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Abstract

Ultra-Relativistic heavy-ion physics is a promising field of high energy physics
connecting two fields: nuclear physics and elementary particle physics. Exper-
imental achievements of the last years have provided an opportunity to study
the properties of a new state of matter created in heavy-ion collisions called
quark-gluon plasma.

The initial state of two colliding nuclei is affected by fluctuations coming
from wave-functions of nucleons. These fluctuations lead to the momentum
anisotropy of the hadronic matter which is observed by the detectors. The
system created in the collision behaves like a fluid, so the initial state is con-
nected to the final state via hydrodynamic evolution. In this thesis we model
the evolution with relativistic viscous hydrodynamics. Our results, combined
with experimental data, give non trivial constraints on the initial state, thus
achieving "reverse engineering" of the heavy-ion collisions.

The observable which characterizes the momentum anisotropy is the anisotropic
flow v,,. We present the first measurements of the first harmonic of the anisotropic
flow called directed flow v; in Pb-Pb collisions at the LHC. We then perform
the first viscous hydrodynamic modeling of directed flow and show that it is less
sensitive to viscosity than higher harmonics. Comparison of these experimental
data with the modeling allows to extract the values of the dipole asymmetry
of the initial state, which provides constraints on the models of initial states.
A prediction for directed flow v; in Au-Au collisions is also made for RHIC.
We then perform a similar modeling of the second and third harmonics of the
anisotropic flow, called respectively elliptic vy and triangular v3 flow. A com-
bined analysis of the elliptic and triangular flow data compared with viscous
hydrodynamic calculations allows us to put constraints on initial ellipticity and
triangularity of the system. These constraints are then used as a filter for dif-
ferent models of initial state. At the end of this thesis, we show perspectives
in the studies of the initial state which are opened by recent measurements of
event-plane correlations which could shed light on the initial state fluctuations.

Key words: anisotropic flow, relativistic heavy-ion collisions, relativistic
viscous hydrodynamics, initial state, event-plane correlations.
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Chapter 1

Introduction

1.1 Experimental overview

The story of heavy-ion collisions starts with the pioneering works of Enrico
Fermi and Lev Landau on the hot matter and multi particle production in the
50’s. Theoretical works motivated the experiments and in the 70’s the first
experiments on heavy-ion collisions were done at Berkeley in LBNL and at
Dubna in JINR, where the first studies of compressed and excited matter were
done. The further research programs at higher energies were launched in the
80’s in Brookhaven and at CERN. In the 90’s "beam-target" experimental high
energy collisions were run in Brookhaven (AGS, gold beams on gold target)
and at CERN (SPS, lead beam on lead target and later uranium beam on
uranium target). In 2000, the first "beam-beam" heavy ion collider RHIC (The
Relativistic Heavy Ion Collider) started to run in Brookhaven, opening a new
era in the experimental studies of heavy-ion physics. Nowadays, RHIC and LHC
(The Large Hadron Collider) located in CERN, constitute the two relativistic
heavy ion colliders. The main heavy ions which are used in these colliders are
respectively gold and lead ions.

1.1.1 RHIC

Launched in 2000, RHIC has provided a lot of important results on the study of
matter created in the relativistic heavy-ion collisions [21, 22, 23|. Thus it was
found out that this matter is behaving more like a strongly coupled liquid than
a gas as it was considered earlier [24, 25].

RHIC is designed to collide AuAu nuclei with a center-of-mass energy of
200 GeV per nucleon pair. During the first year of running this energy was not
achieved, and the first runs were made at the energy 130 GeV. Later during
several years RHIC was running with designed energy of 200 GeV per nucleon
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Figure 1.1: STAR and PHENIX events.

pair. During all these years RHIC was running not only AuAu systems, but
also dAu, pp, CuCu and recently CuAu as well as UU collisions.

Initially, there were four experiments at RHIC: PHOBOS, BRAHMS, PHENIX
and STAR. The experiments PHOBOS, BRAHMS have finished their programs
and were closed. The STAR experiment [21] is measuring the hadron production
over a large solid angle whereas the PHENIX experiment [22] focuses mainly on
the measure of muons, electrons, photons and hadrons.

The project eRHIC, designed to collide electrons with heavy-ions [26, 27, 28,
29, 30, 31, 32|, offers new perspectives for the RHIC collider.

1.1.2 LHC

The present and the future of the heavy-ion physics is connected with the new
collider LHC, built at CERN, Geneva. The first PbPb collisions started at
the end of 2010. The designed energy of 5.5 TeV per pair of nucleons was not
reached and runs were made at the energy 2.76 TeV per pair. At the end of
2012 runs of pPDb collisions at 5 TeV were also made before the planned stop of
the collider for the renovations until 2015.

There are three experiments at the LHC participating in the heavy-ion pro-
gram: ALICE, designed especially for heavy-ion collisions [33], CMS [34] and
ATLAS [35]. Although CMS and ATLAS designed in a first place for the dis-
covery of the Higgs boson, they have also an important role in the heavy-ion
program. The LHC has already provided remarkable results. Indeed, in august
2012 the highest temperature ever achieved in a lab was reached: 5.5 trillion
degrees [36]. This value, corresponding to 7' = 304 4+ 51 MeV was obtained
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from the exponential fit of the measured direct photons in PbPb collisions by
ALICE collaboration.

The high energy obtained at the LHC allows to probe the quark-gluon plasma
properties with a better accuracy. Theoretical understanding of these measure-
ments is challenging and is one of the most important questions in heavy ion
physics today:.

| _ Heavy lon Collision Event
57 ~ = - d

Figure 1.2: ALICE, ATLAS and CMS heavy-ion events.

1.1.3 Experimental observables

Geometry and kinematics of heavy-ion collisions

During the development of the heavy-ion physics, a basic dictionary was created
and is commonly used among the physicists of the field. In this section, we will
present the common terminology used [37, 38].

The standard picture of a nucleus-nucleus (AA) collision is the following:
the two nuclei are accelerated close to the speed of light and due to the Lorentz
contraction of distances in the boost direction, the two nuclei collide as two flat
"pancakes" in their center of mass frame. The distance in the transverse plane
between the centers of two colliding ions of radius R is called impact parameter
and usually is denoted b. A collision where b is close to zero is called a central
collision. For 0<<b<2R, collisions are non-central and for b close to 2R collisions
are called peripheral. The nucleons that participate in the collision are called
participants, other nucleons which are passing by without collision are called
spectators. The participants which had at least one inelastic interaction are
called wounded nucleons.

We denote "z" the axis parallel to the beam direction and "x" the axis
parallel to the impact parameter vector. The plane defined by the z— and
r—axis is called the reaction plane of the collision.

A single collision is called an event. The number of particles produced in one
event is called multiplicity.
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Participants

before collision after collision

Figure 1.3: Schematic view on a heavy-ion collision.

In order to make a description of the kinematics of heavy-ion collisions the
definition of rapidity is used. Rapidity is defined through the longitudinal com-
ponent of momentum p, and the energy £ = /m? + |p|? of particle

(E + pz)
(E T pz)

In order to calculate the rapidity, one needs to know the value of the total energy
which is not always available in the experiments. In the experiment usually one

1 2
V=3 In = Atanh (p_) : (1.1)

E

measures the momentum p of the particles but not their masses, i.e. their
energy. The momentum components of one of these so-called non-identified
particles reads

Pz = Pt COS @,
Py = pesin g,
p. = pysinhn,

where p; is the transverse momentum, ¢ is the azimuthal angle in the transverse
plane and 7 is the pseudorapidity which can actually be measured.

For this reason, in experiment, it is more convenient to use an observable
called the pseudorapidity, which is defined in a similar way

n= 1lnw =In (Cot Q) =In (tan Q) = Atanh (&) : (1.5)
2 (Ipl = p-) 2 2 p|

where 6 is the polar angle, or the scattering angle, p, = |p|cos .
Experimental measurements are usually expressed in terms of pseudorapidity

distribution. In hydrodynamic calculations, we deal with identified particles,

in particular pions, kaons, protons and their anti-particles, thus we simulate
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the rapidity distribution and not the pseudorapidity distribution. In order to
compare to experimental data, we need to derive pseudorapidity distribution
from rapidity distribution [39]. From the two definitions above (1.1), (1.5), it
can be obtained

p|
dy = — - dn. 1.6
y=" - dn (1.6)
Using eq. (1.6), one obtains

dN dN p|

— () = —— () - &

pt dpy dn e dpy dy E

__dN (7)) p|
pr dpe dy vm?+ |p|?
dN P coshn

(pr) (1.7)

prdp: dy \/m2 + p? cosh? "

Note that the factor
prcoshn

\/ m?2 + p? cosh? 7
is less than 1, leading to a distribution in pseudorapidity smaller than the dis-
tribution in rapidity.
In the region where y ~ n ~ 0 (called midrapidity region) the relation
between the pseudorapidity distribution and the rapidity distribution reads

ﬂ( )_ﬂ( I L
pr dpt dn b pr dpt dy b /m?+p?

The rapidity distribution has an experimental Gaussian structure, the transfor-
mation of eq. (1.8) leads to a flat pseudorapidity distribution [40, 41| as it is
shown in fig. 1.4.

(1.8)

Multiplicity and centrality

In theoretical calculations, it is needed to make a connection between such
concepts as centrality and impact parameter.
The total inelastic cross-section is defined as

O'm:/ 270’ db' P (1), (1.9)
0

where P(V') is the probability of inelastic collision and b’ is the impact param-
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Figure 1.4: Pseudorapidity distribution for AuAu collisions at RHIC [1].

eter.

The centrality ¢(%) is generally defined as

O-bmaw

(%) = ", (1.10)

Oin

where b,,4, 18 a cut-off on the b’ integral defining

bmaz
ghmes = / 21t/ d' P(V) . (1.11)
0
If b4, 1s not too large, then the probability to have an inelastic collision is
close to 1 due to the fact that the number of participants is large when & — 0,
i.e. P(b') =1. Then the formula eq. (1.10) can be simplified as
b2
c(%) ~ Tz (1.12)
Oin
The range of centrality is usually indicated as 0 — ¢% and the maximum value
of the impact parameter b,,,, in this range. For example thel central collisions
are the collisions with a centrality range of 0 — 10% and peripheral with a range
of 90 — 100%. Note that the approximated definition (1.12) stops to work after



CHAPTER 1. INTRODUCTION 7

~ 80% for the peripheral regions.

The definition (1.12) is suitable for theoretical calculations but not for ex-
periments as the impact parameter is not directly measured but estimated via
Monte Carlo models. One of the most common methods used in experiments
is the definition of centrality as the % of events with the largest multiplicity
recorded by detectors or with the largest number of participants [42].

1.2 Theoretical overview

In the last decades, there were a lot of attempts to describe the matter created in
heavy-ion collisions. Different theoretical methods suitable for the description of
large macroscopic systems were used, such as thermodynamics, hydrodynamics,
transport theory, field theory at finite temperature and density, non-equilibrium
field theory, Monte-Carlo simulations, etc. None of these approaches has pro-
vided as good description of the dynamic properties of quark-gluon plasma as
relativistic viscous hydrodynamics [43, 44].

After a short introduction into basics of the fundamental theory of strong
interactions, I will focus on the hydrodynamic description of the heavy-ion col-
lisions which is the approach used in this thesis.

Basics of QCD

The system created in heavy-ion collisions seems to behave as a strongly coupled
liquid. The fundamental theory of strong interactions is called QCD (Quantum
Chromodynamics). QCD describes the interactions between quarks and gluons,
which constitute the hadronic matter. The strong force is carried by gluons
which are the vector bosons of the SU(3) color gauge group of QCD. Quarks and
antiquarks carry respectively color and anti-color charges. Quarks, antiquarks
and gluons are generically called partons.

Two main properties in QCD are the confinement of the colored particles in
color singlet states and the so-called asymptotic freedom of QCD. Although it
is not yet proven analytically, confinement is considered to be true because it
explains the nonexistence of free quarks and can be shown in lattice QCD.

Asymptotic freedom is the fact that the strong coupling between partons
decreases with the energy of the interaction.

If one adjusts the energy to the system, at some point the distance between
the quarks is so increased, that it become energetically favorable to create an-
other quark-antiquark pair, which will join these two separated quark-antiquarks
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and thus creates 2 hadrons. This can be illustrated with the so-called string
model shown in the Fig. 1.5.

G g
!
G e o e
!

e e e e

Figure 1.5: Schematic picture of the confinement. The pair qq stretches the string and breaks
into two pairs of ¢q [2].

The name quark-gluon plasma (QGP) was introduced by Shuryak [45, 46] in
1978. One of the main interest of the heavy-ion collisions is the observation of
the phase transition between the hadronic phase and the quark-gluon plasma.
This phase transition can take place if one increases the temperature or the
baryon density (or both of them at once) [47, 48, 49]. The phase transition
that happened in the Early Universe appears to be a cross-over as it is shown
in fig. 1.6.

The lattice calculations has shown the extremely high temperature T' =~ 175MeV
(though recent calculations show T~ 155MeV') needed to pass this transition
from the hadronic phase to the quark-gluon plasma [50, 51, 52]. Such a high
temperature is complicated to reach in the lab, the matter cannot be heated un-
til this level by any chemical or nuclear reaction. The only way is to accelerate
the matter, as we can see from the energy definition

2
F=—. (1.13)
N

In 2012 during Quark Matter 2012 it was announced by ALICE collaboration
that 5.5 trillion (5.5 - 10'?) degrees Celsius was reached at the LHC, what is
100000 times higher than the temperature in the center of the Sun [36]. This
fact has been marked as the Guinness record.

In order to describe quark-gluon plasma one needs to define the equation
of state (EoS). Equation of state is relating thermodynamic parameters, i.e.
e and P. If it isconsidered that the medium expands as a pure conformal



CHAPTER 1. INTRODUCTION 9

The Phases of QCD

Temperature

Quark-Gluon Plasma

Gnfical Frounf
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1 _.
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Figure 1.6: QCD phase diagram [3|.

gas without a phase-transition, the conformal equation of state reads as ¢ =
3P. In order to have more realistic description it is needed to characterize
the color confinement phase transition and the hadron gas at the later time
of the evolution, i.e. at lower temperatures. In this case one consider the
equation of state from lattice QCD. There are a number of different groups
working with the EoS from lattice QCD. Some of the results of these groups are
shown in figs. 1.7. In our calculations we use the equation of state from lattice
QCD by Laine and Schroeder [53] shown in fig. 1.7 left, denoted as "Laine".
This equation is obtained from the concept of a hadron resonance gas at low
temperatures, a high-order weak-coupling perturbative QCD calculation at high
temperatures and an analytic crossover regime interpolating between the high
and low temperature regime. One of the most modern lattice QCD equations
of state [5] using the physical quark masses is shown in fig. 1.7 right, but such
equations are not considered in this thesis.

One of the most remarkable evidences of the existence of the quark-gluon
plasma is the appearance of the so-called anisotropic flow. In this phenomenon
the initial anisotropy of the coordinate space resulting from the geometry of
non-central collisions is transformed into anisotropy in the momentum space.
This effect is caused by the interactions in the created matter, that would not
be the case for the hadron gas |21, 23, 54, 22].
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Figure 1.7: Left: Normalized energy density and pressure vs temperature from the lattice
QCD, full line represents results from ref. [4]. Right: the normalized pressure vs temperature
from the Wuppertal-Budapest group [5].

