13)
with s1 = ... =8 =s = —1/2. A generic state in V' can be written as
sWh gLk gy (2.1.14)

where Q = [s1) ®...®|sp) has the defining property to be annihilated by all local spin generators
Sim), with m = 1,..., L. Note that it satisfies 5,2 = Ls{) and corresponds to the primary
operator? tr [Z(O)L}. For the Wilson operator Oy, 1(0), see Eq. (2.1.1), we have the mapping

O3 (0) % S g g (2.1.15)
mEcycl.perm.
where a sum over the L cyclic permutations of {k,} is taken, in order to match the invariance of
O{k,,1(0) under these transformations. It follows that the relevant states in V' have the property
to be eigenstates of the shift operator U with eigenvalue 1. The shift operator, acting on V, is
defined by
ustm = sty UQ=Q. (2.1.16)

Note that the dilatation operator D can be defined as acting on V. Since it commute with the shift
operator U, the unwanted states in V', that is those that are not eigenstates of U with eigenvalue
1, can be projected out at the end of day.

3Primary operator < highest weight state.
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2.1.3 One-Loop Dilatation Operator

As said previously, the Wilson operators (2.1.1), or the light-cone operator (2.1.3), have to be
renormalized to make sense. Once done, they have acquired a dependence on the renormalization
scale p, introduced by the regularization and/or renormalization procedure. This dependence on
w is controlled by the Callan-Symanzik (renormalization group) equation, that takes the simple
form

0
K o
in the N/ = 4 SYM theory. Here, O stands for a local, or light-cone, renormalized operator and

O=-6D-0, (2.1.17)

0D does not depend on p. The Callan-Symanzik equation (2.1.17) gives a mean to define and
compute the action of 4D on O, in the gauge theory.

The action of D on a generic (renormalized) operator is not diagonal per se, that is 6D - O
is not necessarily proportional to . This is because the operator O does not renormalize multi-
plicatively, in general, but, instead, mixes with several operators. This mixing is not completely
arbitrary, however, and it should respect the symmetries of the theory preserved by the regu-
larization. In particular, operators with different Lorent spin and twist do not mix. The same
conclusion applies for operators with different canonical dimension, due to the absence of mass
scale in N'=4 SYM theory. Moreover, in the planar limit, the subspace of single-trace operators
is invariant under renormalization. One can deduce from these properties that the s((2) sector is
closed under renormalization.

In the s((2) sector, D can be found, at weak coupling, in the form of an expansion in powers
of g? starting as 6D = 2¢>H + O(g*), where H is a g independent operator. In the planar limit,
H only involves nearest-neighbor interactions and reads

L
H= Z Hyp 1 (2.1.18)

m=1

when applied to twist L operators. We assume periodic boundary conditions, m + L = m, in
agreement with the periodic nature of single-trace operators. Explicit expression for the density
operator Hy,m+1 in (2.1.18) can be easily obtained in the light-cone formalism [24]. The operator
H,,m+1 then acts on the two adjacent fields Z(nz,,)Z(nzmn+1) inside the trace of the light-cone
operator (2.1.3) as [24]

1
do 261 /=
Hpyyms1 - Z(nzm) Z(nzme) :/ - [ZZ(nzm)Z(nzmH) —a > Z(anzm + anzmi1) Z(Zme1)
0
—a B Z(nzy) Z(anzmyr + anzy)| (2.1.19)

with @ = 1 — o and s = —1/2. We see that the effect of the operator H,, 41 is to displace the
fields along the light-cone direction n.

After some algebra, one can verify that the operator H, given in (2.1.18) and (2.1.19), com-
mutes with the (classical) s[(2) transformations (2.1.12). This invariance can be made manifest
with the help of an alternative representation for H, which can be obtained as follows. Given
the s[(2) invariance of H, acting on V, see Eq. (2.1.13), and the expression (2.1.12), one easily
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deduces that the density operator Hy, .1, acting on Vs ® V., inside V, commutes with the
spin generators

S st (2.1.20)
All operators in the module
VSm ® ‘/Sm+1 = VS®2 = Z ‘/’237167 (2121)
k=0

with s = —1/2, are uniquely specified by the eigenvalues of ng) + ngﬂ) and of the quadratic

Casimir C. The latter is given by*
C= (S 4 8m+N2 = J o (Jmmar + 1), (2.1.22)
with the invariant spin operator Jp, ;11 acting on Vo, C Vi, ® Vs, .., see Eq.(2.1.21), as
Immt1Vos—k = (28 — k)Vos_i . (2.1.23)
Since the density operator H,, ,+1 commutes with (2.1.20), it is a function of Jy, 41 only,

Hmm+1 = f(Jmm+1) . (2124)

It remains to evaluate the function f, above. To this end, we make use of the expansion

[e.e]

Z(nzm)Z(nzme1) = Z(zm - zm+1)k(9(k) (0) + descendants, (2.1.25)
k=0
where Oy (0) is the primary operator of the spin (2s — k) irreducible module appearing in the
right-hand side of (2.1.21). Due to the sl(2) invariance of H.y, 1, the action of Hiy, i1 on Oy (0)
is diagonal, and the descendants in (2.1.25) are mapped into descendants. Then, plugging the
expansion (2.1.25) into (2.1.19), one immediately finds that

o1+ Oy (0) = (25 — )0ty (0) = 2[(k — 25) — (1)] Oy (0), (2.1.26)

where 1 is the logarithmic derivative of the Euler gamma-function, or psi-function. By the s[(2)
invariance, the result, above, lifts uniquely to

Hmm+1 = 2[¢(_Jmm+1) - ¢(1)] ) (2'1'27)

which is the desired representation. It was obtained in [33] in N' = 4 SYM theory, but it also
applies in QCD [28, 29, 22|. In the latter case, however, the s[(2) spin s of the elementary module
Vs is equal to —3/2 instead of —1/2, because the s[(2) sector in QCD is defined by taking product
of (maximal helicity) gluon fields instead of scalar fields.

We conclude that the one-loop dilatation operator, in the s[(2) sector of twist L Wilson oper-
ators, can be written as

L
5D = 20°H + 0(g") = 46> 3 [t(=Tmms1) — ¥(1)] + O(g"). (2.1.28)
m=1
with Jy,m41 the invariant spin operator on Vi, @ V. inside V =V, ® ... @ V;,, (51 =... =
S, — —1/2).

“An implicit summation over a = x,y, z is assumed in Eq. (2.1.22) with the s[(2) generators Sg(cfr{,) defined as
S = (8™ 4+ .5U) /2 and S{™ = (8™ — §™)/2i, and similarly for STV,
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2.1.4 Cusp Anomalous Dimension

The spectrum of anomalous dimensions {dA} is obtained by solving the eigenvalue problem
0D - O(0) =56A0O(0), (2.1.29)

where O(0) stands for a local Wilson operator. The equation, above, can be solved at given
Lorentz spin N and twist L, i.e. assuming that

00) = Y Wyt |0MZ(0)... akLZ(O)] : (2.1.30)
ki+..4+k=N
where Wy, 1, plays the role of a wave function. Note also that, thanks to the sl(2) invariance of
dD, it is enough to consider primary operators, i.e. S; - O(0) = 0.
In the particular case L = 2, there is only one primary operator at a given Lorentz spin N.5
Its one-loop anomalous dimension can be found from Eq. (2.1.28) as [22, 79]

OA = 8¢%(Y(N + 1) — (1)) + O(gh). (2.1.31)
It leads to the asymptotic behavior
SA =8¢*log N + O(log? N) + O(g%), (2.1.32)

at large Lorentz spin, N > 1. According to [48, 49, 46], the logarithmic scaling of the twist-two
anomalous dimension is valid for arbitrary values of the coupling constant g and it is controlled
by the cusp anomalous dimension I'¢ysp(g). Namely,

6A = 2T cysp(g) log N + O(log” N) (2.1.33)

at large N. From (2.1.32), we deduce that [eusp(g) = 4¢% + O(g*), in agreement with [51, 50].

At higher twist, L > 3, one finds several primary operators with the same Lorentz spin N. The
graph of their anomalous dimensions, in function of N, forms a band delimited by the minimal
and maximal anomalous dimension trajectories. According to [49], both the minimal and maximal
anomalous dimension should scale logarithmically at large N such that

0Amin ~ 2l cusp(g) log N < 0A < dApax ~ LT cusp(g) log N . (2.1.34)

We note, in particular, that the minimal anomalous dimension has the universal (twist-independent)
scaling behavior (N > 1)

6Amin = 2T cusp(g9) log N + O(log” N) . (2.1.35)

The verification of the scaling behavior (2.1.35), to one-loop order and for an arbitrary twist
L, is not in general as straightforward as in the twist-two case, Eqs. (2.1.31) and (2.1.32).6 The
reason is that solving the equation (2.1.29), with O(0) as in (2.1.30) and §D given by (2.1.28),
amounts to diagonalizing a matrix whose size grows with N and L. This problem becomes rapidly
intractable when N (and/or L) get large. In the following, we will explain how it can be solved
thanks to the integrability of the one-loop dilatation operator (2.1.28).

5The Lorentz spin N is here assumed to be even, since twist-two Wilson operators with odd Lorentz spin are
either s[(2) descendants or vanish due to the trace in (2.1.30).

SAn exception is the twist-three case for which explicit expression for the minimal anomalous dimension is
known [21]. One has §Anin = 8g2(1/)(N/2 +1)—v¢(1))+ O(g4) ~ 8g%log N + O(g4).
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2.2 Integrability

In this section, we will identify the one-loop dilatation operator in the s((2) sector with the Hamil-
tonian of the homogeneous XXX_; /, Heisenberg spin chain. This model has been known since the
seminal paper of Bethe [80] to be completely integrable and it can be solved with the algebraic
Bethe ansatz [81, 82].7 It means that it is possible to construct a complete family of operators,
with the property to commute among themselves and with the Hamiltonian of the spin chain. The
spectral problem for the Hamiltonian is then reduced to the simultaneous diagonalization of the
family of conserved charges, and it is achieved by a set of algebraic equations, the so-called Bethe
ansatz equations. Their solutions determine the spectrum of spin-chain energies, or equivalently
of one-loop anomalous dimensions. The material for this section is taken from [81, 82].

Spin Chain Mapping

The vector space V', see Eq. (2.1.13), is naturally identified with the Hilbert space of a quantum
spin chain, with L sites and with spin variables at each site in the representation s = —1/2 of s((2).
Due to the periodicity and shift invariance of the one-loop dilatation operator, or equivalently of
H, Eq. (2.1.28), the spin chain is closed and homogeneous.

The spin chain Hamiltonian H is bounded from below and it takes minimal value when eval-
uated on the state ), with defining property Ssrm)Q =0 for m = 1,..., L. This state is called
the ferromagnetic vacuum of the spin chain and it is unique. Above the vacuum €2, we have ex-

(m)

cited states constructed by acting on 2 with the lowering operators S, with m =1,..., L, see

Eq. (2.1.14). The fundamental excitation of the spin chain, obtained by acting on Q with one of
the lowering operators, is called a magnon. Acting N times on € with several lowering operators,
we obtain the subspace of N-magnon states, corresponding to Wilson operators carrying Lorentz
spin N. We recall that only the states invariant under the shift operator U do correspond to
Wilson operators. Finding the one-loop spectrum of anomalous dimensions is therefore equivalent

to the eigenvalue problem

H® =E®, Ud =0, (2.2.1)

where E is the spin-chain energy of the eigenstate ® € V. Moreover, thanks to the s[(2) invariance
of H, it is sufficient to consider the highest weight states in V, i.e. S; & = 0.

We will now prove that H, given in (2.1.28), coincides with the Hamiltonian of the Heisenberg
spin chain and used the remarkable integrability symmetry of this model to solve (2.2.1).

"The original Heisenberg spin chain is a model of magnet with spins variables in the (compact) representation
s = 1/2 of s[(2) = su(2). Here we are interested in an algebraic generalization, preserving integrability, with
spins variables in the (non-compact) representation s = —1/2. The algebraic Bethe ansatz is a particularly well-
suited framework to address this issue. It originates from an attempt to quantize two-dimensional field theories
solvable by the classical inverse method, assuming a spacial discretization as a regulator of UV divergences, and it
receives inspiration from the Baxter’s analysis of solvable two-dimensional lattice models. It was mainly developed
by Faddeev, Sklyanin and their collaborators, and it is reviewed in [81, 82]. We also refer the reader to [83] for
historical remarks and to [84] for an introduction to several aspects of integrability.
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2.2.1 R-Matrix and Yang-Baxter Equation
R-Matrix

The integrability of the Heisenberg spin chain is tied to the existence of a R-matrix satisfying
the Yang-Baxter equation. The R-matrix is an operator acting on a tensor product of two s[(2)
modules and depending on the spectral parameter u (in C),

Rl?(u) : Vsl ® VSQ - Vsl ® VS2 ) (2'2'2)

where the spin labels, s; and s, are a priori distinct and arbitrary. The R-matrix is invariant
under the s[(2) transformations on Vi, ® Vi,

[Rm(u% S +5P| =0, (2.2.3)

with a = z,y, z, and, as said before, it solves the Yang-Baxter equation. This equation holds as
an identity on the space Vs, ® Vi, ® V5, and reads

R12 (u — U)R13(U)R23(U) = RQg(’U)ng (U)R12 (u — ’U) , (224)

where Rj2 acts on Vs, ® Vg,, Riz3 on Vi, ® Vi, etc. Note that a R-matrix, solution to the Yang-
Baxter equation, is determined up to a multiplication with an arbitrary (scalar) function of u, a
translation of u and a set of discrete operations, like © — —u for instance.

To begin with, we look for the R-matrix acting on V;, ® Vg, with s; = so = s, which will be
specialized to s = —1/2 when needed. This solution was constructed in [85] and it reads

Ria(u) = Prari2(u), (2.2.5)

where P9 is the permutation operator on V;, ® Vs, and

I'(=2s 4 iu) I'(—J12 — iu)
I'(—2s —iu) T'(—Jiz + iu)’

r12(u) = (2.2.6)

with I' the Euler’s Gamma function. Here Ji5 is the invariant spin operator on Vs, ® Vs, , introduced
before and related to the quadratic Casimir as C' = Jij2(J12 +1). We note that the R-matrix,
Egs. (2.2.5) and (2.2.6), can be inverted R(u)~! = R(—u) for generic values of u.

Fundamental Transfer Matrix

Starting with the R-matrix (2.2.5), we will now construct a family of commuting observables
acting on the spin-chain Hilbert space V =V, ®...®V;,, with s; = ... = sy, = s. The first step
is to introduce the (fundamental) monodromy matrix on Vs, ® V', with sg = s, as

To(u) = ROL(u)ROL_l(u) PN R01 (u) . (2.2.7)
It is a s((2) invariant operator on Vs, @ V,

Ty(w), S + Sa| =0, (2.2.8)
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0)

where o = z,y, 2z, and S(g, , respectively S,, are the spin generators on Vy,, respectively V. As a

consequence of the Yang-Baxter equation for the R-matrix, the monodromy matrix Tpy(u) satisfies
the RTT relation on Vs, ® Vs, ® V, with s¢ = 59 = s,

Ry (u — v)To(u) Ty (v) = Ty (v)To (uw) Rogr (u — v) . (2.2.9)

Now we define a spin-chain observable t(u), the so-called (fundamental) transfer matrix, by
taking the trace over the space Vs, of the monodromy matrix (2.2.7),

t(u) = tro [Ror(u)Ror—1(u) ... Ro1(u)] . (2.2.10)
The transfer matrix is s[(2) and cyclically invariant,
[t(u), Sa] = [t(uw),U] =0, (2.2.11)
where U is the spin-chain shift operator. It is normalized as
tu=0)=U, (2.2.12)

and, thanks to its dependence on the spectral parameter u, it can be used to generate a family of
spin-chain Hamiltonians {Q,}. The latter are conventionally defined as

logt(u) = —i > u"'Q,. (2.2.13)

r>1

The first Hamiltonian coincides with the (quasi-)momentum operator @)1 = ilog U and the second
one is, up to a constant, the Hamiltonian H of the Heisenberg spin chain. Indeed, making use of
Egs. (2.2.10), (2.2.5) and (2.2.6), we find

L L
Qo = i0,logt(u),_g =i >  Fmmr1(u=0)=2> [h(=Imms1) — (—25)] , (2.2.14)
m=1 m=1

and the comparison with Eq. (2.1.28) shows that

H = Qo+ 2L(h(—2s) — 1(1)). (2.2.15)

The higher Hamiltonians {Q,,r > 3} are not of a nearest-neighbor type and have local multi-spin
interactions.

The remarkable property of the transfer matrix is that it commutes with itself for different
values of the spectral parameter,

t(u)t(v) = t(v)t(u). (2.2.16)

This is an immediate consequence of the RTT relation (2.2.9). Indeed, inverting one of the R
matrices in (2.2.9), taking the trace over the space Vi, ® Vs, and using the cyclicity of the trace,
we arrive at (2.2.16). From the commutation relation (2.2.16), we conclude that the family of
Hamiltonians {@,} is Abelian. The higher Hamilonians {Q,,r > 3} are thus conserved charges,
since they commute with )2, and they generate hidden symmetries of the Heisenberg spin chain.
It remains to explain how they can be diagonalized.
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Auxiliary Transfer Matrix

The fundamental transfer matrix is not the only generating function of conserved charges, neither
the simplest one to diagonalize. A better candidate can be found by introducing an auxiliary
vector space V, supporting the (two-dimensional) spin 1/2 representation of s[(2) = su(2). It
allows us to define the auxiliary monodromy matrix T, (u) acting on V, ® V' as

To(u) = Rar(u) ... Ra1(u), (2.2.17)

where Ry, (u) is the R-matrix on V, ® Vj
we note that the auxiliary monodromy matrix can be viewed as a two-by-two matrix,

To(u) = ( Alw) B(u) > ; (2.2.18)

with entries being operators on the spin-chain Hilbert space V. The matrix elements of T}, (u) can

also called the Lax operator. For later convenience,

m

be found with the help of the explicit expression for the Lax operator [81]

Ram (1) = u +ioqS™ (2.2.19)

«

where o,, @ = x,y,z, are the Pauli matrices acting on V,. As a two-by-two matrix, the Lax
operator can be written as

Ramu: m m
) ( st u—is™

Taking the trace, over the auxiliary space V,, of the monodromy matrix T (u), we define the

- g(m) - g(m)
u+1iS; S ) (2.2.20)

auxiliary transfer matrix as
tauwx() = trq[Rar (1) ... Ra1(u)] = A(u) + D(u), (2.2.21)

acting on V. Notice that taux(u) is a polynomial of u with degree L.
The monodromy operator (2.2.17) satisfies the RT'T relation on V, ® Vy ® V', where Vy = V.
Namely,
Row (u - U)Ta(u)Ta’ (U) =T (U)Ta(u)Raa’ (u - U) ) (2'2'22)

whith R,, the R-matrix acting on V, ® V,;. This R-matrix is the simplest (non-trivial) solution
to the Yang-Baxter equation, and it is known as the Yang R-matrix. It reads [81]

Ry (u) =u+iP,y, (2.2.23)

where P,, is the permutation operator on V, ® V. Inverting one of the Yang R-matrix (for
u — v # £i) in the RT'T relation (2.2.22) and taking the trace over V, ® V,/, we deduce that

taux (1) taux (V) = taux (V) taux (w) - (2.2.24)

The auxiliary transfer matrix thus generates an Abelian family of spin-chain observables. More-
over, the auxiliary transfer matrix t,ux(u) is conserved, because it commutes with the fundamental
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transfer matrix ¢(v), which contains the Heisenberg Hamiltonian. This is the consequence of the

RTT relation on V, ® Vs, @ V.
Rao(u —v)Ty(u)To(v) = To(v)Te(uw)Reo(u — v) . (2.2.25)

We have just learnt that the two transfer matrices, tux(u) and ¢(v), commute with each other.
It implies that they can be diagonalized simultaneously. Then, a strategy to find the eigenvalues
of t(v) is to first work out the eigenstates of tux(u). It can be done by means of the algebraic
Bethe ansatz, as we will now see.

2.2.2 Algebraic Bethe Ansatz
Eigenstates

To understand how to find the eigenstates of the auxiliary transfer matrix
taux(u) = A(u) + D(u), (2.2.26)

we may observe that we have already at hand a set of distinguished operators, namely the com-
ponents of the monodromy matrix (2.2.18). The latter have definite commutation relations with
the spin-chain s[(2) generators S,, a = z,y, z, which follows from the s[(2) invariance of T, (u) on
Va®V,

[To(u), 300+ Sa] =0. (2.2.27)

Combining Egs. (2.2.27) and (2.2.18), we find, for instance, that

(5., C(u)] = C(u), [S.,D(u)] =0. (2.2.28)

We first note that taux(u) = A(u) + D(u) commutes with S,, which means that we can look for
eigenstates of t,x(u) at a given value of S,, say Ls— N. In other words, eigenstates of t,ux(u) can
be found with a given number N of magnons. More generally, one can easily show that ta,x(u)
is sl(2) invariant, which means that it is sufficient to consider highest weight states. Then, we
see that the operator B(u) decreases by one unit the value of S,. It follows that B(u)S2 is a one-
magnon state, with € the spin-chain vacuum. Moreover, since B(u) depends on the (arbitrary)
spectral parameter u, we expect this state to be generic enough for our problem.® Similarly, we
construct a N-magnon state as B(uy) ... B(uy)S2, and, as we shall see, all N-magnon eigenstates
of taux(u) can be found in this form, for particular values of uq,...,uy.

To decide if a state B(u1) ... B(un)S is eigenstate of t,ux(u), we will make use of the algebra
for the components A(u),...,D(u). The latter follows from the RT'T relation (2.2.22) for the
auxiliary monodromy matrix. This equation contains sixteen algebraic identities, three of them
which we single out for our procedure. They read

[B(u),B(v)] =0, (2.2.29)

8Note that an arbitrary one-magnon state is not necessarily of the form B(u)Q for some u, but it can be found
as a linear combination of such states. Therefore, what we are assuming here is that it is sufficient to consider states
as B(u)f2 to find all one-magnon eigenstates of taux(u).
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and ) .
A(u)B(v) = %B(U)A(u) + - - ~Bu)A(v), (2.2.30)
D()B(v) = %B@)D(u) - - ! ~B@)D(). (2.2.31)

Note that to prevent the right-hand side of Egs. (2.2.30) and (2.2.31) from becoming singular, we
will always assume that the spectral parameters are all distinct from each other.
Let us first analyse the situation for the vacuum state of the spin chain, 2. When acting on

), the monodromy matrix takes a triangular form

(u+is)"Q  Bu)Q ) (2.2.32)

Ta(w)f2 = < 0 (u —is)EQ

This is an immediate consequence of the definition of T,(u) as a product of Lax operators,
Eqs. (2.2.17) and (2.2.20), and of the defining property of Q to be annihilated by S_(Fm), with
m = 1,...,L. The vacuum state €2 is therefore an eigenstate of the transfer matrix with eigen-

value

taux (W) = (A(u) + D(u))Q = [(u+ is)l 4 (u — is)L]Q. (2.2.33)

As we said above, we look for higher excited eigenstates as

Thanks to Eq. (2.2.29), the state ®({u;}) does not depend on the order in which the product of
B(uy), ..., B(uy) is taken. Therefore, we can assume, without loss of generality, that u; > ... >
upn. We exclude the case of coinciding spectral parameters for the reason given before, see remark
after Eq. (2.2.31) and Egs. (2.2.39), (2.2.40) below. The state ®({u;}) is an eigenstate of the
operator S, with eigenvalue

S.0({ur}) = (Ls — N)@({u:}). (2.2.35)

However, it is not necessarily a highest weight state because S ®({u;}) does not vanish for generic
values of the spectral parameters {u;}.

To see if ®({u;}) is an eigenstate of the auxiliary transfer matrix (2.2.26), we apply Egs. (2.2.30)
and (2.2.31) and we obtain the actions of A(u) and D(u) on ®({u;}) as

N

Aw)@({ui}) = alu, {uiHe{ui}) + > Bu(u, {u;)B(wr) ... Buy)... Bluy) Bu)Q, (2.2.36)
k=1
N o~

D(u)®({u;}) = d(u, {u; )@ ({w;}) + Z Yi(u,{u;})B(uy) ... B(ug) ... B(uny) B(u)Q, (2.2.37)
k=1

where the hat on B(u) means the omission of the corresponding operator. The spectral coeffi-

cients «, 9, Ok, V1 are given by

U—uj —1 u—uj—l—z

N
c o O(u{u}) = (u—is) [ . (2.2.38)
j=1

u—uj

N
au, {ui}) = (u+is)" I ]
j=1

u—uj
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and
Br(u, {ui}) = (uy, + is)" H Kl (2.2.39)
— Uk itk Uk — ’LL]
Vi (u, {ui}) = — ! (uy, — is)” H w (2.2.40)
b K - L.
U — Uk itk Uk — ’LL]

Combining Egs. (2.2.36) and (2.2.37) and assuming that two products of creation operators are
linearly independent for distinct sets of spectral parameters, we find that ®({u;}) is an eigenstate
of taux(u) = A(u) + D(u) if the set of equations (kK =1,...,N)

Br(u, {ui}) + vk (u, {ui}) = 0, (2.2.41)

is satisfied. Using Egs. (2.2.39) and (2.2.40), we obtain the system of algebraic equations known
as Bethe ansatz equations,

(u s\ R g — oy —
k— > = H bl (2.2.42)
Uk + 18 j;ékuk—uj%—z
Spectral parameters {uy} satisfying (2.2.42) are called Bethe roots and the corresponding

eigenstates ®({u;}) are Bethe states. The eigenvalue of t,,x(u) corresponding to the Bethe state
®({u;}) can be read directly from Egs. (2.2.36), (2.2.37) and (2.2.38),

taux (u) @ ({i}) = taws(u, {ui }) @ ({u;}) (2.2.43)
:[(u+zsLHu_u]_Z u—zsLH u]+z} ({u;}).

U—Uu
Jj=1 J

We verify that the poles of the expression in square brackets, above, cancel when the Bethe
ansatz equations (2.2.42) are fulfilled, in agreement with the polynomiality of the auxiliary transfer
matrix. Moreover, a Bethe state ®({u;}) is a highest weight, i.e.

({u;}) =0. (2.2.44)

Later, by examining the solutions to the Bethe ansatz equations (2.2.42), we will argue that their
number correctly matches the degeneracy of highest weight states made out of N magnons.

We succeeded in finding the eigenstates of the auxiliary transfer matrix. We found that an
eigenstate is characterized by a set of Bethe roots satisfying the Bethe ansatz equations (2.2.42).
The Bethe roots play the role of quantum numbers and should encode all information about
the eigenstate. In particular, they determine completely the eigenvalue of the auxiliary transfer
matrix, Eq. (2.2.43). We will now see that this is also the case for the fundamental transfer matrix.
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Energy Spectrum

The evaluation of the fundamental transfer matrix ¢(u) on a Bethe state ®({u;}) requires some
algebra, that is explained in [82]. The outcome is that

N .
) ®({u:}) = tu, {ur})@({ur}) = [H St 0 () | ({u)). (2:2.45)

—u 18
k=1 kot

From this result and making of use ot the expansion (2.2.13), we obtain the eigenvalue of the
higher conserved charges,

Qre({ui}) = ¢-2({ui}), (2.2.46)
with
i N
=17 . [(“k —is)'" = (up +is)' | (2.2.47)
k=1

for r < L. In particular, we find that the Heisenberg Hamiltonian H = Q2 + constant, see
Eq. (2.2.15), has the eigenvalue

(H — Evac)®({u;}) = EQ({u;}), (2.2.48)
with
N N o
E=) E=-> -, (2.2.49)
k=1 i Uk TS
and the vacuum energy is
Eyac = 2L(¢(_23) - ¢(1)) : (2250)
Notice that, for s = —1/2, the energy F is positive definite and that the vacuum energy vanishes,

Evac = 0.

We conclude, recalling the identity between the one-loop (planar) dilatation operator and the
Hamiltonian of the XXX_, /o Heisenberg spin chain, 6D = 29°H + O(g*), that the spectrum of
anomalous dimensions, of Wilson operators carrying twist L and Lorentz spin NV, is given by

N
SA =242 % +0(g") , (2.2.51)
= Ykt

where the Bethe roots {u;} are solutions to the Bethe ansatz equations, Eqs. (2.2.42) with s =

—1/2. We require, furthermore, the condition U®({u;}) = ®({u;}) to be fulfilled, as was already
explained. Using U = ¢(0) and Eq. (2.2.45) with s = —1/2, it turns into

N
[
k:luk+

9Strictly speaking, it is explained in [82] how to construct the eigenvalue of the fundamental, or spin s, transfer

VIES

2 — 1. (2.2.52)

|

matrix from the auxiliary, or spin 1/2, one, for s > 0, that is for an arbitrary-finite dimensional representation.
Here we assume that the result obtained in this way can be continued to s = —1/2.
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Interlude: Factorized Scattering

Looking back at Eq. (2.2.49), we note that, remarkably enough, the energy E for a N-magnon
Bethe state, with roots {uy}, is simply given by the sum of the individual energies {Fx}. The
same is true for the higher conserved charges (2.2.47), and, in particular, for the total momentum

p=q,

N N u is
. k 2925
= = 11) . L. 3
p ]; 1pk ¢ E g <Uk i > ( )

k=1
Then, to each root u; we can associate a momentum pg, as above, or reciprocally with u; =
—scot (pr/2). In terms of the momentum pg, the energy of an individual magnon Ej, with
rapidity (i.e. Bethe root) ug, reads

2
Ej = —=sin’ (%) . (2.2.54)

The energy of the Bethe state ®({u}) is thus identical to the one of a system of free particles
with momenta {py} and dispersion relation (2.2.54). However, the Heisenberg spin chain is not a
free theory, and its energy spectrum is not the one of a theory of free magnons propagating over a
periodic lattice of L sites. This is reflected in the fact that the momenta {p;} do not satisfy free
quantization conditions on a closed spin chain of length L. The latter would read

-\ L
Pl = <M> ~1. (2.2.55)
U + 18
Instead, the momenta {py} are solutions to the Bethe ansatz equations (2.2.42), that can be
written as
' N
e P T Sowps) =1, (2.2.56)
i#k
where (p ) (p.) ‘
cot (&) —cot () — %  wup—u;+1
S(pr,pj) = 2 2/ s — J 2.2.57
(i) cot (B5) —cot (B) + % up—wu;—i ( )

We note that if S(px,p;) in (2.2.56) were equal to one, the magnons would be free. There-
fore, the phase S(pk,p;), Eq. (2.2.57), accounts for the interaction between the magnons. Indeed,
S(pk,pj) is the S-matrix for the scattering of a magnon, with momentum py, off a magnon,
with momentum p;, both of them propagating over a spin chain of infinite length.'% The equa-
tions (2.2.56) then reflect the remarkable property that the N-body scattering decomposes into a
product of two-by-two scatterings. This can be understood as follows. The Bethe ansatz equa-
tions (2.2.56) can be thought of as the conditions of periodicity for the N-body wave function on
a closed spin chain of length L. Heuristically, when one of the N magnons, with momentum py,
is brought once around the spin chain, the wave function for the system is multiplied by a phase,
due to the propagation and to the scattering off the others magnons, with momenta {p;, j # k}.
Since the scattering factorizes, this phase is precisely the left-hand side of (2.2.56), and, for a
periodic wave function, it should be 1, or equivalently Egs. (2.2.56).

1ONote that the scattering of two magnons over a 1D lattice is, for kinematical reasons, necessarily diffractionless:
in i out

{pi, o} = {p2", p§"*} = {pr,p;} and the two-by-two S-matrix is just a phase.
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The factorized scattering property is intimately tied to the existence of higher conserved
charges, see discussion in [86] for instance, and it is an alternative way of thinking of integra-
bility. The original derivation by Bethe [80] of his equations (for the compact s = 1/2 XXX
Heisenberg spin chain) was based on a ansatz for the N-body wave function implementing pre-
cisely the factorized scattering hypothesis. This approach is known as the coordinate Bethe ansatz.
It has been used in [40] to diagonalize the Heisenberg Hamiltonian for s = —1/2 and shown to
reproduce the equations (2.2.42) obtained from the algebraic Bethe ansatz. As stressed in [40],
the coordinate Bethe ansatz is particularly well-suited to diagonalize the higher-loop dilatation
operator and, then, compute the higher-loop deformation of the equations (2.2.42) in the gauge
theory.!! The outcome is a set of all-loop (asymptotic) Bethe ansatz equations [41] that are of the
type (2.2.56) but with S(px,p;) now being the all-loop 2-body S-matrix proposed in [42, 43, 44].
These equations are complemented with the dispersion relation that generalizes (2.2.54) to all
loops [39, 42]. They will be given and discussed at the end of this chapter.

2.3 Large Spin Limit

In this section, we will analyze the large spin limit N — oo of the Bethe ansatz equations of the
XXX_1/2 Heisenberg spin chain. We whall see that the latter set of discrete equations simplifies
in this limit, and can be conveniently replaced by an integral equation.'? Solving this equation,
for the ground-state distribution of Bethe roots at large N, we will recover the logarithmic scaling
for the minimal anomalous dimension, with the correct one-loop expression of the cusp anomalous
dimension. The generalized scaling limit L ~ log N > 1 [45, 47] will be also considered. More
material about the large spin limit of the s = —1/2 Bethe ansatz equations can be found in [62,
88, 45, 63, 47].

2.3.1 Bethe Ansatz Equations

We start with few remarks about the solutions to the Bethe ansatz equations, in view of under-
standing how to characterize the ground-state distribution of Bethe roots, associated with the
minimal anomalous dimension.

Counting of the Solutions

The Bethe ansatz equations read

\ L
ug + 35 _ﬁuk—uj—i (23.1)
4 N up —uj 1’ e

K2
Uk~ 32 i#k

"The algebraic Bethe ansatz cannot be applied in that case, because it is still unknown how to deform the
R-matrix at higher loops.

12T essence, our analysis of the large spin limit is similar to the treatment of the thermodynamic limit of the
Bethe ansatz equations for a gas of bosons with §-function interaction [87]. Nevertheless, it is important to stress
that the large spin limit is not the thermodynamic limit of the s = —1/2 Bethe ansatz equations, which would
correspond to N, L — oo with N/L kept fixed (see [95] for this limit and [45] for a discussion of the different regimes
of high-twist high-spin minimal anomalous dimension).
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where the Bethe roots u,, £k = 1,..., N, are all distincts by construction. We assume, furthermore,
that all the roots are real and finite,'® and that they have been decreasingly ordered, +00 > u; >
Ug > ... > uny > —o0, to avoid any overcounting. We would like to uncover the main features of the
solutions to Eq. (2.3.1), in order to understand how to characterize the ground-state distribution
of Bethe roots. We start by rewriting the Bethe ansatz equations, Egs. (2.3.1), as follows

1 — 2duy L: ) LN~ 11—[ 1+ tuy —tuy (2.3.2)
1+ 2iuy 1 —dug + tuj s

Note that the product in Eq. (2.3.2) is taken over all the roots, including the root uy, in distinction
with Eq. (2.3.1). We now take the logarithm on both sides of the equation (2.3.2), choosing the
principal branch, and obtain

. 2tuy, 1+ dug — iuy
2 =Ll 1 . 2.3.
mny = iLlog [1+2 ] Z og [1_“%_{_2%} (2.3.3)

Here, the mode numbers ny belong to Z or to (2Z + 1)/2, for L + N odd or even, respectively.
It is convenient to introduce an ‘off-shell’ observable H(u), called the counting function, that is
defined, for u an arbitrary real number, by

24U 14 u
H(u) =iLl - 1 2. 2.3.4
(u) = iLlog [1—{—21 ] ZZ 8 [1—zu+zuj ( )

Then, the equation (2.3.3) becomes equivalent to
21y, = H (ug) . (2.3.5)

Note that H(u) depends on the distribution of Bethe roots, through the second term on the right-
hand side of Eq (2.3.4), and it is a real function of u, under our general assumptions. The counting
function H (u) has nice properties, worth to emphasize. For instance, we find its asymptotic values
at infinity as

H(+o00) = +n(L+ N), (2.3.6)
where we took care of our choice of determination for the logarithm. Moreover, H(u) is an
increasing function on the real u—axis, since its derivative is positive there,

N

4L 2
H(u) = ———= —_ . 2.3.7
() 1—1—4uQ+jZ1 1+ (u—uy;)? ( )

Observing Eq. (2.3.5) and taking into account the ordering of roots, we conclude that integers ny,
are also ordered and bounded,

H(oco) >2mny > ...>2mny > H(—00). (2.3.8)

13Sending to infinity some of the Bethe roots amounts to consider s[(2)-descendants. The reality of the solutions
to the s = —1/2 Bethe ansatz equations is discussed in [62, 88]. It contrasts with the existence of complex solutions
in the (compact) s = 1/2 case (see [81] for instance). Physically, the difference between the two situations is that
the interaction between s = —1/2 magnons is repulsive, while it permits formation of bound states in the s = 1/2
case, associated to complex rapidities.
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This implies that the mode numbers n; should belong to the following set

(2.3.9)

{L—I—N—l L+N-3 3—L—-N 1—L—N}
nk€6: 9

2 ’ 2 Y 2 ’ 2

independently of the parity of L + N. There is a further restriction that the two outermost values
of the set (2.3.9) are forbidden. Indeed, considering the largest root w;, corresponding to the
largest number ny, we get from Eq. (2.3.4) the inequality

) 1 — 2iuy
H <Ll —_ N-1r<(L+N-1 2.3.10
(1) < iLlog | 1ot | + (V= D < (L4 N = Dy, (2310)
or equivalently, using Eq. (2.3.5),
L+N-1
ny < — (2.3.11)
Similarly for the smallest root up, corresponding to the smallest number ny, we find that
1-L—-—N
ny > — (2.3.12)

Therefore, we conclude that the mode numbers nj should belong to

~ L+N-3 L+N-5 5—-L—-N 3—L—-N
{ * i } (2.3.13)

ng € 6 = 5 , 5 ey 5 R 5

leaving N + L — 2 possible values for nj. Given a particular distribution of N (distinct) mode
numbers n; in @, we will assume that there exists a unique distribution of roots {uy} satisfy-
ing (2.3.5). This implies that the number of (real) solutions to the Bethe ansatz equations (2.3.1)
is given by the binomial coefficient C% +L—o- This counting agrees with the number of primary
operators with Lorentz spin N, i.e. with s[(2) spin (Ls — N), in V,
o
Ve yehe YR dy =O0N, 1o (2.3.14)
N=0

In particular, we verify that for twist-two operators (L = 2) there is only one anomalous dimension
for a given Lorentz spin N. To obtain the exact counting of primary operators in the gauge theory,
one still has to remove from the spin-chain Hilbert space V' all the states which are not cyclically
invariant. This is enforced by the condition (2.2.52) that can be written as

N
EZ ni € Z or (22 +1)/2, (2.3.15)
k=1

for N even or odd, respectively.

Ground-State Distribution

We will now discuss how to characterize the ground-state distribution of Bethe roots, following [88,
45, 44, 47]. Let us first introduce some terminology, that we will use in this section. We argued
before that to any solution of the Bethe ansatz equations there is corresponding distribution of
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N mode numbers ny in S. Equivalently, we could replace it by a distribution of (L — 2) holes
{f;,l = 1,...,L — 2} C &, which is the complementary of {n;} in &.* with the help of the
counting function H(u), Eq. (2.3.4), we may associate a rapidity ; to each of these holes as

2wy = H (i), (2.3.16)

mimicking this way the relation between the mode number n; and the Bethe root u;. The hole
rapidities have a nice interpretation. Indeed, due to their definition given above, they are solution
to the equation
a3\ N i
R\ P o
U — Uk + 1
k=1
or equivalently

N . . N . .
b, () = (a1 + ) [ % + (=)t [] 2t o, (2.3.18)
k=1 k=1
where taux(u, {ur}) is the eigenvalue of the auxiliary transfer matrix t,ux(u), evaluated on the
Bethe states ®({ug}), see Eq. (2.2.43). Therefore, the hole rapidities are roots of taux(u, {ug}).
We recall that by construction ¢,y (u, {ux}) is a polynomial of u of degree L. Among the L roots
of this polynomial, we identified (L —2) roots as corresponding to hole rapidities. The two missing
roots correspond to the two outermost elements of the set G, that we have excluded from our
consideration because they could not be associated to Bethe roots. These remarks allows us to
make a contact with an off-shell formulation of the Bethe ansatz equations, known as the Baxter
equation. It reads

(u+is)" Qu—1i) + (u+is)" Qu+1) = taux(u, {u;})Qu), (2.3.19)

where Q(u) = Hj»vzl(u—uj) is the Baxter polynomial and s = —1/2 for scalar operators. It is clear
that the Baxter equation implies the Bethe ansatz equations, since for u = wuj the right-hand side
of (2.3.19) vanishes and we recover (2.3.1). Moreover, dividing on both sides of (2.3.19) by Q(u),
we immediately verify that the Baxter equation correctly reproduces the expression (2.2.43) for
the eigenvalue of the auxiliary transfer matrix. One of the advantages of the Baxter formulation of
the Bethe ansatz equations is that it is sometimes simpler to characterize @(u) than the complete
set of Bethe roots, especially when the number of roots is large. In the particular twist-two
case, it is even possible to solve exactly the Baxter equation for any value of N [27]. As shown
in [62, 88, 45, 89], the Baxter equation can be used also to unravel several aspects of the spectrum
of anomalous dimensions, including the large spin limit of the minimal anomalous dimension at
arbitrary twist. Nevertheless, we will not pursue this direction, and will follow instead the analysis
of [44, 47] for convenience with the higher-loop treatment analysed in the following chapter.!®
So let us come back to the problem of the determination of the ground-state distribution
of Bethe roots. We expect the ground state to be non-degenerate. We thus assume an even

“Note that for L = 2 there are no holes in & and all positions in S are occupied.