The main observable we study in this thesis is the anisotropic flow which we
present in the next section.

1.3 Anisotropic flow

Collective flow characterizes the collective expansion as the response to the
fluctuating initial geometry [55, 56]. After the collision the system starts to
expand and later breaks down into the outgoing hadronic particles. Within a
pure hydrodynamic approach these particles are emitted independently. Due
to the fluctuations in the initial state there is no azimuthal symmetry, so the
azimuthal distribution of these particles can be written as a Fourier series with
respect to the azimuthal angle ¢ of the momentum of the outgoing particle

2N S 20 i) o5 (6 — V() (1.14)
N d¢ < n\Mt» n\t» ’ .

where W, is the reference angle (usually referred to as event-plane) for each
harmonic n that is defined [57, 58] as the phase of the complex Fourier coeffi-
cient! (e™?) = v, or equivalently (sinn(¢ — ¥,)) = 0. Defined this way,
both W¥,, and v,, can be dependent on transverse momentum and pseudorapidity.
The coefficients vy are called flow coefficients and characterize the momentum
anisotropy. vy is called directed flow, vs - elliptic flow, v - triangular flow etc.
Note that event-by-event anisotropic flow is well defined only in hydrodynamics.
The event-by-event v,,, as defined above from the single-particle distribution,

!The brackets indicate an average over the probability density in a single event.
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Figure 1.8: Flow coefficients v,,.

cannot be measured experimentally. Indeed, one measures the system after
thermalization when a single event has already turned out into a thermal en-
semble. The number of particles per event in the experiment is too small to
measure both differential and integrated flow v,,. Anisotropic flow can only be
measured through event-averaged azimuthal correlations between particles as
this will be discussed later in this chapter.

The interest to the studies of the particle momentum anisotropy in the di-
rections transverse to the beam has grown after the first observation of elliptic
flow [38] which was first suggested by Ollitrault [55]. The anisotropy of the flow
is the only observable that allows to unravel the early state of the collective
system. This is due to the fact that it can only be generated at first few fm/c
of the system evolution, before the spatial asymmetries of the system decrease.
The anisotropic flow must be sensitive to the particle interactions in the early
system evolution. It is a unique hadronic observable which can provide infor-
mation on the properties of the quark-gluon plasma present in the early stage
of collisions.

1.3.1 Directed flow

In the absence of fluctuations, the directed flow vy is believed to arise from the
aside deflection of the colliding ions [38] and develops along the direction of the
impact parameter [59]. Due to the collision symmetry, directed flow is an odd
function of pseudorapidity

v (n) = —v)™(—n) . (1.15)

The illustration of the v¢% is shown in the fig. 1.9. We see the deflection of
the participants of the incoming nucleus, positive in rapidity with > 0 and
negative in rapidity for the zone x < 0.

Fluctuations in the initial state have an influence on the reference angles ¥,,
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Figure 1.9: Net baryon density in the reaction plane illustrating v¢% with velocity arrows

for midrapidity fluid elements, bold red arrows corresponds to the flow [6] (left). Schematic
picture of elliptic and directed flow v§%? (right).
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Figure 1.10: Schematic picture of the v{"*" component in the reaction (a) and the transverse

(b) plane. WUpp is the participant plane angle defined by the dipole asymmetry of the initial
energy density. W%, and W%, are projectile (n > 0) and target (n < 0) spectators plane
angles respectively.

for all n, see fig. 1.10. As a consequence, one can expect an additional contribu-
tion to the directed flow from the fluctuations [60]. With the fluctuations taken
into account, the directed flow has additional component which is even function
of pseudorapidity [61]

v (n) = vi""(=n). (1.16)
This additional even component is not vanishing at midrapidity, while the odd
component is zero due to the symmetry. The even component of the directed
flow is the subject of studies in the Chapters 2 and 3.

The directed flow can be written as a sum of the odd and even compo-
nents [61]
i (e = wen () - of et (1.17)
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Figure 1.11: 9% and v{** with dependence on pseudorapidity for Pb-Pb collisions at
VSN = 2.76 TeV (a), the (p,)/(p:) dependence on pseudorapidity for Pb-Pb collisions
at /syn = 2.76 TeV (b), v9% comparison of ALICE Pb-Pb measurements with the STAR
data (scaled) [7] for Au-Au collisions at \/syy = 200(62.4) GeV (c), taken from [8].

Recent studies show that both v1(1)° and v (n)*" have a weak centrality
dependence.

The component v1(1)° has shown a negative slope |7, 8] in the experimen-
tal measurements whereas a positive slope was expected in the model calcula-
tions [62, 63|, though some of them had also a negative slope [64]. The even
component vy (n)®*" measured at ALICE was found to be negative and inde-

pendent of pseudorapidity within uncertainties. Both behaviours are illustrated
in the figs. 1.11(a) and 1.11(c).

At the beginning of 2012, v¢% was already measured [65, 66, 67, 68, 7, 69, 70,
71| and studied [64] for RHIC energies. At that time, v{"*" was not measured
yet neither at RHIC nor at LHC.
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Figure 1.12: Elliptic and triangular flows from fluctuated initial state [9].

1.3.2 Elliptic and triangular flows

The second Fourier coefficient vy, elliptic flow, is the most studied flow coef-
ficient. The origin of the elliptic flow in non-central collisions is the spatial
anisotropy of initial distribution |[55] which has an elliptic form. If the collision
is central, the overlap area has a round form, in this case the origin of elliptic
flow is connected with fluctuations which are coming from the wave-functions
of nucleons in each event.

Recent studies have shown some remarkable features of the elliptic flow. It
was shown that vy increases with centrality percentage for small centralities as
we can see from the fig. 1.13. This can be explained by the fact that elliptic flow
is proportional to the initial eccentricity. Indeed, when eccentricity is smaller,
i.e. for bigger centrality percentage, the flow is growing. For more peripheral
collisions the system becomes so small that the viscous effects become more
important. Indeed, the viscous effects are inversely proportional to the size
of the system. These viscous effect decrease the flow. In the same time, the
eccentricity is larger for peripheral collisions, leading to a bigger flow. These
two processes are in competition. For peripheral collisions, the viscous effect
dominates.

Elliptic flow is growing with energy of collisions, thus we have bigger values
of v with LHC energies than with lower energies [72] as we can see in fig. 1.14.
Indeed, with higher energies of collisions, the initial temperature of the system
is higher so that the system will take more time to cool down to the freeze out
temperature meaning that its life-time is increased.

As shown in fig. 1.15 the vy is growing linearly for low p; range which is what

one expects from hydrodynamics. However, at high p; the flow is not anymore
linear which can be explained by the presence of hard probes, particularly the
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Figure 1.14: Integrated vy by ALICE collaboration compared with lower energy results [72],

20-30% centrality range.

presence of jets.

The triangular flow, v3, was first discovered during the studies of the two-
particle correlations as an explanation of the structures "ridge" and "shoulders"
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Figure 1.15: vs(p;) by ALICE collaboration compared [72], 40-50% centrality range.

appeared in the correlations 73|, see later in this Chapter. The triangular flow
v3 is understood as the response of a triangular deformation which is caused by
fluctuations of initial geometry [73|. The physics of v3 was found to have a lot
of similar features with the physics of elliptic flow v,. Here I only mention the
main properties of the triangular flow. The magnitude of the integrated values
of vg and vy is similar for central collisions |74], and is the largest among all
the Fourier coefficients. The triangular flow v3 is also linear with p;, though it
grows quicker with p; than vy as it can be seen in fig. 1.16.
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2 5
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Figure 1.16: v,(p;), n = 2,3,4,5 by ALICE collaboration for central collisions [10].

The w3 is growing more slowly than vs with centrality percentage as we
can see on fig. 1.13. In the central collisions, the system is larger and thus it
has less fluctuations, i.e. the triangularity is smaller. For smaller systems at
peripheral collisions fluctuations become more important and as a consequence
vs increases with centrality percentage. The v3 is also dependent on the energy
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of the collisions and it is higher for LHC energies.

The elliptic and triangular flow are the subjects of studies described in the
Chapter 4.

1.3.3 Flow measurements

Two-particle correlations

The study of the two-particle correlations in A¢ and An has been a very debated
topic of the heavy-ion physics of the last years [75]. Indeed, it was found out that
the measured two-particle correlation behavior for proton-proton collisions and
heavy-ion collisions is different. As it is shown in fig. 1.17 the distribution in pp
collisions is almost flat in the azimuth with the specific ridge around An = 0 for
all A¢ range. For AA collisions, the distribution presents additional structures
at large An. The structure around A¢ ~ 0 wide in An is called the ridge,
while the structure at A¢ ~ w is called the shoulders 76, 77, 78, 79|. The
explanation of these phenomena can be found in the flow-harmonics studies
|80, 81, 82, 83, 84, 85, 73, 74]. Recently the ridge structures were also found in
pp-collisions at LHC [86].

PHOBOS preliminary

II" N

S
‘o,\

Figure 1.17: Two-particle correlations for pp ( 200 GeV) and AuAu ( 200 GeV) collisions at
RHIC [11].

The flow harmonics v, can be measured from two or many particle corre-
lations. The simplest method in order to extract the flow coefficients v, is
the two-particle correlations method. The measured anisotropy from the two-
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particle azimuthal distribution reads

deairs 00 o,
ing (1+Z2V”A(pt7pt)cos (nA¢)> : (1.18)

n=1

where a pair of particles is correlated. The relative azimuthal angle is A¢ =
®a — ¢y and the pseudorapidity is Anp = n, —n, [78]. Thus, the two-particle
correlations denoted as Vo can be represented as

Vo = (cos [n Ag]) . (1.19)

This value V,,ao can be measured as a function of p; for both particles a and b.
If the anisotropy is driven by the collective motion, the Vo should factorize
into the product of two single-particle correlation [87].

Via = Un(p?)vn(p?) . (1.20)

In the two-particle correlation method, the left hand side of eq.(1.20) repre-
sents an N x N symmetric matrix which can be generally fitted by the right
hand side of the equation with the N parameters v,, where N is the number of
pt bins [14].

The azimuthal correlations Vo which factorizes as (1.20) is called "flow"
correlation. The two-particle correlation usually has a contribution called "non-
flow" which breaks this factorization. Thus, the two-particle correlation with
the non-flow contribution reads

VoA = vn(pf)vn(pf) + 0, . (1.21)

The non-flow contribution leads to fluctuation of the magnitude and the direc-
tion of the anisotropic flow at fixed centrality, from one event to another. The
equation (1.21) can also be used in the two-particle correlation method with
an additional parameter taken into account. This method will be used in our
calculations in the Chapter 2.

Other methods

The flow can be also measured by other methods. One of them is the multi-
particle correlations method described in ref. [88]. The advantage of higher
order cumulants is that one can separate the so-called "flow" from the "non-
flow" correlations that will be discussed in the next section. In this thesis we will
mainly focus on the two-particle correlation method and therefore we will not
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detail other methods such as: Lee-Yang Zeros, g-distributions, Bessel, Fourier,
for which one can find more details in ref. [38] and therein.

1.4 Inmitial conditions

In order to make a study of the initial state, one has to model all the evolution of
the quark-gluon plasma from the initial stage to the freeze-out. By comparing
the model results with the experimental data, one could draw conclusions about
the initial state.

The first step of any hydrodynamic modeling is to specify initial conditions.
Since we work with ultra-relativistic hydrodynamics, we need the energy-density
profile as an input for the hydrodynamic equations.

For a long time smooth and symmetric profile was used in hydro simulation,
showing quite reasonable results. Only recently it was realized that due to the
fluctuations existing in initial state the geometry of initial profile is not smooth
and symmetric, and changes from one event to another, this statement gave life
to numerous models of initial state, taking into account initial fluctuations [89,
90, 73] .

Here we are going to speak about two main types of models of initial condi-
tions: The Glauber type of models and the QCD-inspired type of models. Typ-
ically these models are using the Monte Carlo approach. As it was shown [43],
both types of models give a reasonable description of the spectra but they give
different predictions for initial spatial eccentricity which leads to different val-
ues of the differential low. We discuss here the main features of each type of
models.

1.4.1 Glauber model

The Glauber model [91, 92, 93] is one of the oldest models of initial state. In this
thesis, we use two implementations of the Glauber model: the optical Glauber
model used in our calculations, and the Monte Carlo variation of the Glauber
model [93] called PHOBOS Monte Carlo model [94], tested in the Chapter 4.

In the optical Glauber model, densities of participants and binary collisions
are calculated directly from the probability distribution as one can see from
egs.(1.25), (1.26).

In the Glauber model the nuclei can be described by Woods-Saxon density

distribution
Po

T+ eapl(Je] = ro)/al

pa(z) (1.22)
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where we take A=208, ro = 6.56 fm and a = 0.45 fm for the lead nucleus. The
value of pg is chosen in such a way that

A= /d?’z pa(z). (1.23)
We define the nuclear thickness function as

Ty(x) = /_OO dz pa(z). (1.24)

oo

The density of nucleons participating in the collision 7,4+ reads

b O'TA((U—é y) 4
nPGTt(xayab):TA(x+§7y) 1(1 T 29 >

b JTA(x—|—9 y) .
+T1'4 <x—§,y> 1—(1— " 22 > : (1.25)

The density of binary collisions n..; reads

b b
ncoll(x7y7b) — O_TA <3j + §7y> TA <x - §7y> <126>

where b is the impact parameter and o is the nucleon-nucleon cross section. For
Pb-Pb collisions we take the value o = 67.7 mb at /s = 2.76 TeV per nucleon
pair.

The total number of participating nucleons

Nopart(b) = / are (2, , b)ddy (1.27)

is used to characterize the centrality class of the collision.

The total number of binary collisions is
Ncoll(b) = /ncoll(xa Y, b)dxdy . (128>

As an initial condition for the energy density, the following parametrization
is used
e(1 =710, 2,y,b) = Constney(x,y,b) (1.29)

which gives a good description of the multiplicity distribution of the experimen-
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tal data. The constant is chosen in such a way that at zero impact parameter
the energy density €(79,0,0,0) corresponds to a temperature 7T;, defined from
the equation of state. T; is used as a free parameter which is tuned during the
calculations in such a way that the final value of the multiplicity corresponds
to the experimental value.

In some particular cases, we need to have more precise results in our calcu-
lations. In this case we use the parametrization for entropy density, combining
both density of participant nucleons and the density of binary collisions

5(7' =T0,2,Y, b) = Anpart(x; Y, b) + Bncoll(xa Y, b) . (130)

The coefficients A and B are corresponding to the values used by the collabo-
rations.

In the Monte Carlo version of the Glauber model, the positions of nucleons
within nuclei are sampled according to the Monte Carlo method and their po-
sitions in the transverse plane are used to decide if there is interaction between
the nucleons. In this way the total number of participants N4+ and the total
number of binary collisions N,,; can be calculated. Typically each nucleon is
modeled as a Gaussian source so that the resulting energy density is the sum
of Gaussians. The comparison of the initial energy density profiles from Monte
Carlo and Optical Glauber models is represented in the fig. 1.18.

Figure 1.18: Monte Carlo Glauber (left) [12, 13] and Optical Glauber (right) initial energy
density profile.

Recently the Glauber approach has been developed further by taking into
account additional fluctuations [95] but we do not consider such models in this
thesis.
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1.4.2 Color-Glass-Condensate

The Color-Glass-Condensate (CGC) model belongs to the large class of the
QCD-inspired models. This model is based on the idea of the gluon satura-
tion at high energy. “Color” refers to a type of the charges carried by gluons.
“Glass” refers to a material that is disordered and acts like a solid on short time
scales but as a liquid on long time scales. Indeed, during heavy-ion collisions,
the gluons themselves are disordered and do not change their positions rapidly
because of the Lorentz time dilation. “Condensate” means that the density of
gluons is very high. These gluons can be packed until their phase space density
is so high that interactions prevent higher gluon occupation. With increasing
density, the gluons are forced to occupy higher momenta where the coupling
becomes weak. The density saturates at dN/d*pid®ry ~ 1/a, > 1 [96]. Within
this QCD inspired model, the energy density is proportional to the density of
gluons.

The oldest CGC model of initial state is KLN (Kharzeev-Levin-Nardi) model
which is using kp-factorization [97, 98|.

Different implementations of this and other QQCD-inspired models will be
discussed in the Chapter 4.

1.5 Hydro approach

The hydrodynamic approach proposed historically in the 50’s by Landau and
continued by Bjorken, gives a reasonable description of the matter created in the
heavy-ion experiments. Today’s hydrodynamic calculations continue the gen-
eral concepts proposed by Landau and Bjorken, including the recent knowledge
about the initial conditions, transverse expansion and the modern equation of
state from the lattice QCD.

1.5.1 Hydrodynamic models

Nowadays, the hydrodynamic approach is the most popular and has been in-
tensively studied in the last decade.

There are several types of the hydrodynamic codes that exist in order to
simulate the heavy-ion collisions. Usually it is 2+1D and 341D which can be
ideal hydrodynamics codes, or the codes taking into account different transport
phenomena, such as viscosity etc.

Currently, a major role in this area is played by the codes taking into account
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the viscosity and fluctuations. For our purposes we use a 2-+1D viscous hydrody-
namic code created by U. and P. Romatschke and modified by M. Luzum [99].
The code has been used for several years and provides a good description of
experimental data [43].

1.5.2 Event-by-event hydrodynamic versus single-shot hydrodynamic

Until recently, event-by-event fluctuations were taken into account only as an
average of an ensemble of events [100, 101, 102, 103, 104, 89]. This type of
hydrodynamics is called single-shot hydrodynamics. In these calculations the
initial density profile is smooth and propagated hydrodynamically. In the single-
shot hydrodynamic only average values of flow components can be computed.
Another type of hydrodynamics got the name event-by-event hydrodynamics.
In this case flow fluctuations can be computed from event to event [105, 106,
107, 108, 13, 109, 110, 111, 9, 112, 113, 114].

In the experiment, heavy-ion collisions take place event by event, in theory
often hydrodynamic evolution is not computed for each event, but approxi-
mately by generating a single smooth initial density distribution, from where
the mean values of flow coefficients are extracted, corresponding to mean par-
ticipant eccentricities. This value is not measured in experiment. What can
be measured is the average of an ensemble of events. Though the single-shot
hydrodynamic calculations give a good qualitative picture and agreement with
data, there is a difference of a few % for peripheral collisions in results for flow
components and eccentricities |18].

1.5.3 Hydro evolution

According to Landau [115], the dynamic state of a liquid is determined by the
fluid velocity v = v(z,y, z,t) and by any two thermodynamic properties such
as pressure p(x,y,z,t) and fluid density p(x,y,z,t). Indeed, the equation of
state relates the thermodynamic quantities so that the definition of v, p and p
is enough to uniquely define the dynamic state of liquid. These quantities are
connected by the continuity equation

9p
ot

where j = pv is the current density:.

+divj=0, (1.31)
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The equation of motion, or Euler equation is defined as

%—: + (vO)v = —% grad(p) . (1.32)
By adjusting the equation of state p = p(p), we get a complete system of
equations for the ideal liquid.

In the relativistic case the system is not anymore described by the mass
density p(x,y, z,t) because it ignores kinetic energy which becomes important
for high velocities. In the relativistic case, the description is made through the
energy density €(x,y, z,t) which transforms back to the mass density in non-
relativistic limit. In the same way the velocity v(x,y, z,t) has to be replaced
by 4-velocity u* which is defined as?

1

which satisfies
u? = utu, = (u0)2 —u?=1. (1.35)

In order to get the relativistic equations [116, 117, we work with the energy-
momentum tensor 7" where T = Ty is the energy density, T° = —Tj, is
the density of the momentum component, 7% = T, is the pressure tensor of
the flux along the o axis of the momentum component and 7 is the energy
flux along the « axis. In the local rest frame the tensor of energy-momentum is

0 0 0

T = (1.36)

S OO ™

P 0 0
0O PO
0 0 P
For an arbitrary fluid velocity the energy-momentum tensor can be written as

T = (e + P)u'u” — P g"", (1.37)

where g" = diag(1, —1, —1, —1) is the Minkowski metric tensor.
The conservation of energy and momentum reads

8,T" = 0. (1.38)

2The natural units ¢ = A = 1 are used.
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In order to generalize the continuity equation to the relativistic case, we define
a baryon density n in the rest frame such that in the moving frame the density
reads nu”. We replace then the density p by nu” and use the equation u = u’v.

Thus, we obtain the equation of conservation of the baryon number
dy (nu) =0, (1.39)

where nu” is the 4-vector, nu is the baryon density and nu is the baryon flux,
and we denote j = nu. Egs. (1.37), (1.38) and (1.39) adjusted by the equation
of state of the fluid, provide the full system of equations of ideal relativistic
hydrodynamics.

Viscous hydrodynamics

For a non-ideal fluid where dissipation takes place, the equation of motion is
generalized by the Navier-Stokes equation [117, 43]

(%Z-_'_U ov; __8p+i (%i—t—avk—gd% +8 C%
P\t T %xr ) T 0m, 0xy \'\ Oz 0z 3 %o 9z: \ 0z, )

(1.40)
where the dissipation part is usually written in terms of the viscous stress tensor
(%i 8vk 2 (%l avl
Il = — — =ip— | — Cojp—, 1.41
g " (&Ek + dx; 3 k@xl) ¢ k(‘?xl ( )

where i=1,2,3, mean space directions, 7 is the shear viscosity and ( is the bulk
viscosity.

The energy-momentum tensor for a non-ideal fluid reads
T = T4 + 1™ (1.42)

where T{" is the energy-momentum tensor for an ideal liquid while TT*” is the
viscous stress tensor that contains the dissipation effects.

Considering a system at zero chemical potential, the conservation of energy-

momentum reads
w, T = eu”, u, " =0. (1.43)

For a relativistic viscous fluid dynamics then the continuity equation reads

De + (e + p) O ut' — H“VV(MUV) =0, (1.44)



CHAPTER 1. INTRODUCTION 26

where [43]
1
Vi) =5 (V,u,+ V,u,) , (1.45)
and the relativistic Navier-Stokes equation reads
(e+p) Du® — Ve + A9, I =0, (1.46)

with D = u*D, and V¥ = A#*D, where we denote the covariant derivative
_ 9
The viscous tensor can be represented as a sum of a traceless term 7" and
the remainder II

1" = 7% 4 AMIT, (1.47)

where
T =gV II=_V,u", (1.48)

with 7 the shear viscosity and ¢ the bulk viscosity, where [43]

2
V<uuu> = QV( ) — §5uyvauo‘. (1.49)

nUy

Numerical solution

Navier-Stokes equations are difficult to solve numerically [43, 118]|. In order
to overcome the numerical instabilities, higher gradient terms are added to the
shear and bulk viscosity terms as following

4
T = not — nr, <<D0‘“’> + 3 (V- u) 0““)

A A A
21 U§M0V>)‘ 22 0;”w”>’\ 23 ,;u R
*4 v )\4 < v>
_m}g(v.u)gﬂ +?§7 FlnsV¥” Ins (1.50)

II=¢(V-u)— D (V-u) — &0 oy, — & (V-u)
— &w'wy,, + 6V, InsViIn s (1.51)
In egs. (1.50) and (1.51), the entropy density is denoted s = (e + p)/T in zero

chemical potential. In these equations we consider a flat space. In addition to
the first-order transport coefficients, n and ¢, there are 11 second-order transport
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coefficients introduced: 7,77, A1, Ao, A3, Mg, Ti1, &1, &2, &3 and &. We denote
o’ = V<ry’> and the fluid vorticity is defined w” = —VHu”, where the
brackets are defined as

ArpY = % (A"BY — AYBY) | (1.52)

The transport coefficients should be in principle calculated from the under-
lying theory (QCD) which is generally not possible. These coefficients are thus
considered as free parameters. In order to reduce the number of parameters, the
positive divergence of the entropy can be required to provide two constraints
[119] leaving only 9 free parameters.

The ratio /s, bulk viscosity over entropy density is generally small in com-
parison to the shear viscosity over entropy density n/s [120, 121, 122]. Thus
we put ¢ = 0, and consider conformal fluids. Under these assumptions, one
gets [123]:

4
" = 7 = not — nr, [<D0W> + g(v . u)gul/]

A A A
— ?10§\HO'V<)\ + éaiﬂw”n — é’wi’%”». (1.53)

It is valid to replace " — 7 /n = TI" /5, in order to solve it numerically:

v 14 1% « 4 14 «
" = nVstu"> — 7, (VgVﬁDH b+ gﬂ“ (Vau ))

A2 H<u v>A )‘3w<uw<uwu>)\ (1.54)
o2 2n 2 A A
Note, that only 4 second-order coefficients left: 7., A1, Ag, A3.

The hydrodynamic code that we use for the calculations presented in this
thesis is based on eq. (1.54). It was found that A1, A2, A3 do not affect the
boost-invariant hydrodynamic evolution in heavy-ion collision systems [124] so
their values were set to zero. The value of relaxation time 7, is expected to
lie in the range %’f(e + p) = 2.6 — 6 [124] and is set to T“(e + p) = 4 in our
calculations [99].

1.6 Freeze-out

During its expansion the matter created in a heavy-ion collision at some stage
reaches the point where hadrons almost stop to interact. This stage is called
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thermal or kinetic freeze-out, since after this point the momenta of particles
does not change anymore (freeze). It is a phase transition from the strongly
coupled matter to a weakly coupled one. The thermal freeze-out takes place
when the collision time 7., becomes larger than the expansion time 7..,. It is
common to say that the thermal freeze-out takes place when the mean free path
of particles is of the same order of size as the system.

The freeze-out process is complicated, for example particles with different
cross sections may freeze-out at a different time and similarly different types of
processes may be turned off at different times.

The thermal freeze-out happens after the so-called chemical freeze-out. As
the system expands and cools down, the inelastic collisions are decreasing and
stop at some point, this point is called chemical freeze-out. The temperature of
chemical freeze-out is higher than the temperature of thermal freeze-out T, >
Ty, During the time between chemical and thermal freeze-out, elastic processes
and strong decays of heavier resonances are taking place.

In practice the most popular concept is to use fixed final temperature T
for the thermal freeze-out. It means that all processes in the fluid element
stop when the system reaches the temperature Ty during cooling. At the point
T = Ty we have a 3D hypersurface in the Minkowski space, where due to
hydrodynamic calculations we know the values of hydrodynamic parameters
and flow on this hypersurface. After this information is obtained, it is possible
to calculate different observables and compare them with existing data. The
formalism is based on the utilization of Cooper-Frye formula [37].

The number of particles that decouple on the freeze-out hyperface X is

3
V=[G @i (1.5

where f(x,p) is the equilibrium distribution.

When system is close to equilibrium, it is possible to describe it with the
equilibrium function of Bose or Fermi distribution with an additional viscous
correction which must vanish in the limit of ideal hydrodynamics

f(p) = fo+0f(p). (1.56)

The correction 0 f(p) depends on the interactions between the particles [125].
There are several types of ansatzs used, the most traditional way is the quadratic
ansatz, 6 f(p) o< p? [126], however, a linear ansatz & f(p) oc p is also often used
and gives a good agreement with the data [127].
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1.6.1 Other models

Other models exist in order to describe heavy-ion collisions. The so-called hybrid
models give a good description of the bulk properties of the quark-gluon plasma.
These models are based on hydrodynamics for the early stage and on transport
theory for the late stages where the matter is out of equilibrium [112]|. Here is
an non-exhaustive list of other different approaches:

- transport theory: AMPT [128],

- hybrid models: UrQMD [129],

- thermal models: HRGM [130],

- string decay models: HIJING [131], RQMD [132], HIJET [133], MCMHA [134].
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Chapter 2

Directed flow measurements

In hydrodynamics the anisotropic flow is defined through the Fourier decompo-
sition
Ve = (M) | (2.1)
where v, is the magnitude of anisotropic flow [135] and W, is the reference
angle in harmonic n. The average is taken over the distribution of particles.
The coefficient vy is called the directed flow.
The theoretical description of the directed flow was given in the Chapter 1.
Thus, it was discussed that due to the fluctuations the directed flow has the
component which is even in rapidity, see eq. (1.16). This component was not

measured yet by 2012. In this Chapter, we present the first measurements of
the v{"" at the LHC. The results of this Chapter were published in ref. [136].

2.1 Two-particle correlations
In order to measure v{""
should be done in such a way that it would be average over rapidity in order to
make the odd component v vanishing. The symmetry of the detector ALICE

allows such measurements. v{"“* can thus be measured from ALICE data.

component of the directed flow, the measurements

In the standard picture of the heavy-ion collisions, the created matter ex-
pands and breaks into particles. In hydrodynamics these particles are emitted
independently in each event with an azimuthal distribution which fluctuates
from one event to another. The two-particle correlation factorizes into the
product of two single-particle distributions v,

Vaa(p: 1) = vn(pr)on(pi) | (2:2)

here we follow a standard practice in correlation studies [14], where one particle
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1) pi(2) pi(3)

11
21) [ Voa(22) |
31) | Voa(32) | Voa(33)

Table 2.1: The N x N symmetric matrix V,a.

is referred to as "trigger" particle and labeled with ¢ and another particle is
referred to as "associated" particle denoted as a. These particles can be taken
from different p; bins. Currently, the flow is the only known mechanism that
produces a factorized correlation at low py.

The factorization (2.2) was studied at the LHC in Pb-Pb collisions |14, 137].
The values of Vo are measured for N p; bins for the trigger and the associated
particles. This data are presented in a N X N symmetric matrix as illustrated

in Table. 2.1.

The ALICE collaboration has tested the factorization by fitting the matrix
VoA by the expression (2.2) with the v, as N fit parameters. In the figures 2.1
we see the values of Vo and the values of the ratios V,a/fit where “fit” is
vn(Ph)v, (p?). This ratio is supposed to be close to 1 if the factorization works
well. All the values far from 1 means that the factorization breaks and can
be considered as a non-flow contribution, see Chapter 1. As it was shown by
ALICE, the factorization works well for the low p; range for n = 2,3,4,5,
but breaks for n = 1 even at low p;. In the high p; range the difference can
be explained by the presence of jets or by flow fluctuations [138, 139]. The
explanation of the results for n = 1 can be found in the fact that the first flow
harmonic is affected by the additional long-range term due to the momentum
conservation [85]. The study of the momentum conservation contribution will
be discussed in the next Section.

2.2 Momentum conservation

In this section we rederive the contribution of momentum conservation to Vi [85].