15Let us mention however that an all-loop asymptotic Baxter equation for planar N' = 4 SYM theory has been
proposed in [90] and that it has been used both to study the all-loop large spin limit of minimal anomalous
dimension [91] and to solve exactly the L = 2 case in a perturbative expansion in the coupling constant [92, 93].
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distribution of roots uy [88, 45], or equivalently of mode numbers ny, and to respect the cyclicity
condition (2.3.15) we choose an even Lorentz spin N. To minimize the (one-loop) anomalous

dimension given by
N

4
SA =247 T2 +0 (g, (2.3.20)
k=1

we will try to take the roots {ux} as large as possible. So let us understand the constraints put on
the shape of the distribution by the Bethe equations. We recall that two consecutive roots have
to be placed such that the counting function H(u) varies between them by a multiple of 27r. Now
we look at the equation (2.3.4) and we see that H(u) is expressed as a sum of two terms. The
first term is centered around the origin u ~ 0 and looks like an external potential for the roots.
The second term, on the other hand, only depends on the relative distances between the roots.
Moreover, it is not difficult to see that the first term attracts and bounds the roots close to the
origin w ~ 0, while the second term generates instead a repulsive interaction between them. It
follows that the typical distance between two consecutive roots is smaller when they are close to
the origin u ~ 0 than to the edges of the distribution. The only freedom that we have to increase
the typical distance between roots around the origin, and thus decrease their density there, is to
allow for hole rapidities to sit between them. The best we can do is then to put (L — 2) hole
rapidities in-between the smallest positive root uy s and the largest negative one uy/2,1. That
configuration with all the hole rapidities centered around the origin and surrounded by the Bethe
roots should correspond to the minimal anomalous dimension [45].16

2.3.2 Large Spin Integral Equation

As we have seen, the ground-state distribution of roots is symmetric, supported on the interval
D=D_UDy, with Dy = —-D_ = [a,c] = [uy/2,u1], and characterized by the condition that the
(L — 2) hole rapidities lie on [—a,a]. For generic values of the twist L and the Lorentz spin N,
it is not possible to find the explicit distribution of roots satisfying these conditions and solving
the Bethe ansatz equations. Nevertheless, some simplifications occur when N and/or L get large.
Here we are interested in the limit N — oo with L kept fixed, for which we have a large number
of roots but a given number of hole rapidities. In that limit, we expect the distribution of roots
to be dense!” and we will thus attempt to substitute to the discrete Bethe ansatz equations a
continuum integral equation.

Let us start introducing a new function p(u) defined in terms of the counting function H (u),
Eq. (2.3.4), as

H(u) =27 /Ou dv p(v). (2.3.21)

Given the properties of H(u) (computed for the ground state), the function p(u) is smooth,
positive and symmetric p(u) = p(—u). Note also that p(u) is defined for an arbitrary real value
of u. The reason to introduce p(u) is that, once integrated, it permits to interpolate the counting
of roots (magnons and/or holes) inside some interval. It simply follows from the relation between

16Note that, for kinematical reasons, we still have two hole rapidities that are bigger in magnitude than any Bethe
roots. As said before, they correspond to the two outermost values of &.
17 At least away from u ~ =+c.
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H(ug) and/or H(t;) and the mode numbers ny and/or 7;. Thus we refer to p(u) as a density
distribution. We recall that the counting function H(u) depends on the Bethe roots {uy} and
reads explicitely as

. 21U 1+ tu —iug
H(u) =1L1 1 2.3.22
(u) = iLlog [1—1—2 } Z °8 [1—zu+zuk] ( )

To derive an integral equation for p(u), we would like to replace the sum over {uy} in the expression
above by an integral over the domain D, where the roots condense. To achieve this goal, one could
for instance make use of the Euler-Maclaurin summation formula. In this way, one would obtain

. 1 — 2iu ) 1+u—1v
H(u) =iLlog [1 n 2iu] - Z/D dv p(v) log [m] + .., (2.3.23)

where dots stand for boundary terms, which depend on w,c and a. However, not all of these
corrections are negligible, in particular those associated with the lower-edge parameter a. To
circumvent this difficulty, we will complete the sum in (2.3.23) by extending it to the (L — 2) hole
rapidities {7;}, which lie inside the interval [—a,a] for the ground state. Doing so and applying
the Euler-Maclaurin formula, we obtain

-2 1 ¢ 1+du—1
H(u) =iLlog [ zu] +ZZ log [ i wl} —i/ dv p(v) log [M} +.... (2.3.24)

1+2 1 —du+ ity 1—iu+w

Here the dots stand for corrections that are suppressed as 1/(p(c)c?), when ¢ — oo with u < c.
The quantity p(c) = H'(¢) = H'(up) is bounded from below p(c) > 2, see Eq. (2.3.7), and as
shown in [88, 45] the parameter ¢ is large when N > 1. Therefore, we can safely neglect the
boundary terms in the large spin limit as far as we assume u < c¢. As we shall see, the logarithmic
scaling originates from the accumulation of roots around u ~ 0 [88, 45], and the contribution from
u ~ ¢ to the anomalous dimension is well suppressed, so we will no longer take care of the dots
n (2.3.24). Now, differentiating on both sides of (2.3.21) and using (2.3.24), we can deduce an
integral equation for the function p(u) that reads

L—2 .

4L 2 p(v
omp(u) = o lzl O + 2/_cdv (u_iﬁ (2.3.25)
A similar equation has been obtained in [47], and for L = 2, when there is simply no sum over
hole rapidities in the right-hand side of (2.3.25), it coincides with the equation of [63]. The
equation (2.3.25) determines p(u) with an implicit dependence on the twist L, the parameter ¢
and the set of hole rapidities {4;}. The latter are fixed, by definition, by the relation H(%;) = 271,
that can be written as

/0 o p(w) = . (2.3.26)

Once the solution to (2.3.25) is known, the relation above can be thought of as a set of effective
Bethe ansatz equations that determine the hole rapidities. The edge-parameter ¢ can be eliminated
in favor of the Lorentz spin N by the normalization condition H(c) — H(—c) = 2n(N + L — 3), or
equivalently

c
/ dvp(v)=N+L-3. (2.3.27)

—C
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Finally, by using the same strategy as before to convert the sum over the Bethe roots into an

integral, the formula for the anomalous dimension reads

2 [€ p(v) 2 1
SA = 2g /cdvu2+l—292ﬂ2 st (2.3.28)

where the dots include terms suppressed by 1/¢? or higher-loop O(g*) corrections.

Without solving the equation (2.3.25), we note that if the hole rapidities were not taken into
account, or if they were all larger than the Bethe roots, we would find that the twist-L solution
is given simply by rescaling the twist-two solution such that!'®

2p(u; L) = Lp(u; L =2). (2.3.29)

Then, since the anomalous dimension of twist-two operators scales at large Lorentz spin as
0A[—2 = 2T cusp(9) log N, we would have that A = LT cusp(g)log N, which is the behavior of
the maximal anomalous dimension but not the desired result. Therefore, while the consideration
of the hole rapidities may look like a (subleading) discretization effect in the large N limit, their
role appears in fact to be essential for the correct description of the minimal anomalous dimension.
As we shall see, their introduction ensures that the logarithmic scaling 6Amin = 2Tcusp(g) log N
is independent of the twist L, as it should be [49].

2.3.3 Large Spin Solution

Let us discuss now the large ¢ solution to (2.3.25). To simplify our problem, we decompose it by
writing the density distribution p(u) as the sum

L X
p(u) = 5 po(u) + plu, {au}). (2.3.30)
Here the first term pg(u) satisfies the twist-two equation [63]
8 ‘ po(v)
2 =732 dv—F5— 2.3.31
mpo(u) 1+4u2+ /_cv(u—v)Z—i—l’ ( )

while the second term accounts for the dependence on the holes rapidities and is solution to

omp(u, {i}) = Z -+ 2/6c dv % (2.3.32)

Note that due to the minus sign in front of the inhomogeneous term in the right-hand side
of (2.3.32), the function p(u, {@;}) is negative. Instead, the function po(u) and the total density
p(u) are positive. Keeping u fixed and assuming ¢ — oo, the integrals over v in (2.3.31) and
(2.3.32) can be extended to the full real axis and the equations (2.3.31) and (2.3.32) are solved
by the Fourier transform. In this way, we construct the solutions pg(u) and p(u,{t;}) up to
corrections of order O(1/¢) for |u| < ¢. They read

po(u) = 2 /OOO dt e=/? (M - 1) + Co, (2.3.33)

T 1—et ¢

'8 The normalization condition (2.3.27) would be different however. But the right-hand side of (2.3.27) would still
scale as N at large N, which is sufficient for the validity of our discussion.
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1 =2 i fcos((u—a)t) 1\ =
plu, {w}) = - ; /0 dt <—1 o t) ; C(1y), (2.3.34)

in agreement with the findings of [47]. Here, the constants Cy and C(%;) depend a priori on ¢ and
are left undetermined. They reflect the vanishing at ¢ = 0 of the (multiplicative) kernel (1 —e™")
in Fourier space, leading to a d-function ambiguity ~ C§(t). The integrals over ¢ in (2.3.33) and
(2.3.34) can be done exactly and the solutions po(u) and p(u, {u;}) may be expressed in terms of
the Euler psi-function. Namely, we get

po(u) = —%(zp(é +iu) + (3 — iu) + 2log 2) + Co, (2.3.35)

L-2

plu, {u}) = %Z (I+i(u—1q)) +(1 —i(u—1u)) Z C(u (2.3.36)

Looking at the expressions (2.3.35) and (2.3.36), we may be a little bit surprised not to find any
sign of the expected logarithmic scaling nor of its property to be independent of the twist L.19 In
fact, this information is hidden in the coefficients Cy and C(4;), which turn out to scale as logc,
when ¢ > 1, and therefore dominate the contributions coming from the psi-functions in (2.3.35)
and (2.3.36). A simple way to understand why the coefficients Cy and C(4;) cannot be of order
O(%) is to look at the solutions (2.3.35) and (2.3.36) for 1 < |u|(< ¢). In that case, we may
apply the asymptotic behaviors of (2.3.35) and (2.3.36), given respectively by

log u? + 2log 2

po(u) = — + Co 4+ O(1/u?), (2.3.37)

plu, {u}) = (ﬂ Z Cli) + O(1/u?), (2.3.38)

to reveal that the coefficients Cy and C(7;) should grow at large ¢ in order to restore the positivity
of po(u), and, respectively, the negativity of p(u,{u;}). To verify it and uncover the logarithmic
scaling of the minimal anomalous dimension, we will look at the solutions to (2.3.31) and (2.3.32)
in the complementary regime ¢ — oo with @ = wu/c fixed, and match their expressions at @ ~ 0
against (2.3.37) and (2.3.38). In this regime, the equations (2.3.31) and (2.3.32) turn into singular
integral equations of the Riemann-Hilbert type that can be solved explicitely [88, 45, 63, 47].
Their solutions read [88]

1 14+ v1—u?
po(a) = - log <1_7 1——u2> (2.3.39)
p(u, {u}) = —L2;2 log G:/%—Zz) : (2.3.40)

We see from the expression above that we completely lost the information about the distribution
of hole rapidities, except for their overall number. This is due to the fact that the rescaled hole
rapidities {d;/c} vanish at large c¢. Moreover, we verify that the total density (2.3.30) is indepen-
dent of L and coincides with the twist-two solution (2.3.39), p(ua) = po(@). The solutions (2.3.39)

9We recall that L multiplies po(u) in the expression for the total density p(u), see Eq.(2.3.30).
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and (2.3.40) are reliable at large ¢ for |u| > 1/c. Indeed, for |u| ~ 1/c the fine structure of the
hole rapidities emerges, and accounts in particular for the fact that the densities p(u,{u;}) is
not picked around u = 0, as suggested by (2.3.40), but instead around u = 1;/¢, in agreement
with (2.3.36). Moreover, the singularity of (2.3.39) and (2.3.40) at @ = 0 is resolved by a ~ log ¢
behavior. We can now determine the arbitrary constants Cy and C(4;) of (2.3.35) and (2.3.36).
Namely, matching the asymptotic behaviors of (2.3.39) and (2.3.40) for u < 1, given respectively
by

2

N

):_

— 2)log u? —2)log (2¢
ol fuy) = L= 2ome? _ (L= 2)log (20

with our previous findings, Eqs. (2.3.37) and (2.3.38), we get

pol - -

+0(a?), (2.3.42)

Cy— 2log (2¢) + 2log 2 ’ Cliy) = ’ (2.3.43)

7T 7T

This two values complete our construction of the large ¢ solution.

We are now ready to compute the minimal anomalous dimension given by (2.3.28). We first
eliminate ¢ in favor of N with the help of the normalization condition (2.3.27). We note that the
integral in (2.3.27) receives a dominant contribution from intermediate values of @ when c is large.
It means that it can be computed with the expressions (2.3.39) and (2.3.40) for p(u). It leads to

2%=N+..., (2.3.44)

where dots stand for terms suppressed as compared to N > 1. The situation is different for the
anomalous dimension (2.3.28). It receives dominant contribution from u fixed at large ¢, and it
can thus be computed with the expressions (2.3.33) and (2.3.34) for p(u), supplemented with the
values of the constants given in (2.3.43). We find this way that

0Amin = 292/ du p i
— oo -

=8¢ log N — 8g%¢(1) +ggzz [ 3 i) + (5 — i) —20(1)| +...,  (2.3.45)

l
+1

in agreement with the results of [45, 47]. Here the dots stand for 1/N-suppressed corrections
or higher-loop contributions. We conclude from (2.3.45) that the minimal anomalous dimension
scales logarithmically at large Lorentz spin N > 1. Moreover, we verify that it supports the
twist-independent form

0Amin = 2 cusp(g) log N + .. ., (2.3.46)

with the one-loop expression for the cusp anomalous dimension given by I'cysp(9) = 4g%+.... This
results agrees with the known one-loop computation of the cusp anomalous dimension [51, 49],
obtained by a direct evaluation of the vev of a cusped Wilson loop in gauge theory.

All along our analysis, we have assumed that the hole rapidities were small. We can now
check that it is effectively the case by looking at the equations for them. We recall that they read
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U
/ dv p(v) =1y, (2.3.47)
0

where the mode numbers {n;} fill the set {(L —3)/2,(L —5)/2,...,—(L — 3)/2}. Since we found
that the density distribution scales as p(u) ~ 2(log N)/m at large N, it immediately follows from
the relation above that the hole rapidities are small 4; ~ 1/log N. Similarly, the minimal magnon
rapidity a is small since it satisfies

L—-1

e 2
— = / dv p(v) ~ ap(0) ~ = log N . (2.3.48)
0 ™

Thus the gap in the distribution of Bethe roots closes in the large N limit. We note however that
a possibility to keep this gap open is to assume that the twist L is large and grows logarithmically
with N. This limit is interesting to probe the vicinity of the logaritmic scaling and we will now
consider it in more details.

2.3.4 Generalized Scaling Limit

The generalized scaling limit is obtained by keeping fixed the scaling variable j = L/log N in the
limit N, L — oo [45, 47]. Then, we find from (2.3.48) that a gap forms as a ~ 7j/4 when j starts
to grow. Moreover, since the typical distance between the hole rapidities is of order 1/log N,
their distribution over the interval [—a, a| is dense. We can therefore repeat our analysis above to
obtain an integral equation for the (renormalized) hole density distribution py(u) = p(u)/log N
with w € [—a,a]. Namely, taking into account our previous findings for the density p(u), see
Egs (2.3.30), (2.3.35), (2.3.36) and (2.3.43), and applying the Euler-Maclaurin formula to the
sums over hole rapidities, we find that the relation

a

o =4 [w(% i)+ o(s - iu)} o/

—a

dv pp(v) [1/1(1 +i(u—v)) + (1 —i(u— v))] ,

(2.3.49)
holds true at large N and fixed j, for any value of u. For u € [—a, a] we have py(u) = p(u)/log N
leading to the hole equation

27 pn(u) = 4 —j[w(% +iu) + (5 — iu)} +/

—a

0 (0) |01+ = )+ 0(1 it = )

(2.3.50)
This equation agrees with that of [47] up to an inessential rescaling of the hole density py, (u). After
solving the equation (2.3.50) for p,(u), one can eliminate the parameter a in favor of j = L/log N
with the help of the normalization condition

/_a dv pp(v) = 7. (2.3.51)

We find moreover that the minimal anomalous dimension still scales logarithmically with N but
receives corrections depending on j. They can be introduced as [45, 47]

5%m=b@mndmﬂMN+m, (2.3.52)
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where we absorbed the contribution of the holes into the scaling function €(g,j). Here the dots
stand for corrections of order O(log0 N) at fixed j. The one-loop expression for the scaling function
€(g,j) follows from (2.3.45) and reads

c(g.j) = 24" /a dv pu(v) {w(% +iv) + (3 —iv) —20(1) | +O0(g"), (2.3.53)

—a
in agreement with [47].

To find a more explicit formula for €(g,j) one needs to solve the hole equation (2.3.50). At
small j, or equivalently at small a, the solution can be found as a series obtained by iterating the
inhomogeneous term on the right-hand side of the hole equation [47]. The resulting expansion for
the scaling function runs in integer powers of j [45, 47]

e(9.5) = e(9)i+el9) i +es(9)i®+... (2.3.54)

with the one-loop results
7
ci(g) =8¢g"log2+ 0(¢"),  elg) =0+0(g"),  elg) =—75m9"G+0(g"), (2355)
where ¢, = ((z) is the Riemann zeta-function. At large j, the analysis of the hole equation is
more difficult. It was performed in [94] up to next-to-next-to-leading order. The one-loop result
reads explicitely as

elg,j) =8¢%| —1+ % +0(1/5%)| +0(gh). (2.3.56)

The first term in the the square brackets above exactly compensates the contribution of the cusp
anomalous dimension in (2.3.52), and we find that the one-loop anomalous dimension scales as [95]
8¢%log? N

Aminzi ey 2.3.
5 T+ (2.3.57)

when 1 < log N < L. We stress however that even if L is quite large when j is large, it is always
assumed to be much smaller than N for the consistency of our approach. If L were comparable
with N > 1, we would have to revise the construction of the magnon density distribution p(@)
for rescaled rapidities @ = u/c ~ u/N ~ O(1). This is so because (rescaled) hole rapidities u;/c
would not be sent to zero if L ~ N > 1 and, therefore, the density p(u) would no longer be given
by the same twist-independent expression p(u; L) = p(a, L = 2). The cancellation in (2.3.57) of
the cusp anomalous dimension against the leading scaling function at large j is a manifestation of
this lost of universality. In conclusion, the result (2.3.57) holds for 1 < log N < L < N only [45].
The previous remark points toward the existence of another regime when L ~ N > 1. It can
be investigated by taking the scaling limit N, L — oo with o = L/N kept fixed and arbitrary.
This regime has been analysed in [95] to one loop order in the gauge theory and to leading order
at strong coupling in the dual string theory. When a < 1, it was found that
5 A min = 8¢° log; (/o) _ 8¢” lngN : (2.3.58)

in agreement with (2.3.57). This is satisfying since the limits & — 0 and j — oo overlap. When

a > 1, the anomalous dimension is small and exhibits the BMN scaling
8m?g*  8wg N
oL L2

§Amin = (2.3.59)



46 CHAPTER 2. WILSON OPERATORS AND INTEGRABILITY

At intermediate «, the one-loop anomalous dimension can be found as §Ani, = ¢?F(a)/L, up
to subleading corrections suppressed by higher powers of 1/L. Here F(«) is independent of the
coupling constant and expressed parametrically in terms of some elliptic functions. Remarkably
enough, the AdS/CFT correspondence can be verified immediately in the a-regime. As shown
in [95], one gets Fyauge(®) = Fitring(v) for arbitrary o, with Figing(o) extracted from the energy
of a semiclassical spinning string £ — N — L = ¢?F(a)/L carrying both a large spin N and
momentum L [14, 15]. This direct matching of the gauge (¢> < 1) and string (g > 1) theory
results in the a-regime, without the recourse of interpolating between weak and strong coupling,
is an illustration of the BMN correspondence [13].20 The direct matching does not apply however
when the anomalous dimension scales logarithmically with N [14, 15].2! In that case, to verify
the AdS/CFT correspondence, one has to compute radiative corrections to the cusp anomalous
dimension and scaling function, resum the weak coupling expansion and take the strong coupling
limit in order to compare with the string theory. As we shall see, this program became recently
feasible thanks to conjectured all-loop Bethe ansatz equations for the s[(2) sector of the gauge
theory [40, 41, 44].

2.3.5 Concluding Remarks

We see from all these results that the structure of the large-spin minimal anomalous dimension
is quite involved and depends crucially on whether L is small or large as compared to log N
and/or N [45]. When L ~ log N > 1, the minimal anomalous dimension has a logarithmic
growth ~ log N, controlled by the cusp anomalous dimension and the scaling function. Our
analysis demonstrated how both observables can be obtained from the solution to the Bethe
ansatz equations. The analysis of [95] completes the picture for L ~ N > 1 and it is found that
the anomalous dimension no longer scales logarithmically with N but instead is suppressed as
1/L.

In the following section, we will report on the deformation of the one-loop Bethe ansatz
equations that incorporates the higher-loop corrections of the gauge theory. Given their explicit
expressions [41, 44], one can generalize the large N analysis, above, in order to compute the
cusp anomalous dimension and scaling function to all loops. It leads to integral equations for the
all-loop density distributions of Bethe roots and hole rapidities, constructed in [63, 44, 47]. In
the next chapters, we will solve these equations at strong coupling and make comparison with
string theory. We will always consider the vicinity of the logarithmic regime corresponding to
j = L/log N fixed and ‘small’.?2 We will see that even under this restriction the analysis remains
subtle at strong coupling.

2.4 All-Loop Asymptotic Bethe Ansatz Equations

In this section, we present the all-loop asymptotic Bethe ansatz, in the s[(2) sector, conjectured
in [40, 41, 44].

208trictly speaking, the result of [95] ??? [96] is a generalization of the BMN scaling hypothesis that originally
assumes that IV is kept fixed when L is taken to be large.

21Except if j — co.

22We will precise later what we mean by small when the coupling gets large.
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These equations are most naturally written in terms of a deformed spectral parameter x(u)
defined as [39]
2z(u) = u+\/u? — (29)2. (2.4.1)

Here w is the usual spin-chain spectral parameter and x(u) has a cut along the real interval
u? < (2g)%. We note that z(u) ~ u if |u| > 2g and more particularly if g ~ 0. Moreover, we see
that the weak coupling expansion of the deformed spectral parameter x(u), assuming v fixed and

away from the cut, runs in integer powers of ¢.

Equations

In the sl(2) sector, the all-loop asymptotic Bethe ansatz equations [40, 41, 44] read

+\ L N - + 2/t
x z, —x 1—g*/z] x; ‘
<—k> = i = 2/ Ij iexp?z&(uk,uj), (2.4.2)
T, T 1—g*/xy x]
for a N magnons Bethe state, k = 1,...,N. Here, we have introduced the notations x;f =

oF (ug) = x(uy £14/2), and O(uy, u;) stands for the so-called dressing phase. We will see later that
the dressing phase vanishes up to three-loop in N = 4 SYM theory [44], while it is a leading-order
effect at strong coupling in order to correctly reproduce the spectrum of semiclassical states in
type IIB superstring theory [98, 40].

Putting the dressing phase to zero, f(uy,u;) = 0, it is immediate to verify that the equa-
tions (2.4.2) reproduce the Bethe ansatz equations of the Heisenberg spin chain, in the one-loop
approximation g = 0 and 2% = u+i/2. Moreover, the equations (2.4.2) were shown to diagonalize
the mixing matrix up to two-loop, by explicit gauge theory computations [63, 37| and algebraic
construction [35]. They were furthermore proved to be consistent with the known three-loop
spectroscopy of anomalous dimensions (see for instance [40]).

Lastly, the equations (2.4.2) are supplemented with the cyclicity condition

I

Note that for a state with an even distribution of Bethe roots {ux} (and an even Lorentz-spin N),

(2.4.3)

?r\|w+

they are automatically satisfied, due to the property 2 (—u) = —2~ (u).

Dressing Phase

The dressing phase 6(uy,u;) admits a bilinear expansion over the infinite tower of conserved

charges [98, 40, 99], that can be parameterized as

uk,u] Z Z ngrs QCrs )(qr(uk)qs(uj)—qs(uk)qr(uj)). (2.4.4)

r>2 s>r+1

Here, the all-loop expressions for the charges are given by [39] (r > 2)

gr(u) = (x+(u)1_r - x_(u)l_r) , (2.4.5)
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and the coupling-dependent expansion coefficients ¢, s(g) all vanish, except for the infinite sequence
s=r+142n with n € N.

At strong coupling, the dressing-phase coefficients are given, up to next-to-leading order, by
2(r—=1)(s—1)
m(s—r)(s+r—2)
where dots stand for two- and higher-loop quantum string contributions, suppressed by powers of
1/g. The first term in the right-hand side of (2.4.6) was obtained in [98, 40] by discretizing the
finite-gap equations of the classical string theory [18, 97].23 One-loop quantum-string correction to

Crs(9) = 9011, — +.oon, (2.4.6)

the ‘classical’ dressing-phase, the second term in the right-hand side of (2.4.6), was first discussed
and partially computed in [100] by confronting the prediction of the Bethe ansatz equations with
an explicit string theory computation for the one-loop energy shift of a spinning string. The
complete one-loop expression was constructed in [101] in a similar way. It passed checks [102, 109]
and was also explicitely constructed by a direct one-loop quantization of the finite-gap equations
in [103]. An all-order 1/g expansion for the coefficients ¢, s(g), which turns out to be asymptotic,
was proposed in [43], by exploiting the crossing symmetry equation, argued in [104] to constrain
the functional dependence of the dressing phase.
An exact representation for the dressing-phase coefficients, which ‘resums’ the asymptotic
series (2.4.6), was proposed in [44]. Tt reads explicitely as
oo
] B
still with > 2, s = r+ 14 2n and n € N. Here, Ji(t) is the k-th Bessel function of the first kind.
The latter is a holomorphic function of ¢, with small ¢ behavior given by Ji(t) o t*. Tt follows

(2.4.7)

immediately that the coefficient ¢, s(g) scales at weak coupling as
crs(g) ~ g2 (2.4.8)

Moreover, due to the fact that the Bessel functions have a definite parity, the weak coupling
expansion of the coefficients ¢, s(g) runs in g2, as expected from the gauge theory point of view.
Combining the weak coupling scaling (2.4.8), the overall factor ¢"+*~2 in Eq. (2.4.4) and the
fact that the charges are of order O(g°), we conclude that the dressing phase starts at four-loop.
Namely, we find

0(u, uj) = 4G39° (q2(ur)gs(uj) — ga(ur)qa(ug)) + .- . (2.4.9)
which is suppressed by ¢® as compared to the O(g") contribution of the one-loop Bethe ansatz
equations - and so corresponds effectively to a four-loop correction in the gauge theory perturbative
expansion. The result ¢z 3(g) = 4¢3g° + ... was verified against a direct four-loop gauge theory
calculation in [105]. An alternative (integral) representation for the dressing phase was found
in [106] and used in [107, 108] to prove that it is the minimal solution to the crossing symmetry
equation [104].

r4+s—2

23The overall factor g , that appears in front of the expansion coefficients ¢, s(g) in Eq. (2.4.4), may look

suspicious at first sight, since it seems to indicate that the strong coupling of 6(uk,u;) simply does not exist, if
crs(g) ~ g,vY(r,s). However, string semiclassical states are described by a distribution of large Bethe roots {us},
scaling as ur ~ g, g — oco. It is therefore convenient to first rescale the rapidities as uy o g before to take the

strong coupling limit. After this rescaling has been done, the charge ¢, (u) acquires an overall factor g' ™", which

combines with ¢g'~=* rs=2

coming from gs—1(u) to cancel the factor g in front of ¢,s(g).
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All-loop Scaling Dimension

The contribution to the all-loop anomalous dimension of an individual magnon, carrying a rapidity
u, is directly related to the conserved charge g2(u), as in the one-loop approximation, and reads

explicitely as
1 1
6A(u) = 2¢ =2ig* ( —— - —— | - 2.4.10
For a state formed of N magnons, with a set of rapidities {uy}, the anomalous dimension is
simply given by the sums of the individual contributions, that is

N

0A =29 gaup). (2.4.11)
k=1
The spectrum of all-loop anomalous dimensions, for twist L and spin N Wilson operators, is then
obtained by plugging into the relation (2.4.11) the Bethe roots {ux} that are solutions to the
all-loop asymptotic Bethe ansatz equations (2.4.2).
Introducing the momentum p defined as

x(u
p = lim g (u) = —ilog (x‘EUD : (2.4.12)

the scaling dimension of a conformal operator, carrying a Lorentz spin N, admits the representa-
tion

N
= — 24in2 (P&
A_L+N+5A_L+k§1 \/1+16g sin (2> (2.4.13)

Here, the twist L measures the all-loop scaling dimension of the ferromagnetic vacuum, built out
of L scalar fields Z(0) and no light-cone derivatives acting on. Indeed, this state belongs to a
short multiplet of the superconformal algebra psu(2,2]4) and its scaling dimension is protected
from radiative corrections to all-loop (see [38] for instance). From the relation (2.4.13), we read
the all-loop magnon dispersion relation as [39]

E= \/1 +16¢2 sin? <§> . (2.4.14)

Here, the periodicity in p reflects the discrete nature of the spin chain. Its all-loop dependence
was derived in [42] from the residual symmetry algebra of the N' =4 SYM theory, in the limit of
infinite spin-chain length (L — c0).

At strong coupling, we may discriminate between three different regimes. Rescaling the mo-
mentum p — p/2¢g and expanding in powers of 1/g, we find the relativistic (massive) dispersion
relation

E=+1+7p%. (2.4.15)

It corresponds to the regime of perturbative excitations of the AdSs x S® superstring o-model,
quantized in the light-cone gauge [13, 19]. On the other hand, had we kept p fixed and taken the
strong coupling limit of (2.4.14), we would enter a regime of solitonic excitations with dispersion
relation

E=4g

sin? <§> ( . (2.4.16)
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Semiclassical string solution satisfying the dispersion relation above have been constructed in [109]
(see also [19] for the light-cone gauge construction), and called giant magnon. It is a rather peculiar
property of type IIB superstring theory on AdSs x S° that the fundamental (asymptotic) particles
interpolate between (perturbative) plane-wave solutions and (non-linear) solitonic solutions of the
equations of motion.?* The third regime, the so-called near-flat space regime, lies in between
the two previous ones and it is characterized by p ~ 1/ g% and E ~ ¢Y/%. Tt was introduced
in [110] and further discussed in [67]. Note finally that, as for the gauge theory, the all-loop
dispersion relation (2.4.14) can be understood from the residual symmetry algebra of the light-
cone superstring theory [109, 111, 19].

Asymptoticity and Wrapping Effect
The all-loop asymptotic Bethe ansatz equations (2.4.2) can be written equivalently as

up + 5 1_1_92/(3%)2
(“k - %) (1 + 92/(:cg)2> (2.4.17)

N\ 2
~ _?_> exp 210 (uj, uy) .

It simply follows from substituting into Eq. (2.4.2) the relations

j - - + . 2/t —
QZMJF%(UFQQ/(%)Q) T~ % up—wy =i (1 g e (2.4.18)
T, up— 3 1+92/(3:;)2 ﬂ:;—x; Up —uj +1 1—92/3:,;3:;r ’ o
that are easily derived from the identity
g2
= —u. 2.4.19
o) + s = (2.4.19)

Taking into account that the dressing phase vanishes up to three-loop at weak coupling, one
easily verify that the equations (2.4.17) reduce to the Bethe ansatz equations of the XXX_; /2
Heisenberg spin chain (2.3.1) when g — 0 (one-loop approximation). Beyond one-loop order,
the set of all-loop asymptotic Bethe ansatz equations (2.4.17) can be solved at weak coupling by
assuming that the Bethe roots {u;} admit and expansion in powers of ¢,

up, = ug(g) = uy) + g*ul’ + ..., (2.4.20)

where {ug))} is solution to the XXX_;/, Bethe ansatz equations (2.3.1). In principle, starting
from a particular solution {u}”}, one can solve iteratively the equations (2.4.17) for {uj”} with
n arbitrarily large. Plugging the obtained expansion (2.4.20) for {uy} in the formula (2.4.10) and
expanding at weak coupling, one obtains the perturbative expansion of the anomalous dimension
up to order O(g> 1),

24This situation turns out to be possible due to the noncompatibility of the light-cone gauge fixing, that removes
unphysical excitations from the spectrum of the theory, with the relativistic invariance (see [19] and references
therein).
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More generally, one could expect to resum the expansion (2.4.20) and/or directly solve Egs.
(2.4.17) for the exact distribution of roots {ux(g)} at arbitrary coupling g. However, even if it is
possible, it would not mean that the corresponding prediction for the all-loop scaling dimension of a
given twist L operator is exact. The reason is that the all-loop Bethe ansatz equations (2.4.17) are
only asymptotic. Namely, they diagonalize to all-loop the dilatation operator, in the s[(2) sector
of Wilson operators carrying an infinitely large twist L only. It turns out, indeed, that the all-
loop Bethe ansatz equations (2.4.17) do not incorporate correctly contributions to the dilatation
operator that wrap around the (single-trace) operator [39, 112, 41]. In spin-chain language,
it means that as soon as the range of the interaction between magnons becomes comparable
with the spin-chain length L, the predictions based on (2.4.17) can no longer be trusted. In
perturbative gauge theory, and in the planar limit, the range of the interaction increases as the
loop order. Therefore, for a twist L operator, the expansion (2.4.20) obtained from solving the
equations (2.4.17) is reliable up to order O(g?“=2)) only. It follows that the anomalous dimension
of a twist L operator is correctly determined by the all-loop Bethe ansatz equations (2.4.17) up
to order O(g2(L=1)).%

Fortunately, we are interested in the large N limit of the all-loop equations (2.4.17), from which
we would like to extract the cusp anomalous dimension by computing the minimal anomalous
dimension. As said before, in this regime, the minimal anomalous dimension scales logarithmically
with N and is independent on the twist L. This universality of the large spin limit allows us to
consider, as a starting point, a Wilson operator carrying an arbitrarily large twist. It follows
that the cusp anomalous dimension can be computed to any desired order in the weak coupling
expansion, and, eventually, to any value of g after resummation. We note also that a similar
conclusion applies for the scaling function obtained in the generalized scaling limit N, L ~ oo with
j = L/log N kept fixed. In that case, one explicitely assumes L to be large such that the validity
of the all-loop Bethe ansatz prediction is guaranteed.

We conclude that the all-loop Bethe ansatz equations predict the cusp anomalous dimension
and scaling function for an arbitrary value of the coupling constant. As in the one-loop case
considered previously, these two observables can be obtained by solving the integral equations for
the density distributions of magnon and hole rapidities. These equations were derived from (2.4.17)
in [63, 44, 47]. In the following two chapters, we will analyze them at both weak and strong
coupling.

#For a very short operator (L = 2,3), it is possible, thanks to the superconformal symmetry, to find a represen-
tative of the operator, in the same supermultiplet, which is longer enough for the all-loop Bethe ansatz equations
to be valid up to three loops at least. Since operators in same supermultiplet have same anomalous dimension, the
all-loop Bethe ansatz equations are valid to at least three-loop order for any operator [41].
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Chapter 3

BES Equation

In this chapter, we will analyse the all-loop integral equation that controls the logarithmic scaling
of high-spin anomalous dimensions. This equation was proposed by Beisert, Eden and Staudacher
in [44, 63], and derived from the all-loop asymptotic Bethe ansatz equations, discussed before.
Solving the BES equation determines the cusp anomalous dimension for an arbitrary value of the
coupling constant. At weak coupling, the BES equation was solved perturbatively as an expansion
in g2 [44], and the cusp anomalous dimension was found as

TCeusp(9) = 4¢° — —g" + 9"~ 35

472 4474 6 29276
3 45

- 32§§>g8 +.... (3.0.1)

It agrees with explicit one-loop [51], two-loop [49, 55], three-loop [56, 57] and four-loop [58]
N =4 SYM computations. A numerical solution to the BES equation was proposed in [64]. It
demonstrated that the cusp anomalous dimension is a smooth function of the coupling constant,
interpolating between Ieusp(g) ~ 492 at weak coupling and Teusp(g) ~ 2g at strong coupling.
The latter behavior perfectly matches the expected string-theory result, obtained either from
the classical energy of a rotating string carrying a large angular momentum [14], or from the
area scaling of a cusped extremal suface [113, 114]. The analysis of [64] allowed furthermore an
estimate of the strong coupling expansion of the cusp anomalous dimension, in agreement with
higher-loop string theory prediction [15, 115, 60, 116]. Analytically, the strong-coupling solution
was first found to leading order [65, 66, 67, 68], and then in the form of a perturbative expansion
in 1/g [69, 70]. The outcome of this analysis is that the strong coupling expansion of the cusp
anomalous dimension reads

Ceusp(9) =29 — ——— — =55 — -+ » (3.0.2)

with K the Catalan’s constant. The expansion above perfectly agrees with the classical [14, 113,
114], one-loop [15, 115] and two-loop [60, 116] string-theory computations. Altogether, the ex-
pansions (3.0.1), (3.0.2) and their numerical interpolation provide a quite remarkable verification
of the AdS/CFT correspondence. Let us mention also, as an additionnal check of the consis-
tency of the Bethe ansatz approach, that both the weak-coupling and strong-coupling results,
Egs. (3.0.1) and (3.0.2), have been obtained from analysis based on the (quantum string) Bethe
ansatz equations [137, 138] and/or the all-loop Baxter equation [91, 90].
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Our goal in this chapter is to derive the expansion (3.0.2) directly from the BES equation. Our
analysis will go along the lines of [71], based in turn on [69, 70]. In addition, we would like also
to address the question of the summability of the series (3.0.2). Indeed, it was found in [69], that
the coefficients of the expansion (3.0.2) have the same sign and grow factorially at higher orders.
As a result, the 1/g expansion of I'cysp(g) is merely asymptotic (has zero-radius of convergence)
and is not Borel summable. The Borel summation is a procedure that allows one to improve the
convergency of certain series, and to construct a function effectively asymptotic to this series.
When a series is not Borel summable, it means that the procedure is ambiguous. This ambiguity
is usually associated with exponentially small contribution for ¢ — oo. This suggests that the
cusp anomalous dimension receives non-perturbative corrections at strong coupling

o0
k g 2 2
FCUSp(g) = Z Ck/g = — 7= Mcusp + O(mcusp) : (303)
] 442
The dependence of the non-perturbative scale mgusp on the coupling constant mcusp gt/te ™9

follows, through a standard analysis [117, 118, 119], from the large order behavior of the expansion
coefficients, ¢, ~ T'(k + 1) for k — oo [69]. The value of the coefficient ¢ in (3.0.3) depends
on the regularization of the Borel singularities in the perturbative 1/g expansion,! while the
numerical prefactor was introduced for the later convenience. The relation (3.0.3) sheds light on
the properties of I'cysp(g) in the transition region g ~ 1. Going from g > 1 to g ~ 1, we find that
mgusp increases and, as a consequence, non-perturbative O(mgusp) corrections to I'cysp(g) become
comparable with perturbative O(1/g) corrections.

The discussion of the non-perturbative corrections to the cusp anomalous dimension is not
purely academic. In the next chapter, we will show indeed that the non-perturbative scale mcysp
admits a string-theory interpretation. It will acquire the meaning of the mass gap m of the non-
linear O(6) sigma model — embedded into the AdSs x S® world-sheet o-model [46, 69]. However,
from the Bethe ansatz point of view, to understand the matching mcysp = m, we will need to
consider a generalization of the BES equation, proposed by Freyhult, Rej and Staudacher [47].
The latter equation incorporates the subleading corrections to the logarithmic scaling, that are
enhanced by powers of the twist L and resummed into the scaling function €(g, j). We recall that
the scaling function enters the formula for the minimal anomalous dimension as

6Amin — 2lcusp(g9) log N = €(g,7)log N + ..., (3.0.4)

where the dots stand for contributions of order ~ log® N, suppressed in the limit N,L — oo,
keeping fixed the scaling variable 7 = L/log N. Computing the scaling function €(g,j) at strong
coupling, we will uncover a non-perturbative regime controlled by the O(6) sigma model [46, 73].
It will then be quite easy to read the expression for the mass gap m off the behavior of the scaling
function (j < m)

e(g,j)+j~mj+..., (3.0.5)

and to conclude that me,sp = m to any order in 1/g at strong coupling. At the end of this chapter,
we will give a heuristic argument explaining the agreement between the two non-perturbative scales

Meusp and m, apparently unrelated.

!That is, it depends on the prescription used to sum the perturbative series.
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The present chapter is organized as follows. First we formulate the BES equation, recast
it in a more suitable form and briefly sketch the analysis of [69] (see also [70]) to outline the
construction of the strong-coupling solution. Next following [71], we start the general analysis
that allows us to incorporate the non-perturbative corrections. It consists of finding a convenient
representation for the solution and to identify the source of non-perturbative contributions. We
will construct, in parallel, the perturbative and (first) non-perturbative parts of the solution, and
extract their corresponding contributions to the cusp anomalous dimension. We will argue that the
non-perturbative corrections play a crucial role in the transition from the strong to weak coupling
regime. To describe the transition, we will present a simplified model for the cusp anomalous
dimension. This model correctly captures the properties of I'cysp(g) at strong coupling and, most
importantly, it allows us to obtain a closed expression for the cusp anomalous dimension which
turns out to be remarkably close to the exact value of I'¢ysp(g), throughout the entire range of
the coupling constant. We will furthermore introduce, by hand, into our analysis the expression
for the mass scale m. With its help we will derive one of the main results of this chapter, namely
the identity mcusp = m between the scale of the leading non-perturbative correction to the cusp
anomalous dimension and the mass gap of the O(6) model.