The two-particle distribution can be written as the sum of a factorized prod-
uct of single particle distributions and the two-particle correlation function in
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Figure 2.1: Fit results from ALICE collaboration [14]: the measured V,a coefficients plotted

on p; axis (upper plots) and the ratio of the data to the fit V,,n/fit (lower plots).

the following way:

ANy dN; dNy

d*p1d®p2

~ dBp1dPp

5 (14 Cir(p1,p2)) ,

(2.3)
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where Cjx(p1, P2) is the connected two-particle correlation function responsible
for the non-flow contribution. We denote p1,...pxy the momenta of N particles
emitted in a heavy ion collision. We are interested in azimuthal correlations, so
we consider only the transverse momenta p¢y, ...pty- Global momentum conser-
vation yields back-to-back correlations between the outgoing particles. Follow-
ing ref. [85] we compute the momentum conservation contribution C'; " (p1,p2)
to the Cji(p1, p2) function. The transverse momentum conservation reads:

We want to calculate two-particle distribution of py, ps, namely f(p1,p2). If
momentum conservation is the only source of correlations then the distribution
of p1,...pn is defined as

(I £P2)) S 82 (Pes + 4 Pew) T (F(RO)E"P)
S 82(per + -+ pen) [Ty (f (pi)dps)

where k < N and f(p) is the single particle normalized transverse momentum

fe(P1, s PE) = . (2.5)

distribution. The average transverse momentum is assumed to be zero:

(pt) = /ptf(p)d3p =0. (2.6)

The statement (2.6) is in agreement with experimental results [8].

The transverse momentum distribution is assumed isotropic in the trans-
verse plane because the effect of azimuthal asymmetries is of the order of a few
percent. According to the central limit theorem, the sum of M uncorrelated
momenta

M
=1

has a gaussian distribution if M is large:
M M 1 P 2
e [o{re ) mom - o ().
i=1 i=1
where the square of the width reads

o® = (P¢*) = M (p}) (2.9)
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Taking into account eqs. (2.8) and (2.9) the distribution (2.5) can be written as

( i1 J(Pi ) J o ( i=1 Pt; T Zz‘ikﬂ—l Pti) Hi\;kﬂ—l (f (pi) d°py)

fe(p1, ..., Pr) =
P b [ 62 (0 +30 Pm’) [T, (f (pi) dpy)

- (],__k_ﬁﬂpi)) P Zeam)

Fx (0)

; 2 k 2
- <_ f(Pz)) vaNk exp <——(Z;]2\jztl) )
o N (CF, pe)’
B (%“1' f(pi)> N-—k o <_(N —k){p2) | (2.10)

Now the expressions for the cases £k = 1 and &k = 2 can be obtained.

In the case k = 1, expanding the expression to the leading order 1/N we get

N 2 1 2
Fp) = FD) 5 exp (— " M) ~ f(p) (1 e ﬁm) |
(2.11)
For the case with two particles the distribution (2.10) reads as
2 2
fe(p1.p2) = f(pl)f(m)NN 5 €XP (— (E\i)ti ;?Z%)
2 2 + 2
~ s (145 - PEER) )

According to (2.3), the two-particle correlation due to momentum conservation
has a form:

fp)felp2)  — N}

2
Czpt(p p2) fC(p17p2) 1 - ptlpt2 <213>

The first Fourier coefficient Via(pl, p!) = (cos Ag) can be written in a
way (2.2):
(cos AG) = v ()or (82) + (005 Ad)ery 214

where the correction (cos A¢)  due to momentum conservation (2.13) reads

corr

t,\a
DPiPy
(cos Ag),,.. = — : (2.15)
N (p})
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Thus (2.2) can be rewritten in the final form with the additional non-flow term:

Via(ph pf) = vi(ph)vi(pf) — kpipf (2.16)
where k is the coefficient of momentum conservation [140]. Note that the non-
flow correlation also factorizes in this particular case, but the sum does not.

Following (2.15), coeflicient k can be calculated as

1
b= o (2.17)

This coefficient will be estimated in two different ways in the following section.

2.3 Extraction of directed flow from two-particle correla-
tions

In order to extract v; from the values of two-particle correlations measured by
ALICE collaboration, we use the formula (2.16). The left side of this equation
represents the N x N matrix which we fit with the right part of the equation
using N + 1 parameter: N values of v1(p;) and one additional parameter k.
Note, that the fit of ALICE collaboration

Via(pi, p) = vi(ph)vi (pf) (2.18)

had N parameters instead of N + 1. Table 2.2 compares the quality of the y?
fit to Via using the eqgs. (2.18) and (2.16) respectively. One more additional
parameter k noticeably improve the fit for all the centralities. It was checked
that the values of the fit parameters v; and k depend little on the chosen p;
window. However if we include higher p; values, the quality of the fit gets
worse [14]. The entire range of valuesis included as a systematic error bar,
this uncertainty is obtained by varying the lower value of p; cutoff between
0.25 — 0.75 GeV, and the upper cutoff in the range of 2.5 — 15 GeV. These
uncertainties are presented in the table 2.2. The same procedure was used also
later in order to estimate systematic uncertainties in the extracted values of v;.

The second way to extract the parameter k£ uses the theoretical definition
(2.17) which we rewrite in the following way:

1
b= (2.19)

where the sum runs over all particles emitted in one event, and angular brackets
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denote an average over events in the centrality class. In order to calculate the
momentum conservation coefficient, it is needed to know the total number of
particles. The problem is that experiments measure only charged particles and
only in a restricted phase-space window. Due to this fact, only rough estimation
could be done with the eq. (2.19). A computation of the number of particles
in the full p; range is needed. For this, the extrapolatation of the spectra
outside the p; acceptanceis required. In order to extrapolate the spectra the
analytic function in order to fit the spectra should be found. In order to fit the
preliminary identified particle p; spectra measured by ALICE collaboration at
midrapidity [15] we have tested 3 functions.

N
ayap; (©/GeV)
3 Q
T

Stat * Osyst ; ) ) \
02 04 06 08 1 12 14 16 18 2 22 o 05 1 15 2 25 3
p, (Gevic) p, (GeVic)

Figure 2.2: The preliminary identified particle spectra measured by ALICE collaboration at
midrapidity [15], from left to right: pions, kaons, protons.

First, the following functions were tested:

d*N P +m?
=A-pe T 2.20
dydpy Pre ( )
and ,
d N pt ) -
=B- 1+ = , 2.21
dydpy b ( Do (2.21)

where A, B, pg are fit parameters. Then, the fits were performed with Levy (or
Tsallis) fit functions [141]:

d*N (n—1)(n -2 (1%vﬁ+ﬂﬂ—m>n (2.22)
) -

= N,
dydpy OptnC(nC +m(n —2 nC

where Ny = dN/dy, n and C are the parameters of Levy function and m is the
mass of particles used in the spectra: pions, kaons and protons.

The Levy formula gave better fit than other functions. This is in agreement
with ref. [142]. This function is now widely used by collaborations [141]. With
the Levy function fit, the spectra was extrapolated outside the p; acceptance of
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the detector. In order to calculate <p§> for each type of the particles we use

9 fp?dcgdpt Pt
<pt> —a (2.23)
dydpt pt

In order to extrapolate the spectra to all rapidities, we assume that p; spectra
are independent of rapidity. We use the total charged multiplicity N from
the fig. 2.3 calculated by ALICE collaboration [143].

20000

Pb-Pb

\ Sy =2.76TeV

*  Preliminary +
s

1so00 NE.

Total N,

16000(— -
dN,,

140002 Total Ny= | —==dn (FMD+SPD) *
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8000{—
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Figure 2.3: Total number of charged particles N as a function of number of participants
Npart

In order to take into account the neutral particles we assumed isospin sym-
metry and neglected the contribution of particles heavier than nucleons.
Knowing dN/dy as a fit parameter of the Levy function eq. (2.22) for each

type of the particles, calculating <p§ > with eq. (2.23) and extracting the N,
we finally get

<Zpt> N 3[(p?) AN/dy]» + A[(p}) AN/ dy|x + 4[(p}) dN/dy],

2[dN/dyl + 2[dN/dy]x + 2[dN/dy], , (224)

where the coefficients in the numerator mean total number of particles and in
the denominator mean the number of charged particles.

The resulting estimated value of £ is shown in the last column of the table 2.2.
The fit results have the same order of magnitude as the estimated value and
they increase with the centrality procentage. However, the fit values of k are
increasing quicker than for estimated k. Unfortunately, we do not know the
reason of such behavior. The discrepancy in k has almost no effect on the



CHAPTER 2. DIRECTED FLOW MEASUREMENTS 39

Centrality | x?, Eq.(2.18) | x?, Eq.(2.16) kit Oopiy !
0-10% 6 2.0 25703 6.2
10-20% 16 1.7 4.7 8.9
20-30% 45 2.2 10.2%21 13
30-40% 75 2.2 20.6132 21
40-50% 126 2.4 41.5757 35

Table 2.2: From left to right: x? per degree of freedom of the fit to the ALICE Vi (restricted
to pr < 4 GeV/c) using Eq. (2.18), and using Eq. (2.16); value of k from the fit; estimated
value of k from momentum conservation, both in units of 107°(GeV /c) ™2,

extracted directed flow values and this ambiguity was also included in the error
bar for the extracted vy values which is shown in fig. 4.1.

The resulting extracted values of the directed flow are presented in the fig.
2.4. The v; component is showing negative results at low p; unlike the vy and wvs

: :
:

0

o
o
<> ¢HO

OK >«

1.0 15 20 2.5 3.0
prlGeV/c]

Figure 2.4: First measurement of v; at the LHC.

components which are positive in all the p; range. This is explained by the condi-
tion that the net transverse momentum of the system is zero, i.e. {pyv1(p¢)) =0
which implies that low p; particles flow in the opposite direction to the high
py particles. From the fig. 2.4 we can see the dependence of v; on centrality,
showing larger values of v; for more peripheral collisions. The v; components
originates from the fluctuations, and the fluctuations are more important for

smaller systems, i.e. for more peripheral collisions. The magnitude of v{"*"

is several times more than the measured v{% magnitude which is denoted as
"odd" in fig. 2.6.
The resulting vy (p;) can be considered as a reliable measurement of directed

flow v; for the LHC. These data were later confirmed by the ATLAS collabo-
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Figure 2.5: v; at the LHC: ATLAS with two-particle correlations method [16].
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Figure 2.6: v; at ALICE with the spectators method |[§].

ration [16] which also used the method of two-particle correlations in order to
extract the vy values.

Later in 2013, another attempt to measure the v{"“" was done by ALICE
collaboration [8]. They used the detector ZDC which registers the spectators.
If for ATLAS results the v; component changes of sign at transverse momenta
around 1 GeV /c, for ALICE the cross-point is at 1.2-1.5 GeV /c. The magnitude
that was observed in this estimation was 40 times smaller than at ATLAS
and in our calculations, see fig. 2.6. The measurements of ALICE were done
with respect to the collision plane defined by the spectator nucleons Wgp, see
fig. 1.10, while the measurements of ATLAS were done with respect to the

collision plane defined by participants ‘115311)3. This difference in the magnitudes
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of measured directed flow gives (cos (\Ifggll)g — \Ilsp)> = vl{klfggll)g}vl{\lfsp} << 1,

i.e. that fluctuating participant and spectator collision symmetry planes are
weakly correlated.
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Chapter 3

First viscous hydrodynamic modeling of
the directed flow vy

Relativistic viscous hydrodynamics has been a successful theory for the predic-
tions of flow coefficients v,, for n = 2,3,4 [13|. Here I present the first viscous
hydro calculations of directed flow ;.

By definition in hydrodynamics vy is

viet = (') (3.1)

where W, is the corresponding event-plane angle and the average is taken over
the momentum distribution [144]. At midrapidity for AA collisions the symme-
try ¢ — ¢ + 7 takes place, so odd flow harmonics like v; and v3 are naturally
zero. These odd flow components appear due to initial geometry fluctuations.
In order to study the initial states we perform hydrodynamic simulations of the
directed flow v; which can be compared to experimental data on vy, extracted
in the previous Chapter. These calculations could also show the dependence of
directed flow on viscosity which is unknown.
The results of this Chapter were published in ref. [136].

3.1 Hydrodynamic modeling of directed flow at LHC

The hydrodynamic modeling usually has 3 main steps: one put energy density
profile as initial conditions, then one evaluates the system with hydrodynamics
and finally one converts the fluid into particles at freeze-out.

In event-by-event ideal hydro calculations v; was found with good approxi-
mation to be proportional [61] to the dipole asymmetry of the system e,

Uy X €1, (3.2)
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where the dipole asymmetry ¢; is defined as [60]:

3eid
€1 = —‘{ 3 I , (3.3)
the average is taken over initial energy density after recentering the coordinate
system, {re®} = 0.

We use 241D single-shot viscous hydrodynamic calculations with a smooth
initial profile €(r, ¢). This profile is taken from the optical Glauber model [93]
and is symmetric with respect to the reaction plane, see fig. 1.18. With such
profile the value of £1 and accordingly the value of v; is zero due to the symmetry:.
In order to create the dipole asymmetry we deform the profile in the following
way:

e(r, ) — € (r\/l + dcos (¢ — dy), gb) : (3.4)

where 0 is a small parameter and €1 o< ¢ for 6 << 1, ®; is the dipole asymmetry
angle. For the central collisions the direction of v; is ®;, but for the non-central
collisions it is not strictly true because of additional non-linear correlations of
vy with vy and v3 [145]. Our calculation is averaged over ®;. This deformation
is illustrated in fig. 3.1.

Figure 3.1: Deformed initial energy-density profile.

At the next step of modeling we run the hydrodynamic evolution equations
corresponding to eq. (1.54). This hydrodynamic evolution is stopped when
the system reaches the freeze-out temperature 7, and the fluid is converted
into particles. The resonances are taken into account in this calculation in
the following way: the decays of unstable particles are calculated from the
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particle spectra obtained after freeze-out calculation. The modified program
AZHYDRO [146] is used to perform these calculations.

The resulting hydrodynamic calculations of v /e; with different parameters
of viscosity are presented in the fig.3.2. We choose to present the ratio v;/eq
and not vy in order to be independent on the initial state model. A slight
dependence on the models was pointed out in ref. [18], but we ignore it in our

calculations.
2.0
n/s=0
_ n/s=0.08
15 1/5=0.16
..... /S=024

s

0.0 0.5 1.0 1.5 2.0 2.5 3.0
pr [GeV/c]

Figure 3.2: v1/e; vs p; for central collisions.

Note, that the dependence of v; on p; has the same behavior as for experi-
mental values extracted in the Chapter 2, in hydrodynamic calculations the net
transverse momentum of the system is set to zero.

In our calculations we used the ratio viscosity over entropy n/s as a free
parameter and varied it as /s = 0,0.08,0.16,0.24. Dependence of v;/e; on
viscosity in the fig.3.2 shows that with higher values of viscosity we have less
flow. This effect can be explained due to the fact that flow is created by the
interactions. If there were no interactions there would be no flow. The viscos-
ity is approximately inversely proportional to the cross-section, so with larger
viscosity one has smaller interactions which leads to less flow.

The flow harmonics v,, are expected to have an increasing sensitivity to vis-
cosity because smaller systems are more sensitive to the viscous effects. Indeed,
we find that v; is less sensitive to viscosity than vy [43] and other higher har-
monics |13, 74]. This effect is illustrated in the fig. 3.3. In this figure we see
the ratio of the flow coefficient calculated with the value of viscosity n/s = 0.08
to the flow coefficient calculated with /s = 0.24. For n=1 this ratio is close
to 1 which demonstrates that directed flow is slightly dependent on the viscos-
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Figure 3.3: v,(n/s = 0.08)/v,(n/s = 0.24), comparison of the ratio values of v,, with different
viscosities, n = 1, 2.

ity. The ratio for n = 2 is closer to 1.5, so the elliptic flow vy shows stronger
dependence on viscosity than directed flow.

This insensitivity to viscosity combined with the approximate proportionality
U1 X €1, provides a unique opportunity to place a direct constraint on the dipole
asymmetry of the early-time stage and to exclude some models of initial state.
Such constraints will be done in the next Chapter.

3.2 Viscous hydrodynamic predictions for directed flow
at RHIC

In this section we show predictions for the directed flow vy for RHIC energies.
In order to compare hydrodynamic data at the LHC with the experimental

values we write
o\ LHC
LHC __ 1 best

€1 hydro

In the left-hand side, vZ#¢ denotes the directed flow extracted from data as

shown in Chapter 2. In the right-hand side, the values (v;/ 51)}6;2(;0
best

hydrodynamic calculations. The 7% is the parameter which we tune in order
to get the best fit to the data. We assume little change in the average dipole
asymmetry in a centrality bin. The value of 5! at LHC is obtained by taking
the best fit to the experimental v; for p; < 1.5 GeV /¢, which is the range where

hydrodynamics agrees best with data [144]. The best value £ calculated for

are viscous
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Figure 3.4: v;(p;), hydrodynamic predictions (curve) for RHIC, compared with measured
experimental data (points). Data are taken from Y.Pandit proceedings, QM2012 [17].

LHC can be applied at RHIC energies, as €; change little with the energy of
collisions.

Then (%)h . is calculated for Au-Au collisions with RHIC energies. Our
ydro

calculations use /s = 0.16 both at LHC and at RHIC, but the extrapolation
from LHC to RHIC are almost independent of n/s [124]. Thus, the predicted
values of v; at RHIC are:

o\ RHIC
pftHIC — (—1) ghHC (3.6)

€1 hydro

Later our data were compared with experimental data from RHIC, as it is
shown on Fig. 3.4 [17]. Our result was found to be well consistent with the data
at low transverse momentum and in central collisions.



CHAPTER 3. FIRST VISCOUS HYDRODYNAMIC MODELING OF THE DIRECTED
FLOW V; 48




Chapter 4

Constraining models of initial conditions
using anisotropic flow data

One of the most important topics in heavy-ion physics is the understanding of
the initial state. In hydrodynamics, initial conditions means the initial energy-
density profile at thermalization time tq [147]. This profile is not smooth and
fluctuates due to the wave-functions of the incoming nuclei. The magnitude of
these fluctuations is still unconstrained by the data.

Many models exist in order to describe the initial state. These models predict
different values for the transport coefficients in order to match the data. In
particular, by tuning the value of 1/s |148], the experimental data can be fitted
with one model or another [43]. Thus, it is important to understand which
of these models are physically reliable. We propose a systematic approach for
constraining models of initial conditions using the anisotropic flow data.

In this Chapter, we present two different methods to constrain models of
initial state. The first of them is using the data on directed flow vy, these data
are rms values. We compare them to v;/e; values from hydrodynamics with
different values of viscosity and extract the allowed range on rms values of ¢;
depending on centrality. Computing €; in different Monte Carlo models, one
could compare them with the allowed range. In the second method we use the
combination of the experimental data on vy and vz, these data are also rms
values. We compare experimental values with hydrodynamic calculations of
Un/€n, n = 2,3. By varying the free parameters in hydrodynamic calculations,
we extract the allowed region on the plane (rms €9, rms e3). Computation of
(rms e, rms e3) values in Monte Carlo models allows to make a comparison
with the extracted range and constrain some of the models.

The results of this Chapter were published in refs. [136, 149, 150].
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4.1 Linear response

One of the most remarkable features of the first three flow harmonics v,, is that
hydrodynamic response to the initial state is dominated by the linear response.
Thus, it was shown that v,, is with a good approximation proportional [151] to
the initial eccentricity e,

Uy, X Ep (4.1)

for n < 4. Higher flow harmonics have additional non-linear terms and will be
discussed in the Chapter 5.

For the directed flow the dipole asymmetry €; of the initial system is defined
as

| [ r3e'®e(r, ¢)rdrde]
[ r3e(r,p)rdrdg
where the integration is over the transverse plane in polar coordinates, the €(r, ¢)

is the energy density at z ~ 0. The average is calculated after the recentering
coordinate system as

(4.2)

g1 =

/rei‘be(r, o)rdrdp = 0. (4.3)
For the elliptic flow the ellipticity e is defined as [90]

_ |f7’2€i2¢6( ¢)rdrde|

2= [ r2e(r,p)rdrd¢ ’ (44)

where recentering is taken into account as in (4.3) .

The triangular flow v3 is generated by fluctuations in the initial state with
triangular form. The triangular flow is proportional to the initial participant tri-
angularity e3 [152] which can be defined in two different ways. A first definition
that was used earlier is given by

|f7’2€i3¢6 (r, ¢)rdrde|

= 4.5
° [ r2e(r, p)rdrde (4:5)
According to [60, 153|, the definition should be
3 ,i3¢ drd

[ r3e( rdrd¢ ’

with (4.3) taken into account.

We will use the definition given by eq. (4.6).
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4.2 Constraining models of initial state with v; data

The first Fourier coefficient v originates from dipole deformation characterized
by the dipole asymmetry 1. As it was shown in Chapter 3, the directed vy is
less affected by viscous effects than the higher harmonics. This fact provides a
good opportunity to put direct constraints on the dipole asymmetry e; of the
initial system, defined as (4.2).

The procedure is the following: we extract the experimental values of vy
from two-particle correlation data of ALICE as it is shown in Chapter 2, then
we run viscous hydrodynamics calculations and we get v1/e;1 as it is described
in Chapter 3.

We want to compare hydrodynamic data with the experimental values. For

this goal we compute
v
v = (—1> ghune (4.7)
tune

The value of £]""¢ which fits the experimental data in all the p; range does
not exist. By tuning this parameter, we can obtain a good fit either in the
low p; range, or in the high p; range as shown in fig. 4.1. In the first case we
overpredict data in the upper range whereas in the second case we overpredict
data in lower range. The idea is then to match the data with one set of data
from below and with another set from above for a given viscosity. The values
of el""¢ obtained after fitting the data establish upper and lower bounds on the
actual value.

Fig. 4.1 displays vy versus p;. The experimental points are extracted from
ALICE correlation data, as discussed in Chapter 2. The two lines shown in
fig. 4.1 correspond to the two sets of values of v calculated with the eq. (4.7)
with two different values of viscosity. One of them fits the data from below
and another one from above. Thus, we take the line with the viscosity /s = 0
and fit the data at low p; and the second line with n/s = 0.24 and fit the
data at high p;. These lines are chosen in such a way that we get the largest
possible range in the values of €0""¢. The extracted range for 0 < n/s < 0.24 is
demonstrated in fig. 4.2 as the light gray bounds.

The extraction of the extreme values of €1 is done for all centralities. We
show in fig. 4.2 the allowed values of €1 as a function of centrality with the rms
values from various Monte-Carlo models of initial conditions. The allowed range
taking into account viscosity range 0.08 < 1/s < 0.16 is also shown in a darker
band in order to illustrate the small effect of viscosity. The fact that v; has a
smaller dependence on viscosity gives a more narrow band of allowed values.



CHAPTER 4. CONSTRAINING MODELS OF INITIAL CONDITIONS USING
ANISOTROPIC FLOW DATA 52

006 00-10% 10-20%

006 20-30% 30-40%

006 40-50% —— ALICE

upper bound

------- lower bound

05 1 15 2 25 3 05 1 15 2 25 3
pr[GeV /c]

Figure 4.1: vy vs p; for different centrality ranges.

This allows to constrain some models and could not be done with higher-order
flow harmonics as good as with ;.

020 o Glauber (PHOBOS) |
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Figure 4.2: Variation of e; with centrality. The shaded band represents allowed region:
darked band corresponds to the range of viscosities 0.08 < n/s < 0.16 and lighter band
correspond to 0 < n/s < 0.24. Symbols are predictions from Monte Carlo models.
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4.2.1 Results

In fig. 4.2, we see that two models, MC-KLN [154, 155] Nara [155] are inside the
allowed region for all centralities. We see that ALICE data exclude DIPSY [156]
above 10% centrality. Two models, PHOBOS Glauber [94] model and an im-
proved mckt model [157, 155] with KNO fluctuations, can be excluded over
the full centrality range. Concerning MC Glauber models, the binary collision
fraction for both of the models was taken as alN.y, o = 0.18 [158]. Since
hydrodynamics is more reliable at low p;, we believe that the real value of ¢;
lies close to the upper bound. The two models which have the largest values of
dipole asymmetry only need a small tuning to be inside the allowed region of
£1. Other models may lead to too low values of ¢;.

This study does not provide strong constraints on the models and in the next
section we propose another study for more accurate conclusions.

4.3 Constraining models of the initial state with v, and
v3 data

The anisotropic flow is the hydrodynamic response [60] to initial spatial anisotropy
of the strongly-interacting system appearing in the initial state of the heavy-
ion collision. In this section, we focus on two of corresponding experimental
observables: the elliptic vy [159, 72] and the triangular vz flow coefficients, see
fig. 1.12. The main properties of elliptic and triangular flow were discussed in
the Chapter 1.

In spite of the fact that vy and v3 are the most studied harmonics of anisotropic
flow, many questions remain to be answered. It was found out that both vy and
v3 hydrodynamic values can fit the data using different models of initial state
by tuning 7/s. As it was shown in ref. [43] CGC models predict higher values
of initial eccentricity than Glauber model, which gives higher values of the flow
for CGC model. The viscous effect decreases the flow, so in order to fit the
data with CGC initial conditions thet higher value of viscosity has to be put.
However some of the models of initial state are unable to fit both vy and vs the
same time |74, 160]. By combining vy and vs data we could constrain models
of initial state even if the viscosity is unknown.

In order to create the range of allowed values we combine together viscous hy-
drodynamic calculations with experimental data from RHIC [160] and LHC [10].
These constraints are used later in order to exclude some of the existing mod-
els of initial state. This provides a simple method that could be used by any
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Monte Carlo group in order to quickly and easily compare their model with
the constraints and determine weather or not this model is compatible with the
data.

4.3.1 Principle of our approach

In our approach, we focus on the integrated anisotropic flow [161], i.e. the
anisotropic flow averaged over p;. Collaborations have published data of the
integrated anisotropic flow coefficients v,, up to the sixth harmonics n = 6 [16].
In this study, we deal only with the elliptic and the triangular flow coefficients.
The reason why we do not consider here higher order Fourier harmonics of
anisotropic flow as vy, vs, vg is that these components have non-linear additional
terms in the hydrodynamic response to the initial state geometry [162, 163,
145, 164|, while the elliptic and the triangular flow coefficients are to a good
approximation linear in the response to the initial state [165, 151] as it was
shown in the first section of this Chapter.

Assuming linear response to the initial anisotropy, the anisotropic flow in
an event is v, = k,&,. The response coefficient x,, is the same for all events
in a centrality bin, but ¢, fluctuates, so that initial-state fluctuations result
in event-by-event flow fluctuations. The experimental data of integrated flow
are taken from the ALICE and PHENIX collaborations [160, 10]. The ALICE
collaboration uses two-particle correlations method in order to extract the data
whereas PHENIX collaboration uses an event-plane method. Both methods
provide the root-mean-square values (rms) of the event-by-event distribution
over a centrality bin of the anisotropic flow v, [89]. It can therefore be written:

Sy = VA (4.8)

where (...) is an average over collision events, n = 2,3 and +/((v,)?) is the
measured rms value of the integrated flow. In hydrodynamics, the coefficient
Ky is calculated as K, = (Vn/€n)nyaro and the rms values of €3 and 3 can be
extracted with the eq. (4.8).

There are several free parameters in hydrodynamic calculations which give
uncertainties in the hydrodynamic response. These uncertainties are taken into
account and are represented by the shadow bands in the (rms €3, rms €5) plane.
As we will discussed in sec 4.3.3 , these uncertainty bands are narrow enough
to constrain models of initial state.
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4.3.2 Uncertainties in hydro response

Each step of standard hydro modeling [166] induces its own uncertainties [167].
An ideal evaluation that would take into account all these uncertainties would
be too expensive [168|. In our calculations we simplify the problem by keeping
at each step the main source of uncertainties. In the next section, we will
discussed the leading sources of uncertainties.

Viscous effect

The main uncertainty in the hydrodynamics is the value of the shear viscosity.
This value is not well constrained neither in theory nor the experiment [169,
167, 170]. We treat n/s as a free parameter that we vary from 0 to 0.24 by
steps of 0.04. The hydrodynamic approach can be applied only if /s is not too
large [171]. Though effect of bulk viscosity can be not negligible for some values
of temperature [122], its effect on the integrated flow is smaller than those from
shear viscosity [172]. Then in the spirit of keeping only the main uncertainty
source, we do not take into account the effect of bulk viscosity [173, 174]. The
second-order corrections [123] are also not taken into account because they have
a small effect [43].

Initial conditions

The optical Glauber model profile is smooth and has already an ellipticity,
so automatically gives us elliptic flow values and we can directly compute the
values of ko. If we want to obtain the values of 3 or v with this profile, we get
zero values for both of them due to the symmetry. In order to calculate k3 we
deform the third harmonic in the profile in the similar way as for vy [74]:

e(r, ) — (r\/l + ¢! cos(n(¢p — P,)), ) (4.9)

where ¢/ is the magnitude of the deformation and &, is the orientation of
the deformation. As far as the elliptic deformation does not interfere with the
triangular deformation [145, 74], we choose ®3 = 0 for our calculations. We also
check that the dependence of the ratio (vs/e3);, on the values chosen for 4 [74]

is negligible. This calculation uses the same values of € as [74]. The values of
e differs from e3 by a few percent. Our studies show that recentering (4.3)! the
distribution in coordinate space after performing the deformation of the profile

'We found out that in ref. [74] this recentering correction was neglected and the resulting values of
hydrodynamic response were lower by up to 10% for peripheral collisions.
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by &%, shifts the center by a distance which is proportional to e9e3. This shift
leads to a correction to €3 which decreases its value by a term of the relative
order of (g9).

As the Fourier coefficients have, with a good approximation, a linear response
to the initial state, we consider the values of the hydrodynamic response k,
U, /€n to be independent on the initial state model. In reality this response is not
exactly linear and should depend on the initial state model. These effects were
studied in ref. [18] and it was shown that the response have a weak dependence
on the initial state model. By comparing in figs. 4.3 and 4.4 the curves for
"single-shot" and "event-by-event" calculations for the different models, on can
see that the effects are small.
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Figure 4.3: vy/e9 dependence on impact parameter for pions. Solid lines correspond to event-
by-event hydrodynamics, dashed lines correspond to single-shot hydrodynamics. Left: for
MC Glauber initial state model, right: MC-KLN initial state model [18].