3.1 BES Equation

3.1.1 Original Formulation

The distribution of Bethe roots describing the minimal (or ground-state) trajectory of the spec-
trum of anomalous dimensions can be found in the large-spin (continuum) limit as a solution to
a linear integral equation. This equation was derived in [44] directly from the all-loop asymptotic
Bethe ansatz and is known as Beisert-Eden-Staudacher (BES) equation.? The BES equation is
written in terms of a density distribution of fluctuations o(u) [63]. This latter is related to the
density distribution of Bethe roots p(u) as

p(u) = po(u) — 8log (2¢) o(u) , (3.1.1)

supported on the interval u? < ¢?, with c large in the high-spin limit. Here, the first term in
the right-hand side is the one-loop twist-two distribution, discussed before, while the second term
describes higher-loop O(g?) contributions, enhanced by an overall logarithmic factor. When u is
kept fixed and ¢ is large, we found in the previous section that pg(u) = 2log (2¢) /7, while when
u > 1 it goes like po(u) = —logu?/m + 2log (2¢)/m and matches the twist-independent density
distribution po(z) at small rescaled rapidities @ = u/c < 1. We stress that this matching is
left unchanged at higher-loop because o(u) ~ 1/u? for u > 1 [63, 44]. It means that the large-
rapidity regime @ = u/c = O(1) is unaffected, to leading order when ¢ > 1, by the higher-loop
contributions and so remains described there by po(@). It follows that quantities controlled by the
regime & = O(1) keep the same one-loop dependence at large c. In particular, the normalization
condition

/C dup(u) =N+..., (3.1.2)

2An alternative approach can be found in [91] whose starting point is the the all-loop asymptotic Baxter equa-
tion [90].
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still relates ¢ and N by the one-loop relation 2¢c = N +. .., where dots stand for subleading higher-
loop dependent corrections that scale as log N. However, the anomalous dimension receives dom-
inant contribution from wu kept fixed, when c is large. Therefore, the cusp anomalous dimension,
which controls the large spin limit of the minimal anomalous dimension 0A(g) = 2Icysp(g) log N,
will receive as expected radiative corrections coming from o(u). We recall also that all distribu-
tions in Eq. (3.1.1) are even functions of u, as required for the minimal anomalous dimension.

The BES equation, that determines the distribution of fluctuations o(u) to all-loop, reads

t o0
G(t) = e [K(2gt,0) —4/0 dt' K (2gt, 29t o (t') |, (3.1.3)

where 7 (t) is related to the Fourier transform of o(u),
a(t) = e_t/Q/ du ™ g (u), (3.1.4)

for ¢ > 0. The kernel K (¢,t'), in Eq. (3.1.3), can be written in terms of Bessel functions J,(t) as

o0 dt” t”
K(t,t) =K, (t,t') + g*K_(t,t') + 8¢* / 1 K-, 2gt" VK (291", t'), (3.1.5)
o -

with the parity even/odd kernels Ky (—t,t') = K. (t,—t") = £K4(t,t) given by

R Je(t) — () (E) 2

Ki(t,t) = R = (2n — 1)Jop_1(t) Jon_1(t), (3.1.6)
n>1
I () Jo(t') — tJo(t) Jo (1 2
K*(t’tl) = ( ) (t2)— 172 ( ) ( ) = ﬁ (2n)J2n(t)J2n(tl) :
n>1

Finally, the solution to the BES equation determines the all-loop cusp anomalous dimension thanks
to the relation

In its original form, Eq. (3.1.3), the BES equation can be easily solved at weak coupling as
an expansion in g2. To this end, it is sufficient to observe that the integral term in Eq. (3.1.3)
is subleading compared to the inhomogeneous term, permitting the solution to be constructed by
iteration. That procedure provides a convergent expansion of the solution & (t) around g = 0,
uniformely in the variable t. The first few terms of the weak coupling expansion of the cusp
anomalous dimension can be easily obtained and read

o Am? ,  dd4rt (2927?6

- 202 %+ ... . 1.
3 15 9 315 +3C3>g + (3.1.8)

The series above is convergent with a numerical estimation of the radius of convergence found to
be g2 = 1/16 [44].
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3.1.2 Alternative Formulation

The strong coupling analysis of the equation (3.1.3) is more difficult, and it is convenient to first
look for some simplifications. A possibility is to introduce two even/odd functions 4 (—t) =
+v4(t) defined by
S 9 +(290) + - (29t)
t) == . 1.

From the analytical property of the kernel and of the inhomogeneous term in (3.1.3), we conclude

that both v, (t) and v_(t) extend to holomorphic functions in the full complex plane. Then,
following [64, 65, 66], we may expand 74 (t) into Bessel-function Neumann series

Y+(t) = 22n21(2n)72n(g)J27L(t)7 (3.1.10)
Y-(t) = 23,51 (2n — 1)v2n-1(9)J2n-1(t) .

Here the dependence on the coupling constant is absorbed into the coefficients 7,(g). The ex-
pansions in (3.1.10) are convergent for any complex value of ¢, thanks to holomorphicity of v (t).
Concerning the cusp anomalous dimension, it follows from Egs. (3.1.7), (3.1.9), (3.1.10) and the
asymptotics at small ¢ of the Bessel functions, J,,(t) o t", that it can be found as®

Leusp(9) = 8g°71(g) = 8¢” lim v (t) /¢ (3.1.12)

The coefficients 7, (g) are completely fixed by the BES equation. Indeed, after a bit of algebra,
one can show that the equation (3.1.3) is equivalent to the infinite set of equations

B  dt - (t) — 74 (1)
0 = 2n(9) — /0 7 WJQn(t)7 (3.1.13)

6ot * dt y-(t) + 7+ (1)

B =l + [T g @),

with n > 1. Replacing, above, the functions 74 (¢) by their Neumann series (3.1.10) provides a
closed system of equations, determining uniquely the coefficients 7,(g). The system of equa-
tions (3.1.13) can be solved easily at weak coupling and it perfectly reproduces the expan-
sion (3.1.8) of the cusp anomalous dimension. We will see that it can be solved also in the
strong coupling limit, and even beyond after a last simplification. In the form of Eq. (3.1.13), the
BES equation was solved numerically in [64], over a large range of values for g, after truncating
the sums over the Bessel functions in (3.1.10). It was found, in this way, that the cusp anomalous
dimension is a smooth function of the coupling constant, scaling at strong coupling as*

Feusp(9) =29+ ..., (3.1.14)

$More generally, it is interesting to note that the spin-chain higher conserved charges gz, (g) (evaluated for the
large N ground state) are directly related to the coefficients v2n—1(g) as

q2n(g) = 8(2ig)" *"y2n-1(g) log N . (3.1.11)

Equation (3.1.12) is the particular case 6A(g) = 2¢°¢2(g) = 2lcusp(g)log N = 16¢°v1(g)log N. However, since
odd higher conserved charges gan+1(g) all vanish for the ground state, there seems to be no simple spin-chain
interpretation for the coefficients 2, (g) in (3.1.10).

4Subleading corrections were also estimated in [64] and found to agree with string theory results.
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in agreement with the string theory semiclassical result [14]. Analytically, the leading-order strong-
coupling solution was constructed in [66], starting from the limit ¢ — oo of Eq. (3.1.13) given

by
0-19 [ 4 [wt) - mn] Jont). (3.1.15)
=19 [ [wt) ¥ mw] Jon (1),

The strong-coupling solution of [66] can be written in closed form as

it 1 T+u\Y4
t) 4y (t :7/ du< ) ey L. 3.1.16
70 +in(0) = s [ au (5 (31.16)
Here, it is assumed that ¢ is kept fixed when g — oco. The solution (3.1.16) agrees with the solution
of [67, 68], obtained by other means, and it predicts correctly the strong coupling value of the
cusp anomalous dimension

Feusp(9) =29+ ... (3.1.17)

There is however a subtlety, which becomes more and more problematic when the question of
the subleading corrections is addressed. Namely, the solution (3.1.16) is not uniquely specified
by the system of equation (3.1.15). There are indeed zero-mode solutions that can be added
to Eq. (3.1.16) with arbitrary coefficients. One may nevertheless rely on a comparison with the
numerics to rule out the contribution of the zero-mode solutions, in the strict strong coupling limit,
supporting the validity of both Egs. (3.1.16) and (3.1.17). At higher loops the expansion of the
kernel in Eq. (3.1.13) becomes more and more singular and the question of the zero-mode ambiguity

5 increases

is enhanced. Indeed, it turns out [69, 70] that the number of ‘zero-mode’ contributions
with the powers of 1/g. The strong coupling solution will therefore takes the form of an expansion
over an infinite number of functions with unknown coefficients. Once the basis of functions has
been correctly identified, the arbitrary coefficients was shown in [69, 70] to be fixed, order by order
in 1/g, by resumming the solution in the double scaling limit ¢, g — oo, t/g fixed, and by imposing
that it satisfies correct analyticity conditions. This strategy was developed in [69], with some help
from numerics to guess the correct procedure, and was proved and improved analytically in [70]
(see also [71] for incorporation of non-perturbative contributions). These analysis determine the
strong coupling expansion of the cusp anomalous dimension, iteratively order by order in 1/g. Up

to two-loop, it reads

Leusp(9) =29 — ——— — =5 — -, (3.1.18)

and it agrees with the string theory result [14, 15, 60].
To realize the program outlined above and to circumvent the difficulty of the direct strong
coupling expansion of the BES equation, it was proposed in [69] to first recast the system of

5Strictly speaking, the zero modes of [69] are not exactly solutions to the homogeneous equation, because they
are too singular at large ¢ to be integrable when the kernel is expanded in powers of 1/g. However, they provide a
correct basis of expansion for the solution, with coefficients to be fixed in a next step.
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equations (3.1.15) in the form

[ - o =, o129

/Ooo@[ (1) () ]J%l(t):lén,u

t|1—et/29  et/29 -1 2

with n > 1. To prove that this system is equivalent to (3.1.15), it is sufficient to make use of the
orthogonality property of the Bessel functions as (n > 1)

o dt On.m o dt On.m

— Jop—1(t)Jom-1(t) = —=——"—= — Jon(t) Jom () = ——. 3.1.20
/0 P 2n 1( ) 2m 1( ) 2(2n_1)7 /0 n Zn( ) 2771( ) ( )
Then, assuming that the sums over the Bessel functions can be interchanged with the integration,
we may write

o dt o dt
Yon—1(9) :/0 + 1-OJ2n-1(8), 72n(9) :/0 ~ 1+ (0) 2 (1), (3.1.21)
converting Eq. (3.1.13) into Eq. (3.1.19). The possibility to interchange summation and integration
relies on the large-order behavior of the coefficients v, (¢g) and the corresponding large-t behavior
of the partial sums over the Bessel functions. The BES equation in the form (3.1.13) predicts that
the coefficients 7, (g) are suppressed at large n, permitting the use of Eq. (3.1.21). Note, however,
that the condition of holomorphicity for v (¢) is not sufficient to prove Eq. (3.1.21) and, therefore,
the system of equations (3.1.19) has more solutions than the BES equation. But, a holomorphic
solution to Eq. (3.1.19) respecting Eq. (3.1.21) should be equivalent to the BES one.
The system of equations (3.1.19) has a remarkable property that considerably simplifies its
analysis. Introducing two even/odd functions I'y () by

DL (t) = 72 (t) F coth (%)mw , (3.1.22

or conversely
2y (t) = (1 _ m> T4 (¢) + tanh (2 )rqc(t), (3.1.23)

9
the system of equations (3.1.19) takes the g-independent form (n > 1)

/ h % [I‘(t) + (—1)”F+(t)] Tn(t) =61 . (3.1.24)
0

This system has a large family of solutions. This freedom allows us to split the problem into
two steps. First, find a general solution with a ‘minimal’ dependence on the coupling constant 6
and parameterized by an infinite number of arbitrary coefficients (zero-modes ambiguity). Next,
impose to the general solution the analyticity conditions that single out the BES solution. These
conditions can be cast into a set of equations for the unknown coefficients, to which we refer

SHere by ‘minimal’ we mean that the general solution takes into account some of the analyticity properties of
the BES solution, as the fact that '+ (¢) has poles at some fixed positions depending on g. That permits to restrict
a bit the generality of the solution and avoid to deal with unneccessary degrees of freedom.
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as quantization conditions. In the next sections, we will develop this program, starting from the

system of equations above. We will solve the quantization conditions in a double expansion in both

1/2

the perturbative coupling 1/g and a non-perturbative scale A% oc g'/2 exp (—27g), whose existence

is tied to the non-Borel summability of the perturbative expansion. Our analysis strictly follows
the work [71].

3.2 General Solution

3.2.1 Integral Equation

We define, for later convenience, the function ~(t) as

Y(t) = 7+ (1) +iv-(1), (3.2.1)

where 4 (t) are the real functions of ¢, with definite parity v4(+t) = £v4(¢), introduced be-
fore. For arbitrary coupling, the functions -4 (¢) satisfy the (infinite) system of integral equa-
tions (3.1.19). These relations are equivalent to the BES equation provided that -4 (t) verify
certain analyticity conditions, that we will discuss further below. The equations (3.1.19) can be
significantly simplified with the help of the transformation” ~(t) — I'()

I'(t) = <1 + i coth %)fy(t) =T (t)+_(¢). (3.2.2)

We find from (3.1.12) and (3.2.2) the following representation for the cusp anomalous dimension
Leusp(g) = —291'(0).. (3.2.3)

It follows from (3.2.1) and (3.1.19) that I'y(¢) are real functions with a definite parity, I'y (—t) =
+T'1 (¢), satisfying the system of integral equations (3.1.24) or equivalently

/0 " dt cos(ut) [P(t) - mn] 9, (3.2.4)
/0 " dt sin(ut) [P_(t) 4 F+(t)] 0,

with u being an arbitrary real parameter such that —1 < u < 1. Since I'y(¢) take real values, we

can rewrite these relations in a more compact form

/OOO dt [ei“t I_(t) — e tut F+(t)} =2. (3.2.5)

To recover (3.1.24), we replace in (3.2.4) trigonometric functions by their Bessel series expansions

(2n—1 Jon—1(t
cos(ut) = 22 COS n )¢) Jon-1 () ,
cos ¢ t
n>1
(2nep) J-
sin(ut) = 22 sm o) Jon(t) , (3.2.6)
"1 COoS t

"With a slight abuse of notations, we use here the same notation as for Euler gamma-function.
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with u = sin ¢, and finally compare coefficients in front of cos((2n — 1)) /cos ¢ and sin(2ny) /cos ¢
in both sides of (3.2.4). It is important to stress that, doing this calculation, we interchanged the
sum over n with the integral over ¢. This is only justified for ¢ real and, therefore, the relation
(3.2.4) only holds for —1 < u < 1.

Comparing (3.2.5) and (3.1.19) we observe that the transformation v+ — I'y eliminates the
dependence of the integral kernel in the left-hand side of (3.2.5) on the coupling constant. One
may then wonder where does the dependence of the functions I'y. (¢) on the coupling constant come
from? We will show in the next subsection that it is dictated by additional conditions imposed
on analytical properties of solutions to the equation (3.2.5).

3.2.2 Analyticity Conditions

The integral equations (3.2.5) and (3.1.19) determine I'y (¢) and 4 (), or equivalently the functions
I'(t) and 7(¢), up to a contribution of zero modes. The latter satisfy the same integral equations
(3.2.5) and (3.1.19) but without inhomogeneous term in the right-hand side. To fix the zero
modes, we have to impose additional conditions on solutions to (3.2.5) and (3.1.19). The first
requirement is that y(it) is an entire function of ¢. After rewriting the relation (3.2.2) as

sin(-= + = 0 — A4 1
F(it):fy(it)m ~(it)V2 H % (3.2.7)
4qg 4

we conclude that I'(i¢) has an infinite number of zeros, F(itzeros) = 0, and poles, I'(it) ~ 1/(t —
tpoles); on real t—axis located at

tyeros = 47Tg(€ — i) , tpoles = 4mgl’ (3.2.8)

where ¢,¢' € Z and ¢’ # 0 so that I'(it) is regular at the origin (see Eq. (3.1.12)). Notice that
I'(it) has an additional (infinite) set of zeros coming from the function 7(it) but, in distinction
with (3.2.8), their position is not fixed.

As said before, the analyticity property of v(it) is not sufficient to specify uniquely the solution.
Indeed, to achieve the determination of 7(it), one has to make sure that the coefficients ~,(g),
appearing in the Neumann series (3.1.10), do satisfy the integral representation (3.1.21). That
condition, which stems from the commutation between summation over the Bessel functions and
integration over ¢, will be implemented by imposing that the Fourier transform of «(it) has support
on the interval [—1, 1]. Taking into account the consequence of the latter property for the function
I'(it), we will construct in the following the solution to the integral equation (3.2.4) which satisfies
the relations (3.2.8).

3.2.3 Toy Model

To understand the relationship between analytical properties of I'(it) and properties of the cusp
anomalous dimension, it is instructive to slightly simplify the problem and consider a ‘toy’ model
in which the function T'(it) is replaced with ') (it).

We require that T(*Y)(jt) satisfies the same integral equation (3.2.4) and define, following
(3.2.3), the cusp anomalous dimension in the toy model as

r{oy) (g) = —24T(t¥) (0) . (3.2.9)

cusp
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The only difference compared to I'(it) is that T(*%) (j¢) has different analytical properties dictated
by the relation
DY) (i) = (o) (it)”% , (3.2.10)
while 7(t)(it) has the same analytical properties as the function ~(it).> This relation can be
considered as a simplified version of (3.2.7). Indeed, it can be obtained from (3.2.7) if we retained
in the product only one term with k& = 0. As compared with (3.2.8), the function I'**Y)(it) does
not have poles and it vanishes for t = —mng.
The main advantage of the toy model is that the expression for Fﬁﬁ’s@ (g) can be found in a
closed form for arbitrary value of the coupling constant (see Eq. (3.2.47) below). We will then
compare it with the exact expression for I'cusp(g) and identify the difference between the two

functions.

3.2.4 Exact Bounds and Uniqueness

Before we turn to finding the solution to (3.2.4), or equivalently to (3.1.19), let us demonstrate
that this integral equation leads to non-trivial constraints for the cusp anomalous dimension valid
for arbitrary coupling g.

Let us multiply both sides of the two relations in (3.1.19) by 2(2n—1)v2,—1(g) and 2(2n)y2n(g),
respectively, and perform summation over n > 1. Then, we convert the sums into the functions
v+ (t) using (3.1.10) and add the second relation to the first one to obtain

(g) = /OOO dt (v+ (1) + (- (1)* (3.2.11)

t 1 — e—t/(29)

Since 74 (t) are real functions of ¢t and the denominator is positively definite for 0 < ¢ < oo, this
relation leads to the following inequality

)= [T F0-0F 2 1k 2 0. (3212

Here we replaced the function y_(t) by its Bessel series (3.1.10) and made use of the orthogonality
condition for the Bessel functions with odd indices (3.1.20). We deduce from (3.2.12) that

0<(g) < (3.2.13)

and, then, apply (3.1.12) to translate this inequality into the following relation for the cusp
anomalous dimension

0 < Teusp(g) < 4g%. (3.2.14)

This relation should hold in planar A" =4 SYM theory for arbitrary coupling g. Notice that the
lower bound on the cusp anomalous dimension, I'¢ysp(g) > 0, holds in any gauge theory [49]. It is
the upper bound I'cysp(g) < 4¢” that is a distinguished feature of A" = 4 theory.

$Notice that the function ~() (t) does not satisfy the integral equation (3.1.19) anymore. Substitution of
(3.2.10) into (3.2.5) yields an integral equation for (**)(t) which can be obtained from (3.1.19) by replacing

1/(1 — e_t/@g)) — 20+ 1 and 1/(et/(29) 71) — 2% — L in the kernel in the left-hand side of (3.1.19).
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Let us verify the validity of (3.2.14). At weak coupling I'cysp(g) admits a perturbative expan-
+ 4g§>gﬁ + .. } , (3.2.15)

sion in powers of g2
L oo 11 44 6
_ = e DY
TeT T 630"
(3.2.16)

I\cusp(g) = 492 |:1 3
27
G >g3—i—..} ,

3Klog 2 n
204873

while at strong coupling it has the form
3log2 _; K
g7 16m2Y 6473

Fcusp(g) = 29 |:1 - A
with K being the Catalan’s constant. It is easy to see that the relations (3.2.15) and (3.2.16)
are in an agreement with (3.2.14). For arbitrary g, we can verify the relation (3.2.14) by using

the results for the cusp anomalous dimension obtained from the numerical solution of the BES
equation [64, 69, 120]. The comparison is shown in Figure 3.1. We observe that the upper bound

condition I'cusp(9)/(2g9) < 2g is indeed satisfied for arbitrary g > 0.

0.8
/

0.4
/

0.21
255

15

05

Figure 3.1: Dependence of the cusp anomalous dimension I'cysp(g)/(2¢g) on the coupling constant. Dashed

line denotes the upper bound 2g.
tioned, solutions to (3.1.19) are defined modulo contribution of zero modes, v(t) — ~(t) +

5y(#er0) (1), with §(%™°)(¢) being solution to the homogeneous equations. Going through the same

A similar argument proves the uniqueness of the solution to (3.1.19). As was already men-
(3.2.17)

steps that led us to (3.2.11), we obtain
< dt (77 (1) + (077 (1))?
1 —et/(29) ’

o |
o ¢t
where zero on the left-hand side is due to absence of the inhomogeneous term. Since the integrand




64 CHAPTER 3. BES EQUATION

is a positively definite function, we immediately deduce that §(*er) (t) = 0 and, therefore, the

solution for ~(t) is unique.’

3.2.5 Riemann-Hilbert Problem

Let us now construct the exact solution to the integral equations (3.2.5) and (3.1.19). To this
end, it is convenient to Fourier transform the functions (3.2.1) and (3.2.2)

f(k;):/oo ﬂeiktr(t), &(k:):/oo dt ekt (t). (3.2.18)

oo 2T oo 2T

According to (3.2.1) and (3.1.10), the function ~(¢) is given by the Neumann series over Bessel
functions. Then, we perform the Fourier transform on both sides of (3.1.10) and use the well-
known fact that the Fourier transform of the Bessel function .J,,(t) vanishes for k2 > 1 to deduce
that the same is true for v(¢) leading to'®

(k) =0,  for k* > 1. (3.2.19)

This implies that the Fourier integral for v(¢) only involves modes with —1 < k < 1 and, therefore,
the function ~y(t) behaves at large (complex) t as

v(t) ~ el for |t| — oo. (3.2.20)

Let us now examine the function I'(k). We find from (3.2.18) and (3.2.7) that I'(k) admits the

following representation

- 0 g .. sinh(L +iZ)
L(k) = —eft 9 T (). 3.2.21
(k) /_OO o sinh(ﬁ)sin(%)fy( ) ( )

Here the integrand has poles along the imaginary axis at ¢ = 4wign (with n = +1,42,...).1!

It is suggestive to evaluate the integral (3.2.21) by deforming the integration contour to infinity
and by picking up residues at the poles. However, taking into account the relation (3.2.20), we
find that the contribution to (3.2.21) at infinity can be neglected for k2 > 1 only. In this case,
closing the integration contour into the upper (or lower) half-plane for & > 1 (or k < —1) we find

Tk) “ =gk — 1) > ci(n,g)e ™I L o(—k —1)) "e_(n,g)e ™D L (32.22)

n>1 n>1

Here the notation was introduced for k—independent expansion coefficients

ci(n,g) = Fdgy(+amign) e ™9 (3.2.23)

Note that this proof of uniqueness relies on the assumption that v(t) ~ > ~n.Jn(t) is holomorphic, and that
summation over the Bessel functions and integration over ¢ can be interchanged when deducing (3.2.11) and (3.2.17)
from (3.1.19). Indeed, it is possible to show that non-vanishing homogeneous solutions to (3.1.19) exist, if one at
least of the latter conditions is relaxed.

%Here, we tacitly assume that the sum over the Bessel functions can be commuted with the integration over t.
This assumption is justified by our previous remark about the large-order behavior, n ~ oo, of the coefficients ~,,.

"'We recall that v(t) = O(t) and, therefore, the integrand is regular at ¢ = 0.
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where the factor e™#™9 is inserted to compensate exponential growth of v(+4mwign) ~ e*™9 at
large n (see Eq. (3.2.20)). For k% < 1, we are not allowed to neglect the contribution to (3.2.21) at
infinity and the relation (3.2.22) does not hold anymore. As we will see in a moment, for k2 < 1
the function I'(k) can be found from (3.2.5).

Comparing the relations (3.2.19) and (3.2.22), we conclude that, in distinction with 5(k), the
function I'(k) does not vanish for k2 > 1. Moreover, each term in the right-hand side of (3.2.22)
is exponentially small at strong coupling and the function scales at large k as f(k) ~ e~ 4mg(lkl=1)
This implies that nonzero values of f(k:) for k% > 1 are of non-perturbative origin. Indeed, in the
perturbative approach of [69], the function I'(¢) is given by a Bessel-function series analogous to
(3.1.10) and, similarly to (3.2.19), the function I'(k) vanishes for k2 > 1 to any order in the 1/g
expansion.!?

We note that the sum in the right-hand side of (3.2.22) runs over poles of the function I'(it)
specified in (3.2.8). We recall that in the toy model (3.2.10), T(®¥)(it) and ~{t¥)(it) are en-
tire functions of ¢. At large ¢ they have the same asymptotic behavior as the Bessel functions,
Tt (it) ~ oY) (jt) ~ e, Performing their Fourier transformation (3.2.18), we find

V) (k) =T (k) =0,  for k> 1, (3.2.24)

in a close analogy with (3.2.19). Comparison with (3.2.22) shows that the coefficients (3.2.23)
vanish in the toy model for arbitrary n and g

) (n,g) = ' (n, g) = 0. (3.2.25)

The relation (3.2.22) defines the function I'(k) for k2 > 1 but it involves the coefficients ¢ (n, g)
that need to be determined. In addition, we have to construct the same function for k? < 1. To
achieve both goals, let us return to the integral equations (3.2.4) and replace I'y(¢) by Fourier
integrals (see Egs. (3.2.18) and (3.2.2))

I (t) = / ~ak cos(kt) D(k), (3.2.26)

—00

I_(t)=— / n sin(kt) T (k) .

—00

In this way, we obtain from (3.2.4) the following remarkably simple integral equation for f(k:)

][00 diT(k) () = 2. (—l<u<1), (3.2.27)

—00
where the integral is defined using the principal value prescription. This relation is equivalent to
the functional equation obtained in [70] (see Eq. (55) there).
Let us split the integral in (3.2.27) into k2 < 1 and k% > 1 and rewrite (3.2.27) in the form of
a singular integral equation for the function f(k) on the interval —1 <k <1

[(u) + l][l dk (k) _ o(u), (-1<u<1), (3.2.28)

)1 k—u

12There is a subtlety however. The function I'(t) has poles in the complex t-plane. It implies that its expansion
over the Bessel functions holds around the origin, but is divergent for large enough value of ¢. Therefore, strictly
speaking, it is not allowed to commute the sum over the Bessel functions with the integration over ¢t. Nevertheless,
within the accuracy of the strong coupling expansion, these formal manipulations may be given some meaning.
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where the inhomogeneous term is given by

-1 i oo T
p(u) = —% (2 +/ d:%(z) +/1 d:%?) : (3.2.29)

—00

Since the integration in (3.2.29) goes over k2 > 1, the function I'(k) can be replaced in the
right-hand side of (3.2.29) by its expression (3.2.22) in terms of the coefficients cy(n, g).

The integral equation (3.2.28) can be solved by standard methods [121]. A general solution
for D(k) reads (for —1 < k < 1)

~ 1 114+ B\ Y dug(u) (1—u\Y* V2 1+E\Y* ¢
Hk)z_gb(k)‘%(pk) ][1u—k <1+u> _7<1—k> T 230

where the last term describes the zero mode contribution with ¢ being an arbitrary function of
the coupling. We replace ¢(u) by its expression (3.2.29), interchange the order of integration and

find after some algebra

~ k<l V2 [(1+k 1/4

s

c 1 [®dpT(p)p-1\"" ,
1+1+k+2/00 p—k \p+1 op—1)| .  (32.31)

Notice that the integral in the right-hand side of (3.2.31) goes along the real axis except the
interval [—1,1] and, therefore, I'(p) can be replaced by its expression (3.2.22).

Being combined together, the relations (3.2.22) and (3.2.31) define the function I'(k) for —oo <
k < oo in terms of (an infinite) set of yet unknown coefficients cy(n,g) and c(g). To fix these
coefficients we will first perform the Fourier transform of I'(k) to obtain the function I'(¢) and,
then, require that I'(¢) should have correct analytical properties (3.2.8).

3.2.6 General Solution

We are now ready to write down a general expression for the function I'(¢). According to (3.2.18),
it is related to I'(k) through the inverse Fourier transformation

I(t) = /_ 11 dke ™ T'(k) + /_ 71dke_“”f(k)+ / h dke ™ T'(k), (3.2.32)

00 1

where we split the integral into three terms since f(kz) has a different form for £ < -1, -1 <k <1
and k£ > 1. Then, we use the obtained expressions for I'(k), Egs. (3.2.22) and (3.2.31), to find
after some algebra the following relation (see Appendix A.1 for details)

D(it) = fo(t)Volt) + F(BVALE). (3.2.33)

Here the notation was introduced for

+ T ~(An
folt)=—1+) t [C+(n, 9)%@ +ec (n,g)%} ; (3.2.34)
n>1
+ ™™ “(4mn
fi(t) = —elg) +_ 4mng [C+(n, g)% teo (n,g)%} .

n>1
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Also, V, and UF (with » = 0,1) stand for the integrals

V() = V2 /1 di (1 + k)41 — k)~ V4 eh (3.2.35)
-1

s

1 oo
U (x) = 5/1 dk (k£ 1) Y4k 5 1)1/4-7 e~ (k=Da |

which can be expressed in terms of Whittaker functions of 1st and 2nd kind [122] (see Appendix
A2).

The sum over the coefficients ¢4 (n, g) and ¢(g) in (3.2.34) is a sum over homogeneous solutions
to the integral equation (3.2.5). The unknowns c4(n,g) and c(g) have therefore the meaning of
zero-mode coefficients. They are needed in order for the function I'(it) to respect the correct
analyticity property of the BES solution. Putting all of them to zero, Eqs. (3.2.33) and (3.2.34)
reduce to

D(it) = —Vo(t) (3.2.36)

which is a particular solution to the integral equation (3.2.5). Mapping I" into v with

sin(&= + T
T(it) = ~(it) (j‘g . (3.2.37)
sin(z;) sin(F)
and expanding at ¢ = oo with ¢ fixed, we get
t
it) = ——Vo(t 3.2.38
(i) = —=Vh(0). (3:2.39)

reproducing the leading-order solution of the BES equation, found in [64, 67, 68]. From the strong
coupling point of view, the zero-mode coefficients c4(n, g) and ¢(g) take into account higher-loop
corrections. But, we emphasize that the solution (3.2.33) is exact for arbitrary coupling g > 0,
with only undetermined ingredients being the expansion coefficients c4(n, g) and c(g).

In the special case of the toy model (3.2.25), due to the absence of poles most of the coefficients

vanishes, CEEOY) (n,g) = 0. The relation (3.2.34) takes a simpler form given by

fo(toy) (t) — _1’ :Etoy) (t) — _C(tOY) (g) . (3239)

Substituting these expressions into (3.2.33), we obtain a general solution to the integral equation
(3.2.5) in the toy model

T (it) = —Vp(t) — ) () Vi (1) (3.2.40)

It involves an arbitrary g—dependent constant ¢(**¥)(g) which will be determined later.

3.2.7 Quantization Conditions

The relation (3.2.33) defines a general solution to the integral equation (3.2.5). It still depends
on the coefficients ¢4 (n, g) and ¢(g) that need to be determined. We recall that I'(it) should have
poles and zeros specified in (3.2.8).
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Let us first examine poles in the right-hand side of (3.2.33). It follows from (3.2.35) that
Vo(t) and Vi(t) are entire functions of ¢ and, therefore, poles can only come from the functions
fo(t) and fi(¢). Indeed, the sums entering (3.2.34) produce an infinite sequence of poles located
at t = £4mn (with n > 1) and, as a result, the solution (3.2.33) has the correct pole structure
(3.2.8). Let us now require that I'(it) should vanish for ¢ = t,e, specified in (3.2.8). This leads to
an infinite set of relations

I (4mig(t —§)) =0, LeZ. (3.2.41)
Replacing T'(it) by its expression (3.2.33), we rewrite these relations in equivalent form

fo (te) Vo (te) + f1(te)Vi(te) =0, te=Admg(l— 7). (3.2.42)

The relations (3.2.41) and (3.2.42) provide the quantization conditions for the coefficients c(g)
and cy(n, g) that we will analyse in Sect. 3.3.

Let us substitute (3.2.33) into the expression (3.2.3) for the cusp anomalous dimension. The
result involves the functions Vi (t) and fx(t) (with & = 0,1) evaluated at ¢ = 0. It is easy to see
from (3.2.35) that V5(0) = 1 and V;1(0) = 2. In addition, we obtain from (3.2.34) that fp(0) = —1
for arbitrary coupling leading to

Ceusp(9) = 29(1 = 2/1(0)) - (3.2.43)

Replacing f1(0) by its expression (3.2.34) we find the following relation for the cusp anomalous
dimension in terms of the coeflicients ¢ and c4+

Ceusp(9) =29 ¢ 14 2¢(g) — 22 [ n, g)Uy (4mng) + cy(n, g)Ug" (4mng) | ¢ . (3.2.44)
n>1

The relations (3.2.43) and (3.2.44) are exact and hold for arbitrary coupling g > 0. This implies
that, at weak coupling, they should reproduce the known expansion of I'cysp(g) in positive integer
powers of g2 [58]. Similarly, at strong coupling, it should reproduce the known 1/g expansion
[69, 70] and describe non-perturbative, exponentially suppressed corrections to I'cusp(9)-

3.2.8 Cusp Anomalous Dimension in the Toy Model

As before, the situation simplifies for the toy model (3.2.40). In this case, we have only one
quantization condition I'**Y)(—irg) = 0 which follows from (3.2.10). Together with (3.2.40) it
allows us to fix the coefficient ¢(*%)(g) as

o) () = ~Yol=T9). (3.2.45)

Vi(—mg)

Then, we substitute the relations (3.2.45) and (3.2.25) into (3.2.44) and obtain

o 00+ ) < w250 e



3.2. GENERAL SOLUTION 69

Replacing Vy(—mg) and Vi(—mg) by their expressions in terms of Whittaker function of the first
kind (see Eq. (A.2.3)), we find the following relation

—1/2 M1/4,1/2(27Tg)

T (g) = 2g(1 — (27g) s om9) )

cusp

(3.2.47)

which defines the cusp anomalous dimension in the toy model for arbitrary coupling g > 0.
Using (3.2.47) it is straightforward to compute Fﬁff’s%) (g) for arbitrary positive g. By construc-
tion, Fﬁﬁ’s@ (g) should be different from I'cysp(g). Nevertheless, evaluating (3.2.47) for 0 < g < 3,
we found that the numerical values of I‘((:Elos};)) (g) are very close to the exact values of the cusp
anomalous dimension shown by the solid line in Figure 3.1. Also, as we will show in a moment,
the two functions have similar properties at strong coupling. To compare these functions, it is

instructive to examine the asymptotic behavior of I’gf;%) (9) at weak and at strong coupling.

Weak Coupling
At weak coupling, we find from (3.2.47)

I’gﬁl‘?g(g) = gng — %7?293 — 6i4 gt + 6_54 ntg® — 51T12 g0 — 5% 709" + 0(g®). (3.2.48)
Comparison with (3.2.15) shows that this expansion is quite different from the weak coupling
expansion of the cusp anomalous dimension. In distinction with I'cysp(g), the expansion in (3.2.48)
runs both in even and odd powers of the coupling. In addition, the coefficient in front of g" in the
right-hand side of (3.2.48) has transcendentality (n — 1) while for I'cysp(g) it equals (n — 2) (with
n taking even values only). Despite of this and similarly to the weak coupling expansion of the
cusp anomalous dimension [44], the series (3.2.48) has a finite radius of convergence |gg| = 0.796.
It is determined by the position of the zero of the Whittaker function closest to the origin,
M_140(2mgo) = 0 for go = —0.297 £ 0.739.

Strong coupling

At strong coupling, we can replace the Whittaker functions in (3.2.47) by their asymptotic expan-
sion for g > 1. It is convenient however to apply (3.2.46) and replace the functions Vy(—mg) and
Vi(—mg) by their expressions given in Appendix B.2.1? In particular, we have

5/4

Vo(—mg) = el/(2) % F(L2la+i0) +oA’F(-13|—a)|, a=1/(2rg), (3.2.49)
1

where the parameter A2 is defined as

)
1

[SY]

A2 = 0171/2 efl/a F(

I o =e 3/ (3.2.50)

WOt

13See Egs. (A.2.17) and (A.2.19) there.
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Here, the functions F(a,b| — a) are related to the functions U;"(mg) (introduced before) as'*

F(1,3l—a) =aUf (1/(20)) /T(3), (3.2.51)
F(-1,31 - o) =a U5 (1/(20)) /T(3).

The function F(a,b| — «) defined in this way is an analytical function of o with a cut along the
negative semi-axis and an essential singularity at the origin. We stress that the relation (3.2.49),
here defined for o > 0, holds true in the whole upper-half plane, Ima > 0. A similar formula
applies for Vi(—mg) (see Appendix B.2). We refer to the first term in square brackets, on the
right-hand side of (3.2.49), as the perturbative contribution, and to the second one as the non-
perturbative correction. Indeed, the latter is exponentially suppressed as compared to the former,
when « is small and positive.!®

Let us first analyse each term in Eq. (3.2.49) separately. It will help us to motivate the rationale
for the decomposition of the V-function into F'(or U)-functions. So, for positive a = 1/(27g), the

function F (—%, %\ — a) entering (3.2.49) is defined away from the cut and its large g expansion is

given by a Borel summable asymptotic series (for a = —% and b= %)
(—a)kT(a+k)(b+k) 9
F(a,b] — a) = =1—aab .2.52
(a,b| — @) kéo o T ()T (b) aab + O(a”), (3.2.52)

with the expansion coeflicients growing factorially to higher orders in «. This series can be
immediately resummed by means of the Borel resummation method. Namely, replacing I'(a + k)
by its integral representation and performing the sum over k& we find for Rea > 0

a—a
F(a,b| — a) =
in agreement with (3.2.51) and with the integral representation for U (mg), Eq. (3.2.35). The
relation (3.2.52) holds in fact for arbitrary complex « and the functions F'(a, bla £ i0), defined for

/ dss® Y1+ s)be s/, (3.2.53)
0

a > 0 above and below the cut, respectively, are given by the same asymptotic expansion (3.2.52)
with « replaced by —a. An important difference is that now the series (3.2.52) is not Borel
summable anymore. Namely, if one attempted to resum this series using the Borel summation
method, one would immediately find a branch point singularity along the integration contour at

s=1
—a

F(a,bla +i0) = ;‘(a)

The ambiguity related to the choice of the prescription to integrate over the singularity is known

/ dss® Y1 —sFi0) e/ (3.2.54)
0

as Borel ambiguity. In particular, deforming the s—integration contour above or below the cut,
one obtains two different functions F'(a, blaw £ i0). They define analytical continuation of the same
function F(a,b| — a) from Rea > 0 to the upper and lower edge of the cut running along the
negative semi-axis. Its discontinuity across the cut, F'(a,b|a 4 i0)— F'(a, bja — i0), is exponentially

“They can be expressed in terms of the confluent hypergeometric function of the second kind [122]. See also
Appendix B.2, Egs. (A.2.14) and (A.2.9).

I5Tf o is small but negative, their roles are exchanged of course. Hence, as we shall see, the V-function has
different asymptotic behaviors depending on the sign of its argument.
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suppressed at small o > 0 and is proportional to the non-perturbative scale A? (see Eq. (A.2.20)
in Appendix B.2). In the following, we will implicitely assume the analytic continuation of our
formulae in the upper-half plane, Im v > 0, corresponding to the choice of F'(a,bla + i0). Had we
decided to work in the lower-half plane, Im o < 0, associated to the choice F'(a, blaw — i0), we would
have to adjust (3.2.49) accordingly. It would simply amount to the replacement of ¢ in Eq. (3.2.50)
by its complex conjugate. Of course, both choices are equivalent since the function Vp(—mg), that
we are representing as a sum of a perturbative part, F'(a, bl 40), with a non-perturbative part,
oA%F(a,b| — a), is an entire function of a = 1/(2mg) (except at o = 0).

We can now elucidate the reason for decomposing the entire Vy—function in (3.2.49) into the
sum of two F'—functions. In spite of the fact that analytical properties of the former function are
simpler compared to the latter functions, its asymptotic behavior at large g is more complicated.
Indeed, the F'—functions admit asymptotic expansions valid in the whole complex g—plane and
they can be unambiguously defined through the Borel resummation once their analytical properties
are specified. In distinction with this, the entire function Vp(—mg) admits different asymptotic
behaviors at large ¢, depending'® on Reg > 0 or Reg < 0. This situation is called the Stokes
phenomenon, and the two domains, Re g > 0 and Re g < 0, are separated by the Stokes line, Reg =
0. The transition from the domain Reg > 0 to the other, going across the Stokes line, is driven
by the non-perturbative contribution. The latter correction also impacts on the transition from
large to small g, where it ceases to be suppressed as compared to the perturbative contribution.
Therefore, resumming the perturbative series by the function F'(a, b|la + i0), we need to keep track
of the non-perturbative contribution ~ ¢A%F(a,b| — a) in order to correctly describe the function
Vo(—mg).'" A similar conclusion applies for V;i(—mg).

We are now in position to discuss the strong coupling expansion of the cusp anomalous dimen-
sion in the toy model, including into our consideration both perturbative and non-perturbative
contributions. Substituting (3.2.49) and similar relation for Vi(—mg) (see Eq. (A.2.19)) into
(3.2.46) we find (for a™ = a + 10 and o = 1/(27g))

F(4’4|O‘ ) +oA*F(—1,% — o)

(4’4|O‘+) +0A20{F(%’% O‘) .

Ti)(9)/(29) =1 - (3.2.55)

Because the parameter A? is exponentially suppressed at strong coupling, Eq. (3.2.50), and, at
the same time, the F'—functions are all of the same order, it makes sense to expand the right-hand
side of (3.2.55) in powers of A% and, then, study separately each coefficient function. In this way,
we identify the leading, A2-independent term as perturbative contribution to I‘&usp)( ) and the
O(A?) term as the leading non-perturbative correction. More precisely, expanding the right-hand
side of (3.2.55) in powers of A? we obtain

T (g)/(29) = Co(e) — asA>Ca(a) + ioc 2N Cy() + O(AS). (3.2.56)

5The marginal cases (Reg = 0) corresponding to Img > 0 or Img < 0 may also require different asymptotic
expansions.

'"We stress that the function F(a,b|a + 40) does not show any transition at small a = 1/(27g), when a evolves
from Rea > 0 to Rea < 0 in the upper-half plane, while Vo(—mg) does, due to the Stokes phenomenon. In this tran-
sition, the non-perturbative contribution cA?F(a,b| — ), with A? ~ exp (—1/a), is more and more important, and
finally becomes dominant when Rea < 0. Roughly speaking, the fact that the perturbative and non-perturbative
contributions exchange their role, when Re o changes its sign, requires two F-functions to completely describe the
V-function.
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Here the expansion runs in even powers of A and the coefficient functions Ci(«) are given by
algebraic combinations of F'—functions

(Ll 514+ F(3 3| -
Co=1-a (‘1*"1*‘0‘+), G ——— 04:%, (3.2.57)
F(33la%) [F (. gle)] [F (. gle™)]

where we applied (A.2.11) and (A.2.14) to simplify the last two relations. Since the coefficient
functions Ck () are expressed in terms of the functions F(a,bla™) and F(a,b] — ), with a cut
along the positive and negative semi-axis respectively, they are analytical functions of « in the
upper-half plane, with an essential singularity at the origin. Notice that the functions C(a) take
complex values for o > 0, despite the fact that their asymptotic expansions at a ~ 0 have real
expansion coefficients, see Eqgs. (3.2.58) below. Their imaginary parts, indeed, are exponentially
small for a ~ 0, of order A%, and such that their sum in (3.2.56) vanishes.

Let us now examine the strong coupling expansion of the coefficient functions (3.2.57). Re-
placing F'—functions in (3.2.57) by their asymptotic series representation (3.2.52) we get

1 3 61 433
NS O B DY B LN S 5 6 9
Co a-qa’—ga’—oal - oa + 0 (o), (3.2.58)
1 11 , 151 4 13085 ,

] la— a2 _
C 8% T 128% T 1024% "~ 327687

=l——-a——=a"— —a” + .
Cy 4a 32a 128@ O(a )

+0 (a5) ,

Not surprisingly, these expressions inherit the properties of the F'—functions — the series (3.2.58)
are asymptotic and non-Borel summable. If one simply substituted the relations (3.2.58) into
the right-hand side of (3.2.56), one would then worry about the meaning of the non-perturbative
O(A?) corrections, given the fact that the perturbative O(A°) contribution Cp(c) is not unam-
biguously determined by its asymptotic strong coupling expansion. However, we stress that the
functions Cy(ar), Ca(a),..., are all expressible in terms of F-functions, as in Eq. (3.2.57). As
was already mentioned, the F'—functions do not suffer from the Stokes phenomenon and, as a
consequence, their asymptotic expansions, supplemented with additional analyticity conditions,
permit to reconstruct them through the Borel transformation, Egs. (3.2.53) and (3.2.54). We may
expect, therefore, that the same should be true for the C'—functions. Indeed, it follows from a
general theorem discussed in [117, 119], that the functions Cy(a), Ca(ar), Cy(a), ... are uniquely
determined by their series representations (3.2.58) as soon as the latter are understood as asymp-
totic expansions valid in the upper-half plane Im o > 0.'® This implies that the exact expressions

18More precisely, according to [117, 119], the asymptotic series for Co(c), ..., assumed to be valid on the domain
S = {Oc small enough with Im(a) > O} and exhibiting a factorial growth, will fix the functions Cy(a),..., if the
bound
N
|Cole) = Cg™a"| < DoV,
n>=0

applies on S with D(()NH) ~ C(()NH), for any N. In our case, this bound means that the best possible estimate of
Co(a), obtained by partially resumming the asymptotic series, is of order exp (—1/|a|). It prevents the addition of
terms, as exp (—1/v/—ia) for instance, that would not change the asymptotic series on S and would spoil uniqueness.
From a physical point of view, it means that the typical divergence of the asymptotic series is a good indicator of the
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for the functions (3.2.57) can be unambiguously constructed starting from their asymptotic se-
ries (3.2.58), by means of the Borel resummation for instance. It would be interesting to verify it
explicitely.

Since the expression (3.2.55) is exact for arbitrary coupling g we may address the question:
how does the transition from the strong to the weak coupling regime occur? We recall that, in
the toy model, F((:%OS}Q (9)/(2g) is given for ¢ < 1 and g > 1 by the relations (3.2.48) and (3.2.56),
respectively. Let us choose some sufficiently small value of the coupling constant, say g = 1/4,
and compute F((:%OSBII)) (9)/(2g) using three different representations. Firstly, we substitute g = 0.25
into (3.2.55) and find the exact value as 0.4424(3). Then, we use the weak coupling expansion
(3.2.48) and obtain a close value 0.4420(2). Finally, we use the strong coupling expansion (3.2.56)

and evaluate the first few terms in the right-hand side of (3.2.56) for g = 0.25 to get

Eq. (3.2.56) = (0.2902 — 0.14344) + (0.1517 + 0.13451)
+ (0.0008 + 0.00867) — (0.0002 — 0.00034) + ... = 0.4425 + . .. (3.2.59)

Here the four expressions inside the round brackets correspond to contributions proportional to
A% A% A* and AP, respectively, with A%(g = 0.25) = 0.3522 being the non-perturbative scale
(3.2.50).

We observe that each term in (3.2.59) takes complex values. This is due to our prescription
to sum the asymptotic series (3.2.58). The total sum however does not suffer from this ambigu-
ity. Indeed, we verify in Eq.(3.2.59) that the imaginary part vanishes and that the real part is
remarkably close to the exact value. In addition, the leading O(A?) non-perturbative correction
(the second term) is comparable with the perturbative correction (the first term). Moreover, the
former term starts to dominate over the latter one as we go to smaller values of the coupling con-
stant. Thus, the transition from the strong to weak coupling regime is driven by non-perturbative
corrections parameterized by the scale A?. The numerical analysis indicates that the expansion
of Effs%) (g) in powers of A? is convergent for Re g > 0.

From the Toy Model to the Exact Solution

The relation (3.2.56) is remarkably similar to the expected strong coupling expansion of the cusp
anomalous dimension (3.0.3) with the function Cy(«) providing perturbative contribution and
A? defining the leading non-perturbative contribution. Let us compare Cp(a) with the known
perturbative expansion (3.2.16) of I'cusp(g). In terms of the coupling o = 1/(2mg), the first few
terms of this expansion look as

Fcusp(g)/(zg) =1- (3260)

RV 8 256

3log2 K 3Klog2 27
2g : 2_< 82 Cg>a3+___7

where ellipses denote both higher order corrections in o and non-perturbative corrections in A2.
Comparing (3.2.60) and the first term, Cy(«), in the right-hand side of (3.2.56), we observe that
both expressions approach the same value 1 as a — 0.

size of the non-perturbative corrections. We believe, in the case of the toy-model, that this bounds can be proved
exactly by a more detailed analysis. For the BES case, we have verified that it is consistent with the numerical
solution.
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As was already mentioned, the expansion coefficients of the two series have different transcen-
dentality — they are rational for the toy model, Eq. (3.2.58), and have maximal transcendentality!®
for the cusp anomalous dimension, Eq. (3.2.60). Notice that the two series would coincide if one
formally replaced the transcendental numbers in (3.2.60) by appropriate rational constants. In
particular, replacing

3log 2
— 1,
2

1
% 1 L (3.2.61)
32 3

N |

1
— 5
2

one obtains from (3.2.60) the first few terms of perturbative expansion (3.2.58) of the function Cy
in the toy model. This rule can be generalized to all loops as follows. Introducing an auxiliary
parameter 7, we define the generating function for the transcendental numbers in (3.2.61) and
rewrite (3.2.61) as

7.2 7_3

—i—] —>exp[7’——+—+... . (3.2.62)

7 2 3

> T2 T

exp

Going to higher loops, we have to add higher order terms in 7 to both exponents. In the right-
hand side, these terms are resummed into exp(log(1+ 7)) = 1+ 7, while in the left-hand side they
produce a ratio of Euler gamma-functions leading to

I
I

)T+ DI
T = I(

R R]
~— | —

— (1 + 7') . (3'2'63)

NISINNTES
W= [0

Taking logarithms in both sides of this relation and subsequently expanding them in powers of T,
we obtain the subtitution rules which generalize (3.2.61) to the complete family of transcendental
numbers entering into the strong coupling expansion (3.2.60). The relation (3.2.63) can be thought
of as an empirical rule, which allows us to map the strong coupling expansion of the cusp anomalous
dimension (3.2.60) into that in the toy model, Eq. (3.2.58). To some extent, it takes into account
the difference between the toy model and the BES case, encoded into the position of poles and
zeros. It originates from the structure of the strong coupling solution that we will discuss later.
It would be interesting to understand if this substitution rule has some counterpart on the string
theory side, at a Feynman-graph level for instance.

In spite of the fact that the numbers entering both sides of (3.2.61) have different transcenden-
tality, we may compare their numerical values. Given that 3log2/2 = 1.0397(2), K/2 = 0.4579(8)
and 9¢3/32 = 0.3380(7) we observe that the relation (3.2.61) defines a meaningful approximation
to the transcendental numbers. Moreover, examining the coefficients in front of 7" in both sides
of (3.2.62) at large n, we find that the accuracy of the approximation increases as n — oo. This

9To any of the numbers (log2)’, ¢(2k + 1) or B(21), we associate a degree of transcendentality j, 2k + 1 or 2l
respectively. Here, ((z) and ((z) denote the Riemann and Dirichlet zeta-functions, respectively. It was observed
in [69], up to some high order, that the contribution ~ a™ to the cusp anomalous dimension only involves products
of these special numbers with a sum of their degrees of transcendentality equal to n (maximal transcendentality).
Note that 5(2) ~ K. This situation is reminiscent of what happens at weak coupling, for which a maximal
transcendentality principle has been argued in [123, 56] to restrict the form of radiative corrections to anomalous
dimensions of Wilson operators. In this context, the transcendentality is maximal in N’ = 4 SYM as compared
to QCD where less-transcendental contributions appear. Moreover, the maximal transcendentality contribution
computed in QCD, in MS-like schemes, was proposed to be identical to the full N'=4 SYM result [123, 56].
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is in agreement with the observation made before that the cusp anomalous dimension in the toy
model is close numerically to the exact (BES) prediction. In addition, the same property suggests
that the coefficients in the strong coupling expansion of I’gf;%) (9) and I'cysp(g) should have the
same large order behavior. It was found in [69] that the expansion coefficients in the right-hand

side of (3.2.60) grow factorially at higher orders

T cusp( ZP (k: + ) (3.2.64)

It is straightforward to verify using (3.2.57) and (3.2.52) that the expansion coefficients of Cp(«)
in the toy model have the same behavior. This suggests that the non-perturbative corrections to

1/2 exp (—27g). Indeed, we will show this in

Ceusp(g) are also parameterized by the scale A? « g
the next section by explicit calculation.

In this section, we identified the origin of non-perturbative corrections in the toy-model. They
arise due to the Stokes phenomenon for the functions Vj 1(—mg), that requires the introduction

1/2 exp (—=27g). We will see in the next

at strong coupling of the non-perturbative scale A% g
section that a similar conclusion applies for the cusp anomalous dimension, as predicted by the

BES equation.

3.3 Solving the Quantization Conditions

Let us now solve the quantization conditions for the cusp anomalous dimension. We recall that
they read

fo (te) Vo (te) + fi(te)Va(te) =0, te=dmg(t—1), (3.3.1)

with ¢ € Z and where

Ui (4mng Ui (4mng

=1+ Z [c+ n,qg) 417”(19 ) —i—a(n,g)%} ) (3.3.2)
n>1

Uy (4mng)

drng —t ey

fi(t) = —c(g) + Z47Tng [c+(n,g)

n>1

)UO_ (4mng)
dtng +t |

The quantization conditions (3.3.1) form an infinite set of equations for the unknown coefficients
ct+(n,g) and ¢(g). Once solved, we can compute the cusp anomalous dimension for arbitrary
coupling with the help of

Pcusp(g) = 29(1 - 2f1(0)) . (333)

Examining (3.3.2) we observe that the dependence on the coupling resides both in the expansion
coefficients and in the functions U(fl (4mng). The latter functions are related to the F-functions of
the previous section, see Eq. (3.2.51), and as such they do not suffer from the Stokes phenomenon.
Therefore, non-perturbative corrections to the cusp anomalous dimension (3.3.3) could only come
from the coefficients ¢4 (n, g) and ¢(g). The quantization conditions (3.3.1) indicate moreover that
the non-perturbative contributions to the expansion coefficients originate from the functions Vj(t)
and Vj(t), evaluated at ¢t = (4¢ — 1)mg. Since these functions depend, at strong coupling, on the
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hidden non-perturbative scale A2 x ¢'/2 exp (—2mg), we will look for a solution to the quantization
conditions as a series in powers of A2. We will construct both the leading O(A°) and subleading
O(A?) parts of the solution, in the form of an expansion in powers of 1/g. We expect, as we
argued to be the case for the toy model, that each of these parts are uniquely determined by their
asymptotic series in 1/g, assumed to be valid in the lower-half plane Im g < 0. We believe that the
latter assumption is reasonable, recalling that the toy model provides a meaningful approximation
to the BES solution, at least as long as the cusp anomalous dimension is concerned.

3.3.1 Quantization Conditions
Let us replace fo(t) and fi(t) in (3.3.1) by their explicit expressions (3.3.2) and rewrite the
quantization conditions (3.3.1) as
Voldmgan) + elg)Vi(rge) = X [es(mg) A () + - (ng)A-(nag)| . (334)
n>1
where xp = £ — % (with £ = 0,+1,42,...) and the notation was introduced for

nVi(4rgz \UT (41ng) + 2,Vo(dmga,) UL (4n
Ay (n, zg) = V10970 Ug ( ngq:xj o(mgw)Uy (4ng) (3.3.5)

The relation (3.3.4) provides an infinite system of linear equations for c4(g,n) and c(g). The
coefficients in this system depend on Vj ;(4mgay) and Ugfl (4wng) which are known functions.

Let us show that the quantization conditions (3.3.4) lead to ¢(g) = 0 for arbitrary coupling.
To this end, we examine (3.3.4) for |xy| > 1. In this limit, for g = fixed we are allowed to replace
the functions Vjy(4mgxy) and Vi (4wgz,) in both sides of (3.3.4) by their asymptotic behaviors at
infinity. Making use of (A.2.12) and (A.2.14), we find for |z, > 1

Vi(4mgay) —16mgxy+ ..., (xp<0)

Vi(dmgay) _ (3.3.6)
Vo(4mgxy) Ly, (z¢ > 0)

r(z¢)

where ellipses denote terms suppressed by powers of 1/(gx,) and e~879 lzel, We divide both sides of
(3.3.4) by Vi (4mgxy) and observe that for xy; — —oo the first term in the left-hand side of (3.3.4)
is subleading and can be safely neglected. In the similar manner, one has A (n,z,)/Vi(4dmgxy) =
O(1/zy) for fixed n in the right-hand side of (3.3.4). Therefore, going to the limit 2y — —oo in
both sides of (3.3.4) we get

c(g) =0 (3.3.7)

for arbitrary g.
Arriving at (3.3.7), we tacitly assumed that the sum over n in (3.3.4) remains finite in the
limit zy — —oo. Taking into account the large n behaviors

Uy (47ng) ~ n=%", Uy (4mng) ~ Uy (4mng) ~ n=3/4, Ui (4mng) ~ n~V4 (3.3.8)
we obtain that this condition translates into (n > 1)

¢t (n,g) = o(n'/*), c_(n,g) = o(n~ ). (3.3.9)
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These conditions also ensure that the sum in the expression for the cusp anomalous dimension

Ceusp(9) =29 ¢ 14 2¢(g) — 22 [ n, 9)Uy (47ng) + ci(n, 9)Us (4nng)| 7 , (3.3.10)
n>1

is convergent.

3.3.2 Strong Coupling Solution
Let us divide both sides of (3.3.4) by Vy(4mgz,) and use (3.3.7) to get (for 2y = ¢ — 1 and ¢ € Z)

1= ci(ng) [nUO (drng)r(sg) + U Mmg)xﬂ (3.3.11)

n—x
n>1 ¢

# 3 e (nyg) [PTnred Uy (mnghe]

n X
n>1 +

where the function r(xy) was defined in (3.3.6).

Let us now examine the large g asymptotics of the functions multiplying c4 (n, g) in the right-
hand side of (3.3.11). The functions Uj (47ng) and U (4nrng) admit an asymptotic expansion
in 1/g given by (A.2.14). For the function r(z,) the situation is different. As follows from its
definition, Egs. (3.3.6) and (A.2.12), large g expansion of r(x,) runs in two parameters: pertur-
bative 1/g and non-perturbative exponentially small parameter A? o g%/% e2™9 which we already
encountered in the toy model, Eq. (3.2.50). Moreover, we deduce from (3.3.6) and (A.2.12) that

the leading non-perturbative correction to r(xy) scales as
dr(ze) = O(AIB21) (me=t—-1,0€2), (3.3.12)

so that the power of A grows with £. We observe that O(A2) corrections are only present in
r(xy) for £ = 0. Therefore, as far as the leading O(A?) correction to the solutions of (3.3.11) are
concerned, we are allowed to neglect non-perturbative (A%2—dependent) corrections to r(x,) in the
right-hand side of (3.3.11) for ¢ # 0 and retain them for ¢ = 0 only.

Since the coefficient functions in the linear equations (3.3.11) admit a double series expansion
in powers of 1/g and A?, we expect that the same should be true for their solutions ci(n,g). Let
us determine the first few terms of this expansion using the following ansatz:

bi(n) B(n)

c+(n,g) = (87rgn)i1/4{ [ai(n) + Ing 1ng

—i—...]—i—aAQ[ai( )+ +...]+O(A4)},

(3.3.13)

where ellipses denote terms suppressed by powers of 1/g and with A% the non-perturbative pa-
rameter defined in (3.2.50).

Here the functions a4 (n),bs(n),... are assumed to be g—independent. We recall that the func-
tions c4 (n, g) have to verify the relation (3.3.9). This implies that the functions ay(n),bs(n),...
should vanish as n — co. To determine them we substitute (3.3.13) into (3.3.11) and compare the
coefficients in front of powers of 1/g and A? in both sides of (3.3.11).
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Perturbative Corrections

Let us start with ‘perturbative’, A2—independent part of (3.3.13) and compute the functions a4 (n)
and by (n).

To determine ay(n), we substitute (3.3.13) into (3.3.11), replace the functions U&El(élwgn)
and r(z¢) by their large g asymptotic expansion, Eqgs. (A.2.14) and (3.3.6), respectively, neglect
corrections in A? and compare the leading O(g°) terms in both sides of (3.3.11). In this way, we
obtain from (3.3.11) the following relations for ay (n) (with z, = ¢ — 1)

20, T(3) Y Z+——(2 =1, (€>1) (3.3.14)
n>1
—9p, T(3 a—(n) _
TS = (t<0)

One can verify that the solutions to this system satisfying ay(n) — 0 for n — oo have the form

 20(n+3 5
a(n) = m , (3.3.15)
BRI (UES )

2T (n + 1)1“2(%) '

In the similar manner, we compare the subleading O(1/g) terms in both sides of (3.3.11) and find
that the functions by (n) satisfy the following relations (with z, = ¢ — 1)

by(n) 3 3r 15
22, (8 RS2 B — FYeD) 0>1 3.3.16
e (4);71—9@ o, 61 :8% (=D (3:3.16)
b_(n) 5 57 9
—22,T(3 =— — 4 —log?2 (<0
v (4)7;7”9@ 300, 64 32 °8% (t<0)

where in the right-hand side we made use of (3.3.15). Solutions to these relations are

b+(n):_a+(n)<3lzg2 %>

b_(n) = a(n)<31‘f2 + %) .

(3.3.17)

It is straightforward to extend analysis to subleading perturbative corrections to c4(n, g).2

Let us substitute (3.3.13) into expression (3.3.10) for the cusp anomalous dimension. Taking
into account the identities (A.2.14) we find the ‘perturbative’ contribution to I'cusp(g) as

Leusp(9) =29 — ; (27n)~ [ %) ( +(n) + bLSZ) +> (1 - 12;“9 +> (3.3.18)
+F(§)<a(n) + b47§7;) + .. ) <1 + 1987 + .. )] + O(A?).

20For instance, the k-th corrections can be found in the form a(n) Pj(tk)(l/n)7 where Pik)(l/n) is a polynomial
of degree k in the variable 1/n.
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Replacing a(n) and by (n) by their expressions (3.3.15) and (3.3.17), we find after some algebra

Peusp(g) =29 |1 — - 7z 0(1/¢%)| + O(A?), (3.3.19)
where K is the Catalan’s constant.

Non-Perturbative Corrections

Let us now compute the leading O(A?) non-perturbative correction to the coefficients cy(n,g).
According to (3.3.13), it is described by the functions a4 (n) and G4 (n). To determine them from
(3.3.11), we have to retain in r(x,) corrections proportional to A%. As was already explained, they
only appear for £ = 0. Combining together the relations (3.3.6), (A.2.12) and (A.2.14) we find
after some algebra

)
or(xg) = —0p00A? |4mg — 7+ O(gh)| +0(AY). (3.3.20)

Let us substitute this relation into (3.3.11) and equate to zero the coefficient in front of A2 in the
right-hand side of (3.3.11). This coefficient is given by a series in 1/¢ and, examining the first two
terms, we obtain the defining relations for the functions ay(n) and B4 (n).

In this way, we find that the leading functions ot (n) satisfy the relations (with z, = ¢ — 1)

zxgr(g)zzt—(’;i:o, (¢>1)
n>1
—2z,T(3) n%:l ST(Z?Z = 2% 800, (¢ <0) (3.3.21)

where in the right-hand side we applied (3.3.15). Solution to (3.3.21) satisfying a4 (n) — 0 as
n — oo reads

ay(n) =0,
a_(n)=a_(n—1). (3.3.22)

with a_(n) defined in (3.3.15). For subleading functions 4 (n) we have similar relations

vy 2 -1 (t>1)
n>1
EPTREI - ) S S L
mr(g% e 16\/5(1 21og 2)ds0 (¢ <0) (3.3.23)

In a close analogy with (3.3.17), the solutions to these relations can be written in terms of the
leading-order functions a4 (n) defined in (3.3.15)

Bun) =~ as(n),
1 3log2 1 )

B-(n)=a_(n—1) (Z 1 3o

(3.3.24)
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We are now ready to compute non-perturbative correction to the cusp anomalous dimension
(3.3.10). Substituting (3.3.13) into (3.3.10) we obtain

6T cusp(g9) = —oA? 7;(27771)1 [r(g) <a+(n) + %T(Z) +.. ) (1 - 12;9” + .. ) (3.3.25)
+F(§)<a(n) - iT(Z) +.. > <1 - 128:;% +.. ﬂ +O(AY).

We replace as(n) and B+ (n) by their explicit expressions (3.3.22) and (3.3.24), evaluate the sums
and find

o2

3 —6log2
O cusp(9) =-————-[1+-—————J§—

T 167mg

- 0(1/92)] +O(AY), (3.3.26)

with A? defined in (3.2.50).

We summarize our findings by the formula

3log2 K
27 8m2g

Leusp(9) = + 0(1/92)} L. O(misp) (3.3.27)

4\/5 cusp

where we introduced a non-perturbative parameter mc,sp Whose strong coupling expansion starts

V2

Meusp = @(271_9)1/4 e~ 9 |:1 +

as

3—06log2 9
—_— 1 . 3.2
T +0(1/) (33.29)

3.4 Mass Scale

In this section, we will analyse a new non-perturbative scale m given in terms of the BES solution

I(t)=T4(t) +il'_(¢) as

m= 8—? e ™ 89 e " Re [/OO i H=ImAD@)| (3.4.1)
us T o t+aimg

The original motivation to introduce this quantity is that it controls the small j scaling function

€(g,j) at strong coupling, as we shall see in the next chapter. In this context, we will prove that

m has a nice interpretation since it can be given the meaning of the mass gap of the non-linear

O(6) sigma model. In this section, we will show that the mass scale m is also relevant to our

discussion of the leading non-perturbative contribution to the cusp anomalous dimension. The

principal result that we will obtain is the identity mcusp = m, valid to any order in 1/g.

3.4.1 General Expression

The expression for the mass gap m can be written as

2
m = % e ™9 _8_g e " Re

/ —— oA (4 git) | (3.4.2)
T T 0

t+3

where integration goes along the imaginary axis. Replacing I'(4mgit) in (3.4.2) by its expression

T(4mgit) = fo(dmgt)Vo(dmgt) + f1(4mgt)Vi(4mgt), (3.4.3)
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and evaluating the t—integral, we find after some algebra (see Appendix A.3 for details) [76]

m = — 1692 e ™ [fo(=mg)Uy (mg) + f1(—=mg)Uy (mg)] - (3.4.4)

s

This relation can be further simplified with the help of the quantization conditions (3.3.1). For
¢ = 0, we obtain from (3.3.1) that fo(—mg)Vo(—mg) + fi(—mg)Vi(—mg) = 0. Together with the
Wronskian relation for the Whittaker functions (A.2.10) this leads to the following relation for
the mass gap

o 16v2 fi(—mg)

= Vg (3.4.5)

It is instructive to compare this relation with the similar relation (3.3.3) for the cusp anomalous
dimension. We observe that both quantities involve the same function fi(4mgt) but evaluated
for different values of its argument, that is ¢ = —1/4 for the mass gap and ¢ = 0 for the cusp
anomalous dimension. As a consequence, there are no reasons to expect that the two functions
m = m(g) and Icusp(g) could be related to each other in a simple way. Nevertheless, we will
demonstrate that m? determines the leading non-perturbative correction to TCeusp(g) at strong
coupling.

3.4.2 Strong Coupling Expression

We will first determine the strong coupling expression of the functions fo(4mgt) and fi(4mwgt). We
recall that they depend on the coefficients c(n,g) and the functions U&[l(élﬂng) as follows,

dmgt) = E ( ng) U (4””9)

fo( t) n>1t [th(n,g)lnit +c_ (n,g)lnit] -1, (3.4.6)
T § : Uy (4mn ~(47n

f1(4 gt) - n |:C+(n7g)% +c (n’ Q)W] .

n>1

The coefficients c.(n, g) admit an expansion in integer powers of A% o g'/? exp (—2mg), while the
U-functions do not?!. As a consequence, the functions fo(4rgt) and f(47gt) have the form

fe(dmgt) = £77 (4mgt) + S fr(dmgt) , (k=0,1). (3.4.7)

Here f,iPT) is the perturbative O(A®) contribution, given at strong coupling by a (non-Borel
summable) asymptotic series in 1/g. The remainder Jf; takes into account non-perturbative
corrections running in integer powers of A2. In the following, we will only be interested in the
first non-perturbative contribution, & f, = O(A?), but subleading terms can be incorporated in a
similar way.

To compute the functions flipT) at strong coupling, we replace the coefficients cy (n, g) in (3.4.6)
by their O(A®) contributions, see Eq. (3.3.13), and take into account the obtained results for the

2The U-functions are directly related to the F-functions, which we know do not suffer from the Stokes phe-
nomenon. The latter property implies that the U-functions should be completely determined by their asymptotic
series. Therefore, they do not depend on the non-perturbative scale AZ.
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functions ay, by, ..., Egs. (3.3.15), (3.3.17). In addition, we replace in (3.4.6) the U-functions by
their strong coupling expansion, Eqgs. (A.2.14). We proceed similarly for §fx, using the explicit
expressions for the functions a, 84,..., Egs. (3.3.22), (3.3.24). Doing so, we find that fo(4mgt)
and f1(4mgt) can be expressed in terms of two sums involving the functions a4 (n) defined in
(3.3.15)

ar(n) 1 |T(HTA 1)
QF(%)T; t—n t [ é(%—t) _1] ’
a_(n) 1 |T(HTA+1)
Qf@gm Tt [ If(i 1) ] (3.48)

Going through calculation of (3.4.6), we find after some algebra that the perturbative corrections
to fo(4mgt) and fi(4mwgt) are given by linear combinations of the ratios of Euler gamma-functions

L(Hra -1
D (4mgt) = ——2
’ I3 -1)
1 [/3log2 1\I'E)Ir(1-t T+t
P (e, ybray _rrA ) o
dmrg 4 8t) T(3—1t) 8tT(3 + 1)
1 [DAra++ rEra-t¢
D (gregt) = —— (2) f ) T(3) § ) (3.4.9)
1 |[TGHra+t /1 3log2) TEI(1-t) /1 3log2
_ ! ()f )( og>_ (4)§ )<_Jr 0g> L0,
In a similar manner, we compute the non-perturbative corrections to (3.4.7)
1 Tra -4 THra+) _
S fo(dmgt) = oA? 4 - —4 O(g?
1 T(3T(1+1)
Sf1(4mgt) = oA? 47 3.4.10
D3I < PEI+0 (1 |3 1 )
— log2 — - O(g~
47Tg [8t T - EET) <8t+ o8 4) Ol )}+ ’
where ellipses denote O(A*) terms. Notice that the strong coupling expansion of both f, (PT)(47rgt)

and 0 fo 1(4mgt) is taken at a fixed value of t.
To verify the obtained expressions, we apply (3.3.3) to calculate the cusp anomalous dimension

Ceusp(9) = 29 — 4gf77(0) — 496 f1(0). (3.4.11)

Replacing f{""(0) and &f1(0) by their expressions, Eqs. (3.4.9) and (3.4.10), we obtain

+O(AY),  (3.4.12)

3log 2 K o2 3—6log?2
Pcusp(g)zzg 1- £ :| |:1+7g

Arg  (4mg)? a 16mg
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in agreement with our previous findings (3.3.19) and (3.3.26), respectively.

To obtain the strong coupling expression for the mass scale (3.4.5), we first recall that Vp(—mg)
depends on the non-perturbative scale A2. Therefore, we decompose it in two F-functions, see
Eq. (A.2.17), and then replace each term by its asymptotic series, Eq. (A.2.14). Taking into
account (3.4.9) and (3.4.10) we get??

V2 1/4 ,—mg 3 —6log2 2
m—@(%’g) e 1—|—W+O(l/g) . (3.4.13)

The comparison with the parameter mcysp, given in Eq. (3.3.28), shows that the identity m = meugp
is satisified, at least up to O(1/g). We will show in the next subsection that it holds at strong
coupling to all orders in 1/g.

3.4.3 Cusp Anomalous Dimension and Mass Gap

We demonstrated that the strong coupling expansion of the cusp anomalous dimension has the
form

3log2 K
27 8m2g

2 g 2 4
+ O(l/g ) - mmcusp + O(mcusp) ) (3414)

with the leading non-perturbative correction given to the first few orders in the 1/g expansion by

Fcusp (g) =

the mass scale m, that is meyusp = m. Let us show that this relation is exact to all orders in the
strong coupling expansion.
According to (3.4.11), the non-perturbative corrections to the cusp anomalous dimension are
given by
Ol cusp = —490£1(0), (3.4.15)

with df1(0) denoting O(A?) correction to the function fi(t = 0), Eq. (3.4.7). The latter function
verifies the quantization conditions (3.3.1). As was already explained, the O(A?) corrections
to solutions of (3.3.1) originate from subleading, exponentially suppressed terms in the strong
coupling expansion of the functions Vy(—mg) and V;(—mg), that we shall denote as 6Vy(—mg) and
dVi(—mg), respectively. Using the identities (A.2.17) and (A.2.19), we find

Vo(—mg) = o2V
T

2/2
Vi(-mg) = 022 ¢ Uy (mg),
T

e " Uy (mg) , (3.4.16)

where 0 = exp (—3im/4). Then, we split the functions fo(t) and fi(¢) entering the quantization
conditions (3.3.1) into perturbative and non-perturbative parts according to (3.4.7) and compare
exponentially small terms in both sides of (3.3.1) to get

0 fo(te)Vo(te) + 0 f1(te)Va(te) = —Edeo, (3.4.17)

22Note that the mass scale m also receives subleading non-perturbative corrections.
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where t, = 4mg (6 — i) and the notation was introduced for?3

£ = fo(-mg)0Vo(=mg) + fi(=mg)éVi(—mg). (3.4.18)

Taking into account the relations (3.4.16) and comparing the resulting expression for £ with (3.4.4)

we find that
o

§:—@m. (3.4.19)

Now, to compute non-perturbative O(A?) correction to the cusp anomalous dimension, we have
to solve the system of relations (3.4.17), determine the function §f;(¢) and, then, apply (3.4.15).
We will show in this subsection that the result reads

5f1(0) = —\/Tifm = 0% m?, (3.4.20)
Together with (3.4.15) this leads to the desired expression m = meysp for the leading non-
perturbative correction to the cusp anomalous dimension (3.4.14). Note that we will prove that
the relation (3.4.20) is an exact consequence of (3.4.17) and (3.4.19), valid at arbitrary coupling
g > 0. However, given the fact that the equations (3.4.17) and (3.4.19) only describe the functions
0 fo,1 up to subleading O(mﬁusp) non-perturbative corrections, the result m = me,sp will be valid
only to all orders in the 1/g expansion. Nevertheless, given this perturbative agreement, it is
always possible to define the parameter mcyusp such that m = me,sp exactly.

To begin with, let us introduce the function

(5P(it) = 5f0(t)V0(t) +4f1 (t)V1 (t) . (3.4.21)

Here 6 fo(t) and 0 f1(t) are given by

Ui (4mng) Uy (4mng)
) Ufdmng) o Up (dmng) 4.22
5fo(t) ;t [5c+(n,g) pr— + dc—(n, g) drng + t (34.22)
- Uy (4mng) Uy (4mng)
Sf1(t) = Z47Tng [5C+ (n,g) pr— + dc_(n,g) drng +t |

n>1

where the coefficients dc4(n, g) = O(A?) are the leading non-perturbative contributions to c(n, g).
We find for ¢ = 0 that §fp(0) = 0 for arbitrary coupling, leading to

ST(0) = 26, (0) (3.4.23)

We recall that, for arbitrary dci(n,g), the function (3.4.21) satisfies the homogeneous integral
equation (3.2.5), i.e.

/ dt [eitu ST_(t) — e~ g, (1)| =0, (“1<u<1), (3.4.24)
0

ZNote that we replaced fé’PlT)(fwg) on the right-hand side of (3.4.18) by the total functions fo1(—7g), and,
similarly, we replaced VO(’?T) (te) on the left-hand side of (3.4.17) by their complete expressions Vo 1 (t¢) = Vo(ﬁT) (te)+
6Vo,1(te). The discrepancy between the two set of functions induces a subleading O(A*) effect, that we will not
consider.
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where 0I'(t) = T4 (t) + 0T _(t) and 6T’y (—t) = £0T'+(¢). In other words, the function dI'(¢) is a
sum of zero-mode solutions, each of them parameterized by the coefficient dc; (n,g) or dc_(n,g).
As before, in order to construct the solution to (3.4.24), we have to specify additional conditions
for 6T'(it). The function 6T'(it) shares with I'(it) an infinite set of simple poles located at the same
position
1

(tez). (3.4.25)

In addition, we deduce from (3.4.17) that it also satisfies the relation (with 2, = ¢ — 1)
5P(47Tig.%’g) = —555,0, (6 S Z) , (3.4.26)

and, therefore, has an infinite number of zeros. An important difference with I'(it) is that oI'(it)
does not vanish at ¢ = —mwg and its value is fixed by the parameter £ defined in (3.4.19).
Having in mind the similarities between the functions I'(it) and 6I'(it) we define a new function

sin(t/4g) sin(m/4)
sin (t/4g + w/4)

As before, the poles and zeros of §I'(it) are compensated by the ratio of sinus functions. However,

oy(it) =

ST(it) . (3.4.27)

in distinction with «(it) and in virtue of 0I'(—img) = —¢&, the function d-(it) has a single pole at
t = —mg with the residue equal to 2¢g¢. For ¢t — 0 we find from (3.4.27) that -y(it) vanishes as

5y (it) = %mm o) = %5 £1(0) + 0(#2), (3.4.28)

where in the second relation we applied (3.4.23). It is convenient to split the function dv(t) into
the sum of two terms of a definite parity, dv(t) = 074 (t) +i0y— (t) with évy(—t) = £5v+(t). Then,
combining together (3.4.24) and (3.4.27) we obtain that the functions 4 (¢) satisfy the infinite
system of homogeneous equations (for n > 1)

a[ b | 0],
/o T [1 o t/29 T ot/2g 1 Jon-1(t) =0,

Aw@[ 6v+() _<H(ﬂ}bdﬂzo_ (3.4.29)

t |1—ec"t/29 t/29 -]

By construction, the solution to this system d+(¢) should vanish at ¢ = 0 and have a simple pole
at t = —img. We recognize in (3.4.29), up to an inhomogeneous term in the right-hand side, the
system determining the solution to the BES equation ~y(¢). As we show in Appendix A.4, this fact
permits to derive a Wronskian-like relation between the functions é+(¢) and (¢). This relation
turn out to be powerful enough to determine the small ¢ asymptotics of the function é+(t) in terms
of ¥(t), or equivalently T'(¢). In this way we obtain

2 V2 *dt
dy(it) = —Et|—5—e ™ e ™R W=/ | +0t?). 3.4.30
Ait) = ~¢t| e e Re [T )| +0). (3430
Comparing the expression inside the square brackets with the definition of the mass scale m,
Eq. (3.4.1), we find that

7 it) = ~em’y2 + 0(1). (3.431)
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Matching this relation into (3.4.28), we obtain the desired expression for f1(0), Eq. (3.4.20).
Then, we substitute it into (3.4.15) and compute the leading non-perturbative correction to the

cusp anomalous dimension leading to
Meusp = M. (3.4.32)

Thus, we demonstrated in this section that the leading non-perturbative, exponentially small
correction to the cusp anomalous dimensions at strong coupling are determined to all orders in
1/g by the mass scale m.



Chapter 4

Scaling Function and O(6) Sigma
Model

In this chapter, we will explore further the scaling behavior of the minimal anomalous dimension
in the limit when both the spin of the Wilson operators N and their twist L are large. Namely,
we will allow L to grow logarithmically with N and determine the large N expansion in the limit
N, L — oo for fixed scaling variable j = L/log N. In this double scaling limit, the minimal
anomalous still scales logarithmically with N but the coefficient in front of log IV receives besides
the cusp anomalous dimension an additional contribution which depends explicitely on j [45].
The minimal anomalous dimension thus takes the following form for N, L — oo with j = L/log N
fixed [45, 59, 46, 47]

0Amin = f(g,7)log N + ..., (4.0.1)

where dots stand for O(log” N) corrections. For j = 0, the scaling function f(g,j) reduces to the
cusp anomalous dimension

f(gaj = 0) = 2FCusp(g) 5 (402)

and the non-trivial dependence on j is encoded in the function €(g, j) defined as

(9,9) = f(g,3) — f(g,0). (4.0.3)

This function can be computed in planar N/ = 4 SYM theory thanks to integrability [45, 47]. In
a previous chapter, we illustrated the power of integrability on the example of one-loop Bethe
ansatz equations in the s[(2) sector. Applying the all-loop Bethe ansatz equations [41, 43, 44],
it is possible to derive an integral equation [47] whose solution determines the scaling function
€(g, j) exactly for any value of j and g. At strong coupling, this function can be investigated with
the help of AdS/CFT correspondence [45, 15, 59, 61] by computing the semiclassical energy of
a string rotating in AdSs; with a large spin N and boosted along a big circle of S° with a large
momentum L [14, 15].

For general values of g and j, the scaling function €(g, j) has a quite complicated form. To get
an insight into the properties of this function, it is instructive to examine its asymptotic behavior
in different parts of the parameter space. We will study in detail the regime of small j and strong
coupling g > 1. In this regime, the scaling function can be computed exactly from string theory

87
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and, according to the proposal put forward in [46], it should be related to the energy density
in the ground state of non-linear O(6) sigma model with the particle density p = j/2 ~ m and
m ~ e~ ™ being the mass gap of the O(6) sigma model. In this chapter, we will verify this proposal
on both sides of the AdS/CFT correspondence [46, 61, 74, 73, 75, 138, 76] and, then, compare
the two predictions for the mass gap, coming from gauge [74, 73, 76] and string [46, 76] theory
considerations, respectively.

4.1 Scaling Function in String Theory

In this section we study the scaling function €(g,j) at strong coupling from string theory. We
first analyse it with the help of the semiclassical string expansion and then by means of the O(6)
sigma model. By comparing the two approaches, we will extract the expression of the mass gap
m = m(g) up to two loops at strong coupling.

4.1.1 Semiclassical String Expansion

We start with few remarks about the string theory dual to planar N' = 4 SYM theory and the
spinning string solution dual to spin N, twist L Wilson operator. We refer the reader to the
literature mentioned below for comprehensive discussions.

General Remarks

The AdS/CFT correspondence predicts that the spectrum of scaling dimensions of single-trace
operators in planar N' = 4 SYM theory coincides with the energy spectrum of closed strings
propagating on AdSs x S°. To find the spectrum of string excitations, one needs to solve the
string sigma model on AdSs x S® background. The latter is given by a two-dimensional field
theory which is uniquely fixed by its symmetries [12] and only depends on the string tension
\/X/ 21 = 2¢g with ¢? being the 't Hooft coupling constant in gauge theory. The inverse string
tension ~ 1/ VX plays the role of a coupling constant in the o-model and it controls the size of
the quantum fluctuations of the string. Then when the tension is large vA > 1, the o-model is
weakly coupled while the dual gauge theory is strongly coupled g > 1.

To compute the energy spectrum of the string, one has to quantize the o-model on AdSs x S°
background. This is a very complicated problem that still awaits it solution. It turned out that
for higher excited states in the energy spectrum of the string, the problem can be circumvented by
applying semiclassical methods [14, 15]. In this approach, the starting point is an identification
of the solitonic-like solution to the classical string equations of motion with the relevant global
conserved charges fixed by quantum numbers of Wilson operators in dual gauge theory. Expanding
and quantizing the o-model around this background solution, one builds up the string spectrum
above the corresponding excited state, which here plays the role of a ground state for the two-
dimensional theory. Note that one usually starts with a classical solution with minimal energy for
given global conserved charges to ensure the stability of the vacuum. In general, if the background
solution is not too involved, one may perform a perturbative quantization of the theory at V> 1.
It allows in particular to find the ground-state energy in the form of an expansion in inverse powers
of VX o g > 1. The leading order contribution to this semiclassical or strong coupling expansion
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is simply given by the classical energy of the soliton, while the subleading terms are induced by
the quantum fluctuations. In this way one can work out the energy of a string dual to a Wilson
operator carrying a large Lorentz spin N and/or a large twist L [14, 15].