In order to estimate the uncertainty on the value of x,, from the initial profile,
we use two definitions of €,,: with energy density weighting as in eqs. (4.4), (4.6)
and entropy density weighting. Both definitions provide reasonable predictions
of v, [163], the difference between the two calculations indicates the size of
the uncertainty due to the linear approximation. The deformation of optical
Glauber profile as in Eq. 4.9, gives exactly the same values of €3 for the central
collisions for both types of weighting [74], though in other type of calculations
this difference can take place [18]. The values of €y calculated with entropy
density weighting and with energy density weighting, are different for the optical
Glauber model, so this difference can be used as the part of the error bar in our
calculations.

Another free parameter in our calculations is the thermalization time ¢, [147,
144| at which hydrodynamics becomes a good approximation. This parameter is
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Figure 4.4: v3/e3 dependence on impact parameter for pions. Solid lines correspond to event-
by-event hydrodynamics, dashed lines correspond to single-shot hydrodynamics. Left: for
MC Glauber initial state model, right: MC-KLN initial state model [18].

not well known. In previous studies [144] the transverse flow expansion before ¢
was neglected. tq is typically close to 1 fm/c. In reality the transverse flow exists
directly after the collision happened, independently on the fact if the system
thermalizes or not. This so-called initial flow has given a good explanation
of interferometry data [175, 176, 177|. Initial flow is universal [178] and can
be obtained in calculation with vanishing flow at ¢y, by choosing a very small
values [176] of 9. We would like to take into account the effect of initial flow and
thus we choose two values of the thermalization time which are 0.5 fm/c and
1 fm/c. As we vary the thermalization time, we tune the starting temperature
Titart and the freeze-out temperature 7T, in order to match the p; spectrum.

Freeze-out stage

At some point during its expansion the fluid can be described as a gas of hadrons
with collective and thermal motion. The question here is at what point the hy-
drodynamic approach is still valid. We assume that hydrodynamics is still rea-
sonable in the hadronic stage, using only a single freeze-out temperature [144].

Some other groups use the so-called afterburners which simulates hadronic
decays and two-body collisions |56, 179, 180]. These afterburners are useful for
reproducing the elliptic flow and identified particle spectra, though afterburner
have quite a little effect on integrated properties of unidentified hadrons. These
afterburners are now used in calculations for both RHIC and at LHC ener-
gies [112, 114]. Some groups also use the hydrodynamics with bulk viscosity
in the hadronic stage [181] which also successfully generate the properties of
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identified particles.

In our approach we run hydrodynamic calculations starting from initial time
to and we choose the freeze-out temperature T, in such a way that we would
have the average transverse momentum unchanged (p;). Thus choosing smaller
values of ty, we stop the hydro simulation earlier, that means we put larger T',.
We take into account resonance decays, but we neglect hadronic collisions.

In the hadronic part, a significant uncertainty comes from the freeze-out
viscous correction [126, 182] which momentum dependence is unknown and
involves microscopic information about hadronic cross-sections [125]. Due to
this, we make two types of calculations with two possible ansatzs which were
introduced in the Chapter 1: the quadratic ansatz oc p? [125] which is commonly
used, and the linear ansatz o< p [127] which also gives a reasonable description
of the data.

4.3.3 Calculations

In this section we use Glauber optical model for the initial conditions, with the
energy density weighted with the linear combination of the number of collisions
Neoi and the number of participants Ny, as it was described in the Chapter 1.

The cuts on the transverse momentum p; and pseudorapidity n used by
experiments, are: ALICE collaboration [10] uses 0.2 < p; < 5 GeV/c cut
for the transverse momentum and |n| < 0.8 cut for the pseudorapidity, the
PHENIX collaboration [160] uses the cuts 0.25 < p; < 4 GeV/c and |n| < 0.35.
Our model is independent of rapidity because it is invariant under longitudinal
boosts.

Our calculations take into account the difference in rapidity and pseudo-
rapidity [39], as described in Chapter 1. Changing variables from rapidity to
pseudorapidity increases v9 by 3% and wvs by 4%. In order to suppress non-flow
correlations, the ALICE collaboration [87] uses pair correlations with a pseu-
dorapidity gap |An| > 1 between particles in the pair. This condition excludes
particles at |n| < 0.2. Since all pairs are weighted the same way, it gives more
weight to particles near || = 0.8. We take into account this additional cut in
An which decreases vs by 0.3 % and v by 0.4%.

After taking into account the uncertainties, we can calculate €5 and €3 using
Eq. (4.8). The resulting values are shown in the fig. 4.5 for the 20-30% centrality
range at the LHC. In this figure one hydro calculation with one set of parameters
corresponds to one point on the (rms €3, rms €5) plane. Six types of symbols
correspond to different sets of parameters:
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Figure 4.5: (Color online) R.m.s. values of
£9(e3) from hydro simulations + ALICE data
for 20-30% centrality range. Purple squares
correspond to t;,; = 1 fm/c with quadratic
freezeout. Blue circles correspond to t;,;; =
1 fm/c with linear freezeout. Yellow dia-
monds correspond to t;,; = 0.5 fm/c with
quadratic freezeout. Open symbols mean
entropy-density profile used. The shaded
band is an allowed band encompassing un-
certainty in the extracted values.

Figure 4.6: (Color online) The shaded band
is the same as in fig. 4.5 and represents
allowed values. Symbols are predictions
from various models of initial state. The
MC-Glauber model is shown for different
values of the width of gaussian o=0 fm,
0.4 fm, 0.8 fm and 1.2 fm, which are dis-
tinguished by different symbol sizes, show-
ing that changing the smearing parameter
has the same effect as changing viscosity.

- blue circles, use as parameters the thermalization time 1 fm/c and the linear

ansatz

- purple squares use thermalization time 1fm/c and quadratic ansatz
- yellow diamonds correspond to thermalization time 0.5 fm/c and quadratic

ansatz

- open symbols mean that the entropy-density weighting is used.

These symbols are composing six lines with viscosity 7/s changing. Each
line has seven points, corresponding to seven values n/s = 0, 0.04, 0.08, 0.12,
0.16, 0.2, 0.24 (from left to right).

The difference between the linear and the quadratic ansatz is small, except
for high viscosity values which makes the values of €5 with quadratic ansatz
slightly smaller than for linear ansatz. The difference in the thermalization
time gives the resulting decrease of €9 and e3 values with t; = 0.5 fm/c in
comparison with the values for ¢y = 1 fm/c. Since the hydro evolution starts
earlier, more flow is produced. From the ratio (4.8) it can be seen that if more
flow is produced, both values of €9 and e3 are decreasing.

With the lines drawn on the plane (rms €3, rms €5), a shaded band is created
such that all the points are inside this band as it is shown in the fig. 4.5. This
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band defines the allowed range. The important fact here is that even with all
uncertainties taken into account, we obtain a narrow band, which allows us to
constrain models as we show in the fig. 4.6.

Note that the curves can be fitted by a power law function:

e/ ( <s§>>k _c, (110

where the best fits leads to £=0.6 for LHC and k=0.5 for RHIC and where C
is fixed. k can be understood as the ratio of the relative change in vy to the
relative change in v3 when viscosity is increasing. Note that for k < 1, viscosity
has a smaller effect on vo than on v3 as it is expected.

We can determine the range of values for C by computing the maximum
and the minimum values of C allowed by hydrodynamics. The resulting min-
imum and maximum values are shown in Table 4.1 and corresponding figure
fig. 4.7, showing the allowed C region for RHIC and Table 4.2 with the fig. 4.8
corresponding to the LHC respectively.

4.3.4 Results

The region of allowed values for (€3, 9) obtained in the previous section can be
used to constrain models of initial state. Since €3 is solely created by fluctuations
we test Monte Carlo models which have fluctuations. We test two types of the
models: Glauber type [93] and QCD-inspired models.

The type of the Monte Carlo Glauber model we use, is the PHOBOS Monte
Carlo [94] model which we shortly describe in the Chapter 1. Other imple-
mentations of MC Glauber [183, 184| are not taken into account here. In this
section we differ Glauber models by the participant weighting and denote them
as following:

- “Glauber Np,,+" is the Glauber model, where each participant can be given or
the equal weight.

- “Glauber N.y;” is the Glauber model, where the weight is proportional to the
number of collisions

- “Glauber” is the Glauber model, where the weight is taken as the linear com-
bination of Npg¢ and Negy.

Among the QCD-inspired models, we test four of them: the oldest QCD
model we refer to as MC-KLN [185, 154] which is using kp factorization and
taking into account fluctuations of the positions of the nucleons. The second
model MCrcBK [157] is an improved MC-KLN model with additional KNO
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fluctuations in order to match multiplicity distribution in pp collisions. The
third one is the DIPSY [156] model, a QCD model which takes into account
the multiple gluon cascade. The last one is the IP Glasma model [186] which
does not assume kp factorization and includes non-linearities and fluctuations
of color charges within a nucleon.

Table 4.1: Values of the ratio y/(g3)/+/ <5§>0'5 at RHIC. First two lines: minimum and max-
imum values allowed by hydrodynamics and experimental data. Next lines: values predicted
by various models.

% centrality 0-10 | 10-20 | 20-30 | 30-40 | 40-50
minimum 0.36 | 0.56 | 0.69 | 0.75 | 0.74
maximum 041 ] 0.63 | 0.79 | 0.90 | 091
MC-Glauber 0.38 | 0.57 | 0.69 | 0.76 | 0.80

MC-Glauber (Neop) | 0.44 | 0.64 | 0.76 | 0.81 | 0.83
MC-Glauber (Npa) | 0.34 | 0.52 | 0.64 | 0.73 | 0.78

MC-KLN 0.49 | 0.78 0.95 1.03 1.06
MC-rcBK 0.49 | 0.73 0.87 | 0.95 0.98
[P-Glasma 0.43 - 0.76 | 0.85 -
DIPSY 0.39 | 0.59 0.72 0.80 0.84
A MC-KLN
1.2 O MCrcBK
© [] IP Glasma
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Aq < MC-Glauber A o
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Figure 4.7: (Color online) Ratio of eccentricity moments +/{(¢3)/ (\/ <€§>) versus centrality.

Shaded bands are allowed by experiment values, combined with hydrodynamic calculations,
for RHIC. Symbols are predictions from various models of initial state.

For all the models the centrality bins are set using the total entropy of each
Monte Carlo event which is close to the total multiplicity, obtained in hydro
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evolution. As it was mentioned before, experimental definitions of centrality are
also using multiplicity, so the uncertainties in centrality definition are negligible
and are not taken into account.

The results for the values of C calculated in different Monte Carlo models
are shown in the Tables 4.1 and 4.2 and the corresponding figures 4.7, 4.8. We
put constraints on the initial state models by comparing the values of Monte
Carlo models with the C minimal and maximum values. Thus, one can see
that MC-KLN is excluded for all centralities both at RHIC and LHC. It is in
agreement with recent studies which have shown that this model underpredicts
the values of triangular flow vs at RHIC, while the elliptical flow vy is well
reproduced [74, 160]. The MC Glauber model (which we basically use with a
superposition weight of number of participants and number of binary collisions),
does not show agreement with data at LHC, except for the most central region,
while it shows a good agreement for RHIC. The MC-rcBK model is excluded
at RHIC and is inside allowed band for several centralities at the LHC. DIPSY
and IP-Glasma models shows good results for both RHIC and LHC, and so does
the MC Glauber models when binary collision scaling is chosen.

Since MC-Glauber model has as a free parameter, the value of the source
size o, we demonstrate how the source smearing effect can change the predicted
values with the variation of o. In fig. 4.6 we display as an example the 20-30%
centrality range. The MC-Glauber model (superposition weight) is shown for
different values of the width of gaussian =0 fm, 0.4 fm, 0.8 fm and 1.2 fm [151]
which are denoted by different symbol sizes. By changing this parameter, the re-
sult is shifted along the band which has the same effect as changing the viscosity,
so that the agreement with data cannot be improved by adjusting the unknown
source size. Thus, the ratios in Table 4.1 and Table 4.2, only change respectively
by 2% and 1%. This can be understood as following: only the denominator in
the (4.4), (4.6) is affected by the smearing of the sources [187| while the numer-
ator remains unchanged. Thus, the effect of source smearing is a small increase
in the system size which results in smaller €,. Since {r®} oc {r?}?/3, the value
of g, is decreasing so that

52/53/3 ~ const . (4.11)
Since the value of k£ in equation (4.10) is close to 2/3, the smearing process
moves the results parallel to the allowed band due to (4.11).

In fig. 4.9 one can see the predictions of the MC models of initial state with
the shaded bands of the allowed region for all the centrality range. All models



CHAPTER 4. CONSTRAINING MODELS OF INITIAL CONDITIONS USING
ANISOTROPIC FLOW DATA 63

Table 4.2: Values of the ratio \/(£3)/+/ (%) © at LHC.

% centrality 0-5 | 5-10 | 10-20 | 20-30 | 30-40
minimum 0.40 | 0.58 | 0.76 | 0.88 | 0.94
maximum 043 1065 | 0.87 | 1.06 | 1.13
MC-Glauber 0.39 | 0.50 | 0.66 | 0.78 | 0.85

MC-Glauber (Neoy) | 0.46 | 0.61 | 0.79 | 0.92 | 0.96
MC-Glauber (Npa) | 0.33 | 0.42 | 0.57 | 0.71 | 0.80

MC-KLN 0.46 | 0.73 | 0.98 1.17 1.25
MC-reBK 0.48 | 0.67 | 0.88 1.04 1.12
IP-Glasma 0.43 - 0.83 | 0.97 1.03
DIPSY 0.40 | 0.58 | 0.76 | 0.90 | 0.95
A MC-KLN A
1.2 O MCrcBK
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A10.® M C-Glauber O O
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Figure 4.8: (Color online) Ratio of eccentricity moments /(¢3)/ <\/ <5§>> versus centrality.

Shaded bands are allowed by experiment values, combined with hydrodynamic calculations,
for LHC. Symbols are predictions from various models of initial state.

show that the rms €9 and rms e3 increase with centrality, as it was expected
from the explanation given in the first section. The difference between LHC
energies and RHIC energies depends on the model. Thus, the MC Glauber
model shows a decrease of €9 and e3 by several % which could be explained by
the fact that lead nuclei used at LHC are bigger system than gold nuclei used
at RHIC, though this explanation is not complete. For the MC-rcBK model the
values are quite similar for both experiments. For the DIPSY model the &5 is
increased, while €3 stays the same.

The claim that some model is compatible with data or can be excluded seems
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Figure 4.9: (Color online) Shaded bands are root-mean-square values of (g9, ¢3) allowed by
experimental data in combination with hydrodynamic calculations, for Au-Au collisions at
Vsnvn = 0.2 TeV (left)and Pb-Pb collisions at /syy = 2.76 TeV (right)in various central-
ity windows (from top to bottom). Symbols are predictions from various models of initial
conditions (see text for details).

to be strong with respect to several uncertainties in the definitions of 5 and e3.



Chapter 5

Event-plane correlations

The anisotropy of the particle distribution is characterized by the Fourier ex-
pansion

o0
—ocl—l—QZUncosn(gb—Cbn), (5.1)
n=1
where ¢ is an azimuthal angle, v, is a magnitude of the n’th flow harmonics
and ®,, is an event plane characterizing the phase of the n’th flow harmonic.

Anisotropic flow is usually measured in two-particle angular correlations [188,
14, 137, 16] as it was described in Chapter 1. A new study of the so called event-
plane correlations among the event planes of different flow harmonics started
recently [153, 10, 19, 189]. The event-plane correlations are defined by the
functions

<COS (Cl(I)l + ...+ lCl(I)l» . (52)

Since the azimuthal orientation cannot be controlled in the experiments and
only rotationally symmetric quantities can be measured, the coefficients must
add up as ¢; + 2¢2 + ... + le; = 0 [153].