Before considering it, let us finally say few words about the AdSs x S® background [11].
The metric of AdSs x S® decomposes into the direct sum of the metrics of two subspaces. By
construction, the curvature radius of AdSs and S® are equal to each other and we normalize their
value to be 1. The Euclidean metric of S® takes the well-known form while the Minkowskian
metric of AdSs in global coordinates reads

ds® = cosh?r dt? — dr? — sinh?r dQ3. (4.1.1)

Here t € (—00,00) and r € (0,00) are respectively the time and radial coordinates, while d©2 is
the metric on the unit sphere S3. The boundary of AdSs is located at r = oo and it is conformally
equivalent to R x S? with metric ds? = dt? — dQ3. The dual gauge theory “lives” on the boundary
of AdS5 and the AdS/CFT correspondence establishes the correspondence between the Wilson
operators in this theory and quantum states of the strings propagating in AdSs x S°. In the
following, we will be dealing with strings rotating in AdSs C AdSs. In that case the sphere S? in
(4.1.1) is reduced to a big circle S' with angular coordinate ¢ € (0,27) and the metric takes the
form

ds® = cosh?r dt? — dr? — sinh? r dp? . (4.1.2)

The boundary » = oo of AdS3 space is then conformally equivalent to a cylinder R x S! with
metric ds? = dt?> — dp?. The Lorentz spin N of a Wilson operator in the dual gauge theory is
translated into angular momentum of the string, that is the charge conjugated to shift in . In

the similar manner, the twist L of the Wilson operator in consideration is conjugated to a rotation
in S°.

Spinning String

The string state that is dual to a Wilson operator carrying a Lorentz spin N and a twist L has
two angular momenta N and L corresponding to rotations on AdSs C AdSs and on S' C S°,
respectively [11]. Applying the AdS/CFT dictionary [8] its energy FE is equal to the scaling
dimension A of the dual Wilson operator

E=A=N+L+3A, (4.1.3)

where A = O(g?) is the anomalous dimension in ' = 4 SYM theory. Since we are interested
in conformal operators with minimal anomalous dimension, we will focus on a string state with
minimal energy for given N and L. In flat space-time, a string state with minimal energy for a
given spin N lies on leading Regge trajectory. In the limit of a large number of excitations N > 1
the state becomes semiclassical and it can be described by a stretched (folded) classical string
rotating around its center-of-mass [5, 14]. As proposed in [14], the same physical picture should
also apply in AdS and the corresponding classical configuration is a folded string spinning in the
curved AdSs background with the angular momentum N. In addition, for large values of twist L,
the string gets boosted along a big circle of S® with the angular momentum L [15].
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g S S

(@) (b) (©)

Figure 4.1: Transition from the short folded rotating string to the infinitely long string limit [14,
15]: (a) short string S < 1 with length ~ 4 (S/27)%/2, (b) long string S > 1 with length ~ 2log S
and (c) infinitely long string S = oo stretched up to the boundary of AdSs;. Here the interior
of the disk represents a section of AdSs at a given time ¢ and the circle its boundary S3. The
frequency w interpolates between (a) w ~ (27/S)/? at S ~ 0 and (¢) w = 1 at & = oo. The
momentum J is assumed all the way much smaller than the spin S.

To obtain the strong coupling expansion of the string energy F at large N and L, one has to
quantize semiclassically the o-model around the classical string solution mentioned above [14, 15].
The coupling constant does not play any role in the classical string dynamics except to set the
scale of the Noether charges. It is then convenient to introduce!

E=E/g, S=N/g, J=L/g. (4.1.4)

A classical solution is parameterized by S and J, that are kept fixed in the semiclassical string
expansion g > 1. The energy &£ is then found as a series in inverse powers of the coupling
constant [14, 15, 59, 61]

E=g&(S,7)+&(S,T)+0(1/g), (4.1.5)

with &, &1, ... being functions of § and J, but independent of the coupling constant. Here,
the leading contribution & is the classical string energy while £ is the one-loop correction to
the energy induced by the quadratic fluctuations around the classical solution. The semiclassical
expansion (4.1.5) being defined for large g and fixed (S,.J), it yields predictions for anomalous
dimension at strong coupling of Wilson operators carrying large spin N and twist L.

Due to the curvature of the AdSs background, the leading classical contribution ~ &(S,J)
to the energy of the string (4.1.5) is given by a complicated function of S and J that interpolates
between different regimes [14, 15].2 For instance, for small angular momentum S < 1 the string
is short. If, in addition, the rotation of the center-of-mass is slow, J < 1, the energy &(S,J)
is small. We expect that in this limit the string does not feel the curvature of the background.
Indeed, according to [14, 15] the energy for S, J < 1 reads

E(S,T)=VIT?*+81S +..., (4.1.6)

'Note that the notations here are similar to those of [15, 61] but differ by an overall factor 47 due to the relation
V= 4mg.

2An exact parametric representation valid for any (S, J) can be found in [15]. Here, we will not directly make

use of it since we will focus on the large spin regime S > 1 for which the explicit expressions are known [14, 15, 45].
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and, making use of (4.1.4) and (4.1.5), one finds that it corresponds to the familiar relativistic

dispersion relation of a classical string in a flat space-time

E ~ Egat-space = V/L? + 819N . (4.1.7)

Here L is the momentum of the center-of-mass of the string while M? = 87gN = 2N/a/ is the
squared mass of the folded rotating string with angular momentum N and Regge slope o/ =
1/4mg.3

The physics is however quite different in the limit S > 1, assuming for a while that 7 is kept
fixed. In that case it is no longer possible to neglect curvature effects since the string is appreciably
stretched out and its energy becomes large, see Figure 4.1. Indeed, according to [14, 15] the string
length scales as ~ 2log S > 1 and the energy &(S,J) behaves as

£0(S,T) =8 +4logS+... . (4.1.8)
Substituting this relation into (4.1.5), we find for N > g > 1
E =N +4glogN +.... (4.1.9)

We immediately verify that this expression for the energy E of a long rotating string (4.1.9) is
in perfect agreement with the all-loop gauge theory prediction for scaling dimension of Wilson
operators [49]

Apin = N + 20 cusp(g) log N + ..., (4.1.10)

with the cusp anomalous dimension I'cysp(g) being a function of the coupling constant independent
of the twist L. The AdS/CFT correspondence implies that E = Ay, thus leading to the strong
coupling expression of the cusp anomalous dimension [14]

Fcusp(g) =29+ O(l) : (4111)

In order to put this matching on firm grounds, it is important to verify that the radiative correc-
tions to the classical energy of a long rotating string (4.1.9) do not scale stronger than the first
power of log S ~ log N. As proposed in [14] and argued in [15, 46] this is indeed the case and the
energy of a long rotating string scales to all orders in the strong coupling expansion as

E=N+2F(g)logN +.... (4.1.12)

Here F(g9) = 29 + O(1) is a function of the coupling constant only. It has been computed
explicitely to two loops in [14, 15, 60]. Complete agreement with the gauge theory requires that
F(g9) = Teusp(g). By definition, the cusp anomalous dimension governs the scale dependence of
the vev of a cusped lightlike Wilson loop in N/ = 4 SYM theory. At strong coupling, in the
dual stringy picture, the Wilson loop is determined by the area of the minimal surface ending at
the boundary of AdSs on the contour drawn by the Wilson loop [124, 125]. This offers a way

30ne-loop quantum correction &£ (S, J) to the energy of a short spinning string has been computed in [126] for

J =0.
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to compute the cusp anomalous dimension at strong coupling. To two loop order this was done
in [113, 114, 115, 116] leading to

3log2 K
27 8m2g

Leusp(g) = Flg) =29 — +0(1/9%), (4.1.13)

with K the Catalan’s constant. More generally the relation F(g) = I'cusp(g) was shown in [115]
to be exact to all orders in the strong coupling expansion.

4.1.2 String Scaling Function

As was already mentioned, the energy of a long rotating string (4.1.12) gets corrected when its
angular momentum J corresponding to rotation of the center-of-mass of the string along S' c S°
becomes large simultaneously with . Based on gauge theory considerations, we expect that the
appropriate scaling variable in the limit when both the Lorent spin N and the twist L take large
values is given by j = L/log N. For N, L — oo and j fixed, the minimal scaling dimension has
the asymptotic behavior [45, 46, 47|

Apmin =N+ L+ f(g,j)log N +.... (4.1.14)

where the function f(g, j) split into the sum of two terms

f(9,5) = 2L cusp(g) + €(g.4) - (4.1.15)

By construction, the scaling function €(g,j) vanishes at j = 0, and for small j it admits an
expansion in integer powers of j = L/log N [45, 47].

At strong coupling, the scaling function f(g,j) should match the prediction of the string
theory. It is convenient to rewrite the relation (4.1.14) as

E=N+2F(g,j)log N +..., (4.1.16)
With f( .) . ( .) .
. 9,3) tJ €(9,7) +J

Fl9.0) = =5 =Tasplg) + =——5— (4.1.17)

We expect that in the semiclassical stringy approach the scaling function F(g, j) is given by an
expansion in 1/g with coefficients being functions of the variables S = N/g and J = L/g. Namely,
introducing a new variable £ = 7 /4log S and using the relation j = L/log N ~ L/log S = 4g¥, we
expect that the scaling function F(g,j) = F(g,4g¢) can be found semiclassically as [45, 15, 59, 61]

F(g.4) = Flg,490) = gFo(£) + F1(0) + ..., (4.1.18)

where the strong coupling expansion is performed for a fixed value of the scaling variable ¢. For
¢ = j = 0 this expansion takes the form

F(9,0) = Leusp(9) = 9F0(0) + F1(0) + ... , (4.1.19)

In order to understand better the origin of this generalized scaling in the string theory, we will first
comment a bit about some remarkable features of the long rotating string S > 1 [14, 15, 115, 46].
After this few remarks, we will find quite easily the classical string scaling function Fy(¢) and then
discuss what happens at the quantum level.
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Classical String Scaling Function

To begin with, let us examine the properties of a long rotating string with & > 1 first assuming
that J = 0. Then, in order to isolate the ‘anomalous’ ~ log N ~ log S contribution to its energy,
let us define the energy in the rotating frame of the string. This frame rotates with a frequency w
in the global coordinates of AdSs and the charge conjugate to shift in time is given by £ — wlV.
The frequency w is function of the spin N and it can be found as

_dE
 dN’

w (4.1.20)
This is so because the string has minimal energy E for given spin N. In other words, F(w) =
E — wN defines the free energy of the theory at chemical potential w, the latter being determined
by the minimization condition §F = §F — wdN = 0, or equivalently (4.1.20). Plugging the long
string classical energy E = N +4glog N + ... into (4.1.20) we obtain that w =1+44g/N +... =
1+4+4/S + ... [14]. Thus the energy in the rotating frame is given by E — N, up to subleading
o(log §) corrections at large S.

Now, let us work out the induced metric on the worldsheet of the classical string. It can be
easily obtained from (4.1.2) by using that ¢ = wt and one finds

ds®> = (cosh? r — w? sinh?r) dt* — dr?. (4.1.21)

Here the radial coordinate r is assumed to take negative values —rg < r < rg which correspond to
the string stretched along the segment (—rg, o) with ro the distance between the turning points
of the string and the origin » = 0. Note that since the string is folded its length R is given by
R = 4ry. Then, taking into account the redshift factor in (4.1.21), we find that the energy £ —wN
is given by [14]

r0
E—-wN = Sg/ dr v/cosh®r — w?sinh?r | (4.1.22)
0

where the string tension 2g has been multiplied by 4 to account for the four equivalent segments
of the folded string. We can now observe a remarkable simplification of (4.1.22) when w = 1.
Namely, the energy at rest is uniformely distributed along the string and thus is proportional to
the length R

E—N =2gR. (4.1.23)

As was already explained, for § > 1 the length of the string is given by R = 2logS. Indeed, it
follows from the expression of the induced metric (4.1.21) that the extension of the string along
the radial coordinate r¢ and the frequency w are related to each other as [14]

w = cothry. (4.1.24)

This is so because the string fold points propagate at the speed of light. Using this relation we
verify that ryp — oo corresponds to w — 1 and that w = 1+4/S+. .. implies R = 4rg = 2log S+. . ..
Substituting this relation into (4.1.23), we find that the cusp anomalous dimension is equal at
strong coupling to the string tension 2g, or equivalently to the energy density along the string.



94 CHAPTER 4. SCALING FUNCTION AND O(6) SIGMA MODEL

Let us understand what happens when the string is boosted with a momentum L along a big
circle of S°. The string that was at rest now effectuates a rigid rotation on a cylinder (r,v) in a

flat space-time

ds® = dt* — dr® — dyp? (4.1.25)

where 1 is the angular variable on the big circle of S?. Here we used (4.1.21) evaluated at w = 1
for the relevant contribution coming from AdSs. It immediately follows that the energy density
(E— N)/R is given by the relativistic law

% _ \/<%>2 . (%)2, (4.1.26)

where M /R and L/R are respectively the density of mass and of momentum along the string. We

found previously that M/R = 2g and R = 2log S at large S. Then factoring out the dependence
on the coupling constant and introducing the semiclassical variable ¢ = L/M = L/4glogS =
J/4log S, we get

E— N =2¢Fy(¢)log S, (4.1.27)

with
Fo(l) =21+ (2. (4.1.28)

This is the correct classical string scaling function [45, 15], which has been successfully reproduced
with help of the Bethe ansatz technology in [137, 138, 139].

We thus verified, at the classical level, that the string energy admits a generalized logarithmic
scaling at large S, for any fixed value of £ = 7 /4log S. Expanding (4.1.27) at small £ we obtain [15,
45]

E— N =4gl S< _T */log* >
=4glogS |1+ 5= +O0(J"/1og™S) | . (4.1.29)
32log“S
This relation illustrates how the string scaling function resums corrections at large S enhanced
by a large momentum 7. Arriving at (4.1.29) we tacitly assumed that £ = J/4log S is small. In

the opposite large ¢ limit, or equivalently 7 > log S, the classical energy (4.1.27) looks as [15]

log? S

+O(log*S/73). (4.1.30)

1
E=N+4g <€+2—€+O(1/€3)>10gS:N+L+89

Notice that this relation is valid at large S only for § > J > logS whereas for J > & the
properties of E are different. A similar phenomenon also happens in the gauge theory [45] and has
been discussed in Chapter 2. In string theory, one can easily understand the change of asymptotic
behavior by noting that for § ~ J > 1 the string is not long anymore. Indeed, the string length
R depends on the momentum J, because it is fixed at the classical level by the lightlike condition
imposed at the fold points [15]. The solution to this condition depends on whether the string is
boosted along S! or not. At large S and finite £ we have R = 2log S up to subleading o(log S)
corrections. However, for £ > 1 we find instead that R = 2log (S/J) = 2log (N/L) [15] indicating
that the string shortens when J becomes of order S. Eventually, the string shrinks into a point
when J > S [14, 15] and one recovers the BMN scaling

S
E:N+L+89772ﬁ+.... (4.1.31)



4.1. SCALING FUNCTION IN STRING THEORY 95

The study of this regime was done in [95] to leading order on both sides of the AdS/CFT corre-
spondence.

Quantum String Scaling Function

The previous discussion of the classical string scaling function can be extended to the quantum
level. Namely, by expanding the string o-model around the classical solution for a long rotating
string with J = 0 and assuming a static gauge in which the radial and time coordinate do not
fluctuate, one obtains a two-dimensional QFT for the transverse (and fermionic) fluctuations of
the (super)string [15, 46]. The latter excitations can be viewed as propagating above the classical
string background and carrying energy measured with the 2d Hamiltonian H = (global-time)
energy — spin = scaling dimension — Lorentz spin.* Given that the energy of a long rotating
string scales linearly with its length R = 2logS to all loops, we expect the cusp anomalous
dimension to be equal to the effective (quantum) tension of the string. In other words, the cusp
anomalous dimension is equal to the vacuum energy density of the o-model expanded around the
classical string solution [15, 46].

Similar to the cusp anomalous dimension, the scaling function also admits a direct generaliza-
tion at the quantum level. Namely, F(g,7) = (E— N)/R = (E — N)/2log S is the energy density
of an excited string state with minimal energy for a given charge density p = L/R = j/2 [46].
Here we prefer to think of p as a charge density instead of a momentum density, because from
the 2d o-model point of view the target-space momentum L is an internal charge. It is indeed
the Noether charge corresponding to rotation of the center of mass of the (super)string along
a big circle on S°. At zero density p = j = 0, we find the vacuum state (string at rest w.r.t.
St ¢ S%) with energy density F(g,j = 0) = Tcusp(g). At finite density p # 0 we have a steady
state, made out of transverse fluctuations at (zero-temperature) thermodynamic equilibrium, with
energy density

€(g,j) +J

e(9,7) = F(9,5) — F(9,5 =0) = F(9,7) — Leusp(g) = 5

(4.1.32)
Here we used the equation (4.1.17) to relate €(g, j) to the gauge scaling function (g, j). Given the
interpretation above, the string theory should provide a definite prediction for the scaling function
at strong coupling and arbitrary j.

Let us start with the semiclassical string scaling function. As was already said, it is found, at
large g, as [45, 15, 59, 61]

F(g,7) = Flg,490) = gFo(£) + Fi(£) + g 1 Fa(0) + ..., (4.1.33)

where Fo(¢),F1({),... are the classical, one-loop, ... contribution, respectively. We stress that
the expansion (4.1.33) assumes ¢ = j/4g = p/2g to be fixed. Let us understand why. The starting
point of the expansion (4.1.33) is the classical boosted string solution, that is characterized by
the frequency v of the rotation along S!, namely ¢ = vt. The frequency v parameterizes the
background solution and it has to be kept fixed when the perturbative quantization is done

4Here we assume the frequency w = 1 corresponding to S ~ co.
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around it. To relate the frequency v to the conserved charges one can make use of the relation

dE

— 4.1.34
== (1.134)

UV =

that is similar to the one used for the frequency w, which was conjugate to the spin N. Then,
classically and to leading order at large S, we get [15]

ot (4.1.35)

Vite
Therefore, keeping the frequency v fixed becomes equivalent to working at finite £.> We note,
moreover, that from the point of view of the string o-model defined around the string at rest,
that is v = 0, a state with finite £ is a highly-excited state with a large charge density p = 2¢¥,
since ¢ > 1. It is thus not completely surprising to find that this regime of large density can
be captured semiclassically by shifting the vacuum to the relevant soliton solution, which in the
present case describes a macrosopic rotation at frequency v.

The classical contribution, Fy(¢), to the semiclassical string scaling function (4.1.33) was easy
to compute, because the relevant metric was flat. Quantum mechanically the transverse fluctu-
ations of the string feel the curvature of the space-time around the classical string and induce
more involved corrections [15, 59, 61]. Remarkably enough the one-loop correction Fi(¢) can be
computed explicitely [59] and its expression has been reproduced by methods based on the Bethe
ansatz equations [137, 138, 139]. Here we will not need this expression but will later give its
leading behavior at small ¢. The two-loop contribution F»(¢) has been obtained in [61] at small
¢. The small ¢ or more exactly the small j = 4¢/¢ regime of the string scaling function F(g, j) is
precisely the one we would like to investigate and to compare with the gauge theory. So let us
examine the small ¢ expansion of the semiclassical string scaling function in more detail.

The prediction for the gauge scaling function at strong coupling goes as follows. To leading
order, we have

£(9.5) = 9 (Fo(0) = Fo(0)) =29 (VI+ 2 =1) | (4.1.36)
which after expanding at small ¢ = j/4¢g and using Eq. (4.1.32) leads to

j° g

)= —j+=— — 4.1.37
€(9,j) =—Jj+ T ( )

Comparing Eq. (4.1.37) with the gauge theory small j expansion [45, 47]
c(g.g) = e1(9)j +e29) 7* + es(9) 5° + .., (4.1.38)

with one-loop expressions
7

e1(g) = —8log2g* + ..., e(9)=0+..., es(g) = EW2C3g2 +..., (4.1.39)
one would naively expect that €;(g) interpolates between €1(g) = —8log 2 g2 at weak coupling and
€1(g) = —1 at strong coupling, and so on for €3(g),.... That sounds indeed reasonable since both

5Things remain the same at higher loops but the relation between v and ¢ gets corrected by contributions
suppressed by powers of 1/g [59, 61].
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the gauge and string scaling functions appear to be analytic around j = ¢ = 0. However, this is
not what happens, except for the coefficient €1(g). For instance, as we shall see later, the all-loop
asymptotic Bethe ansatz equations predicts that es(g) is exactly zero [47], at any value of the
coupling constant. It is thus not possible to match the would-be strong coupling string prediction
€2(9) =1/8g + ... (g > 1). Moreover, the expansion of the scaling function in integer powers of
¢ does not hold anymore at higher-loop on the string theory side [59, 61]. Indeed, the first two
terms of the small ¢ expansion of the two-loop string scaling function reads explicitely [59, 61]

) 1/3 1 q02
2 N L (2 2 4
e(g,7) =gt [1 + - <4 log€> + g < 5 3log ¢ + 4log €>] +0(%), (4.1.40)

where qg2 is a two-loop constant equal to [61]
3 7

where K is the Catalan’s constant. Clearly, the result (4.1.40) with its logarithmic dependence on
¢ = j/4g prevents any direct interpolation with the gauge theory expansion (4.1.38).

Similar logarithmic enhancements apply for corrections to (4.1.40) suppressed by higher pow-
ers of £ [59]. The situation becomes worse at higher loops since higher polynomials of log ¢, whose
degrees are given by the loop order, are generated [61]. That singular behavior of the expan-
sion (4.1.40) with its accumulation of powers of log ¢ seems to invalidate the semiclassical analysis
for j ~ 0. A rough estimate of the ‘convergency radius’ of the (extrapolated) term in square
brackets in (4.1.40) points toward a transition at log?¢ ~ (—mg), and thus to the existence of a
non-perturbative small j regime: j ~ e~ ™ [46]. It would mean that a ‘resummation’ of the double
expansion in powers of 1/g and log ¢ is needed to correctly probe the scaling function around j = 0
at strong coupling, and possibly restore the agreement with the gauge theory expansion (4.1.38).
However, without further information about the structure of the semiclassical expansion (4.1.40),
this program looks quite impossible to tackle on analytical grounds.® Fortunately, the way out was
proposed in [46] in which the conjecture was put forward that the small ¢ string scaling function
is exactly governed by a 2d non-linear O(6) sigma model. This model appears as a low-energy
effective theory for the string o-model. Let us see how it solves the interpolation of the two
expansions (4.1.38) and (4.1.40).

According to [46], the O(¢2) contributions in the small ¢ expansion of the string scaling func-
tion (4.1.40) are controlled exactly by the O(6) sigma model. More precisely, when ¢ = j/4g =
p/2g < 1, we have the relation

€(9,4) +7J

e(g,j) = 5 = goe)(p) +--- ) (4.1.42)

where the dots stand for O(¢*) corrections. Here, €o(6)(p) is the (thermodynamic) density of
energy, measured above the vacuum, for an excited state of the O(6) model with minimal energy
for a given charge density p = j/2.7 The O(6) sigma model has a non-trivial dynamics that

A discussion of the resummation of the logarithms based on a world-sheet superstring approach can be found
in [61].

"The charge is measured with respect to one of the Cartan generators of 50(6), the other ones annihilating the
state. We may choose the generator of the rotation in the plane (1,2) for definiteness.
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splits into two different regimes, which affect the expression of egg)(p). Perturbatively, the O(6)
model describes the interaction of an O(5) multiplet of massless Goldstone bosons. It has a
running coupling constant and it is asymptotically free at short distances [127, 128]. In the
infrared, however, the O(6) model develops a mass gap m ~ exp (—g/fp), with one-loop beta~
function coefficient 3y = 1/m, and describes the interaction of an O(6) multiplet of massive
(asymptotic) particles with mass m. The corresponding regimes for the energy density £0(6) (p)
are then summarized as follows.

e In the non-perturbative regime p < m, the O(6) energy density admits an expansion in
integer powers of p [130]

71.2

co) (p) = m’ [% + 5 <%>3+O(p4/m4)] . (4.1.43)

This regime is directly connected to the small j = 2p expansion of the gauge theory (4.1.38).
We note, in particular, the absence of term proportional to p? ~ j2 in (4.1.43). Comparison
of (4.1.43) and (4.1.38) suggests that €;(g) interpolates bewteen €1(g) = —8log2g® + ...
at weak coupling (¢ < 1) and €1(g) = —1+ m + ... at strong coupling (g > 1), and so
on for e3(g),.... We will see later that this is effectively the transition predicted by the
all-loop Bethe ansatz equation for the scaling function in the gauge theory [47, 74, 73, 75].
Note that the dots in the relation €;(g) = —1 +m + ... stand for subleading contributions
at strong coupling. The latter arise from resummation of terms ~ ¢4logh ¢, (81ogh ¢, ...
in (4.1.40) to all orders in 1/g. From the effective theory point of view, they correspond
to irrelevant perturbations of the O(6) model associated to dimension 4,6,... operators.
Thus it seems reasonable to believe that their contributions at a given order in the small j
expansion of the scaling function will be suppressed by higher powers of the mass m ~ e™™9,
e.g. €1(g) = =1+ m+ O(e™3™). These sort of contributions are predicted [73, 75] by the
all-loop Bethe ansatz equation for the scaling function [47].

e In the perturbative regime p > m, the O(6) energy density reads [130]

B 0 loglog(p/m)
o) (p) = p° [7410g(p Ty O<7log2 (o) )] . (4.1.44)

This regime is connected to the small ¢ = p/2g expansion of the semiclassical string re-
sult (4.1.40). The expression (4.1.44) resums through renormalization group (an infinite
number of) perturbative corrections in 1/g with coefficients proportional to ¢? ~ p? and
enhanced by powers of log ¢ [46, 61]. Using the leading-order (one-loop) strong coupling
expression for the mass gap m x exp (—g/Bp) = e~ ™ and expanding (4.1.44) at strong cou-
pling, one immediately recovers the classical string result £(g,7) = g¢?> + ... [46]. To match
higher-loop corrections to (4.1.40) into (4.1.44), one needs to know the strong coupling ex-
pansion of the mass gap m. This expansion depends on the embedding of the O(6) model
into the superstring o-model, and it is not fixed by the O(6) model solely. Comparing the
O(6) result (4.1.44) with the string result (4.1.40) order by order in 1/g, one may find the
strong coupling expression of the mass gap m = m(g) [46, 76]. We will explain it in more
details in the following subsection, but it is important to stress that the O(6) model predicts
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that the string expansion (4.1.40) has a renormalization-group structure [46, 61]. It implies
for instance that the mapping of (4.1.40) into (4.1.44), with the help of the one-loop mass
gap m o exp (—g/Bo), definitely determines the numerical coefficient ~ (—f5o)* multiplying
the leading logarithm log® ¢ of (4.1.40) at k-loop order [46].

e In the intermediate regime p/m = fixed, the function e (p) does not admit a simple
representation. However, thanks to the complete integrability of the O(6) sigma model [72,
127, 128], the energy density can be found for an arbitrary charge density as the solution
to the (zero-temperature) thermodynamic Bethe ansatz (TBA) equations [130]. We shall
discuss it later, since it is in this form that the O(6) model is embbeded [73] into the gauge-
theory all-loop Bethe ansatz equation for the scaling function [47] (at strong coupling).

Thus the proposal of [46] solves the apparent disagreement between the small j expansion in the
gauge theory at strong coupling (4.1.38) and the small ¢ expansion in the string theory (4.1.40) by
establishing a non-perturbative transition between these two regimes. That transition is governed
by the O(6) sigma model and takes place at j ~ m ~ e~ where m is the O(6) mass gap.

In the next subsection, we will verify explicitely that the O(¢2) contribution to the small
¢ string scaling function (4.1.40) can be interpreted as the semiclassical expansion of the O(6)
energy density, which holds in the perturbative regime j > m. Namely, we will check that the
polynomials of log ¢ in (4.1.40) have a renormalization-group structure that originates from the
running of the effective coupling constant of the O(6) model. From this mapping, we will extract
the two-loop expression of the O(6) mass gap m = m(g). Finally, we will sketch the construction
of the O(6) TBA equations [72, 130], in view of a later embedding into the gauge theory.

4.1.3 Non-Linear O(6) Sigma Model

According to [46], the effective dynamics of the gapless excitations of the string o-model, expanded
around the long rotating string at rest w.r.t. S! C S%, is described by the bosonic non-linear O(6)
sigma model. Let us give an argument supporting this proposal by looking at the spectrum of
quadratic fluctuations. To one-loop order, the spectrum of masses of these fluctuations has been
computed in [59]. It can be easily deduced from the following representation for the one-loop
contribution to the cusp anomalous dimension [59, 46]

3log2 1

>
—/ LAslpl + PR+ A+ 2V +2—8vp2 + 1. (4.1.45)
27 2 J_ o 27

Indeed, we recall that the cusp anomalous dimension has the meaning of the vacuum energy
density for the 2d worldsheet theory: I'cusp(9) = Evac/R = Evac/2logS = 2g — 3log2/2m + ...
As a consequence, O(g%) correction to the cusp anomalous dimension is given by the sum of the
individual energies E} of each of the string modes. Namely,

Eqac = Eelassical + 1/2 Z Ey + O(l/g) ) (4146)
k

where Eassical = 4glogS and ), — 2log S x fp with p ~ 27k/2log S in the long string limit
S> 1.
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Clearly, the one-loop vacuum energy density (4.1.45) decomposes into the sum of bosonic and
fermionic contributions with the latter entering with minus sign. The correct balance between the
number of these modes and the values of the corresponding masses ensures the UV finiteness of the
result. We see that the excitations have relativistic dispersion law and all of them except five are
massive. The five gapless modes correspond to small fluctuations of the string in S> C AdSs x S°.
They are massless by the Nambu-Goldstone mechanism. Indeed, the 2d Hamiltonian has an exact
O(6) symmetry, reflecting the invariance with respect to rotations in S°. But, at the perturbative
level g > 1, the symmetry is spontaneously broken down to O(5) by the semiclassical vacuum
or equivalently by the choice of the position of the string in S®. In this way, one has an O(5)
multiplet of Goldstone bosons. As we will discuss later, the embedding of the string into S® is
governed at low-energy by a non-linear O(6) sigma model. We conclude therefore that the O(6)
model can be considered as a low-energy effective theory with a UV cutoff of order O(1) [46]. We
stress that this is possible at strong coupling g > 1 only. Indeed, the strong infrared dynamics of
the O(6) model generates a mass gap m ~ e~ ™, that has to be kept much smaller than the mass
of the string massive modes for consistency. We require thus that m ~ e™™9 <« 1.

Looking back at (4.1.45), we note that the cusp anomalous dimension does not receive at
strong coupling a dominant contribution from the O(6) model. This is because the vacuum
energy density of the O(6) model is a UV divergent quantity with no external scale to probe the
low-energy physics. The situation is different for the scaling function (g, j) that depends on the
the charge density p = j/2. Then, as long as the mean energy per charge (particle) £(g,7)/j stays
smaller than the UV scale ~ 1, we expect the O(6) model to provide the dominant contribution
to the energy density (= scaling function) [46]

e(9,7) =€o@)(p) +--- (4.1.47)

where the dots stand for contributions induced by irrelevant interactions. Due to the renormal-
izability of the O(6) sigma model, the dependence of the energy density £0(6) (p) on the physics
at the UV scale ~ 1 can be absorbed into an effective coupling constant or more conveniently
into the mass gap m. The latter observable is the natural low-energy parameter of the O(6)
model. Therefore, e()(p) can be found as a function of p and m. Moreover, it assumes the
form eo6)(p) = p*fo(s) (p/m), as dictated by dimensional analysis. The function foe) (p/m) is
scheme independent and it can be computed unambiguoulsy in the O(6) model. The information
about the regularization or UV completion of the O(6) model by the string o-model is encoded
in the dependence of the mass gap m on the UV coupling constant: m = m(g). In summary, the
equation (4.1.47) reads

€(g,j) +3

e(g,7) = 5

= P fos) (0/m(9)) + .. . (4.1.48)

The function fo(g) interpolates between two different regimes that have been already presented. In

the low-density regime p < m, one has a dilute gas of massive particles with energy density [130)]

g0 (p) = mp+0(p%), (4.1.49)

while in the regime p > m, the perturbative expansion of the O(6) model is reliable and the
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energy density reads [130]
2

__ T log log (p/m)
€o(e)(p) = Thog (p/m) +O< g (p/m) > . (4.1.50)

The rough estimate of the validity of the O(6) description, given by eg(p)/p < 1, provides

m < 1 in the non-perturbative regime and p < g, or equivalently ¢ ~ j/g ~ p/g < 1, in the
perturbative regime (making use of m ~ e~79).

Perturbative Regime

In order to check the interpretation of the O(6) model as a low-energy effective theory, we will
verify up to two-loop in the semiclassical expansion g > 1, £ = p/2g fixed, that the string scal-
ing function agrees when ¢ < 1 with the perturbative expansion of the O(6) energy density. In
parallel, we will make more precise the condition of validity of the O(6) model. Finally, we will
compute the mass gap expression m = m(g) up to two-loop at strong coupling g > 1.

Classical limit

To begin with, let us first consider the O(6) model at the classical level. The two-dimensional
O(6) sigma model is a theory for a scalar field taking values on the unit five-sphere S> C RS.
More explicitely, introducing the field multiplet X = X (r,t) = (X!,..., X%) € R satisfying the
condition X - X =5, X?X* =1, its action is given by

S=yg /drdtaX -0X. (4.1.51)

Here g is the coupling constant of the O(6) model matching the string tension at the classical
level. Note that it is not the conventional coupling of the O(6) model that reads € = 1/2g. At
the quantum level, it follows that the O(6) model is weakly coupled when g > 1 corresponding to
e2 < 1. Despite its simple action (4.1.51), the O(6) model is a non-linear theory. It can be easily
seen by solving the constraint X - X = 1 in a given system of local coordinates on the sphere S°,
revealing that the O(6) model is an interacting theory. For instance, in terms of the unconstrained
(stereographic) fields Y = Y (r,t) = (Y!,...,Y5) € R® with Y? = X?/(1+ X°), the action (4.1.51)
assumes the more involved expression

oYy - 9Y

TV (4.1.52)

S =4g / drdt
This form of the action is suitable to analyse the O(6) model perturbatively, that is for g > 1,
around the Goldstone vacuum Y = 0 «— X% = 1, after rescaling the fields as Y — Y/ V9
and expanding in 1/g. It makes explicit that the symmetry is broken down to O(5), due to the
non-linear realization of the O(6) symmetry by the Y fields, and that the quantum fluctuations
form an O(5) vector multiplet of interacting massless Goldstone bosons, at the perturbative level.®

8The O(6) symmetry prevents the fields to pick up a mass, but, as said before, the perturbative expansion breaks
down at low-energy and the theory develops a mass gap non-perturbatively m ~ e~™9.
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The masslessness of the fields reflects the fact the O(6) model is a conformal field theory at the
classical level. At the quantum level however the coupling starts to run and a dynamical scale is
generated, as we will discuss later.

After this brief presentation of the O(6) model, let us come back to our initial classical problem.
We are interested in the configuration describing the rigid rotation of the string along a big circle
in the plane (1,2). It corresponds to a solitonic solution of the equations of motion that is more
conveniently analysed in terms of the field multiplet X. It is not difficult to find the corresponding
solution as

X1 =cos(vt), Xo = sin (vt), Xs3.6=0, (4.1.53)

up to a shift of the time coordinate ¢. To verify that (4.1.53) solves the equations of motion, it
is important to take into account the constraint X - X = 1. That can be done by working in the
Y coordinates, or more directly by relaxing the condition X - X = 1 with the help of a Lagrange
multiplier A\. Then the Lagrangian density of the O(6) model reads

L=0X 0X-\NX-X-1), (4.1.54)
and the equations of motion are given by
OX + XX =0, X-X=1. (4.1.55)

They are obviously satisfied by the fields (4.1.53) for A\ = v2. We see that the frequency v is
left arbitrary and defines the relevant energy scale of the problem. Since the O(6) model has
no dimensionful parameter, we expect the energy density o) and the charge density p to scale
respectively as eg(g) X v? and p o< v. It is no difficult to verify it explicitely. The energy density
reads

€0(6) :g(X-X—l—X'-X/) = g2, (4.1.56)

where dot and prime stand for derivative with respect to time and spacial coordinates, respectively.
The Noether charge density associated to rotation, say in the plane (1,2), is given by

P = 29 (X1X2 — XQXl) == 291/ . (4157)

Resolving the parametric representation, we obtain the classical energy density as

_r
80(6) (p) = —. (4.1.58)

4g
Since p = 2g¢, we verify immediately the agreement with the O(¢2) contribution to the classical
string result [45]
e(9,4) =eo@(p) +... =g+ ..., (4.1.59)

where ellipses denote subleading corrections, suppressed by powers of £2, which are not captured
by the O(6) model. From the point of view of the O(6) model, they correspond to contributions of
operators with dimensions > 4 and thus stand for irrelevant interactions. At the quantum level,
we expect such contributions to appear after integrating out the massive modes of the string, but
their origin at the classical level is different. The reason is that further non-linear interactions for
the fields X = (X!,..., X0) are generated by the string dynamics at the classical level already.
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To understand it, let us consider in more details the Nambu-Goto action for the classical string.
The latter is given by the area of the string and reads explicitely as

Sna = —29/drdt\/(1 — X -X)1+ X' X))+ (X -X")2. (4.1.60)

Here the fields X = (X',..., X®) stand for the embedding coordinates of the string in S® satisfying
X - X =1. Two of the embedding coordinates of the string in AdSs, namely r and ¢, have been
identified with the world-sheet coordinates. Their contributions produce ‘1’ under square root
in (4.1.60), because, as seen before, the relevant metric is flat in the long string limit. The
remaining embedding coordinates of the string in AdS5 take constant values over the world-sheet
and thus do not participate to the dynamics at the classical level. A similar conclusion applies
for the fermionic excitations of the string. The Nambu-Goto action (4.1.60) obviously predicts
non-linear corrections to the action of the O(6) sigma model (4.1.51). Indeed, its Lagrangian
density admits the expansion

Lng=—29+9g0X - 0X +.... (4.1.61)

Here the constant term gives the classical value of the vacuum energy density I'cysp(9) = —Lng(X =
0) = 2g, the marginal operator g 9X-0X matches the Lagrangian density of the O(6) model (4.1.51)
and the dots stand for operators with dimensions > 4. Thus we verify explicitely at the classical
that the O(6) model is the low-energy effective theory for the fluctuations of the string in S°.

To be more explicit about the validity of this approximation, let us work out the classical string
scaling function from the Nambu-Goto action (4.1.60). The relevant classical solution is still given
by (4.1.53) but the charge density p and the energy density € are both corrected. Namely,

2gv
= 2 =2v+..., 4.1.62
P= s =2 ( )

and .
5:29<7—1>:gu2+.... (4.1.63)

V1—v2

Eliminating v we recover the classical string result of [45]

e(g,j) = 2g<\/1 + 02 — 1> =g’ +.... (4.1.64)

It is clear that in order to trust the O(6) model prediction for the string scaling function, (g, j) =
€o(e)(p) + - - ., we must require the frequency v to be much smaller than 1 [46]. It translates into
the condition p/2g = ¢ < 1.

Another characterization of the decoupling condition, which also applies at the quantum level,
can be found with the help of the chemical potential h = de/dp. It defines an intensive quantity
which measures the typical individual energy of the relevant fluctuations. In the O(6) model,
h = deos)/dp is a function of the density p and of the mass gap m, or equivalenlty of the cou-
pling g, since m = m(g) ~ e~™. One finds h = £ = p/2g at the classical level, while, quantum
mechanically, h = m at very small density p < m [130]. More generally h > m whatever p is
(p = 0), since one cannot excite fluctuations with energy lower than m. The decoupling condition
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requires h to be much smaller than the UV cut-off, h < 1. In the following, we will make use of h
as a renormalization scale for the perturbative expansion of the O(6) energy density. In that case,
h=£(1+0(1/g)) and it is kept fixed when g — oo. Note that this procedure corresponds to the
semiclassical expansion of the string scaling function: £ kept fixed with g > 1, with in addition /¢
assumed to be smaller than the UV cut-off.

Semiclassical Expansion

We will now consider the radiative corrections to the classical result (4.1.58). They are given by a
perturbative expansion in 1/g (g > 1) which suffers from UV divergences. Since the O(6) model
is embedded into the UV finite string o-model, these divergences are automatically regularized.
It follows that the 1/g expansion of the O(6) energy density is already finite but renormalized in a
way that depends on the details of the embedding. So what we will do is to check that the two-loop
string theory result [59, 61] is compatible with a renormalized O(6) perturbative expansion [46, 61].
Namely, we will verify that the logarithmic terms ~ log® ¢ ~ log® h that appear in the two-loop
string scaling function do fulfill the constraints imposed by the Gell-Mann—Low (renormalization
group) equation of the O(6) model. After that, we will explain how to work out the two-loop
expression for the mass gap m(g) and with its help we will bring the O(6) contribution to the
string scaling function into a scheme independent form [46, 76].

As already mentioned, at the semiclassical level, the O(6) model only captures the contribu-
tions ~ £2 ~ p? in the small £ expansion of the string scaling function. Indeed, by dimensional anal-
ysis, the semiclassical O(6) energy density still scales as p? at higher loops. However, in response
to the breakdown of the conformal invariance of the O(6) model at the quantum level, radiative
corrections acquire a dependence on the renormalization scale h = degs)/dp = £(1+0(1/g)) < 1.
It arises as an enhancement of the coefficients in the 1/g expansion of £0(6) (p) by integer powers
of log h. Since the energy density is a physical quantity, these logarithms can be eliminated by
expanding £o ) (p) not in terms of the bare coupling g but instead in terms of an effective coupling
constant g(h). Therefore, the energy density reads

2
co) () = ——~ (1+c1/g(h) + ca/g*(h) +...) (4.1.65)
4g(h)
where cq, co, ... are numerical coefficients. Since all the coefficients ¢, ¢s, ... can be absorbed into

a redefinition of the coupling g(h), we can put all of them equal to zero without loss of generality,

leading to

0

50(6)(p) = 4g(h) . (4.1.66)

The effective coupling constant g(h) satisfies the Gell-Mann-Low (renormalization group)
equation (for h < 1)

W) () = o +

and it admits the expansion (for h/hg ~ 1)

B, b

ORI O (4.1.67)

9(h) = go + Bolog (/o) + 5—0 log (h/ho) + O(1/2). (4.1.68)
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with the initial condition gg = g(hg) > 1. Here By = 1/7 and B; = 1/4n? are respectively
the one-loop and two-loop beta-function coefficients of the O(6) model. Higher-loop corrections
Bo, ... to the beta-function are not universal and depend on the renormalization scheme. Here
we fixed the scheme by imposing the relation (4.1.66) between £(p) and g(h) and by identifying
the renormalization scale h with the chemical potential.” These two conditions determine the
coefficients (3o, ... unambiguously. In other words, the coefficients (s, ... are accessible by direct
perturbative calculations in the O(6) model, independently of the embedding into the string o-
model. For example, from the two-loop O(6) result of [76] one can derive that By = —3/167>.
The details of the embedding into the string o-model are absorbed into gy and its unknown
relation with the bare coupling g. Classically gop = g while perturbatively (g > 1) we assume
that go = g+ ap + a1/g + ... for some given value of hy < 1 and some UV sensitive numerical

coefficients ag, a1, .... Then it follows from (4.1.68) that
1
g(h) = g+ (Bologh + do) + ;(51 log h + 1) + O(1/g%), (4.1.69)
with the numerical coefficients dg,d1,... in a one-to-one correspondence with ag,aq,.... For

instance, a9 = (Bologho + dy), a1 = (B1loghg + 61) and the remaining relations can be found
iteratively by solving the Gell-Mann-Low equation (4.1.67).

We are now in position to check if the two-loop string theory result [59, 61] is compatible with
a renormalized O(6) perturbative expansion. Plugging the expression (4.1.69) for the effective
coupling g(h) into the formula (4.1.66) for the O(6) energy density eg)(p), we get the double
expansion of £ ) (p)/p? in powers of 1/g and log h. Then, eliminating A in favor of p with the help
of h = degg)/dp = p/29 + ... 10 we expand the energy density in 1/g and log ¢, with £ = p/2g,
which is more suitable to compare with the string semiclassical expansion. Doing so, we get

1 1
E0(6) (p) = g£2 [1 + ;(cm + c11 log€> + 9—2 <002 + c19log £ 4 co9 log2 £> +.. } , (4.1.71)
with the numerical constants
ci1 =5, co1 = —00 , (4.1.72)
oo = 3%, cra = B3 + 26060 — B, co2 = Bodo + B2/2 + 65 — 47 . (4.1.73)

We see that the expansion (4.1.71) has the correct logarithmic structure to match the corre-
sponding string semiclassical expansion. We recall that the two-loop small ¢ string scaling func-
tion [59, 61] assumes the form

. 1 3 1 1 qo2 3 1
92 2 4
6(9,]) =g/ [1+—<———10g€> —|——2 (—2 ) logf—i——2 log €>} +O(€ ) (4.1.74)

“Namely h = deo(ey/dp with the derivative taken at fixed renormalized coupling g(ho) = go when the energy
density o) (p) is expanded in 1/go.
10T6 the relevant order for the computation of the two-loop energy density, one finds

h:g(pé<ﬂologz+(5o+%))+...) , (4.1.70)

where ¢ = p/2g.
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Given the one-loop beta-function fy = 1/7, we immediately check the agreement between (4.1.71)
and (4.1.74) at the level of the leading logarithms ~ ¢y (log £)*/¢*, namely ¢;; = —1/7 and
oo = 1/m? [46, 61]. More generally, all the leading logarithms originate from the one-loop running
of the effective coupling constant (4.1.69), leading to the higher-loop predictions for the string
scaling function: ¢y, = (—Bo)* = (—1/7)* [46]. The one-loop constant cg; = —dg in (4.1.71)
is left undetermined by the O(6) model, since it has the meaning of an embedding parameter.
Its value has to be fixed by a direct matching with the string result (4.1.74), namely co; =
—8p = 3/4m. It follows that the subleading-logarithm coefficient c12 = 83 + 28009 — B1 is fixed,
with the help of the two-loop beta-function coefficient 3; = 1/472. We find c1o = —3/472 in
agreement wih the string result (4.1.74) [46, 61]. One can show moreover that all the subleading
logarithms ~ ¢(,_1), (log 0)k=1/gk in (4.1.71) are definitely determined by & and 31, which are
further predictions for a higher-loop string computation [46]. Finally, we can express the unknown
embedding parameter d1, appearing in cge, in terms of the two-loop string constant ggy as

b o2 (4.1.75)

T 1672 8x2-

01
Its explicit expression follows from the two-loop string result of [61] (K is the Catalan’s constant)

qo2 = —2K — §10g2—i— z (4.1.76)
2 4

We have thus verified up to two-loop that the small ¢ semiclassical string scaling function can be
cast into the form of the O(6) energy density in the perturbative regime: g > 1 with h ~ £ = p/2g
kept fixed and assumed much smaller than the UV cut-off ~ 1. The two-loop matching above
illustrates the constraints imposed on the string scaling function by the renormalization-group
structure of the O(6) energy density. At an arbitrary order n in the loop expansion, we have the
unknown constant cg, or equivalently d,_1 that has to be determined by a direct matching with
an explicit string theory calculation. Once done, a perturbative computation of the (n + 1)-th
beta-function coefficient (3, in the O(6) model permits the determination of all the subleading
logarithms ~ c(k_n)k(log 0)F="/gk. They are indeed consequences of the running of the coupling
constant g(h) whose dependence on log h is governed by the Gell-Mann-Low equation.

O(6) Mass Gap

Given the interpretation of the O(6) model as a low-energy effective theory, it should be possible
to cast the O(6) contribution to the string scaling function into a form that is explicitely scheme
independent. As said before, that can be done by absorbing the bare coupling ¢ into the natural
low-energy parameter of the O(6) model, namely its mass gap m = m(g). To find that relation at
strong coupling g > 1, let us go back to the Gell-Mann—Low equation (4.1.67). We observe that
it does not depend explicitely on h and thus can be immediately integrated as

9h)  dg
ho = hexp |— — . .1
o [ /g(ho) ﬁ(g)] (4.1.77)

For g(hg), g(h) > 1, the integral in square brackets can be performed perturbatively after expand-
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ing the beta function at large coupling, 3(g9) = 6o + (1/g + ... , giving

[ 8 L) gtho) ~ o) — omgtho) + (4.1.78)
2y — o \gl) —glho)) — zlloggln) —log glio Sy -1
a(ho) B9) Do 53

where the dots stand for corrections suppressed by powers of 1/g(h) or 1/g(hg). The expression
on the right-hand side of (4.1.78) can be written as

g(h) g(h) g(ho)
/ dg _ / dg / g (4.1.79)
a(ho) B(9) B(g) B(9)
where the lower bound of the integral [7 (h) dg/B(g) is implicitely determined by imposing the
following asymptotic behavior at g(h) > 1
9(h) dg g(h) B
—— === — —logg(h)+0(1/g9(h)), 4.1.80
| A=t G esa + 00 /(h) (41,80

Note that the condition (4.1.80) can be thought alternatively as fixing the freedom of an arbitrary
constant of integration. Combining (4.1.77) and (4.1.79), we can define a mass scale Agg) as

9(h) 4 g(ho) 4
Aoy = hexp [—/ WZ)] = hgexp [—/ WZ)] , (4.1.81)

with the property to be invariant along a renormalization-group trajectory.!’ The scale Ao(s)
defined in this way originates from the running of the effective coupling constant g(h) and is
referred to as the dynamical scale. Its value is fixed by the intial condition gy = g(ho) and it can
be found perturbatively as (go > 1)

L (6] B

Ao = ho ggl/ﬁg exp (—g0/5o) (1 + W <5_8’ - ﬂ_§> + O(l/gﬁ)) . (4.1.82)

From the point of view of the string theory, it is more natural to express the mass scale Ag)
in terms of the coupling constant g. That can be easily done with the help of the relation

90 :g—i-(ﬁologho—i-(So) —|—(Bllogho+51)/g+... (g > 1) giving

Ao =g e (~(g-+ i) (141 (A -2 BB ou) . sy
O — - - —a - 9 - a5 = I . 1.

© g\B & &

We note the disappearance of the renormalization scale hg in the relation (4.1.83). This reflects
the fact that g can be thought as an effective coupling constant defined at the UV scale ~ 1.

Finally, plugging the numerical values of 812 and dy 1 into (4.1.83) provides

_ 1 (g2 1
Aoy = gH/4e mot3/4 (14 — (222 2 1/6%)) . 4.1.84
o =9’ e + \s "1 +0(1/g%) (4.1.84)

' Note that the mass scale Ao () is defined in such a way that

g(h)ﬂ_ g(h)ﬂ—g(h)_éo
/Q(A) B(9) _/ 59) - po & gg(h)+0(1/g(h)),

when g(h) > 1.
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The advantage of introducing the dynamical scale Ag(g) is that it absorbs the dependence of
the effective coupling constant g(h) on both the bare coupling g and the embedding parameters
30,01, ..., see Eq. (4.1.83). Indeed, the effective coupling constant g(h) can be found by means
of (4.1.81) as a function of the dimensionless ratio h/Ag). Then, since the equation (4.1.81) only
involves the beta function that can be computed directly in the O(6) model, the function f in the
expression g(h) = f(h/Aos)) no longer depends on the details of the UV (string) regularization.
Moreover, the scale Ag) has a direct physical meaning in the O(6) model as it should stand
for the mass gap m, which is the only mass scale in this theory. More exactly, Ag) and m should
be proportional to each other
m = CAO(G) 5 (4185)

where the numerical factor ¢ is needed to restore the scheme independence of the mass gap m.
A strategy to determine c is to calculate the O(6) energy density £0(6) (p) in two different ways:
from the thermodynamic Bethe ansatz, that is scheme independent and expressed in terms of
m, and from a direct perturbative calculation, that involves the dynamical scale Ag) in a given
scheme [130]. The comparison of the two results fixes ¢. This was done for instance in [130] for
the MS scheme and it was found that

1/4
A (2) r(51_/4) , (4.1.86)

This result has been checked by using Monte Carlo results and also by comparing finite-volume
mass-gap values computed in perturbation theory [134] to those obtained from a (non-linear)
TBA integral equation [135]. It is not difficult to convert it to the current scheme by relating the
effective coupling g(h), defined in (4.1.66), to the effective coupling of the MS scheme. This can
be done with the help of formulae in [76] and one finds after some algebra

2\%* 1
c=rl/4 (g) NGOR (4.1.87)

Combining the expression for Age), Eq. (4.1.84), its relation to the mass gap (4.1.85) and the
value of the constant ¢, we arrive at the desired expression of the mass gap in terms of g. Namely

m=kg/te ™ [1 + % + 0(1/92)] , (4.1.88)
with the prefactor k£ and the two-loop constant mq given respectively by
k:23/47rl/4/1“(§), my _d2 - B 0082 (4.1.89)

in agreement with the findings of [46, 76].

Finally, to complete the picture, let us cast the O(6) contribution to the semiclassical string
scaling function into a scheme independent form. To do that, we need to solve the relation (4.1.81)
for g(h) = f(h/Ao)), replace the dynamical scale Ag(g) by the mass gap m = cAgg), plug the

obtained expression into

o) (p) = ; (4.1.90)
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and finally solve the dependence of h on the density p with the help of h = degs)/dp. To begin
with, we recall that in the perturbative regime the coupling is large g > 1 and the renormalization
scale h is fixed. Since Ag) ~ e ™ at strong coupling g > 1, it follows that h > Ag),
or equivalently A > m, in agreement with the asymptotic freedom. Thus we can rely on the
perturbative expansion of the beta function to solve the relation (4.1.81). Its solution reads

b1 32 log log a(h) <ﬁ1 Bg) 1 log? a(h)
g(h + Miogan) + 24 + (2L -2 o (=222 (4101

W =all)+glose®+ "ot &~ &) am T\ amy 19
with the one-loop running coupling a(h) = folog (h/Age)) > 1. Then, after some algebra, one
finds the chemical potential i as

mp [ 3log (rlog (p/m)) — g

_ 6
~ 2log (p/m) 4 log (p/m) T 4192)

where log k = l -2 log 2— logF (%) From the equation above, we verify that the condition A >

m requires the denmty p to be large as compared to the mass scale m, namely p > 2mlog (p/m) /.
Finally, one obtains easily the (renormalization-group improved) two-loop expression for the O(6)

energy density in the perturbative regime p > m as [130, 76]

(4.1.93)

co)(p) = mp? [ 3log (rklog(p/m)) + 3 | 9 log®(rlog(p/m)) + 55 N

4log(p/m) 4 log(p/m) 16 log?(p/m)

Replacing the mass scale in the scheme independent formula (4.1.93) by its expression (4.1.88), (4.1.89)

and re-expanding the right-hand side of (4.1.93) in powers of 1/g at fixed £ = p/2g, one can re-
produce the two-loop string semiclassical expression (4.1.74).

Equations (4.1.93), (4.1.88) and (4.1.89) achieve our discussion of the string scaling function
in the O(6) perturbative regime m < h < 1. In the following, we will address the problem of the
determination of the O(6) energy density in the non-perturbative regime h ~ m, corresponding

to a low density p < m.

Non-Perturbative Regime

The previous perturbative analysis of the energy density in the O(6) model assumed that the
density was much greater than the mass scale p > m, and it breaks down when p becomes
comparable with m. The low-density regime p < m is of a special interest since it allows us to
understand the transition from the gauge to the string theory. Indeed, the low-density regime of
the O(6) energy density is nothing else than the small j regime of the scaling function at strong
coupling [46]. According to the the all-loop Bethe ansatz equations of the gauge theory [45, 47],
in this regime the scaling function admits an expansion in integer powers of j with expansion
coefficients being some functions of the coupling constant

e(g9,5) = e1(9) j + €3(g) 5° + O(3*). (4.1.94)

The AdS/CFT correspondence suggests that this relation should coincide with the expansion of
the O(6) energy density in powers of p = j/2 at low-density p < m.'2 To verify it, we will now

12)More precisely, we expect an expansion in integer powers of p/m since the O(6) energy density is a function of
this dimensionless ratio, up to the overall factor of p? or, equivalently, of m?.
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develop a convenient approach of this non-perturbative regime of the O(6) model. We will be
able to find an exact determination of the O(6) energy density, which is valid for any value of the
density, thanks to the integrability of the quantum O(6) sigma model [72, 127, 128].

In the following, we will outline the construction of a linear integral equation that controls
exactly, in the thermodynamic limit, the ground-state energy density o) (p) associated with
an arbitrary charge density p. The procedure does not depend essentially on the restriction to
O(n = 6), so we will consider the more generic case n > 3. The three main steps are the
construction of the exact (infinite volume) S-matrix for the non-linear O(n) sigma model, the ap-
proximative diagonalization of the (finite volume) Hamiltonian by means of an asymptotic Bethe
ansatz, and, finally, the derivation of an integral equation in the thermodynamic limit. The first
step was achieved in [72] by exploiting one of the most remarkable property of an integrable sys-

tem, namely the factorization of the scattering. The material for the second and last steps can be
found in [87, 130].

Ezact S-Matriz

As already mentioned, the exact spectrum of the two-dimensional non-linear O(n) sigma model
includes a vector multiplet of massive particles with mass m. Hence, a particle carries both
an isospin index 7 = 1,...,n, and a rapidity 6, related to energy and momentum through
p’ £ pt = mexp (£0). We will denote an incoming/outgoing state of M asymptotic particles

(917i)7"'7(0M7j)7 by

U (O, Oar) (4.1.95)

Without loss of generality, it would be sufficient to consider the case of decreasingly ordered
rapidities, 61 > 02 > ... > 6y, that provides a complete basis of asymptotic states. Restricting
ourselves to the two-body problem, we could also argue that the 2 — 2 scattering amplitude
depends on one Mandelstam variable only, say s = (p; + p2)? = 2m?(1 + cosh #15), whose physical
range, s > 4m?, is completely exhausted by restricting to 615 = 6; — 6 > 0. Nevertheless, when
dealing with the construction of the exact S-matrix, it is more than convenient to consider the
analytic continuation of the scattering amplitude for complex values of the kinematical invariant
s or equivalently 615. For the relevant case of two-dimensional integrable relativistic quantum
field theories, these analytical properties are examined in detail in [86]. In the following, we will
implicitely assume analytic continuation to complex rapidities. Then consequences of crossing-
symmetry, unitarity and integrability will be valid in the full complex plane of 812 = 61 — 0. We
recall that, in addition to the conservation of all individual momenta and the absence of particle
production, the property of complete integrability, implemented in the theory through an infinite
set of conservation laws, is believed to impose the factorization of the multiparticle scattering. A
general discussion of the relation between the absence of particle production, the factorizability of
the scattering and the existence of local, higher-spin and Abelian conserved charges, can be found
in [86]. An explicit construction of nonabelian and non-local conserved charges for the quantum
non-linear O(n) sigma model was done in [129], and used there to check the aforementioned
remarkable feature of the scattering amplitudes.

Let us now construct the exact S-matrix along the lines of [72]. The 2 — 2 S-matrix is defined
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by
P (01,05) = SE(012) Y, (01,62) (4.1.96)
where a sum over isotopic indices, 7,5 = 1,...,n, is assumed. By Lorentz invariance, the two-

body S-matrix, Eq. (4.1.96), only depends on the difference of rapidities 612 = 6; — 2, and, due
to O(n)-symmetry, it admits the following tensor decomposition

SEHO) = 01(0)8;;6" + 02(0)5F 8% + 03(0)816% . (4.1.97)

The crossing transformation interchanges particles (i, k) and permutes the two Mandelstam vari-
ables s = 2m?(1 + coshf) and t = 2m?(1 — coshf), which is equivalent to the substitution
0 — im — 0. Therefore, by crossing symmetry, the s-channel and t-channel amplitudes, o,(0) and
op(im — ) respectively, are related to one another by

09(0) = oa(im — 0), o3(0) = o1(im —0) . (4.1.98)

Furthermore, the absence of particle production implies the unitarity of the 2 — 2 S-matrix at
any value of 6, that is

STy (8) S (—0) = 8705 (4.1.99)

Expanding Eq.(4.1.99), with help of the decomposition (4.1.97) for the two-body S-matrix, pro-
vides a set of quadratic relations between the amplitudes o,(0) and op(—6), whose explicit ex-
pressions can be found in [72].

Altogether, Egs. (4.1.98) and (4.1.99) are not strong enough to fix the exact S-matrix for
the non-linear O(n) sigma model. Fortunately, an additionnal set of constraints arises from the
assumption of factorized scattering. It states that a general M-body scattering can be decom-
posed as a product of M (M — 1)/2 consecutive two-body scatterings. This procedure explicitely
introduces an ordering of the 2 — 2 scattering events. The latter sequence has no counterpart in
the definition of the S-matrix that already takes care of all possible intermediate processes with
same initial and final boundary conditions. Imposing that the factorized M-body scattering does
not depend on the sequence of events provides the so-called factorization equations for the two-
body S-matrix. All these constraints are reducible to the consistency equation for the factorized
three-body S-matrix S123(012, 23) that reads

S123(012, 023) = S23(023)S13(013)S12(012) = S12(612)S13(613)523(623) - (4.1.100)

Here, the first equality implements the assumption of factorized scattering and the last one its
consistency condition. Incidentally, we recover the same algebraic relation that was already at
work for the integrable Heisenberg spin chain, that is the Yang-Baxter equation. The equation
above holds as a matrix identity on the space of three-particle states wéﬂz(éﬁg, f93), and it could
have been equivalently written as

St (B23) St (B12 + 023) 20 (612) = Sk7' (012) S (612 + 923)5;?2(923) , (4.1.101)

where (4,7, k) and (I, m,n) are free integers while an implicit summation is assumed for (a, b, ¢).
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For the O(n)-symmetric two-body S-matrix (4.1.97), the factorization equation (4.1.100),
or (4.1.101), provides a set of cubic relations between o, (6),04(0 + ') and o.(6’). The solu-
tion to this equation, compatible with crossing-symmetry and unitarity, was constructed in [72].
It expresses 01(6) and o3(0) in terms of o2(6) and reads

_%1/202@, 73(0) = Zo0), (4.1.102)

a1(0) =
where x = i0/2m and A = 1/(n — 2). The component o3(f) cannot be fixed in this way since
it may be considered as an overall (scalar) factor, always left undetermined by the Yang-Baxter
equation. It does not behave, however, as a global factor for the crossing-symmetry and unitarity
equations, which combined with the solution (4.1.102) translate into [72]

m2

22 _A2°

A ‘minimal’ solution to Eq. (4.1.103) was proposed in [72] to describe the scattering of the O(n)

oo(im — 6) = 02(6), o2(0)oa(—0) = (4.1.103)

sigma model.'? It reads

@ T+ -aNA+1+2)T(A -2
A+2T(1-z)I(3+2)[(A+L1-2)[(A+2)’

o2(0) = (4.1.104)

and it completes the construction of the exact S-matrix. In Appendix B.1., we propose an iter-
ative procedure to derive the solution (4.1.104) from the unitarity and crossing-symmetry equa-
tions (4.1.103).

The procedure above illustrates perfectly the general attitude to adopt with a factorizable
scattering. The outline consists of three steps. First, identify the exact spectrum of asymptotic
states and the global symmetry algebra. Then, resolve the isotopic structure of the two-body
S-matrix, up to a scalar factor, with help of the Yang-Baxter (factorization) equation. Finally,
fix the overall factor thanks to crossing-symmetry and unitarity equations. This procedure has
been applied successfully to various integrable relativistic 2D QFT, like the sine-Gordon or the
Gross-Neveu models [72], for instance. It works as well to fix the exact S-matrix of the AdS/CFT
correspondence [42, 104, 43, 107, 108]. In the latter case, however, the lack of Lorentz invariance
has required some guessworks and adjustments [104].

Before to end this subsection, let us consider the scattering of particles all charged only with
respect to one of the Cartan generators of the so(n) algebra, say the generator of the rotation
in the plane (1,2). The conservation of the angular momentum, combined with the absence of
particle-antiparticle creation, prevent the mixing of such a polarized beam of particles with other
states and lead to a diagonal scattering. The projection of the exact S-matrix, Eqs. (4.1.97),
(4.1.102) and (4.1.105), onto this Abelian subspace is given by [130]

F(1+2)0(3 —2)T(A+ 1 +2)0(A -2)
Ml—2)I' (3 +2)I(A+ 3 —2)[(A+z)’

S(0) = 02(0) + o3(0) = — (4.1.105)

13Physical solution to unitarity and crossing-symmetry equations should fulfill general analyticity conditions [86].
In particular, the scattering amplitude o2(6) should define a meromorphic function of the complex rapidity 6. The
minimal solution of [72] satisfies all these general requirements and assumes, as a further input, the absence of
bound-state singularities in the physical strip, 0 < Im(¢) < w. The absence of bound-states in the O(n) sigma
model is confirmed both by semiclassical and large-n analysis [132, 131], and it can be thought of as a consequence
of the repulsive interaction between particles of the vector multiplet.
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with z = i0/2m and A =1/(n — 2).
Asymptotic Bethe Ansatz Equations

We will now proceed to an approximative quantization of the energy spectrum for a system of
total charge L, confined on a circle of radius R. The infinite-volume property of conservation
of the number of asymptotic particles, in any scattering event, suggests a quantum-mechanical
approach to the spectral problem. Henceforth, we will follow this way and discuss later its range
of validity.

Let us specify first the asymptotic (R > 1) Hilbert space. We note that we can always add to a
system an arbitrary number of pairs of particle and antiparticle, without changing the total charge
L. However, for the minimal-energy state, we can certainly restrict the consideration to states
build out of only L asymptotic particles, each one carrying one unit of charge. Asymptotically
(R > 1) this Hilbert space is stable, thanks to integrability, and, as we found in the last subsection,
the scattering is diagonal there. Any of these states can be described by an asymptotic wave-
function v, that depends, in coordinate representation, on the positions r1 < ... <z < 1+ R
of the L asymptotic particles, assumed to be well separated from each other. For simplicity, let us
proceed with the particular case of a two-body wave-function for a system of two particles with
rapidity #1 and 65, respectively. Then we have that the asymptotic wave-function is simply given
by the superposition of an incident wave with a scattered one. It reads explicitely as

W(a1, z0) = ePITIFP2 L G() ) eiP2witipize (4.1.106)

where p 2 = msinh ;2. In the infinite volume limit, all values of p; and p, are possible. But on
an cylinder of length R, we require the wave-function to be periodic

1/1(.%'1,.%’2) = Ib(m'g,xl —i—R), (4.1.107)
wich translates into the equations
PR — S0y — 6y), 2R — 5(6, — 6,). (4.1.108)

Note that these equations have to be solved for p; # ps since otherwise the asymptotic wave-
function vanishes due to S(0) = —1, see Eq. (4.1.105). The generalization to the case of L
asymptotic particles is straightforward and, thanks to the factorizability of the scattering, one
finds that the periodicity conditions turns into a set of Bethe ansatz equations

L
eiPe R — H S(0; — ) . (4.1.109)

J#k
Solutions satisfying the exclusion principle p; # ... # pr, lead to the asymptotic spectrum of L

particles states with energy given by the sum of the individual asymptotic energies.

The Bethe ansatz equations (4.1.109) are only asymptotic and correctly describe the spectrum
of the theory when defined on a cylinder with a sufficiently “large” radius R. Here we mean
large as compared to the Compton wave-length of a particle of mass m. On physical grounds,
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if not sufficient, the latter condition is at least necessary. Indeed, over a distance smaller than
the Compton wave-length, it looks suspicious to ascribe a wave-function to our system since the
(asymptotic) particles completely loose their individuality and are impossible to enumerate. Then,
off-shell processes can no longer be neglected and a full-fledged field-theory treatment is required.
In conclusion, we enforce the condition mR > 1 to trust the validity of the Eqgs. (4.1.109). This
condition is obtained in the thermodynamic limit that we will consider, but we note that in terms
of the string theory variables it translates into a condition for the spin at strong coupling to be
surprisingly large, logS > exp (mg). It seems to indicate that the Bethe equations are reliable
only if the infinite volume limit is understood, which may not be completely wrong given the

quasi-masslessness of the particles at strong coupling.
Thermodynamic Limit

The next step is to take the thermodynamic limit of the asymptotic Bethe ansatz equations (4.1.109),
for the (ground) state with minimal energy for a fixed number L of particles. It consists of taking
R — oo, simultaneously with L — oo, while keeping fixed the density p = L/R. Similarly to
the large spin limit of the minimal anomalous dimension, we will find that it is possible to solve
the algebraic problem by means of a linear integral equation. The analysis below is standard
and follows the one of the non-relativistic gas of bosons interacting via a repulsive d—function
potential [87]. We will therefore only sketch the different steps and let the reader adapts the lines
of [87] to the present case, for a more rigorous treatment.
We start by rewriting Eq. (4.1.109) as

L
oimRsinh 6, _ (_1)L—1 H [_ S(8; — gk)} ) (4.1.110)
7j=1

in order for the term in the product to be normalized to one at zero-momentum exchange. Then,
on both sides of Eq. (4.1.110), we take the logarithm, choosing for convenience the principal
branch, and get

L
21y, :mRsinth—i—iZ log [—S(Gj —Gk‘)} . (4.1.111)
j=1

Here, the mode numbers ny belong to Z or (2Z + 1)/2, for L odd or even, respectively. They
enumerate the possible states with L particles, including the ground state, and they are allowed
to take arbitrary large values, corresponding to highly excited states. We look for real solutions
to Eq. (4.1.111), assuming that the true ground state belongs to this set. We note that for 0 real,
each term of the sum in Eq. (4.1.111) is purely imaginary and it is consistent to consider real
solutions to Eq. (4.1.111). Moreover, it seems reasonable to believe that complex solutions are
ruled out by the absence of bound states in the infinite-volume limit. We don’t know, however, a
general proof supporting the argument.

Before we take the thermodynamic scaling of the Bethe ansatz equations (4.1.111), it is in-
structive to consider the non-relativistic limit, first. It helps to understand how to correctly
characterize the ground-state distribution of rapidities. In the non-relativistic limit, all the ra-
pidities are small, §; ~ 1/R, and we can safely neglect the scattering term in (4.1.111), as long as
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the number of particles L is small enough. Doing this way, we end up with the equations

2m

which are the free-particle quantization conditions for the momenta py = msinh (6) ~ m#f. We
recall that by construction the rapidities are ordered decreasingly and do not coincide, 6; > ... >
1. Consequently, all the mode numbers ny in Eq. (4.1.112) are strictly different, in agreement
with the exclusion principle. The ground-state is then given by the Fermi sea of a system of L
non-interacting particles, described by the (symmetric-)distribution

(4.1.113)

Given the set & and observing that the distribution of rapidities (4.1.112) is dense at large volume
mR > 1, it is straightforward to compute the density of energy ¢ in the thermodynamic limit. It
turns into a function of the density p and reads

m & m & 02 7?2
€o(6)(P) = EZ cosh 0 = EZ L+t ) =mp+ —p*+ ., (4.1.114)
k=1 k=1

where dots stand both for corrections to the thermodynamic limit, suppressed by powers of 1/R,
and for relativistic contributions, suppressed by higher powers of the density. To compute properly
the latter contributions, one needs to take into account scattering effects. Indeed, one can easily
verify, by evaluating the scattering term in (4.1.111) with the help of Eqgs. (4.1.112) and (4.1.113),
that the size of the interaction grows with the density. Therefore, in the termodynamic limit, the
non-relativistic approximation coincides with the low-density regime p = L/R < m.

We now determine the exact ground-state energy density eo(g) (p) at arbitrary value of p. We
assume that the distribution of mode numbers nj parameterizing the ground state is still given
by (4.1.113). In the thermodynamic limit, the distribution is dense in rapidity space and the sum
in the right-hand side of (4.1.111) can be approximated by an integral. As for the large spin limit
of the sl(2) Bethe ansatz equations, the continuum limit is facilitated by introducing a smooth
function x(6) which interpolates the distibution of rapidities. It is defined as

0 . L
/ d@'x(@') = msinh § + 2 Z log [— S(Hj — 6)} , (4.1.115)
0 R e

and it is positive and symmetric (for the ground-state) x(6) = x(—6). Due to the Bethe ansatz
equations (4.1.111), it satisfies

O
/ do’ x(0') = Q—Wnk, (4.1.116)
0 R

where the mode numbers ny, fill the set &, Eq. (4.1.113). In particular, denoting B = 6; the Fermi
rapidity (maximal rapidity), we have the normalization condition (p = L/R)

/B L-1
dd x(0) =2x =2mp+O(1/R). (4.1.117)
-B R
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Applying the Euler-Maclaurin summation formula to the right-hand side of (4.1.115), we obtain

0 . B
/ df’ x(0") = msinh 6 + 2L / df’ x (') log [ - SO - 9)] +..., (4.1.118)
0 m™J-B
where ellipses stand for contributions suppressed by 1/R. Differentiating both sides of the equa-
tion above with respect to 6, we obtain an integral equation determining the rapidity density
distribution x(6) in the thermodynamic limit R, L — oo with p = L/R fixed. It reads [130]

B
Xx(0) = mcosh @ + / do’ K0 —6")x(6') , (4.1.119)
-B
with the (real and symmetric) kernel expressed in terms of the logarithmic derivative of the S-
matrix (4.1.105) as K(0) = (log S(0))'/(2~i), i.e.

1 10 10 1 0 1 0
K(0) = m[lb <1+§> +¢<1—%> —¢<§+%> —1#(5—%) (4.1.120)

1 if 10 if if
+w<A+§+%>+¢<A+§—%>—¢<A+%>—¢<A—%”,

where 9 is the Euler psi-function and A = 1/(n —2). Finally, one finds that the density of energy
is given in the thermodynamic limit as

m B
£0(6) = 5 . df x(0) cosh b, (4.1.121)

up to subleading corrections suppressed by 1/R.

The solution to the equation (4.1.119) fully determines the density of energy £0(6) as a function
of the density p, after eliminating B with the help of (4.1.117) and (4.1.121). In the low-density
regime p < m, corresponding to B < 1, the equation (4.1.119) can be solved by iteration of the
inhomogeneous term as

B
x(0) = mz (K™ % cosh) (6) = mcosh 6 + m/ d9' K(0 —6')cosh@ + ... . (4.1.122)
n>=0 -B

It follows that both g and p can be found to admit an expansion in integer powers of B.
Reciprocally, B admits an expansion in integer powers of the dimensionless ratio p/m, and so does
£0(6)(p) up to an overall factor of m?. For instance, at leading order one gets B = wp/m~+O(p? /m?)
and

o) = | (£) + 7 (L) + 0t /mh)] (1.1.123)

in agreement with (4.1.114). Subleading corrections can be obtained iteratively. They have been
considered in [75] for the O(6) model, in relation with the small j expansion of the scaling function
of N'=4 SYM theory at strong coupling.

The analysis of the large-density regime p > m, which is relevant for the matching with the
semiclassical expansion of the string scaling function, turns out to be more difficult. It corre-
sponds to the regime B > 1 of the equation (4.1.119), whose study was performed at leading
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order in [130]. A systematic analysis including arbitrary subleading corrections has been recently
developed in [136]. Restricting to the case of the O(n = 6) model, it was found in [130, 136] that
the solution for B > 1 to the TBA equation (4.1.119) yields

2I'(5/4 I'(5/4)?
VALG/) g omn 2[ LG/ ome ] (41100)

T ) 60(6) =m

p=m 21

Solving the parametric dependence, the energy density reads for p > m as

7p?

60(6)(/)) = W + ., (4.1.125)

in agreement with the leading (renormalization-group improved) perturbative result [130]. Sub-
leading corrections [130, 136] were found to match the O(6) perturbative result [130, 76] up to
two loops.

Equipped with the TBA equations for the O(6) model, Eqgs. (4.1.119), (4.1.121), (4.1.117), we
are now in position to examine the all-loop integral equation for the scaling function of the gauge
theory [47]. This is the subject of the next section.

4.2 Scaling Function in N/ =4 SYM Theory

In the gauge theory, the derivation of the scaling function €(g, j) relies on the integrability of the
(planar) dilatation operator in the s[(2) sector [45, 47]. We exemplified it at the one-loop level
in Chapter 2 starting from the Bethe ansatz equations of the XXX _;/ Heisenberg spin chain.
The Bethe ansatz solution is conveniently characterized in this limit by two sets of parameters,
the Bethe roots and the roots of the (auxiliary) transfer matrix, which describe magnon and hole
excitations, respectively. In the generalized scaling limit, both sets of parameters form a dense
distribution on the real axis with the holes confined to the interval [—a, a] and the magnons to the
union of two intervals [—oo, —a] U [a, 00]. The scaling function €(g, j) is uniquely determined by
the corresponding distributions of holes and magnons arising as solutions to an integral equation.
In this section, we will analyse this equation proposed in [47] by Freyhult, Rej and Staudacher,
and known as FRS equation.

We will start reformulating the FRS equation as a system of coupled equations for the hole
and magnon density distributions [73]. We will see that the magnon equation takes essentially
the same form as the BES equation up to an inhomogeneous term. This term acts as a source
and accounts for the influence of a given static distribution of hole rapidities on the distribution
of Bethe roots. The analogy with the BES equation will be very helpful to analyse the small j
regime of the scaling function €(g,j) on which we will focus. After a quick look at the solution
at weak coupling, we will solve the magnon equation at strong coupling and derive an effective
equation for the hole dynamics. We will find that the effective hole equation exactly coincides
with the thermodynamic Bethe ansatz equation for the O(6) sigma model, as expected from the
string theory analysis of [46]. The holes are then naturally identified with the massive interacting
particles of the O(6) model. This mapping implies, in particular, that the FRS equation predicts
the dependence on the coupling constant of the mass gap m of the O(6) model. We will see that
m is determined uniquely by the BES solution. Moreover, it perfectly matches the scale mcusp
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that controls the leading non-perturbative correction to the cusp anomalous dimension. We found
in Chapter 3, see Eq. (3.3.28), that to leading-order at strong coupling me,sp is given by

m = Meusp = kg¥/* ™™ (1+0(1/g)) , k= 284714 1(3). (4.2.1)

We immediately verify the agreement with the string theory prediction [46], see Eqgs. (4.1.88)
and (4.1.89). However, the comparison of the subleading, 1/g suppressed contribution in Eq. (3.3.28)
and Eq. (4.1.88), shows that the gauge and string expressions for the O(6) mass gap m disagree
at the two-loop level. We will come back to this mismatch at the end of this chapter.

4.2.1 FRS Equation

The FRS equation, as given in [47], is an integral equation for the (Fourier-like transform) of the
density distribution of fluctuations o(t). It is very similar to the BES equation [44] and reads

o0
G(t) = ett—l <i€(t, 0) - 4/0 dt' K(t,t') 8(75’)) . (4.2.2)
Here I/C\(t, t') is a complicated kernel depending on both the coupling constant g and the parameter
a. In the particular limit a — 0, i.e. j — 0, the kernel reduces to the kernel of the BES equation
and therefore we have that o(t;j = 0) = 6B55(¢). The explicit expression for the kernel K(t,t)
can be found in [47].

Given the solution to the FRS equation & (t), one can compute the all-loop density distribution
p(u) in the generalized scaling limit. The precise relation between the two is

p(u) = po(u) — 8 (u)log N, (4.2.3)

where the density distribution of fluctuations o(u) is given by

1 e e}
o(u) = —/ dt cos (ut) e/ 5(t). (4.2.4)
T Jo
The function o(u) encodes both higher-loop and j-dependent contributions to the density distri-
bution p(u), while pg(u) = 2log N/7 is the twist-two one-loop density distribution in the limit

2 > a2 the function p(u) describes the density

N — oo at fixed rapidity u. On the interval u
distribution of Bethe roots, while on the interval u? < a? it can be used to compute the density

distribution of holes rapidities

pn(u) = p(u)/log N = ; — 8o (u), (4.2.5)

normalized such that

/a du py(u) = 7. (4.2.6)

—a

For later convenience, we introduce the Fourier transform of the hole distribution as

(t) = é/a du cos (ut)pn(u) . (4.2.7)
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It is an even entire function of ¢ satisfying v,(0) = j/8. Using the relations (4.2.4), (4.2.5)
and (4.2.7), we find that it can expressed in terms of the function o (t) as

() = Ky(t,0) — 4 / dt’ K (t,t') et 2 ('), (4.2.8)
0

where the hole kernel K}, (¢,t’) is given by

1 [sin(a(t —t)) sin(a(t+1t"))
Kn(t,t')=— 4.2.9
n(t: ) 47?[ t— ¢ t+ (4.29)
In particular, we obtain from ~;,(0) = j/8 that the identity
4 16 [ dt -
j= ?“ - | T s et/25(t) (4.2.10)

holds true. This relation can be used, given the solution 7 (t) = &(¢;a) to the FRS equation [47],
to eliminate the parameter a in favor of the scaling variable j.

Last but not least, it can be shown that the FRS solution & (¢) predicts the all-loop scaling
function f(g,7) by means of [47]

f(9,7) = 2T cusp(9) + €(g,7) = j + 165(0) . (4.2.11)

Magnon and Hole Equations

As said before, given the solution o (t) to the FRS equation, one can compute the all-loop density
distributions of both hole and magnon rapidities [47]. However, at strong coupling, the FRS
equation (4.2.2) is difficult to solve directly in terms of the function & (¢). Hence, similarly to
our previous treatment of the BES equation, we will introduce more suitable functions 74 (t) and
rewrite the FRS equation as a system of integral equations for them. They arise from the splitting
of &(t) into the sum

o(t) = etl_l [g <7+(2gt) + 7(2975)) +e 2y (t) — %Jo@gt) : (4.2.12)

where Jy is an (even) Bessel function. In the limit j — 0, i.e. @ — 0, we have 7, () — 0 and the
relation (4.2.12) reduces to

(5=0) 20t (5=0) 20t
St = 0) = 5BES(p) = 90 (29t) +7= " (291)

t; g = 4.2.1
3(t:J y S (42.13)

It coincides with the formula (3.1.9) used in Chapter 3 to simplify the analysis of the BES equation.
If instead, we keep j fixed but assume g — 0, the equation (4.2.12) becomes

=4 L o=tz . J
G(tig=0)= 5 [e 2t g =0) — g] . (4.2.14)
Using Eqgs. (4.2.3), (4.2.4) and (4.2.7), it translates into
&l pu;g =0) =4 —j ¢ (5 +iu) + ¢ (3 — iu) (4.2.15)
logN"" 2 2

+/a dvph(v;g=0)[¢(1+i(u—v))+¢(1—i(u—v))]’

—a
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which coincides with the one-loop formula (2.3.49) derived in Chapter 2. Thus we verified that
the relation (4.2.12) is consistent with our previous analysis.

The even/odd functions vy (—t) = £v4(¢) have exactly the same analytic properties as in
Chapter 3. Namely, they are entire functions of ¢, satisfying v_(¢) = O(¢) and v (t) = O(#?) at
small ¢, and their Fourier transforms have support on the interval [—1, 1]. The function v_(t) can
be used to compute the scaling function f(g,j) with the help of

f(g.5) = 16¢° lim )

4.2.16
S ogr (4.2.16)

where we applied Eqs. (4.2.11) and (4.2.12) and used that 7;,(0) = j/8.14
The functions 74 (t) are subject to an (infinite) system of equations, to which we shall refer as
magnon equation. It was derived in [73] from the FRS equation (4.2.2) and reads (n > 1)

dt [v-(2gt) | 7+ (29t) 1 _
N Jon-1(2gt) = 5 Ona + h2n-1(9,J), 4.2.17
/0 t [1_e_t+ o1 | J129t) = 5 on1 + hona(g, ) ( )
dt [y (29t) - (29%) 3 4
/0 t [1 —et  et—1 Jon(29t) = han(g, J) -

Here the notation was introduced for the coefficients hy, (g, j) that depend on the hole distribution
Y(t) as

4 2 [dt Jn(2g1) | 4/ J
= —— — — =Jo(2 . 4.2.1
hn(g, ) 9/0 T el 1 [e m(t) = 5 Jo(29t) (4.2.18)

We note that the system of equations (4.2.17) depends on j only through the inhomogeneous
terms hy,(g,j). Moreover, when j — 0, we have that y,(¢;7 = 0) = h,(g,7 = 0) = 0 and the
system (4.2.17) becomes identical to the BES one. We denote its solution, analysed in Chapter 3,

as
W00 =100, (4.2.19)

For non-vanishing value of j and for given ‘static’ hole distribution vy, (t), we can solve the magnon
equation (4.2.17) for v4(2¢t). Doing so, the function ~y(¢), which acts as a source for the sys-
tem (4.2.17), can be considered as being arbitrary. But it should satisfy ~;,(0) = /8 in order for
the integral in hi(g,j) to be well-defined.!® If, furthermore, the functions . () are required to
have the correct analytic properties, one can show that the solution to the magnon equation is
uniquely determined.'6

When the solution to the magnon equation is known, one can compute the distribution of
fluctuations o (t) via Eq. (4.2.12) and, then, the density distribution p(u) with the help of (4.2.3)
and (4.2.4). Eventually, one needs to impose the identity pn(u) = p(u)/log N when u? < a?
in order to determine the hole distribution. It is equivalent to requiring for the relation (4.2.8)
between () and o (t) to be satisfied. In other words, after assuming 7y, (¢) to be fixed and
extracting v (t) from the magnon equation, the relation (4.2.8) becomes an equation to be solved

4Note that, similarly to what happens in the BES limit j — 0, the function v_ (t) generates, after expansion over
the Bessel functions, the infinite set of (even) higher conserved charges. The function -4 (t) produces an infinite
sequence of charges, whose spin-chain interpretation remains obscure.