In 2012, ATLAS presented measurements of event plane correlations in Pb-
Pb collisions [19, 189] and significant correlations were observed for two-plane
(e.g., the correlation between second ®9 and fourth harmonics @) and three-
plane correlations (e.g., the correlation between second ®s, third ®3 and fifth
®5 harmonics). These correlations can be qualitatively explained within the
hydrodynamic approach by the combination of flow response in the medium
with initial state fluctuations. Thus, as we discussed earlier in Chapter 4, in
hydrodynamics vy, v9 and v3 with a good approximation have a linear response
to the medium. However, higher flow harmonics have an additional non-linear
response. Thus, vy has an additional non-linear contribution where magnitude
scales as v3, i.e. vy o< v3, and is oriented along ®;. This non-linear mixing
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results in the correlations between ®4 and ¥, event plane angles, denoted as
(cos4 (g — Dy)). The coefficient v5 also has an additional non-linear response
which represents a mixing between vy and w3 harmonics, i.e. vs o< vov3. This
non-linear response results in correlations between ®5, @3 and ®5 planes, de-
noted (cos (2®9 + 33 — 5P5)). These correlations are strong where v, is large,
i.e. in more peripheral collisions as we can see in fig. 5.1. Note, that if the

event planes ®,, were correlated completely, the values of (cos4 (P9 — ®4)) and
(cos (29 + 35 — 5P5)) would be equal to 1.
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Figure 5.1: (cos4 (g — ®y))(left) and (cos (2P, + 3P5 — 5P;)) (right) vs Npere from [19].

The measurements of event-plane correlations suggest that both the fluctu-
ations in the initial state and the evolution of the medium in the final state
are important for the formation of these correlations. There were several suc-
cessful attempts to reproduce these correlations with different theoretical mod-
els [108, 20, 164]. In order to study the event-plane correlations we propose a
theoretical approach based on a simple model of initial state fluctuations, called
independent source model. For the modelisation of the hydrodynamic response
we use the cumulant expansion formalism [145]. Our goal is to see what can
be learnt from the hydrodynamic response from ATLAS data with minimal
assumptions concerning the initial state.

In this Chapter we present such analysis for the correlations (cos4 (®9 — Dy))
and (cos (209 + 3P3 — 5P5)). The experimental data for the calculations and
the notations in this section are taken from ref. [19].

All data and conclusions presented in this Chapter are preliminary.
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5.1 Event-plane correlations measurements

In order to perform the analysis of chosen correlations, it is important to un-
derstand how the event-plane correlations are measured in the experiment.
The ATLAS collaboration was measuring [19] the angular correlations be-
tween the harmonics ®,,. The method they used is the event plane (EP) method.
It was shown [190] that the traditional event-plane method [191] does not mea-
sure the mean value. In fact, in EP method, the measured value is lying
between the event-average mean value (v,) and the root-mean-square value

<v,%>1/ ? [190, 192] and depends on the reaction plane resolution. The mea-
surements of mixed-harmonic correlations have even stronger influence from
this effect [193]. Thus this affects the measured correlation between the event
planes ¢, and &,

c{2,2, -4} = (cos4 (Py — D2)) . (5.3)

This correlation cannot be measured directly if v and vy fluctuate. However it
is possible to measure

(v4v3 cos 4(Py — Dy))
- :
(v3)” (v)
Note, that if there are no fluctuations of vy and vy, (5.4) is equivalent to (5.3).
The values, measured! by the ATLAS collaboration with the EP method [19]
are between the values obtained with (5.3) and (5.4). Recently the ATLAS
collaboration published [189] new measurements with the scalar-product (SP)
method [191, 194, 193, 20] which corresponds to the value given by (5.4) but
we do not consider them here?.

The measured value of 3-particle correlation denoted by ATLAS as
(cos (209 + 3P5 — 5P5)):

(2,2, -4} = (5.4)

(vov3vs5 cos (209 + 3P3 — 5P5))
V3) (v3) (V) |

This representation was suggested in the refs. [153, 193] and is more suitable
for our analysis.

{2,3, -5} = (5.5)

Note, that ATLAS collaboration papers [19, 189] and the theoretical works [164, 20] have different
notations. Thus, ATLAS define ®,, as the event-plane angle, and theoreticians define it as ¥,,. In order to
avoid misunderstanding we denote the measured correlations between nj harmonics as ¢{n,ns...}.

20ur analysis was done before the new data were published, so this analysis needs to be updated in the
future with the new data sets, though we can notice that for the chosen correlations the data does not change
significantly.
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5.2 Our model

In order to describe anisotropic flow v, response to the medium in hydrody-
namics we denote the complex flow coefficient as®

Vi = ve™n, (5.6)

where W, is an event-plane angle.

As it was described in Chapter 4, the hydrodynamic response for first three
flow harmonics is linear with a good approximation. We recall that this reads

Vi = G1E1,
‘/2 - G,QEQ,
V3 = azls,

where a,, are linear hydrodynamic response to the initial state, and E, is the
complex coefficient depending on the initial density profile, which will be defined
below. In this section we consider higher flow harmonics vy and vs. These
harmonics have additional non-linear response to the medium [163]. Thus, in
analogy with the hydrodynamic response of the lower flow harmonics, it can be
written

Vi = a,Ey+ bE3 (5.10)
Vs = asFEs + bsEo Es . (511)

There are two terms which relate V4 and V5 to the initial profile: linear one
and non-linear one. The coefficients a,, is indicating the linear hydrodynamic
response to the medium and b,, is a non-linear hydrodynamic response. The
values F), are characterizing the medium properties defined by the initial condi-
tions. Thus, we need two models: hydrodynamic response model and a model
of initial state. In this section we discuss the hydrodynamic response model and
the initial state model is presented in the section 5.4.

Following refs. [60, 164], we assume that the hydrodynamic response is rep-
resented in terms of cumulants* &,, where its complex notation with the corre-
sponding orientation ®,, reads as

E, = &£, (5.12)

3From here we follow the notations and definitions used in theoretical works, in particular in ref. [164].
4Tn order to distinguish moments from cumulants the moments are denoted as &, and cumulants are
denoted as &,.
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The general definition of the cumulants is
{rneind} —§,
{rm}
where 9,, denotes the subtractions. The values d,, = 0 turns cumulant represen-
tation to the moment representation which was used in Chapters 2, 3, 4.

Epetn (5.13)

For first three harmonics azimuthal cumulants and moments are identical as
defined in Chapter 4. eqgs. (4.2), (4.4), (4.6) [164], but 4th and 5th harmonics
have additional non-linear response to the medium:

, 4,40 _ 3f,:2,12612
g ot — e = 3] ], (5.14)
{r'}

POV _ 10 f 1261201 [13¢i30
{r°}
The cumulants &, &, &3, & and & characterize the deformation of energy
density profile in the transverse plane, respectively: dipole, elliptic, triangular,

quadrangular and pentagonal.

5562'5{)5

The definitions presented earlier were given for one single event. In the
following calculations we will need to calculate the mixed terms of the cumulants
averaged over all the events. We will use following notations [153, 187]

E{nl,...,nk} = <En1En2Enk>7 (516)

where (...) denotes an average over events in a centrality class. The rms average
of &, [89]:
42} = (EHV? = g{n, —n}Y/2 (5.17)

The symmetry with respect to the reaction plane (y — —y) means that all
the cumulants are real, i.e. E{—nq,...,—ni} = E{ny,...,n;}. The symmetry
(x,y) — (—z,—y) means that the odd values of n; + ... + n; are vanishing.
The azimuthal orientation of each collision in not measured experimentally, so
the only possible measurements are symmetric to the rotation values. Thus, the
only cumulants taken into account must satisfy the following rule:

ny+..+ny=0. (5.18)
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5.3 Event-averaged observables

The event-plane correlations averaged over events which we study in this Chap-
ter are (cos4 (P4 — P2)) and (cos (205 + 35 — 5P5)).

Using the notations of the previous section, the measured value for (cos4 (®4 — P9))
(5.4) reads

(Vi VaVa)
VAVED (vR)

Applying the eqgs. (5.8)-(5.11), the previous equation can be written as

{2,2, -4} =

(5.19)

<(CL4EZi< + b4E22)a2E2a2E2>

c{2,2,—4} = : (5.20)
V@B (@B + b E3)?)
We introduce the following variables:
by V(E3E5?)
Aogy = (-) — (5.21)
s/ \/(ELET)
EiE?

224 — 3
V{(ELE}) (E3E3%)

where a4 and by are linear and non-linear response coefficients from the eq. (5.33).
The variable Ago4 represents the ratio of the non-linear response over the linear
response to the medium. The coefficient Co94 is the Pearson correlation between
E, and E7 which is small. In these terms the desired correlation has a form:

A224 + Ca24 T
V1I+20001Co01 + Xopy /1425,

where we have neglected the correlation Cooy.

2,2, —4) = , (5.23)

In the similar way a 3-event plane correlation ¢{2,3, —5} can be presented

as
o(2,3,-5) = ——2V3s) (5.24)
VVE) (VE) (V)
where using egs. (5.8)-(5.11), we have
C{Q, 37 _5} _ <CL2E26L3E3(CL5E§ + b5E2E3)> (525>

V{(a2E3)%) ((a3E3)?) ((asE5 + bs B2 E3)?)
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In analogy with (5.21) we denote the following parameters:

b EyEsESES
Aasp = <—5> VAELL B B : (5.26)
as <E5Eg>
EXESE
Cazs = 5 By f> — . (5.27)
VAEsE3) (B2 E3) (E3E3)
Thus, (5.24) reads
(2.3, -5} Aazs + Casp A235 (5.28)

V1 + 20935 M35 + >\§35 VAR

In order to perform the calculations of desired correlations first we need
to calculate the following terms: (Fy2FE3) = £{2, -2}, (E4E}) = £{4,—4},
(EfE3) = £{2,2,—4}, (E3E3?) = £{2,2, —2-2}, (B, B3B3 E3) = £{2,3, -2
(EsEXYy = E{b, =0}, (EXEyFs) = £{2,3,—5} and (EsFE3) = £{3,—3}. In or-
der to calculate these correlations we need a model of the initial state that we
present in the next section.

Secondly, we need to know the constants of the hydrodynamic response by /a4
and bs/as. The calculations of the hydrodynamic response coefficients will be
presented in sections 5.5 and 5.6.

5.4 Independent source model

As the model of the initial state in our work we choose the independent source
model. Here we introduce the formalism of this model [187].

In this model authors assume that initial energy density profile in the trans-
verse plane is the superposition of N random independent sources

(Ix — x,|) (5.29)

an

where x; are N independent random variables with a probability distribution
p(x;) and p(r) - profile of a single source, where the standard choice for p(r) is

a Gaussian profile

2

p(r) = poe 2, (5.30)
where o is controlling the width.
All cumulants can be calculated analytically as a systematic expansion in

7_3}7
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powers of 1/N within the independent-source model formalism.

5.4.1 Application of the model

In this section we introduce the analytic tools that are needed in order to cal-
culate cumulants £{ny, ..., n;} within the independent source model [187].

We denote (f(z,y)) the average value of f(z,y) with the source probability
density p(x;) and introduce

op ={f} = {f) (5.31)

for the event-by-event fluctuations, and {...} denotes an average over the trans-
verse plane in a single event

f f(z,y)e(x, y)dxdy
[ e(z,y)drdy

where the average is weighted with the energy density e(x,y).

{f(z,y)} = (5.32)

We use complex coordinates z = x + 4y and zZ = x — iy. The re’® is replaced
by z — d, in order to take into account the recentering correction. Thus the
expressions for cumulants are obtained in the leading order on fluctuations as

—522_—55 5225—2 2z 52— Z2 55
{r’} (r?)
<22> + 0,2 — 52
Ey=— =, 5.34
2T (25) + 6. — 0.0 (5:34)

0.5 —3(22) 4. — 30,20,
By=— < <23> , (5.35)
(%) 4+ 00— 3(22)" = 6(22) 0. — 30% + 12 (22) 62 — 40,0,
(272) 1 0o — 20,220- + (22) 02 — 20,5 + 4(27) 0.0- + (22) 02
(5.36)

0. —5(24) 0, — 10 (22) 6.5 + 30 (22)7 8. — 50,40, — 6 (22) 5,20, + 0,205

Ei=—

Bs=—

(r°)
(5.37)

The calculations of £{ny, ..., n;} involve an average over events of products of
0’s. Two-point averages are computed within the formalism of the independent
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source model as following:

(f9) = (f)la)

df0y) = :
(050g) N (5.38)
We use the following equations
(z"Z™) =0, n-m — odd, (5.39)
(z"2™) = (r""™cos ((n — m)¢)), n-m — even. (5.40)

With the equations (5.33)-(5.40) we are able now to get any cumulants
E{ni,...,n;}. In the following sections we use the notation

(r? cos 2¢)

R (5.41)

655_

which denotes the standard eccentricity.

5.5 Correlation ¢{2,2, —4}

In this section we present the calculations of the value event-plane correlation
c{2,2,—4} in the terms of the independent source model.

In order to calculate £{2, -2} we repeat the calculation as in [187]. We
apply the formulas (5.33), (5.38) and (5.40) and get the following equation:

<7“4> + 3¢? <7“4> + e, (1 cos 2¢)

{2, -2} =<+
12 -2p =< ()2 N

. (5.42)

In the similar way it can be obtained

£2,2,2,—2) = ZCE IR ) w16 §S§>ii3+2<r4 cos 1) + €2 (1)’ )
(5.43)

The expressions for the correlations £{4, —4}, £{4,—2, -2} are too large,
so we present their general form in the Appendix. Knowing the four correla-
tions £{2, -2}, £{2,2, -2, -2}, £{4, —4} and £{4, —2, —2} one can obtain the
expressions for ooy and Cooq which are also presented in the Appendix.

The average values (r"* cos (n — m)¢) presented in the terms of the expres-

sions for Ag9y and Cogy are calculated in the Gaussian model, PHOBOS Monte
Carlo Glauber model and MC-KLN model.
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5.5.1 Correlations for c{2,2,-4} in the Gaussian model

In this section we present the calculations of correlations £{nq, ng,...n;} with
the Gaussian model.

For the Gaussian model the density distribution is

1 _a?

plz,y) = Sr— S (5.44)
from where
(r*) = o + 0'5 : (5.45)
and the eccentricity reads as
o2 —o?
€5 = 02 - Og : (5.46)

Integration over p(x,y) gives following expressions for the correlations:

2+ 3el +eX(-5+ N)

2, =2} = 5.47
£{2, -2} = , (547
24
El4, 4} = ———— —— 5.48
6c1(6 + &2)
4, -2 -2} = s~ S/ 5.49
2(8 +10e 4+ e2(—18 + N
£{2,2,-2, -2} = (84 58%}53( ). (5.50)
Thus, the expression for Aoy reads
€52 (8+10e44¢42(—184+N))
N
)\224 = (551)
1
2v/6 TN

And the expression for Cyoy is following:

55;1 6 + sg
Cooy = VZ ( ) : (5.52)

2 2(8+10ei+e2(—184+N
(2 + 82) \/E ( (2€+€;2(N2 ))N

Note, that Gaussian model is given only for the demonstration and we
do not use this model in our following calculations. In order to calculate
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(r"*t™ cos (n — m)¢) we use PHOBOS MC-Glauber and MC-KLN models of
initial state in the following sections.