5Moreover, we will always assume that the Fourier transform of yy,(t) is supported on the interval [—a, a].

5The proof goes along the same lines as the ones given in Chapter 3 in the BES j — 0 limit.



4.2. SCALING FUNCTION IN N =4 SYM THEORY 121

for the function 7, (t). We shall refer, therefore, to the relation (4.2.8) as the hole equation. We
note, finally, that these two steps in the construction of the complete solution are identical to
those followed at one-loop order in Chapter 2. The only difference is that it turns out to be more
difficult to completely eliminate the magnons from consideration, namely to find the two functions
v+ (t) for a given 7y (t), and then obtain a closed ‘effective’ equation for the holes. Nevertheless,
we will find a regime of interest in which that can be done explicitely.

Hole Energy Formula

As in one-loop case, discussed in Chapter 2, it is possible to find a representation of the scaling
function in terms of the hole function 7y, (¢). It can be found by using the fact that the FRS and
BES solutions satisfy a Wronskian-like relation, derived in Appendix B.2. It leads to the following
expression for the scaling function

00 (0) )
. dt vy’ (2gt) —v2"(2gt
€(9,7) =329/0 ) + { it_l o) [et/%(t)

This identity generalizes to all-loop the one-loop hole energy formula found in Chapter 2, see
Eq. (2.3.53). To verify it, we substitute in (4.2.20) the weak coupling expression of the BES
solution given by

j [ dt
- g} — dgj / =1 gt). (4220
0

0 0
7Ot = 1 (t) + O(g?), Y = o(g?), (4.2.21)
and expand the resulting integral to leading order at weak coupling. We find that
e(g,j) = —3292/ - [et/Q (t) — 1} +0(gY). (4.2.22)
o et—1 8
Then, introducing the hole density distribution as in (4.2.7) and performing the integral (4.2.22),
we obtain
c(g,4) = 2¢° / dv p(v) [1&(% +iv) + (5 —iv) — 2¢(1)] +0(g", (4.2.23)

which agrees with the one-loop formula (2.3.53). It is straightforward to compute higher-loop
corrections to (4.2.23) by solving iteratively the BES equation at weak coupling. We shall see,
moreover, that a useful representation for the scaling function at small j can be obtained from
the relation (4.2.20) at both weak and strong coupling,.

4.2.2 From Weak to Strong Coupling

To find the scaling function €(g,j), we have to solve a complicated system of coupled integral
equations for the functions 4 (¢) and 4, (¢). In this subsection we shall evaluate the scaling function
€(g,7) at small j. As we will see in a moment, the first few terms of the small j expansion of ¢(g, j)
can be expressed directly in terms of the BES solution without solving the integral equations for
the functions «4(¢). Thanks to this simplification, we will be able to uncover a transition from
the perturbative weak-coupling regime, with a running in powers of g2, to a non-perturbative
strong-coupling regime, controlled by the scale m x g'/4 e~™. The latter parameter will be given
the meaning of the mass gap of the O(6) sigma model in the next subsection.
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Small j Expansion

To begin with let us consider the integral equation (4.2.8) for the function 7y, (¢). It involves the
kernel Ky (t,t') defined in (4.2.9). According to its definition, Ky (¢,t") depends on the parameter
a which depends on its turn on j. For a small value of j, we have a ~ j and we may expand the
kernel Ky, (t,t') in powers of a. We obtain from (4.2.9)

1 ad
Kn(tt) = = a— & (12 +12) + 0 (&)] _

6

sin(at’) 1
27 6

o | —(at)2] +0 (a°) . (4.2.24)

Substituting this relation into the right-hand side of the hole equation (4.2.8) and using (4.2.10),
we find that

] 1
m(t) = % [1 — clat) + O(a4)] . (4.2.25)
Here, a is related to j as
Jm 2
= 4.2.2
a=5-+0("), (4.2.26)

where the g—dependence resides in the normalization factor

(4.2.27)

_ D¢t ++2 (2g1)
k=2-—2g dt ;
0 sinh(t/2)

To derive the last identity we used (4.2.10), (4.2.25), (4.2.12) and v+ (2¢gt) = WE_LO)(Qgt) + O(j).

According to the representation (4.2.20), the j—dependence of the scaling function €(g, j) is
controlled by the function 7, (¢). Replacing 4, (t) in (4.2.20) by its small j expansion (4.2.25), we
get

e(g9,5) = e1(9)j + €s(g) 5° + O(5*), (4.2.28)

where the coefficient in front of j2 equals zero for any g [47] and the coefficient functions €;(g)

and e3(g) are given by

50 (0) (0)
dt |73 (2gt) 727 (291)
=4 = 422
c1(9) g/o t [et/2 +1 * et/2 41 |’ ( 9)
() = — 9 % g 1 2gt) = (29t)
W= T 10k2 sinh(t/2)

These relations hold for arbitrary coupling g and thus can be investigated at weak and/or strong

coupling given the BES solution 'yf )(Qgt) .

Weak Coupling

At weak coupling, the iterative solution to the BES equation [44, 90] leads to

7O) = <1 - @) Ji(t) + 0 (g*) , Y OU) =46 P bt + 0 (6°) . (4.2.30)
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Plugging these expressions into (4.2.29) and expanding €;(g) and e3(g) at small g?> we get the
expected perturbative expansion in ¢2 of the gauge theory

8
€1(g) = —8log2 g% + <§ log 272 + 16<3>g4 +0(g%), (4.2.31)
7 35 31
e3(g) = EC:VTQQZ + <%C37T4 - 7(5772> g'+0(g%).

The leading contribution ~ ¢? agrees with our previous findings in Chapter 2 while subleading
correction was obtained in [47].
Strong Coupling

At strong coupling, the evaluation of €;(g) leads to (see details in Appendix B.3)
ei(g) =—1+m+0 (e7¥7), (4.2.32)

where the parameter m = m(g) is defined as

/OOM (FEE)(t)+iF(—(])(t)>] . (4.2.33)
0

— % efﬂ—g _8_9 efﬂ-g Re -
t+mg

m =
w2 T

According to (4.2.32), the function €;(g) does not receive perturbative corrections in 1/g and the
leading non-trivial correction is given by m which is exponentially small in g. We immediately
recognize that the parameter m exactly coincides with the non-perturbative scale meysp introduced
in Chapter 3. There, it was shown that the scale m = mcys, controls the leading non-perturbative
correction to the cusp anomalous dimension. To leading-order at strong coupling, we found that,
see Eq. (3.3.28),

V2

M = Meusp = —5(2779)1/4 e ™, (4.2.34)

I'(3)

The expression (4.2.34) is consistent with the numerical solution to the FRS equation constructed
in [74]. Moreover, it is in perfect agreement with the expression for the O(6) mass gap that we
found by matching the string theory prediction for the scaling function against its O(6) interpreta-
tion [46], see Egs. (4.1.88) and (4.1.89). To uncover if m has the same meaning in the gauge-theory
Bethe ansatz approach, let us consider the subleading O(j2) contribution e3(g) at strong coupling.
The evaluation of the integrals entering the expressions for e3(g) and «, Egs. (4.2.29) and (4.2.27)
respectively, can be found in [73]. It is shown that the leading contributions to e3(g) and k as

g — oo are proportional to the scale m and read
4

€3(9) = gezm T O (), K= Zm+0 (e73m) (4.2.35)

2

so that the relation (4.2.26) takes the form a = j/m+.... Then combining together the relations
(4.2.28), (4.2.32) and (4.2.35), we obtain the small j expansion of the scaling function at strong
coupling as

2

. .\ 3
) . J ™ (7
e(g,§) +j =m? [E + o7 (E) +..., (4.2.36)
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with m given by (4.2.34). Introducing notation for a density of particles p = j/2 and a density of
energy €(p) = (e(g,7) +7)/2, the result (4.2.36) can be written as

2
ep) =mp+—p>+.... (4.2.37)

6m

We already encountered this expression and found that it has the meaning of the energy density of
a dilute, nonrelativistic Fermi gas of massive particles of mass m [130]. This suggests, as expected
from the string theory side consideration, that the non-perturbative parameter m has indeed the
meaning of a mass scale. To understand whether it is the mass gap of the O(6) sigma model,
we have to include subleading corrections suppressed by higher powers of j. We expect that
the expansion of the scaling function will run in the parameter j/m and that it will match the
low-density expansion of the O(6) model. Indeed, we will show in the next section that the hole
equation, in the (non-perturbative) regime j ~ m, perfectly coincides with the O(6) model TBA

equation with m being the mass gap.

4.2.3 Non-Linear O(6) Sigma Model

For j ~m ~ ¢g'/*e~™ the small j expansion employed in the previous section is not applicable.
In this section, we will show that for ¢ — oo and j/m = fixed, the scaling function €(g, j) coincides
with the energy density of the ground state of the two-dimensional O(6) sigma model.

O(6) TBA Equation

We start by recalling the exact solution for the ground state energy in the two-dimensional O(6)
sigma model [130], constructed before. It can be summarized as follows. The energy density
€0(6)(p) in the ground state and the particle density p are given by

m (B 1 (B
= — df x(0) cosh 6 = — de x (6 4.2.
o) = 5= [ dx@cosho,  p=o [ anxe). (1239)
where the density distribution y(#) has support on the interval [—B, B] and satisfies the TBA

integral equation
B

x(0) = /B do' K(0 — 60")x(0') + mcosh@. (4.2.39)

Here, m is the mass of the O(6)-multiplet of asymptotic states, B is the Fermi rapidity and the
kernel K (0) = (log S(0))'/(2mi) is related to the logarithmic derivative of the exact S—matrix of
the O(6) model [72]

1 i0 i0 1 0 1 0 2w
K(0) = 1 [w <1+%> +¢<1—%> — 1 <5—§> — <5+§> +COSM} ;o (4.2.40)

where ¥(z) = (logT'(x))" is the Euler psi-function. Later in this subsection we will encounter its

Fourier transform
[e.9] ] et +1
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We will see that the mapping with the scaling variable j and the scaling function €(g,j) is
given by
(9,5) +J J
e(p) % =co@P)+..., =3 (4.2.42)

Here the dots in the first relation stand for corrections that are subleading at large g when j ~ m.

Moreover, we will demonstrate that the hole equation can be written in the form of (4.2.39) upon
the identification of holes with O(6) particles,

X(0) = % / "t cos (20L/7) (D), (4.2.43)
or conversely
B
m(t) = 8%7 /B df cos (260t/m) x(0), (4.2.44)

with B = am/2. Note that we have introduced the hole density distribution in a different way
than in (4.2.7). The two distributions are related by x(0) = 2py(20/7).

Rapidity Distribution

Let us first demonstrate that the Fourier transform of the function 7y, (¢) fulfills the same integral
equation (4.2.39) as the rapidity density distribution for the O(6) model.

By construction, the Fourier transform of ~y,(¢) satisfies the hole equation (4.2.8). In rapidity
space, it can be written as

4 16 [  cos (ut) J 42
0) =2 =—+1(0)—— [ dt t) — = €% Jo(2gt 424

O =200 =2 10) - 2 [T GO (e -L P aew) . @2)

where 6 = um/2 belongs to the interval [—B, B], with B = ax/2, and the notation was introduced
for A (ut)
g [ cos(ut

10) = —— dt ——*~ 2gt _(2¢gt) | . 4.2.46

O === 1 *anin <v+( gt) +7-(29 )) (4.2.46)

The derivation of Eq. (4.2.45) makes use of the relations (4.2.5), (4.2.4) and (4.2.12).

In order to find a closed equation for the density x(6), we need to evaluate the integral I(6).
To this end, we make use of the magnon solution 4 (¢) constructed in Appendix B.4. There it is
shown that the solution can be decomposed as

72 (2t) = 71 (2gt) + 072 (201) + 52 (291) . (4.2.47)

Here the first term in the right-hand side is the BES solution. It is independent on j and on the
function 7y, (¢). The second term is a particular solution of the j-dependent part of the magnon
equation (4.2.17). It is given explicitely by

2 (cosh (t/2)

g cosht

_ 2sinh (¢/2)

oY (2gt) = —
7+ (291) g cosht

m(t) - §J0<2gt>) () = w(t). (1.2.48)
To leading order at small j, v,(t) = j/8 + ..., the particular solution, above, agrees with the

findings of [74]. Finally, the last term in the right-hand side of (4.2.47) is a homogeneous solution
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to the magnon equation, or, equivalently, a homogeneous solution to the BES equation. It is
introduced in order to restore the correct analytic properties of vy (2¢t), see Appendix B.4.

The properties of the homogeneous solution §v4"(¢) are discussed in Appendix B.4. There,
it is shown that the construction of this solution goes along the same lines as the one to the
BES equation provided that the condition B < wg is fulfilled. So, before to continue, let us be
more precise about the limit we are considering. We found previously that the Fermi rapidity is
expressed as a = 2B/m = j/m + ... at low density j < m and at strong coupling. Of course,
j/m may not be small, in which case we expect a more complicated relation between B and j.
Nevetheless, the previous equality suggests that keeping j/m fixed is equivalent for B to be fixed,
as it is the case for the O(6) TBA equation. We will assume therefore that the strong coupling
limit is taken at a given, but arbitrary, value of B. It follows, in particular, that the condition
B < 7g is necessarily satisfied. We can therefore apply the results obtained in Appendix B.4 and
observe that the homogeneous solution is exponentially suppressed in g. We may verify it at the
level of the scaling function. Namely, plugging v_(2gt), as given in (4.2.47), into Eq. (4.2.19), we
find that

N e Y-(201) . 2. 07" (2gt)
f(g.7) = 16¢” lim 29t 2T cusp(9) — j + 16¢° lim TR (4.2.49)
or equivalently
5P (2gt)
) = —j + 16¢% lim ———~~ . 4.2.
€(9,j) = —j + 16g" lim 297 (4.2.50)

Here the term (—j) in the right-hand side of (4.2.50) is the contribution to the scaling func-
tion originating from the particular solution (4.2.48). Comparing Eq. (4.2.50) with our previous
result (4.2.36), we conclude that
5v2P (2gt)
2. _ .
169 }1_1% gt mj+.... (4.2.51)

Now, since m ~ e~ we check that 7P (¢ ~ 0) is exponentially suppressed as compared to the
two first terms in the right-hand side of the last equality in (4.2.49).

We are now in position to compute the integral 1(6), Eq. (4.2.46), entering the right-hand side
of the hole equation (4.2.45). Plugging the decomposition (4.2.47) into (4.2.46) and making use
of (4.2.48), we get that (6 = un/2)

16 [ cos(ut) [ 2e* j
_ 700 np _J /2
I1(0) =1Y(0) + 01 (9)+—7T/0 dt 1 (th_nyh(t) g C Jo(2gt) |, (4.2.52)

where I () and §1"P(f) are obtained from the integral (4.2.46) by the substitutions vy (t) —
’yf ) (t) and v+ (t) — 074 (t), respectively. Now, evaluating the right-hand side of the hole equa-
tion (4.2.45) with the help of (4.2.52), we find

16 [ et 4+1 4 0 A
x(0) == /0 dt cos(ut) (1) + = + 10(0) + 6I"(0). (4.2.53)

or equivalently, after using (4.2.44), (4.2.41) and 0 = un/2,

B 4
X (0) = / ., 9" K (0 —0")x(0') + —+ 10)(6) 4 617 (9) . (4.2.54)
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Here K (#) is the kernel of the O(6) model given in Eq. (4.2.40). We have thus already obtained
half of the O(6) TBA equation simply from the contribution to I(6) associated with the particular
solution 64X (t). It remains to check that the inhomogeneous term 4/ + I%)(8) 4 61" (6) of the
hole equation (4.2.54) takes the correct form.

The integral 1(? () was computed in [73] at strong coupling and at fixed value of 8, assuming
that B < mg. It reads explicitely as

4
19(9) = == + mcosh @ + mcosh (30) + ... , (4.2.55)
i

where m = O(e~3™9). The integral 6I™P(6) can be found from a similar analysis and it reads

B
oI"(6) = dm Coshﬂ/ df’ x(0')cosh @' + ... | (4.2.56)
-B
where dm = mm?/4g = O(e=279) to leading order at strong coupling. We see that the integral
dI"P(#) and the contribution m cosh (360) in (4.2.55) generate subleading corrections, that are
exponentially suppressed in g, for a fixed value of 0, as compared to m cosh § in (4.2.55). We can
therefore neglect the former in a first approximation. Then, substituting (4.2.55) into (4.2.54)
yields
B
x(0) = / do' K(0 —6")x(0') + mcosh @, (4.2.57)
-B
which is precisely the O(6) TBA equation (4.2.39).
Finally, it follows from (4.2.38) and (4.2.44) that the density of particles in the O(6) model is
related to the scaling parameter j as
_ L ’ df x(0) =4 _ 4
=2/ X(0) = 4m(0) = 3, (4.2.58)
this without any approximation.
We can verify that if j/m is kept fixed at strong coupling, then x(6)/m and B are also fixed,
as a consequence of the O(6) equations (4.2.57) and (4.2.58). Then the correction m cosh (36)
in (4.2.55) and the contribution 67™P(#) are both of order O(e=379), and are therefore suppressed
at strong coupling. Note, however, that if B takes a large value, these contributions get typically
enhanced by a factor €38, while the solution x(#) to the O(6) equation scales as me®? [130,
136]. This suggests that the parameter controlling the validity of the O(6) approximation is
22 = e2(B=79) The O(6) equations, Eqgs. (4.2.57) and (4.2.58), predict that B ~ log p/m in the
perturbative regime p > m corresponding to a large value of B, see Eq. (4.1.124). It leads to
2% ~ p?, suggesting that the corrections suppressed by powers of 22 are presumably associated to
the irrelevant deformation of the O(6) sigma model, due to operators of dimensions 4,6, ... in the

string o-model.

Energy of the Ground State

It remains to show that the scaling function €(g, j) is related to the energy of the ground state of
the O(6) model (4.2.38) through relation (4.2.42).
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As follows from (4.2.20), the scaling function admits the representation

00 (0) _ 0
e(g,7) = 169/0 % T+ (QSgitn)h(tZQ) (29%) (m(t) —m(0)) + jer(g), (4.2.59)

where we separated terms linear in j into the function €;(g) given by (4.2.29). The relation (4.2.59)
can be written as
L2 [P .
e(g.5)=— [ dIXO)E()+jeilg), (4.2.60)
-B
where the explicit expression for E(f) can be found in [73]. Given the solution 'yglo ) (t) to the BES
equation, the function E(#) can be evaluated at large g, and for 6 < B fixed, as

E(9) = %(COShH —1)+..., (4.2.61)

where dots stand for subleading corrections of order O(e~3™9) at a given value of §. Plugging this
expression into (4.2.60) and making use of (4.2.32), we get the scaling function as

m B m [P
€(g,7) = — /B df x(0) (cosh® — 1)+ j(=1+m) = - /B df x(0) cosh — j, (4.2.62)
in a perfect agreement with (4.2.42) and (4.2.38).

Thus, we demonstrated that the scaling function €(g, j) is related to the energy density in the
ground state of the two-dimensional O(6) sigma model (4.2.42) and that it can be found from the
exact solution to the O(6) equations, Eqgs. (4.2.38) and (4.2.39).

4.2.4 Concluding Remarks

On the gauge theory side, we found that the expression for the O(6) mass gap m® =m |gauge_ theory

was identical to the scale meyusp governing the leading non-perturbative correction to the cusp
anomalous dimension

. o
Fcusp(g) = FESS}E)(Q) - mmgusp + O(mi:lusp) : (4263)
Here, Flgﬁég (g) is the perturbative contribution, given at large g by a non-Borel summable series
in 1/g, and
m'e
Meusp = B =k gt/*e™™ |1+ W—; +0(1/¢Y | , (4.2.64)
with & and m; given as, see Eq. (3.3.28),
_ 93/4_1/4 /1 (5 () _ 3 _ 3log2
k= 2347140 (3) my® = o = S (4.2.65)

The coefficient ¢ in Eq. (4.2.63) depends on the prescription used to separate the perturbative
and non-perturbative contribution.

The result m(®) = Meusp agrees with the proposal in [46] that, in string theory, the leading non-
perturbative correction to the cusp anomalous dimension coincides with the one to the vacuum
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energy density of the two-dimensional bosonic O(6) model, embedded into the AdSs x S® string
o-model. The O(6) model only describes the effective dynamics of massless modes of the string
and the mass of the massive excitations pu ~ 1 defines an ultraviolet cut-off for this model. The
vacuum energy density in the O(6) model, and more generally in the O(n) model, is an ultraviolet
divergent quantity, and it admits the following form

Evac = ,U'Qgpert (g(:u)) + Km%)(n) + O(mé(n) /:U’2) . (4266)

Here, p? is the UV cut-off, epert(g(p)) stands for the perturbative contribution (with expansion
in 1/g(u) at large g(u)),  is a coefficient and the mass gap mqy) is

Moy = cpe™ 900/ g(uyB/% [1 4 0(1/g(w)] | (4.2.67)

where By and (3 are the beta-function coefficients for the O(n) model and the normalization
factor ¢ ensures the independence of mq(,) on the renormalization scheme. The two terms in the
right-hand side of (4.2.66) describe perturbative and non-perturbative corrections to eyac. For
n — oo, each of them is well-defined separately and can be computed exactly [140, 141]. For n
finite, including n = 6, the 1/g(u) expansion of epert(g(ie)) is non-Borel summable, in a generic
renormalization scheme, and, thus, it does not define uniquely epert(g(pt)). In a close analogy with
(4.2.63), the coefficient « in front of mQO(n), in the right-hand side of (4.2.66), depends on the
prescription used to separate the perturbative and non-perturbative contribution to eyac.

For n = 6, we have 3y = 1/7 and () = 1/4w%, and the relations (4.2.67) and (4.2.66) should
be compared with (4.2.64) and (4.2.63), respectively, assuming g(u) = g + ... for p ~ 1. It is
therefore rewarding to verify from the gauge theory Bethe ansatz approach that the scale mcusp
and the O(6) mass gap m(® do coincide.

On the string theory side, we found that the two-loop small ¢ = j/4¢g semiclassical string
scaling function [45, 15, 59, 61], given by

e(g.j) = 20°

(s)
173 1 do2 _ 2 2 4
g+ - <4 log€> + pry < 3log ¢+ 4(log0)* | + 0 (1/g%)| +O(£Y),

2
(4.2.68)
can be cast into the form of the O(6) energy density in the perturbative regime. From this, we

extracted the expression for the O(6) mass gap m® =m ‘String_theory as

m®) = kgl/4 Y

mgs) 2
1+ — 1 4.2.
+EL 100/ | (4.2.69)

with £ and mgs) introduced for, see Egs. (4.1.88) and (4.1.89),

3/4_1/4 5 (s) q(()SQ) 1

(s)

The explicit value for the constant ¢j; was obtained in [61] by a direct two-loop world-sheet

computation and reads

3log2 7
. (4.2.71)

() — 9K —
o2 2 1
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(s) (s)

Plugging this value of gy; into the expression for m;”, we get

m® = —% - ?’lf—(?Q - 3—12 . (4.2.72)

Comparing m® and m®), Eqs. (4.2.64) and (4.2.69), we find a remarkable agreement between
gauge and string predictions [46, 74, 73] for the leading contribution ~ kg'/*e=™9. However,
the matching does not extend to the subleading corrections associated with mgg) and mgs), see
Eq. (4.2.65) and (4.2.72), mgg) # mgs). We observe, indeed, that the two results agree with each
other in the term ~ log 2 but disagree in the rest [76].

Note that, instead of comparing the predictions for the mass gap, we could equivalently com-
pare predictions for the scaling function in the small ¢ semiclassical regime directly. It requires
assuming first that j ~ m and taking then j > m to fall in the perturbative regime of the O(6)
model. As was previously explained, the O(6) energy density in this limit can be cast into the
form of a expansion in 1/g with coefficients all being proportional to £2 = j/4g up to polynomials
in log¢. More precisely, the O(6) prediction for the gauge theory scaling function assumes the
form (4.2.68) with the two-loop constant

3log2 11

— 4.2.73
5t (4.2.73)

g =i 42 =

instead of q(()z) in Eq. (4.2.68). Of course, the value for q(()%), above, disagrees with q(()z), see

Eq. (4.2.71), for the obvious reason that mgg) + mgs). But, remarkably, the expression (4.2.73) re-
produces the result of [138] derived from the Bethe ansatz equations, within approach alternative
to the FRS equation (at strong coupling).

Finally, one could be interested in computing the scaling function in the semiclassical regime,
that is as an expansion in 1/g with ¢ = j/4¢g kept fixed and arbitrary, directly from the FRS
equation. This analysis was performed in [139] and agreement with the classical and one-loop
string scaling function of [45, 59] was obtained. But, at the two-loop level, a singular contribution
at small ¢ was found. It is not clear how this contribution can be interpreted from the O(6)
model point of view. Nevertheless, it seems to indicate that the ‘irrelevant’ corrections to the
O(6) TBA equations, predicted by the FRS equation, could play a more prominent role in the
perturbative regime j > m than naively expected. Finally, we note that the regular piece of the
two-loop scaling function of [139] matches the result of [138], and, in particular, it agrees with the
prediction based on the (gauge theory) O(6) model approach, as far as the O(¢?) contribution is
concerned.

All these remarks indicate that the two-loop matc(hi)ng of ga(u)ge and string theory is subtle. In
g S

particular, the reason for the discrepancy between m;> and m;”’ remains unclear.



Chapter 5

Conclusion

In this thesis, we used the (conjectured) all-loop integrability of the dilatation operator of the
planar A = 4 Super-Yang-Mills theory [41] to unravel the strong coupling regime of distinguished
observables, the cusp anomalous dimension and the scaling function. These functions are accessible
by considering the scaling dimensions of Wilson operators carrying large quantum numbers, both
Lorentz spin and twist [62, 45, 63, 44, 47]. For them we can rely on the all-loop asymptotic Bethe
ansatz equations [41, 43, 44] to tackle the strong coupling analysis in the gauge theory.

Thanks to integrability, the cusp anomalous dimension and the scaling function can be found as
solution to integral equations, the Beisert-Eden-Staudacher [44, 63] and Freyhult-Rej-Staudacher [47]
equation, respectively. At weak coupling, the solution to the BES equation yields the cusp anoma-
lous dimension as an expansion in powers of g? [63, 44] matching explicit four-loop perturbative
calculation in the gauge theory [51, 49, 55, 56, 57, 58]. Solving the BES equation at strong
coupling, we found the first few terms of the strong coupling expansion of the cusp anomalous
dimension, extending the findings of [65, 66, 67, 68] and confirming the numerical estimate of [64].
Up to two-loop, they read [69, 70]

., (5.0.1)

where K is the Catalan’s constant. This result was independently derived from analysis based
on the (quantum string) Bethe ansatz [137, 138] or on the asymptotic Baxter equation [91].
Moreover, it is in a remarkable agreement with the string theory prediction obtained either from
the semiclassical quantization of the energy of a folded spinning string [14, 15, 60] or from the area
scaling of a cusped minimal suface [113, 114, 115, 116]. We see that the cusp anomalous dimension,
obtained by solving the BES equation, interpolates, with high accuracy, between explicit gauge and
string theory results. This is a rather non-trivial dynamical test of the AdS/CFT correspondence.

Note that the cusp anomalous dimension, and the scaling function, are not the only observables
that can be determined with the help of the all-loop Bethe ansatz equations and compared with
string theory predictions. For instance, the so-called virtual scaling function, which is related
to subleading O(log0 N) corrections to the logarithmic scaling of the finite twist, large spin N,
minimal anomalous dimension, has been analyzed in [142, 143] and compared successfully with
the string theory result of [144].

Concerning the scaling function €(g, j), we verified the proposal of [46] that it can be found

131
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exactly, at strong coupling g > 1 and for j ~ m, as solution to the TBA equations for the O(6)
sigma model. Thanks to this result, we extracted from the FRS equation the strong coupling
expression for the mass gap m of the O(6) model and we made comparison with the prediction
from the string theory [46, 61, 76]. The two results match remarkably well up to one-loop order
at strong coupling, but a discrepancy is found at the two-loop level [61, 138, 76, 139]. We stress
that this disagreement does not invalidate the relation between the scaling function and the O(6)
model, either on the gauge or string theory side, since it only affects the dependence on the coupling
constant of the mass gap m. It is important however to understand its origin and its consequence
for the AdS/CFT correspondence. In order to clarify this point, it would be interesting to consider
in more detail the subleading corrections to the O(6) TBA equations, that are predicted by the
FRS equation.

In thesis, we have also analyzed the nature of the strong coupling expansion for the cusp
anomalous dimension and uncovered its asymptotic nature. The series tuns out to be divergent
and non-Borel summable, the latter property indicating that the cusp anomalous dimension should
receive non-perturbative corrections at strong coupling. We explained how to compute the leading
non-perturbative contribution to the cusp anomalous dimension from the BES equation. We found
that it is controlled to all orders at strong coupling by the scale m?, with m the mass gap of the
O(6) model.

It would be interesting to understand if the divergence of the strong coupling expansion is
a generic phenomenon. A first element of response is that the dressing phase, appearing in
the all-loop asymptotic Bethe ansatz equations, has expansion coefficients that admit divergent
expansion at strong coupling [43, 44]. It suggests that anomalous dimensions of operators carrying
large charges (long operators) will have, generically, divergent series description at strong coupling.
But, what about anomalous dimension of short operators with finite quantum numbers?

For short operators, the all loop asymptotic Bethe ansatz equations are not reliable because of
the wrapping effects [39, 112, 41]. A famous example is the anomalous dimension of the Konishi
operator, which can be represented as tr[[Z(0),Y(0)][Z(0),Y(0)]], where Z(0) and Y(0) are two
complex scalar fields. The all-loop asymptotic Bethe ansatz equations predict the anomalous
dimension of the Konishi operator up to three-loop at weak coupling [31, 21|, and the result is
in agreement with the explicit perturbative gauge theory computation [145](see also references
therein). At four loops, wrapping effects occur and the all-loop Bethe ansatz equations cannot
be trusted [146]. Recently, it has been demonstrated how these finite-size corrections can be
computed [147, 148] and, impressively, the obtained four-loop anomalous dimension for the Konishi
operator was found to match perfectly the explicit four-loop perturbative calculation [149] in the
gauge theory. The equations proposed in [148, 150] (see also references therein) were argued to
capture all type of finite-size corrections and thus should describe the exact spectrum of anomalous
dimensions of the planar gauge theory. With their help, one should be able to find the strong
coupling expansion of the anomalous dimension of the Konishi operator and make comparison
with the string theory result of [151]. It has been done recently by numerical means in [152](to be
compared with the result of [153] obtained with the all-loop asymptotic Bethe ansatz equations).
This numerical estimate seems to be consistent with the string theory computation of [151] up to
next-to-leading order.

It would be very interesting to see whether the methods developed to deal with the strong
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coupling regime of the BES and FRS equations [70, 73, 71, 108] can be applied to solving the
equations of [148] for the anomalous dimension of the Konishi operator at strong coupling. It
would perhaps shed light on the nature of the strong coupling expansion in string theory.



134 CHAPTER 5. CONCLUSION



Appendix A

BES Equation

A.1 General Solution

In this appendix, we give further details on the construction of the general solution I'(t) = ' (¢) +
iI'_(t) to the BES equation. By construction, the function I'(¢) is given by the Fourier integral

I(t) = /Oo dke ™ (k) (A.1.1)

—00
with the function f(k) having different form for k? < 1 and k2 > 1:

e For —oo <k < —1:

L(k)=> c_(n,g)e k=1 (A.1.2)
n>1
e For 1 <k < oc:
=> ci(n,g)e tmeth, (A.1.3)
n>1

e For -1 <k<1:

m):_?<%>“4[1 1+k (/ /)dpi (%)UT (A-14)

where I'(p) inside the integral is replaced by (A.1.2) and (A.1.3).

We recall that the expression of f(k:) for k2 > 1 is dictated by the analyticity properties, while for
k? < 1 it follows from solving the BES equation. Integration over k? > 1 in the integral (A.1.1)
can be done immediately, while the integral over —1 < k < 1 can be expressed in terms of special
functions. Namely, we find

00 = 3 et 1) [ oy — V=it dng)|

o 4mng + it
e’t : : :
+ Z c_(n,g) [W + V_(zt,47mg)} — Vo(=it) — c(g)Vh(—it), (A.1.5)
n>1
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where the notation was introduced for the functions (with n = 0,1)
11  dp e ¥l /14 kp—1\T/*
Vi(a,y) = /dkeﬂk/ P <+p ) :
\/—71' 1 p—k 1—-kp+1
\f/ dk ™ 1+1<: 14
(k+1)"\1-k ’

dp e~ vP=1) /p 4 1\ T4
oy 1 , Al
Unl) =3 /1 (pF1)" (p - 1) (A.1.6)

The reason why we also introduced U= (y) is that the functions Vi (z,%) can be further simplified

with the help of master identities (we shall return to them in a moment)
(@ +y)V-(2,y) = 2Vo(2)U; (y) +yVi(2)Uy (y) —e77,
(z = y)Vi(z,y) = 2Vo(2)U7 (y) + yVi(2)Uy (y) — €. (A.L7)

Combining together (A.1.7) and (A.1.5) we arrive at the following expression for the function
I'(it)

I(it) = =Vo(t) — c(g)Vi(2)

+ Z cy(n,g) [47”19‘/1 ()Uqy (4mng) + tVo(H)U (47Tng)]

dmng —t
n>1
ArngVi (t)Uy (4mng) + tVo(t)U  (4mng)
—l—ZC_(n,g)[ 0 Trng + 1 1 : (A.1.8)

n>1

which is the result stated in Chapter 3. As follows from their integral representation (A.1.6), Vo (t)
and Vj(t) are holomorphic functions of ¢. As a result, I'(it) is a meromorphic function of ¢ with
(an infinite) set of poles located at ¢t = £47ng with n positive integer.

Finally, let us prove the master identities (A.1.7). We start with the second relation in (A.1.7)
and make use of (A.1.6) to rewrite the expression in the left-hand side of (A.1.7) as

(x —y)Vi(z,y)e ™ = (z —y) / ds Vo(z + s)Ug (y +s)e ¥ 7% . (A.1.9)
0
Let us introduce two auxiliary functions

z1(x) = Vi(z), z1(z) + 21 (2) = Vo()
z(r) =e U (2), 2o(x) + 24(x) = —e " U (z), (A.1.10)

with V;,(z) and U,f(z) given by (A.1.6) and where z{ 5(z) stand for the derivatives of 21 2(x).
They satisfy the second-order differential equation

— (z2i(z)) = (z — 1) z(2). (A.1.11)
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Applying this relation it is straightforward to verify the following identity

—(z—y)|z(x+s)+ 21 (x +5)] [22(y + 5) + 25(y + 5)]

_ dis{@, +8)[z2(y + ) + Hy + 9)]=1 (@ + )}

~ (z+ s)[z1(x + 3) +zl(x+s)]z2(y+s)} (A.1.12)

It is easy to see that the expression in the left-hand side coincides with the integrand in (A.1.9).
Therefore, integrating both sides of (A.1.12) over 0 < s < oo, we obtain

(@ —yVilw,y) = —c* [+ s)Volz + )U (y+5) + (y + s)Viz + 8)Ug (y + 5)] |1
= —e® + 2Vo(2)U1t (y) + yVa(2) Uy (y) (A.1.13)

where in the second relation we took into account the asymptotic behavior of the functions (A.1.6)
(see Eqs. (A.2.12) and (A.2.14)), V,,(s) ~ e*s~3/* and Ut (s) ~ s %/* as s — oo.
The derivation of the first relation in (A.1.7) goes along the same lines.

A.2 Relation to Whittaker Functions

In this appendix we summarize properties of special functions encountered in the analysis of the
BES solution.
Integral Representations

Let us first consider the functions V;,(x) (with n = 0,1) introduced as

\f/ dk ev® <1+/<:>1/4. (A21)

(k+1)" k

As follows from their integral representation, Vj(x) and Vj(x) are entire function on a complex
x—plane. Changing the integration variable in (A.2.1) as k = 1 — 2t and k = 2t — 1 we obtain two
equivalent representations

1
Vn(CC) — l23/27n e:v/ dt t71/4(1 _ 75)1/4er o2t ’
T 0
1
_ Lospn eff/ dt /A (1 — )~V 2t (A.2.2)
T 0

which give rise to the following expressions for V,,(z) (with n = 0,1) in terms of Whittaker
functions of the first kind

Vn(.%') —9n F(% - ’I’L) (21‘)n/2_1M J2-1/4,1/2—n)2 (2.%,)
()2 -n) " e ’
. F(§ —n) /2
= 2 F(%);(2 _ TL) (_2'%') /2 1M1/47n/2,1/27n/2(_2$) ° (A23)
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In distinction with V,,(x), the Whittaker function M, /o_1/4,1/2-pn/2(27) is an analytical function
of x on the complex plane with the cut along negative semi-axis. The same is true for the factor
(22)™2~1 so that the product of two functions in the right-hand side of (A.2.3) is a single-valued
analytical function in the whole complex plane. The two representations (A.2.3) are equivalent in
virtue of the relation

Mn/271/4,1/27n/2(2x) = etimli=n/2) M1/47n/2,1/27n/2(_2x) (for Imz 2 0), (A.2.4)

where the upper and lower signs in the exponent correspond to Imx > 0 and Im x < 0, respectively.
Let us know consider the functions Uy () and U (z) defined for real positive x by

00 —z(p—1) F1/4
UZ(z) = l/ dp © ptl . (A.2.5)
2/, (¥ \p-1

The four different integrals in (A.2.5) can be found as special cases of the following generic integral

1 o
Uni(z) = 5/ dp =P~V (p 4 12 (p — )12, (A.2.6)
1

defined for > 0. Changing the integration variable as p = t/x + 1 we obtain
0o ¢\ FH-1/2
Upy () = 2°H=3/2h=1=1/2 / dt e7th=1=1/2 <1 + —> . (A.2.7)
0 2z
The integral entering this relation can be expressed in terms of Whittaker functions of second
kind or equivalently confluent hypergeometric function of the second kind

Upi(z) = 273202 — b+ 02712 " Wiy (22) (A.2.8)

=G —k+0)U(3 —k+1,14+2;22).

This relation can be used to analytically continue Ug(x) from x > 0 to the whole complex
x—plane with the cut along negative semi-axis. Matching (A.2.6) into (A.2.5) we obtain the
following relations for the functions Uy (x) and Uj" ()

Uf (z) = 30 ()" e” W_1/41/2(27), Uy (z) = %P(%)(%)flp e Wi40(27),

N[
(e

Up () = 5T (3)a™" e" Wy y1/5(22), Uy (z) = 3T(3)(22) 2" W_y40(2) . (A.2.9)

(9]

The functions V) (£x), Uit (z) and Vo(£x), U () satisfy the same Whittaker differential equation

and, as a consequence, they satisfy Wronskian relations

T

_ _ e
Vi(—a)Uy (&) = Vo(~2)U} (2) = Vi(@)U (@) + Vol)U () = (A.2.10)
The same relations also follow from (A.1.7) for x = +y. In addition,

Uy (2)UL (=) + Uf (2)Uy (—2) = —— 2" | (for Imax = 0). (A.2.11)
2V 2z
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Combining together (A.2.10) and (A.2.11) we obtain the following relations between the functions

Vo(z) =

Vi(z) = %ﬁ T [ U (—2) — e U (2)] (A.2.12)

2 2 i
_2v2 Sixs (" Uy (=) +e U (2)]

where the upper and lower signs correspond to Imx > 0 and Im z < 0, respectively.

At first sight, the relations (A.2.12) look surprising since Vy(x) and Vj(x) are entire functions
in the complex x—plane, while Uoi(x) and Uli(x) are single-valued functions in the same plane
but with the cut along the negative semi-axis. Indeed, one can use the relations (A.2.10) and
(A.2.11) to compute the discontinuity of the these functions across the cut as

AU (—z) = i% e “Vo(Fx)0(x),

AUE(—z) = —% e Vi (Fz) 0(x), (A.2.13)

where AU(—z) = lime_o[U(—z + ie) — U(—x — i€)]/(2¢) and O(z) is a step function. Then, one
verifies with the help of these identities that the linear combinations of U —functions in the right-
hand side of (A.2.12) have zero discontinuity across the cut and, therefore, they are well-defined

in the whole complex plane.

Asymptotic Expansions

For our purposes, we need asymptotic expansion of functions V;,(z) and U;F(x) at large real z.
Let us start with the latter functions and consider a generic integral (A.2.8).

To find asymptotic expansion of the function Uy (x) at large x, it suffices to replace the last
factor in the integrand (A.2.7) in powers of ¢/(2z) and integrate term by term. In this way, we
find that

3
U (2) = (20) TR (-4 31 - ) = @02/ |1+ g+
1
U ) = (20) T (14 - ) = (20 V) [1- g+
U (z) = (22) T3 F (3,3 - L) = 22)7%41r(3) [1 - % + ] : (A.2.14)
Here we introduced the function F(a,b| — 5-) defined as
2x)* [ _ Ty
F(a,b| — & :( / ds s (14 s)"be 22 A.2.15
( | 23[:) F(a) A ( ) ( )

with the property that F(a,b| — 5-) = 14 O(1/z) at large x.
Notice that the expansion coefficients in (A.2.14) grow factorially to higher orders but the
series are Borel summable for z > 0. For 2 < 0 one has to distinguish the functions UZF (x + ie)
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and UZ(z — ie) (with ¢ — 0) which define analytical continuation of the function UZF(z) to the
upper and lower edges of the cut, respectively. In contrast with this, the functions V,,(z) are
well-defined on the whole real axis. Still, to make use of the relations (A.2.12) we have to specify
the U—functions on the cut. As an example, let us consider Vp(—mg) in the limit ¢ — oo and
apply (A.2.12)

2v2 o= i oY [

Vo(—mg) = U (—mg +i€) + e >™ Uy (ng)] (A.2.16)

where € — 0 and we have chosen to define the U—functions on the upper edge of the cut. Written
in this form, both terms inside the square brackets are well-defined separately. Replacing USE
functions in (A.2.16) by their expressions (A.2.14) in terms of F-functions we find

(2mg)~5/% em9 .
4
with A? given by
3
AZ — I'(1) e=279(27g)V/2 o—e % (A.2.18)

L)
Since the second term in the right-hand side of (A.2.17) is exponentially suppressed at large g
we may treat it as a non-perturbative correction. Repeating the same analysis for V;(—mg), we
obtain from (A.2.12) and (A.2.14)

(271'9)_5/4 e™yg

Vi(—mg) = QF(%)

[87gF (5, 41k +ie) + on?F (3,3 - 5L | (A.2.19)
We would like to stress that the ‘4-ie” prescription in the first term in (A.2.17) and the phase factor
c=e 1 in (A.2.18) follow unambiguously from (A.2.16). Had we defined the U—functions on
the lower edge of the cut, we would get the expression for Vo(—mg) with ‘—ie’ prescription and
the phase factor ¢, The two expressions are however equivalent since discontinuity of the first
term in (A.2.17) compensates the change of the phase factor in front of the second term

(4,315 +ie) = F(4,3155 —ie) = iv2a?p (=48] - 5. (A.2.20)
If one neglected ‘+ie’ prescription in (A.2.16) and formally expanded the first term in (A.2.17)
in powers of 1/g, this would lead to non-Borel summable series. This series suffers from Borel
ambiguity which are exponentially small for large g and produce the contribution of the same
order as the second term in the right-hand side of (A.2.17). The relation (A.2.17) suggests how
to give a meaning to this series. Namely, one should first resum the series for negative g where it
is Borel summable and, then, analytically continue it to the upper edge of the cut at positive g.

A.3 Expression for the Mass Scale

In this appendix we derive the expression for the mass scale given by

16\/59 -

s

[fo(=mg)Uy (7g) + f1(—7g)Uy (mg)] - (A3.1)

m=—
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We recall that the functions fy ;(47gt) read

U/ (47ng) Uy (4mng)
4mgt) = t AL LA _ L 1 A3.2
ldrat) = ¢ e ) PG e (g PR 1, (A32)
U (4ng U, (4mng
fttag) = Son e D o) I
and parameterize the BES solution I'(4mit) as
[(4mgit) = fo(dmgt)Vo(4dmgt) + f1(4dmgt)Vi(4dmgt) . (A.3.3)
To obtain the representation (A.3.1), we replace I'(4mgit) in the definition of m,
m= —8\25 e ™ % e ™ Re / dt e~ 4m9t= ”/47“47@“) ) (A.3.4)
™ T 0 t 4+ 4

by its expression (A.3.3) and perform integration over ¢ in the right-hand side of (A.3.4). It is
convenient to decompose I'(47git)/(t + %) into a sum of simple poles as

T (47git) (dmgt) (4mgt)
Wgz = > ful- Wg + Jutmgt) = Je(=79) gy (A.3.5)
t+1 5 t+ L5 41

where the second term is regular at t = —1/4. Substituting this relation into (A.3.4) and replacing
fr(4mwgt) by their expressions (A.3.2), we encounter the following integral

— 00 ) 4 —100 )
Ry, (47mgs) = Re [ / dt e—4”9t—”/4m} = Re [ / gt e—t-in/a_VE®) | (A.3.6)
0 t—s 0 t—4mgs
Then, the integral in (A.3.4) can be expressed in terms of R—function as

Re [/Ozoodt e—dmgt— mr/4r(t4+gjt)} = fo(—=mg)Ro(—mg) + f1(—mg)R1(—7g)

ne(n,
_ Z +( 19) [UfL(47Tng)R0(47rgn) + Uy (47ng) Ry (47rgn)]
n>1 n+3

2 % Uy (4ng) Ro(—4mgn) — Uy (4mng) Ry (—4mgn)] , (A.3.7)
n>1 4

where the last two lines correspond to the second sum in the right-hand side of (A.3.5) and we
took into account that the coefficients c4(n,g) are real.

Let us evaluate the integral (A.3.6) and choose for simplicity Ro(s). We have to distinguish
two cases: s > 0 and s < 0. For s > 0 we have

) 1 —1400
Ry(s) =—Re [e_”/‘l/ dv e_(l_”)s/ dt e Vo(t)}
—o0 0
' 1 1 1401 _ . \—1/4
_ V2 Re [em/‘l/ dv e<1v>5/ G )l G ] , (A.3.8)
—00 -1

T U—v— 1€
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where in the second relation we replaced Vj(t) by its integral representation (A.2.1). Integration
over u can be carried out with the help of identity

1 1/4—k(q _ ,\—1/4
L/ du (1 + u) (1 . U) _ 5]{:,0 _ (’U + 1)*]6 % 1/4
V2r ) uU—v-—1e o—im/4 <1ﬂ) V2 <1

In this way, we obtain from (A.3.8)

Ro(s) °2 V2 E — /

-1

v—1

—00

1/4
do o—(1=0)s (v + 1) ] _ 5 [1 9e2s U;(S)] , (A.3.10)
S

with the function Ud" (s) defined in the previous appendix. In the similar manner, for s < 0 we
get

Ro(s) "=’ V2 E + 2U0(—s)} : (A.3.11)
together with
Ri(s) =2vV2[0(—s)Uy (=s) + 0(s) e > U (s)] . (A.3.12)

Then, we substitute the relations (A.3.10), (A.3.11) and (A.3.12) into (A.3.7) and find

Re |:/_ZOO dt e—47rgt—i7r/4r(4ﬂ-git):|
0

t+ 1
= 2V2fo(—mg) [Uo (mg) — %} +2V2f1(-7g)Uy (7g) + ;/—5 [fo(=mg) +1] , (A.3.13)

where the last term in the right-hand side corresponds to the last two lines in (A.3.7). Substitution
of (A.3.13) into (A.3.4) yields the expression for the mass scale (A.3.1).

A.4 Wronskian-like Relation

In this appendix, we consider the homogeneous solution to the BES equation 6I'(¢) that satisfies

the quantization conditions
oI (ity,) = —&myo (A.4.1)

where t,, = 4mg (m — i) with m € Z. More precisely, we will establish that the idendity

ST(0) = —57”; , (A4.2)

holds true at any value of the coupling constant g > 0, where m is the mass scale defined in terms
of the BES solution I'(¢) as

) 0 ~
m— % o0 89 c-m9 R / At i) pyy (A.4.3)
T T o t+img
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The derivation of the identity (A.4.2) follows from the use of a Wronskian-like relation between
the two functions 0I'(¢) and I'(t). This relation is most easily obtained by working with the
~v—functions introduced as

S (it) = sin. (t/4g) sin (7 /4)

sin(t/4g + 7/4)
and similarly for the pair (y(¢),I'(it)). The equation (A.4.2) then translates into the small ¢
behavior
Em

5y (it) = “ 2 t+O0(t%). (A.4.5)

We recall that the homogeneous solution 6T'(t) satisfying the quantization conditions (A.4.1) is

ST(it), (A.4.4)

relevant to the study of the first non-perturbative correction ~ exp (—2mg) to the BES solution at
strong coupling (see Section 3.4.3). In this context, the relation (A.4.2), or equivalently (A.4.5),
permits to demonstrate that the leading non-perturbative correction to the cusp anomalous di-
mension is controlled by the mass scale m. The solution 0I'(¢) plays a similar role at the level of
the FRS equation and another application of the formula (A.4.2) can be found in Appendix B.4.

By construction, 6(t) is a homogeneous solution to the BES equation. It means that it
satisfies the system of equations (n > 1)

/OC’O@ [ oy=(t) | 0+ (t) :|J2n—1(t) o,

t |1 —et/29  et/29 -1

dt [ v+ (1) Sy (1) B
/0 T [1 —e—t/29  et/29 1 Jan(t) =0, (A.4.6)

where 6v(t) = 074 (t) + i6y—(t) with dy4(—t) = £dv+(t). The solution we are interested in has
special analytic properties discussed in Section 3.4.3. In particular, Jy(¢) should vanish at ¢ = 0

and have a simple pole at t = —img with residue 2ig€. To fulfill these requirements, we split dy(it)
into the sum of two functions 2% i
5y(it) = p(it) — =

(i) = plit) = =

where p(it) is an entire function of t. Moreover, the function p(it) so-defined should have a Fourier

(A.4.7)

transform supported on the interval [—1,1]. We remark that these analytic conditions on p(it) are
identical to those imposed on the BES solution «(it). In order to find a deeper relation between the
two functions, it is advantageous to rewrite the system of equations (A.4.6) for the unknown p(it).
Proceeding to the parity decomposition of p(t) as p(t) = p4(t) + ip—(t), we obtain from (A.4.7)
that

9 2
67+ (t) = p+(t) — fﬁ_fw,
2
—(t) = p—(t) + % . (A.4.8)

Then, substituting these relations into (A.4.6), we derive a system of inhomogeneous integral
equations for the functions p4(t) given by (n > 1)

/“@ [ p—(t) p+(t)
0

t |1 —et/29  ot/29 _J Jon-1(t) = han-1(9),
/ = [ pelt) o }Jzn(t) = han(9), (A.4.9)
0

t |1 —et/29 et/29 1
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with the inhomogeneous terms

h 25 dtJ2n 1(t) t g
! (rg)? [et/29 -1 1 —e /2]’
25 ~ dt J2n () [ =g t
e / m9)° [etﬂg S pepyor] (A.4.10)

These relations differ from the BES ones for y(t) = 4 (¢t)+iv—(t) by the form of the inhomogeneous
terms, and they can be obtained one from another through the substitution

p+(t) = v+(t),  han-1(9) = 50u1,  han(g) — 0. (A.4.11)

As we did for y(t) in Chapter 3, we may look for a solution to (A.4.9) in the form of Bessel series

p-(t) =2 2;1 (2n = 1) Jan—1(t)p2n-1(9) » (A4.12)
p(t) = 2112; (2n) Jon(t)p2n(g)
which lead at small £ to
6 (it) = ip_(it) — %t +0(t?) = t< 1(g) + —£g> +O0(t%). (A.4.13)

The similarities between ~(¢) and p(t) permit to derive a Wronskian-like relation between
them, whose immediate consequence is the desired result (A.4.5). To see this, let us multiply both
sides of the first relation in (A.4.9) by (2n — 1)v2,—1(g) and sum both sides over n > 1 in order
to form the function v_(¢). In parallel, we multiply the second relation in (A.4.9) by (2n)v2,(g),
sum over n > 1 and form v, (¢). Then, we subtract the second relation from the first one and

obtain
[ Y Op+(t) | 1=Bp+(t) + 7+ (H)p- (t)]
1 — e—t/Qg et/29 —1
=2% [ 1= D101 () ~ (20 (o) (A411)

We notice that the expression in the left-hand side of this relation is invariant under the exchange
v+ (t) < px(t). Therefore, the right-hand side should be also invariant under (A.4.11) leading to

9) =2 [2n = 1)y2n-1(9)h2n-1(9) — (2n)720(9)han(9)] - (A.4.15)

n>1

After replacing ha,—1(g) and ho,(g) by their expressions (A.4.10) and summing over the Bessel

functions, we obtain that p;(g) is given by an integral involving the functions v (¢). It takes much
simpler form when expressed in terms of the functions 'y (¢) (with T'(¢) = T4 (t) +iI'_(¢)) as
& [ g t

=—= dt | ———= (T_(t) —Ty(¢ -

pl(g) T Jo 12 +7‘r2g2 ( ( ) +( )) + 12 —|—7T292

(T_(t) + T (1) |- (A.4.16)
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Making use of the identities

g —

m = /0 du e ™" cos (’U,t), (A417)
t /°° _ .

= du e ™% gin (ut) ,
2+l o (ut)
we rewrite p1(g) as
(e) ==& [7 au oo [ / dt cos(ut) (T_(t) — T (1))
T Jo 0

+ /OO dt sin(ut) (T—-(t) + T4 (1)) | . (A.4.18)
0

Now, let us split the u—integral into 0 < uw < 1 and u > 1. We observe that for u?> < 1
the t—integrals in this relation can be done exactly thanks to the BES equation solved by the
functions I'1 (¢), see Eq. (3.2.4). Then, performing the integration over u > 1, we find after some
algebra

2¢ ey V26 /OO At
=— 2 (1—e™) - 22T — e . 4.1
p1(g) = (1—e7™) —e Re  Tring e I'(t) (A.4.19)

Substituting this relation into (A.4.13) and using the expression (A.4.3) for the mass scale, we
finally arrive at (A.4.5).
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Appendix B

FRS Equation and O(6) Sigma Model

B.1 Scalar Factor of the O(n) Sigma Model S-Matrix

In this appendix we solve iteratively the unitarity and crossing-symmetry equations for the scalar
factor o(f) = 02(0) of the O(n) sigma model S-matrix. The strategy we use follows the steps
recommended in [133] (see also references therein) to find particular and homogeneous solutions
to this sort of functional equations.

Iterative Solution

The unitarity and crossing-symmetry equations for the scalar factor o(f) are respectively given

by

$2

o(@)o(~2) = 573 (B.1.1)
and

o(=1/2 —z) =o(x), (B.1.2)

where x = i0/2m and A = 1/(n — 2). Here we look for a solution of both equations represented
by a meromorphic function in the complex 6-plane (or equivalently in the complex z-plane) with
singularities lying along the imaginary 6 axis (or real x axis) only. As explained in [86], these
conditions are general analytic properties (in the rapidity 6-plane) for two-body amplitudes in
a relativistic integrable two-dimensional QFT. The condition of meromorphicity is however not
sufficient to single out one of the solutions of the equations (B.1.1) and (B.1.2). Indeed the
equations (B.1.1) and (B.1.2) are not specific to the non-linear O(n) sigma model. They rely
on relativistic invariance, factorizability of the scattering, gobal O(n) symmetry and hold for a
(non-degenerate) vector multiplet of massive asymptotic particles. But all these features can be
satisfied by other two-dimensional QFTs, as the Gross-Neveu model for instance [72]. According
to [72], the solution that describes the scattering in the non-linear O(n) sigma model is minimal.
It means that it has a minimal set of singularities along the real x axis and moreover none in the
physical strip Re(z) € (—1/2,0), reflecting the absence of bound states in the spectrum of the
O(n) sigma model [72, 132, 131].} In the following we will look for this solution. We will first

'For a bound state of mass M, we expect to find two poles respectively at s = M? < 4m? (s-channel) and at
s = (4m? — M?) > 0 (t-channel) in the physical sheet of the two-body scattering amplitude, which is here continued

147
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construct iteratively a particular solution, observing all the way the absence of singularities in
the physical strip and introducing least possible singularities in general. We will verify that the
procedure converges to the minimal solution of [72]. Later we will discuss its uniqueness after
constructing a general homogeneous (meromorphic) solution.

We start with an obviously minimal meromorphic solution of the unitarity condition (B.1.1)

given by
T

A—z’

with no pole in the physical strip. That solution does not satisfy the crossing-symmetry equa-

oo(x) = (B.1.3)

tion (B.1.2) or equivalently it is not symmetric with respect to z = —1/4. To symmetrize it, we
introduce a pole at = —(1/2 + A) and a zero at x = —1/2 by defining
0'1(1') 200(1')0'0(—1/2—1'). (B.1.4)

Unfortunately the new solution no longer respects unitarity. To restore it, we need to add a pole
at x = 1/2 and a zero at = (1/2 + A) leading to

o1(x) oo(—1/2 — x)
oo(x) = ———F—— =og() ——————=. B.1.5
2( ) UO(—1/2+.%') 0( )00(—1/2+.%') ( )
Doing so we broke the crossing symmetry of o (x) and to restore it we introduce a pole at x = —1
and a zero at z = —(1+ A) as
oy(r) = — 228 o1(z) (B.1.6)

oo(=1—2z) oo(—1/2+x)oo(—1—x)

Now to cure the lack of unitarity of o3(x) we add a pole at x = (1 + A) and a zero at x = 1 by

means of
o0(~1/2 = 2)oo(~1 + x)

oo(=1/2 + x)og(—1 — ) (B.1.7)

0'4(.%') = 0'3(.%')0'0(—1 + 1‘) = 0'0(.%')

It is not difficult to figure out what will happen next. One pole and one zero are generated at
each step, farther and farther from the physical strip, and after 4k steps one finds

00(1/2 —j —x)oo(=j + )
o0(1/2 —j+x)oo(—j — )

K
o4(x) = oo() H ; (B.1.8)

Jj=1

that is

x ﬁj—xj—1/2+xj+A+xj—1/2+A—x

jtxj—12—zj+A—-xj—1/24+A+z’

o) = N (B.1.9)
j=1

into a meromorphic function of the Mandelstam variable s = 2m?(1 4+ cosh§) with two cuts along s > 4m? and
s < 0 [86]. Thus bound states would manifest as poles in the physical strip Im(0) € (0,im) (i.e. Re(z) € (—1/2,0))
which is the image of the physical sheet. Finally, to motivate the choice of a minimal solution, we may observe
with [129] that the O(n) sigma model is the O(n) symmetric bosonic QFT with least possible number of degrees
of freedom per site. It suggests to look for the simplest possible solution which, being meromorphic (in z-plane),
should have minimal set of singularities.
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Of course o4 () is not solution of both equations (B.1.1) and (B.1.2) but o (z) will do the job
if the limit & — oo exists. And indeed, the fixed-point limit k& — oo can be taken with help of the

identity
ﬁn+a+x_F(1+a—x) (B.1.10)
j:1n+a—x_F(1+a+x)’ o
and one can easily verify that
roo(z) = z Il14+2)'1/2-2)'(1+A—-2)['(1/24+ A+2) (B.1.11)
T A—2T(1 - 2) 12+ 2) A1+ A+2)0(1/2+A—2)’ o
is solution to (B.1.1) and (B.1.2). It may be equivalently written as
I'(1 ra/2—-—=Ir(A—-=z)Ir(1/2+ A
) = L0+ aT(/2 = o)A~ )12+ A+ 0 —_

T A+aT(1-a)(12+a)0(A+2)(1)2+A—z)’

which is up to a sign the minimal solution of [72]. The multiplication by a factor —1 is a Zo
symmetry of the equations (B.1.1) and (B.1.2), and thus it has to be fixed by normalizing correctly
the minimal solution. Here we impose the boundary condition o(ico) = 1 at large rapidity 6 ~ oo
because of the asymptotic freedom of the bosonic O(n) sigma model. Since o (ic0) = —1, the
correct minimal solution is [72]

B x Il14+2)'(1/2—-2)(A—-2)(1/24+ A +2)
ol@) = - A+2T(1-2)[(12+2)T(A+2)T(1/2+A—2z)"

(B.1.13)

uniqueness and CDD Factor

We will discuss now the uniqueness of the previous solution. We remark that, necessarily, two
solutions of the equations (B.1.1) and (B.1.2) differ multiplicatively by a function f(x) satisfying
the homogeneous equations

f@)f(=z) =1, (B.1.14)
and

f(=1/2 —x2) = f(x). (B.1.15)

Thus to decide about the uniqueness of the minimal solution we have to consider a general homo-
geneous solution f(z).

Let us start with holomorphic homogeneous solutions. The general solution reads f(z) =
+ exp g(x) where g(x) is holomorphic and can be Fourier decomposed as

g(x) = Z an sin [27(2n + 1)z] (B.1.16)
n>1

with a,, € C. We note that g(x), and so f(z), is periodic, and thus bounded, along any axis parallel
to the real x axis. Since f(x) is holomorphic it cannot be bounded all over the complex plane. It
implies that |f(z)| can be found unbounded when = becomes large with a large imaginary part.
At the same time, we would like to keep fixed the asymptotic behavior of the minimal solution
o(x) ~ 1 when Im(x) ~ co. It follows immediately that f(z) has to be constant, which, according
to (B.1.14), requires f(z) = £1. Hence, holomorphic solutions are reduced to the Zs ambiguity
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that has been already fixed. We are thus led to consider the case of a meromorphic homogeneous
solution, with singularities lying along the real z-axis. As follows from the equations (B.1.14)
and (B.1.15), the presence of one pole at say © = —a will automatically call for a zero at = «,
that both will be repeated infinitely along the real z-axis. Running through the same iterative
procedure as before, starting with a solution of the equation (B.1.14) given by

a—x
folz;a) = o (B.1.17)
we find in the fixed-point limit that
= j—1/24+a+zj+n—z cos(m(a+x))sin(r(a — x))
o(z:0) = = B.1.18
falaio) = I e TR CEED

=00 j—1/24n—zj+n+x cos(m(a—z))sin(

Then the general (meromorphic) solution to the unitary and crossing-symmetry equations reads
() = o(@) [ ] foolwion), (B.1.19)
k

where o(x) is the minimal solution (B.1.13) while the product is called CDD factor [72]. Now, to
verify that o(x) is the unic minimal solution, we have to say if it is possible or not to kill or shift
poles of o(z) with help of a CDD factor, without adding singularities in the physical strip. It is
sufficient for that to consider the particular case of one factor f(z;a) and to restrict attention
toa € (—1/4,1/4). For a € (0,1/4), the factor fo(z; ) introduces two poles in the physical strip
and thus does not produce a minimal solution. For o € (—1/4,0), the situation is better since
foo(z; @) introduces two zeros and no pole in the physical strip. Nevertheless, by comparing the
positions of the zeros of fu(z;a) with those of the poles of o(z), one can easily see that it is not
possible to reduce or displace the set of singularities of the minimal solution, and their number
necessarily increases.

We conclude that the minimal solution o(z), describing scattering amplitude in the non-linear
O(n) sigma model, is unic and given explicitely by (B.1.13).

B.2 Hole Energy Formula

This appendix contains a derivation of the (all-loop) hole energy formula

oo (0) (0) . 0
) dt vy (2gt) — v (2gt . . dt
e(g,7) =329/0 " + ;_1 Gt) [et/Z M(t; ) — é} —493/0 T'Yio)(?gt), (B.2.1)

where yf) (t) = v+ (t; 7 = 0) stands for the BES solution. The proof of (B.2.1) relies on the use of
the Wronskian-like relation, applied previously in Appendix A.4 in another context. We repeat
here the argument.

The scaling function €(g, j) is given by

e(9,5) = fg,3) — f(g,0) = 169 [71(g.4) — 11(g,0)], (B.2.2)



B.3. SMALL J SCALING FUNCTION 151

where 71 (g, j) enters into the Bessel series expansion of the function ~v_(¢; j),

Y- (t5) =2 2n—Dyen-1(g, ) 1(t),  y(t5) =2 (20— Dyan(g,4)Jon(t) . (B.2.3)
n>1 n>1

The functions ~y4(t;j) are solution to the integral equations (4.2.17) and satisfies a Wronskian-
like relation. To derive this relation we choose some reference j’, multiply both sides of the two
relations in (4.2.17) by the coefficients (2n — 1)y2,-1(g,4’) and (2n)y2,(g,7’), respectively, and
sum over n > 1. Then, we convert the sums into the functions vy (¢; j') using the definition (B.2.3)
and subtract the second relation from the first one to obtain (after rescaling t — t/2g)

/°° dt [7 (t)y=(5) = v+ ()1 (655 | 7=+ 5 + 7 (5= (t;j’)}
0

" L o=t/2 i 1 (B.2.4)

=7(9,5") +2 Z [(2n — Dhon—1(g,7)v2n-1(9,5") — (2n)han(g, 7)v2n (9, 5")]

n>1

The expression on the left-hand side is invariant under exchange j < j' and the same should be
true on the right-hand side. Then, we replace h,(g,j) by their definition (4.2.18) and get

2 /°° dt v1(29t;5') —v-(29t;5")
0

. AN
Y1(9:9) —ml(9,5") = ; o 1

: [et/Q (t;4) — %Jo@gt)} — (=4,

(B.2.5)
where we indicated explicitly the dependence of the vy—functions on the scaling parameters. We
note that for j* = 0 the relation (B.2.5) can be used to evaluate the scaling function (B.2.2). We
take into account that v, (¢;5' = 0) = h,(g,5' =0) =0 and v (¢;5' =0) = wio) (t) to obtain

(0.4) = 320 /OOO% vi°><zgtit__ Ym)@gt) Ket/Q Vh(t;j)_@ +§<1_ Jo<2gt>)] (B256)

Here the integral involving the Bessel function can be further simplified by making use of the
identity 1 — Jo(z) =235, J2n(2) leading to

o 14 (0) (0)
. dt vy’ (2gt) — v (2gt)
8¢ ng>1/0 " 1 Jan(2gt) (B.2.7)

L0t %t
= —493/0 77@(291@(1 - Jo(29t)> = —493/0 779(2%),

where in the first relation we applied the integral equations (4.2.17) for j = 0 and in the sec-
ond relation used Bessel series representation (B.2.3) together with the orthogonality condition
(3.1.20). Combining relations (B.2.6) and (B.2.7) we arrive at (B.2.1).

B.3 Small j Scaling Function

In this appendix we present some details of the strong coupling expansion of the (small j) scaling
function €(g,j) = €1(g9)j + €3(9)7> + .... We only calculate ¢;(g) and we prove its relation to the
mass scale m

e1(g) =—1+m+0 (e7¥7) . (B.3.1)
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The analysis of €3(g) is essentially the same and can be found in [73].
We recall that m is given in terms of the BES solution ') (¢) = I’SE]) (t) + i (t) as

m = %5 o939 moRe [ / _ At itin/a p) (t)] , (B.3.2)
™ 0

s t+img

and that the functions Ff ) (t) are solutions to

/ b sin(ut) [F(,O) (t) + 1 (t)] =0, (B.3.3)
0
/OO dt cos(ut) [F(_()) (t) — I’EE) (t)] =2,

0

for u? < 1.
The starting point is the representation (4.2.29) for €;(g), or equivalently

= ] (1= A (0r2e) L -]
(B.3.4)

Observing the similarity between the integrals in (B.3.4) and those in (B.3.3), it is suggestive to
replace ratios of hyperbolic functions by their Fourier integrals. That can be done with the help
of the identities

cosh(t/4g) /°° _cosh(gmu)

2 d t) B.3.5
cosh(t/2g) =V2g w cos(ut) cosh(2gmu) ’ ( )
sinh(t/4g) _sinh(gmu)

2 d t)
cosh(t/2g) \/_g/oo u sinfut) cosh(2gmu)’

valid for arbitrary real t and g > 0. Applying (B.3.5), we find from (B.3.4)

€1(g9) = —2\/592{ /Z du cosh (gmu) /000 dt <1 — cos (ut)) [F(_O) (t) + FS?) (t)} (B.3.6)

cosh (2gmu) t
+ /_C: du 7:01;1}}:((29;:22) /000 % sin (ut) [F(,O) (t) — I’S?) (t)} } .

Now, let us split the u—integrals into sum of two terms corresponding to u? < 1 and u? > 1. In
the first one, we replace (1 — cos(ut))/t = [i* dv sin(vt) and sin(ut)/t = [;" dv cos(vt) and, then,
evaluate the t—integral with the help of the equation (B.3.3). The resulting expression for €;(g)

is given by
! inh (gmu)
= —4/24° d > B.3.
“(9) v2g { /_1 U osh (2gmu) (B-3.7)
o cosh (gmu) / o dt (0) (0)
—_— —(1— r r
+/1 du cosh (2gmu) Jo t ( o8 (Ut)>[ — B+ Ty (t)]

+/100 du %gwu)) /OOO % sin (ut) [F(,O) (t) — Fg?)(t)] } .

cosh (2gmu
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To find the large g expansion of the first term on the right-hand side of (B.3.7) we just do the
opposite, that is rewrite the integral over —1 < uw < 1 as a difference of two integrals over
—o00 < u < oo and u? > 1

1 . 00 . 0 .
/ du sinh (gmu) _ / du sinh (gmu) 5 / Ju sinh (gmu)
1 cosh (2gmu) oo cosh (2gmu) 1 cosh (2gmu)

1 1+ 7mg —g _3
_ _ eI L O(e 39T | B.3.8
N R e =) (B.38)

In the remaining two terms in (B.3.7), we replace hyperbolic functions by their leading large g

asymptotics, integrate over u by parts, take into account the equation (B.3.3) to evaluate the

boundary term and arrive at

e1(g) =—1+36+0 (e7¥7) | (B.3.9)
with § ~ e™™ given by
2 -Tg | [ 00
5= @{e ——/ du e—’Tg“/ dt (B.3.10)
r Umg 2, 0

X [cos(ut) (F(_O) (t) — FSS) (t)) + sin(ut) (F(_O) (t) + FEE) (t))] }

Integration over u leads to the expression in the right-hand side of equation (B.3.2) and thus to

& = m, as promised.

B.4 Magnon Solution

In this appendix we discuss the solution to the magnon equation at strong coupling.
The solution to the magnon equation can be decomposed as

Y (t) = (1) + 0y (1), (B.4.1)

where WE_LO) (t) = v+ (t; 7 = 0) is the solution to the BES equation corresponding to the j — 0 limit

of the FRS equation, while dv4 (t) = v+ (t;5) — v+ (¢; 7 = 0) captures all corrections depending on
j. In particular, the function d_(¢) completely determines the scaling function €(g, j) as

€(9,4) = 169 lim 6y (1) /¢ . (B.4.2)

By construction, the functions 6+, ,_(¢) are even/odd entire functions of ¢ with Fourier transforms
supported on the interval [—1,1] and they satisfy the system of equations (n > 1)

“dt [ oy (), 0yt 2 [t D ®) [y J
[ 7 e ) e == [T S [t - o]

Cdt [ dy(t)  ov-(t) _ 2 [7dt Ta(t) g J
/0 U [1_et/29_et/2g_1 J2n<t)__§/0 T e (t/29) = ()] -
(B.4.3)
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We recall that the function 7y, (¢), in the right-hand side of (B.4.3), is the Fourier transform of the
density x(6),
1

B
Wt = o / 0 x(9)cos (201/7), (B.4.4)

for the distribution of hole rapidities u = 26/m supported on the interval [—a,a], with B =
am/2.2 We see that the hole distribution acts as a source (inhomogeneous term) in the system
of equations (B.4.3). In the following, we will determine the solution 4 (t) to (B.4.3) assuming
that the coupling is large g > 1 and that the Fermi rapidity B fulfills B < wg (i.e. a < 2g).

To begin with, we observe that a particular solution d+% () to the equations (B.4.3) is given

mﬁmm—ghaﬁ, 5yP (1) = — 2SI lI/49) ooy, (B.4s)

p/n 2 (cosh(t/4g)
0=-3( g cosh (1/29)

g \ cosh (t/29)

Indeed, one easily verifies after a bit of algebra and the use of the identity (n > 1)
° dt
/ ~ Jo(6) Jan(t) = 0, (B.4.6)
0

that 674 (t) is an exact solution to (B.4.3). However, the functions 4% (¢) does not have the right
analytic properties because it has poles along the imaginary axis. It follows that the function
5~ (t) does not reproduce the correct scaling function €(g, 7). We immediately verify it since for
any value of j we find

€(g,J)" = 16g° lim 67" (¢) /t = —83(0) = —j . (B.4.7)

Here we used the fact that the hole distribution is normalized as 7,(0) = j/8 (Vg). The result
€(g,7) = €e(g,7)P = —j is certainly not consistent at weak coupling since €(g,j) = O(g?), and,
indeed, the particular solution (B.4.5) is too singular to describe the perturbative scaling function
of the gauge theory. The situation is better at strong coupling g > 1. Namely, we note that
the result €(g,j) = €(g,j)? = —j is exact up to non-perturbative corrections, (€(g,7) + j) ~ mj,
at small j (j < m ~ e ™). It suggests that the particular solution (B.4.5) is a good starting
point to investigate the scaling function at strong coupling. As we shall see, the correction to
the particular solution (B.4.5) are exponentially suppressed at strong coupling g > 1 as long as
B < mg, or equivalently a < 2g.

Let us rewrite the particular solution as

V2 (it/2g) J g
_7sin (t/4g+7r/4) + @Jo(lt). (B.4.8)

5P (it) = 6% (it) 4+ io~P (it) =

The term involving the Bessel function, in the right-hand side of the last equality above, has
correct analytic properties, being holomorphic with a Fourier transform supported on the interval

2Here the use of the variable § and of the Fermi rapidity B is motivated by the correspondence with the O(6)
sigma model where x(6) is the differential rapidity distribution for a gas of massive particles carrying individual
momentum p = msinh § and energy E = m cosh 6.
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[—1,1]. The term depending on 7y, (it/2g), however, has singularities that should be compensated.
To this end, we decompose the exact solution d+(it) = 074 (it) + idy_(it) as

Sy(it) = 6yP(it) + 6™ (it) , (B.4.9)

where 0" (it) = 6737 (it) + i67 P (it) is, by construction, a homogeneous solution to the magnon
equations (B.4.3), or equivalently a homogeneous solution to the BES equation. We note that
OI'™P(it) should have poles located at t = t,,, = 47Tg(m — %), with m € Z, for the function é+(it)
to be holomorphic. Namely, we require that

42

SR (it) = ——

(=)™ (itm/29) + O ((t = t)°) (B.4.10)

for t ~ t,,. Introducing the function TP (it) as

sin(t/4g + 7/4)

o (it) = sin (t/4g) sin (7/4)

Sy (it) (B.4.11)

the equation (B.4.10) translates into

O™ (it,,) = —2—\/5(—1)m'yh(itm/29) = —Q(—l)m /B df x(0)cosh ((4m —1)8), (B.4.12)
g dmg -B
where in the last equality we introduced the Fourier transform of 7y,(¢) as in Eq. (B.4.4). In the
terminology of the Chapter 3, the set of equations (B.4.12) are the quantization conditions for the
function 6I'™P(it). Before to make use of them, we need first to find a convenient parameterization
of the solution 6I'™P(it). To get it, we will follow the steps of the construction of the general
solution to the BES equation (see Chapter 3 and Appendix A.1).
We note that the function §I"™P(it) has an infinite number of poles located at ¢ = +4mng
with n € N*. From the residues at these poles, we extract an infinite set of coefficients (n € N¥)
introduced as

AP (n, g) = F4g 04" (£dimng) e ™9 (B.4.13)

As for the construction of the BES solution, we would like to make use of these coefficients to pa-
rameterize the solution and then determine them with help of the quantization conditions (B.4.12).
To this end, let us introduce the Fourier transform of 6I'P(¢) as

~ 1 00 )
O™ (k) = / dt ekt 5T (¢) . (B.4.14)
a — 0o

The function 6I'™P(¢) is a homogeneous solution to the BES equation, meaning that
o0 . .
/ dt [e’kt STPP(t) — e~ ikt 5P‘}f(t)] =0, (-1<k<1), (B.4.15)
0

where 5T (1) = TP (t) + i0T™(t) and TP (—t) = +6T5°(¢). In principle, if ST (k) is known
on the interval k2 > 1, then 6P (k) can be found for k% < 1 by solving the equation (B.4.15). It
should be sufficient, therefore, to look for a parameterization of the function 5fnp(k:) in terms of
the coefficients i (n, g) for k? > 1.
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Taking into account the expression (B.4.11) for 6I'™P(¢) and the relation (B.4.9), we find that
the Fourier integral (B.4.14) can be written as

capn L[ sin(it/4g — 7/4)
oL (k) = o /_ . diet (it/4g) sin (7 /4)

5P (t) (B.4.16)

_ 1 00 ikt sin(it/4g — w/4) o
2 dt sin (it/4g) sin (7/4) <5'Y(t) oy (t)> ,

The form of the integrands above suggests to perform integration by the method of residues. To

this end, we recall that the function é+(¢) has Fourier transform supported on [—1, 1], while the
function 0P (t) depends on 7y, (t/2g) which has Fourier transform supported on [—a/2g,a/2g]. We
expect, therefore, that the functions d+(¢) and §vP(¢) will scale as eltl and eltl/29 respectively, for
t ~ ico. Thus, in order to damp the asymptotic behavior of the integrand in (B.4.16) and then
compute the integral by the method of residues, we impose that the Fourier variable k satisfies
both |k| > 1 and |k| > a/2g. Assuming a < 2g, we find in this way and for k? > 1 that

ST (k) = O(—k — 1) Z "™ (n,g) e ™I=F=1 Lok — 1) Z P (n,g) e 4ma(k=1) — (B.4.17)

n>1 n>1

where we used the definition (B.4.13) to introduce the coefficients ¢}’ (n, g). We have thus found
the desired parametrization for the solution 5fnp(k) on the interval k? > 1. We note finally that
the result (B.4.17) would not be valid for 1 < k% < a?/(2g)? if a > 2g. It implies that a separate
study of the solution on the interval 1 < k? < a?/(2g)? is needed to completely characterize it
outside the interval k? < 1. We will not attempt to do it here, since we are primarily interested
in the regime a < 2¢ which is connected to the small j regime of the scaling function. In the
following, we will thus always assume that a < 2¢ and rely on the relation (B.4.17) to continue
the analysis.

The parameterization of ST (k) on the interval k? > 1, Eq. (B.4.17), being identical to the
one of the BES solution, we can apply our previous findings (see Chapter 3 and Appendix A.1)
and immediatley conclude that the function 6I'P(it) is given by

ST™(it) = 8 3P ()Va(t) + S FIP (VA (L), (B4.18)

where the functions 6 f3"(t) and 6 f"(t) read

U (47ng) Uy (4mng)
Sf*(t) = E t [0ctP A T et i 14 B.4.1
fo ( ) — |: C+ (nag) 47mg ¢ Cc_ (’I’L,g) 47rng t ) ( 9)
Ui (4mng) U, (4mng)
ey — N g np 0 np 0
SfiP(t) g ™mg [5c+ (n,g) pr—— + 6P (n, g) Jing 1t |

n>1

The special functions V{ 1(%), Ua[l (t) are given in Appendix A.1. We recall that for any g > 0
and whatever are the coefficients dcy” (n, g), the function (B.4.18) supplemented with (B.4.19) is a
homogeneous solution to the equation (B.4.15) satisfying (B.4.17) for k2 > 1. Now, to find explicit
expressions for ¢ fa (t), one has to solve the quantization conditions (B.4.12) for the coefficients
dcP(n, g), i.e. solve the system of equations

V2

B
8 fo  (tm)Vo(tm) + 6 1 (tm) Vi (tm) = —%(—m / ; d0x(0) cosh (4m — 1)0),  (B.4.20)
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with t,, = 47Tg(m — i) and m € Z. Once done, one can read the scaling function (B.4.2) as
e(g,5) +J = —890f"(0). (B.4.21)

Let us examine the quantization conditions (B.4.20). It is not possible in general to find an
explicit solution to them but we expect some simplification to occur at strong coupling. In that
case, we know that the functions Vp 1 (¢,,) scale as

1
4 ‘mf—
e 4

Vo (tm) = Vo (4mg(m — 1)) ~ : (B.4.22)

when g > 1. Dividing both sides of (B.4.20) by this asymptotic behavior, we obtain that the
source terms, i.e. the right-hand side of the system of equations (B.4.20), get suppressed exponen-
tially at large g. The leading source term is the one evaluated at ¢,,—9 = —mg and consequently
the functions & fa P(t) are of order O(e™™) at strong coupling. Let us verify it explicitely by com-
puting the contribution to the scaling function generated by the homogeneous solution (B.4.18).
Restricting our analysis to the first non-perturbative O(e~"9) correction permits to consider the

simpler set of quantization conditions given by

5f(;1p(tm)‘/0(tm) + 5filp(tm)v’1(tm) = —§5m,0 ) (B423)

where
_ V2 (F

dmg ) p

13 df x(6) cosh 6. (B.4.24)

Now, we observe that we have already encountered the system of equations (B.4.23) in Chapter 3.
They appeared in the computation of the first non-pertubative correction to the BES solution, but
with a different value of the constant £ (see Eqgs. (3.4.17), (3.4.18) and (3.4.19) in Section 3.4.3).
Explicit expressions for § fa (t) at strong coupling can therefore be found in Chapter 3 by adapting
the value of £ to the current situation. In particular, one can immediately obtain the contribution
to the scaling function associated with the solution to (B.4.23). Indeed, we found that the relation
(see Eq. (3.4.20) and Appendix B.4)

sm
2V2°

holds true (Vg > 0) for a homogeneous solution, parameterized as in (B.4.18) and (B.4.19), and sat-

3f17(0) = — (B.4.25)

isfying the quantization conditions (B.4.23). Then, plugging this result into the equation (B.4.21)
and using (B.4.24), we get the scaling function as

B
e(g,7)+J = % /B df x(0) cosh 6. (B.4.26)

This result agrees with the one obtained from the hole energy formula. Since m ~ e™™9, we
check that the function 6v"P(it) generates a non-perturbative contribution to the magnon solu-
tion (B.4.9) when the coupling is large.

We stress finally that the term on the right-hand side of (B.4.26) is just the first non-
perturbative contribution to the scaling function, which is obtained by replacing the quantization
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conditions (B.4.20) by (B.4.23). A more general non-perturbative expansion can be developed by
considering the family of solutions satisfying the quantization conditions

5f(r]lp(tm)‘/0(tm) + 5f{1p(tm)vl (tm) = _gn(sm,n 9 (B427)
with /s 5
§n = é(—l)" /B df x(0) cosh ((4n — 1)0). (B.4.28)

Here t,,, = 4mg (m — %) with m € Z, while n € N. Proceeding in this way and using the asymptotic
behavior (B.4.22) for the V —functions, one finds that the (n + 1) non-perturbative correction
induces a contribution to the scaling function that behaves at strong coupling as

B
6e™ (g, j) ~ e~ lAn=limg / d x(0) cosh ((4n — 1)6) . (B.4.29)
-B
It indicates that the parameter controlling this non-perturbative expansion is given by z =
exp (B — mg), which can be kept small as long as B < mg. For B > mg (a > 2g), our analysis
breakdowns and, as remarked before, another parametrization/or a resummation of the solution

has to be worked out.
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