5.5.2 Calculations of a4/b, parameter with MC-Glauber and MC-
KLN models

After we have got the values of the correlations defined in the section 5.3, we
need to calculate the parameter a,/by. For this goal we combine experimental
data on measured correlations with the calculations of these correlations from
independent source model which were in previous sections.

In this method the experimental data on ¢{2,2, —4}(Npe) can be fit with
the function (5.23) and use the a4/by as a parameter.

We represent the fit function in the following way

(ba/as)Looa

Npar 5.53
V1+ (b4/a4)2L§24( por) (5:53)
or in general case
(ba/as)Lags + Cao4 (Noor) (5.54)
art) s .
V1 + (ba/as)? L3y, + 2(bs/as) L22sCons !
where _—
EsE*
Logy = i by ) : (5.55)
(ba/as) (E,E%)

The behavior of the hydrodynamic response coefficients a4 and by can be
expressed as a function of the size of the system R = /(r?). Thus, from the
eq. (1.40) the hydrodynamic response coefficients decreases as o< 1/R [195] due
to the viscous correction. This viscous correction is found to be more important
for the linear response a4. Thus, the ratio of nonlinear to linear response can
be written in the following way:

(bafas) = — .
(1)

In the egs. (5.53) and (5.54) the parameters (by/ay), Logs and Cooy are in
fact functions of N4 In order to make a fit of the experimental data with
one of the functions (5.53) or (5.54), one needs to find a form for the functions
Loos(Npart) and Cozg(Npart). We do this by the fit of the numerical points got

(5.56)
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Figure 5.2: Comparison of experimental data of ¢{2,2, —4} (blue circles) with the fit made
with MC-Glauber (yellow diamonds) and MC-KLN models (purple squares) with the help of
independent source model calculations.

from MC-Glauber or MC-KLN models with the polynomial functions. The
value /(r?) in (5.56) is also dependent on N4 and is fitted as well with a
polynomial function. These functions then can be used in the fit models (5.53)
or (5.54). The fit functions have only two parameters ay and 4. The resulting
fit is shown in fig. 5.2.

The parameters ay and (4 extracted from the fit allow us to construct the
function for the as/bs(Npert). The resulting values are shown in fig. 5.3. In
this figure we can see that the values of ay4/by are different for MC-Glauber and
MC-KLN models. These models give different prediction for (E3E3?), thus the
MC-KLN gives higher values, so the value of a4/by is also higher.

The extracted values of ay/by for the CGC model are of the same order
of magnitude as the values obtained from the hydrodynamic calculations by

Teaney and Yan [196].

5.6 Correlations for ¢{2,3, —5} in the Gaussian model

In this section we present similar calculations for the measure 3-event plane
correlation ¢{2,3, —5}.

The general formulas calculated within the independent source model for-
malism are presented in the Appendix.
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Figure 5.3: a4/by extracted from the fit, for MC Glauber (yellow diamonds) and MC-KLN
models (purple squares).

Here we present the expressions for cumulants in the Gaussian model. The
expressions which we get within this model demonstrate the usefulness of the
cumulant formalism, thus one gets £{2,3, -5} = 0.

£{5, -5} = (5855]2[) , (5.57)

7,2 3
£43, -3} = (<?~§>2>N) | (5.58)
£{2,3,-2, -3} = fi;—f]@ (5.59)
£12,3,—5} =0, (5.60)

slr)®

A2sp = 2\/_<T3> Z5 , (5.61)
Cazs = 0. (5.62)

where g, and (r?) are defined by eqs. (5.45) and (5.46).
In the following sections these values are calculated within PHOBOS MC-
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Glauber model.

5.6.1 Calculation of a5/b; parameter with MC-Glauber model

In this section we do the same fit procedure as for ay/by parameter. Thus, we

S K
NN
= =

<coS(205+3P3—505)>
S O O O

=

0 100 200 300 400
I\Ipart

Figure 5.4: Comparison of experimental data of ¢{2,3, =5} (blue circles) with the fit made
with MC-Glauber (yellow diamonds) with the help of independent source model calculations.
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Figure 5.5: a5/bs extracted from the fit with MC-Glauber model.
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choose the fit function in the following way:

(bs/as) Lass
\/1 + (b5/a5)2L§35

(Npart) , (5.63)

or in general case

(bs/as)Lass + Cass
V1 + (bs/as)?L3s; + 2(bs/as) LagsCass

where we denote

(Npart) ) <564>

[ Aags V(E2EsEEY)
235 = = :
(bs/as) (EsE%)

The resulting fit is shown in fig. 5.4.

As in the case with a4 and by, we assume the following dependence on the
size of the system for the coefficients a5 and bs:

(bsas) = —22 .
()

The extracted function of as/bs(Nprt) is presented in fig. 5.5. These values
are in a good agreement with the hydrodynamic predictions by Teaney and
Yan [196].

(5.65)

(5.66)

5.6.2 Verification of the independent source model.
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Figure 5.6: €41/ Npart(Npart), €51/ Npart (Npart) and Es+/ Npart(Npare) with MC-Glauber model

One of the main statements of the independent source model is that all
the cumulants are o L In order to check this statement we compute

vV Npart .
Earv/ Npart (Npart)s €5/ Npart (Npart) and Es+/ Npart(Npare). In this calculations

we used PHOBOS MC-Glauber model as the initial state model for the cumu-
lants. The resulting functions are presented in figs. 5.6.
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We expect these values to be close to a constant. In these figures we see
that these values are approximately constant in the low centrality range, so the
independent source model is considered reliable.

5.7 Predictions for the 4-particle correlation ¢{2, —3, —4,5}.

In this section we propose a prediction for the possible future measurement of
4-particle correlation c{2, —3, —4,5} = (cos (209 — 303 — 4P, + 5P5)).
We assume that

{2,2, —4Ye{2,3, =5}/ (B,)?

c{2,—-3,—4,5} = D)

(5.67)
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Figure 5.7: Prediction of (cos (2®5 — 3®5 — 4®, + 5P5)) with MC-Glauber model.
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Figure 5.8: Prediction of (cos (2@y — 3®5 — 4Py + 5P;5)) (Npert) from the AMPT model, from
[20] (blue squares: calculations made with SP method, green circles: calculations made with
EP method)
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Here ¢{2,2,—4} and ¢{2,3,—5} are 2-particle and 3-particle correlations

measured by ATLAS and the values of 1/ (E,)* and (E3) can be calculated
within some model of initial state. As the model of initial state here we choose
PHOBOS MC-Glauber model. The resulting prediction is shown in fig. 5.7.

These predictions are consistent with the predictions made within AMPT
model [20] with the SP method, see fig. 5.8.
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Conclusions

In this thesis we were studying the physics of anisotropic flow in heavy-ion col-
lisions. Anisotropic flow characterizes the collective expansion as the response
to the fluctuating initial state. A relativistic hydrodynamics is used in order
to describe the evolution of the fluid created in the heavy-ion collision. Dur-
ing its evolution the fluid turns into independently emitted outgoing particles.
The azimuthal distribution of produced particles is characterized by a Fourier
distribution with the flow coefficients v,,

dN N -
Friabe <1 +2) vy cosn(p— \Ifn)> : (6.68)

n=1

where W,, are the reference angles of harmonics n.

In the first chapter of this thesis we gave a general introduction which
includes a historical review on the heavy-ion physics and recent theoretical and
experimental approaches.

In the second chapter we present the first measurements of the Fourier
coefficient vy, called directed flow. For this goal we used the data on two-
particle correlations V, o from ALICE collaboration. These correlations can be
represented as the product of two single-particle flow coefficients

Via = vl | (6.69)

where a and b are two particles. It turns out that for the case n = 1 this
factorization does not work and one needs to take into account an additional
term due to the momentum conservation. Thus the two-particle correlation

reads
a

Via = vfv] — kp{p | (6.70)

where k is the momentum conservation coefficient.

In order to extract v; we fit the experimental data VA which represent a
N x N matrix by the right side of the equation (6.70) with N+1 parameters: N
parameters v; and one parameter k, where N is the number of p; bins. The val-
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ues of vy extracted as the parameter of the fit, thus were the first measurements
of rapidity-even directed flow at the LHC. Later these results were confirmed

by the ATLAS collaboration.

In the third chapter we present the first viscous hydrodynamic calculations
of the directed flow v;. For this goal we use 241D viscous hydrodynamic model
with the optical Glauber model for the initial state. As far as the initial profile
of the optical Glauber model is symmetric and smooth it had to be deformed
in order to create the dipole asymmetry which causes the directed flow. With
the viscous hydrodynamic calculations we have found that v; has a weaker
dependence on viscosity than vo and v3. In this chapter we also present the
predictions of the directed flow at RHIC. These results were later confirmed by
the measurements at RHIC.

In the fourth chapter we focus on the initial state models. The initial
conditions are poorly constrained, so there is a number of models of initial state.
We propose two ways to constrain the models of initial state by using anisotropic
flow data. In the first part of this chapter we constrain the models of initial
state by using v; flow data. Directed flow vy is found with a good approximation
to be proportional to the initial dipole symmetry ;. The following equation

oEHO = (UL tune. (6.71)

can be written:

In order to fit the left part of the equation which represents experimental data
extracted in Chapter 2, with the right part of the equation, one can tune the

value "¢ (%)h are the values calculated from hydrodynamics as shown in

Chapter 3. By tuning the coefficient %" one can fit the experimental values

at low p; and at high p;. The corresponding values of /"¢ are considered as
upper and lower bounds on the actual values of ;. Calculating the values of
g1 with different Monte Carlo models of initial state one can compare them
with the allowed region and thus exclude or constrain these models. The fact
that vy is weakly dependent on viscosity allows us to put a constrain on some
models of initial state, because the created band is rather narrow. However,
the constraints provided by this method are not strong enough. In the second
part of the chapter we propose more strong constraints on the models of initial
state by using v, and v3 data. In this method we perform a combined analysis
of vy and w3 using viscous hydrodynamics. Elliptic and triangular flow are
proportional to the elliptic and triangular asymmetry respectively, which reads
as v, = K&y, n = 2,3, where & is the linear response in harmonic n. Combining
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experimental values with hydrodynamic calculations we extract the values e
and €3 in the following way

Vi = YA (6.72)
Kn

where ((v,)?) is the measured rms value of integrated flow, average is taken
over collision events. The coefficient r, = (vn/€n)p,4,, 15 calculated in hydro-
dynamics. This way we are able to extract the rms values of €,,. By varying free
parameters in the hydrodynamic calculations, we have obtained range of €9 and
e3 values. These values placed in the (rms 9, rms €3) plane create a band of
allowed values. After calculating the values of rms €9 and rms €3 in the models
of initial state, we put them on the (rms e, rms e3) plane and constrain models
of initial state. This method could be used as a test by any group which has a
Monte Carlo model.

The fifth chapter, prospects for initial state studies were given. In this
chapter, we perform calculations of event-plane correlations recently measured
by the ATLAS collaboration. In order to study these correlations one needs a
model for the initial state and a model for the hydrodynamic response. In our
study we used the independent source model proposed by Ollitrault, Luzum
and Bhalerao and the cumulant approach proposed by Teaney and Yan. In
the cumulant approach the medium response is represented as a sum of linear
and non-linear order responses. We analyze two correlations, ¢{2,2 — 4} =
(cos 4(Py—Dy)) and {2, 3, =5} = (cos(2P9+3P3—5P5)). The method provides
the ratio of linear over non-linear response. The values are in agreement with
the predictions from hydrodynamics. In this chapter we also propose a simple
method for a prediction of the possible future measurement of the 4-particle
correlation {2, —3, —4,5} = (cos(2Py — 303 — 4P, + 5P5)), the predicted
values are similar to the predictions made with the AMPT model.

In this thesis, we have performed a full analysis of the first five harmonics v,
n < 6. This analysis allowed us to put constraints on the initial state models.
The future of the studies of the initial state is connected with the analysis of
event-plane correlations. We hope that these studies could shed light on initial
fluctuations and the hydrodynamic expansion.
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Cumulants calculations

Cumulants for ¢{2,2, —4} correlation

Here we present the general formulas for cumulants, calculated within the cumu-
lan expantion formalism and within the independent source model. The values
presented here and used in the Chapter 5. Later they are calculated within
Gauss, MC-Glauber and MC-KLN models.

The following expressions are calculated with the formulas for cumulants
within the independent source model formalism:
. —0.)%(z - 6- 025 — 2(22) 0, — (22) 05
gt = g — AEZEPE 0 Qe m 2000 2 ()0
{r’} (r?)
2 2
2i® (2%) + 0.2 — 67
2 — Fl,— — A.74
£ T (22) + 0. — 6.0: (A74)
523 -3 <2’2> 52 — 352252
(r?) ’
(%) 4 6.0 — 3(22)° — 6 (22) 0.2 — 302 + 12(22) 62 — 40,6,
(2222) + 8,250 — 20,2505 + (22) 62 — 20,525, + 4 (22) 0,05 + (22) 62
(A.76)
8. —5(24) 0. — 10(22) 6.5 + 30 (22)7 6. — 50,40, — 6 (22) 5,20, + 0,205

(r?) ’
(A.77)

5363@3 = E3 = — <A75>

£,64% — B, — —

5565@5 = E5 = —

where

or ={f} = {f) (A.78)
for the event-by-event fluctuations, and {...} denotes an average over the trans-
verse plane in a single event:

_ ff(xa?J)E(SC,y)dxdy
{f(z,y)} = Telry)dndy (A.79)
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We use complex coordinates z = x + iy and zZ = x — iy. We replace re® by
2z — 0z in order to take into account the recentering correction.

Two-point averages are computed as following:

15y = U2 =010 k0

We use the following equations:

{z”2m> =0,n—m — odd (A.81)

(z"z™) = (r""™cos ((n — m)@)) ,n —m — even, (A.82

~—

Thus, we get following equations

<7’4> + 3¢2 <7’4> + 4eg <7° cos 2qb>

—2 —5
&{2, -2} + DTN

(A.83)

e2(2(2 + 5e2) (r*) + 162, (r'cos2¢) + 2 (r* cos 4¢) + & <7“2>2 N)

£{2,2,-2, -2} = TN
(A.84)

1 6 /.2\6/ 4 N2/ 4 2
T ) =60 e
8 <7“2>2 <7“4> (—383 <7“2>2 + <r4 Ccos 4(b>) + 72¢3 <7“2>3 <7“4> <7"6 cos2¢) +

12¢, (%) (") ((r") = 2(r" cos 49)) (1" cos 2¢)) +

()" (%) + 3 (r* cosde)” (1) +
et () (=9 ()" + 24 () (r cos o) + 27 (1))

4 (rd) <fr cos 4¢> <r cos 4¢> +
2¢* <r2>2 (18 <r4>3 +9 <r4> <7" cos 4¢> —2 < 4> <7" cos 4¢>
9< cos4gb> <7“ > + 6< 4> <r cos4¢2>

<7“4>2 (—35? <7’2>2 + <r4 COS 4gb>> N)

(A.85)

{4, 4} =
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1 6 /.2\6/ 4 AN\2 / 4 2
2y (r4>3N( 6ey (r*) (r*)y — (r*)" (r*cos4¢’) +
125§ <r2>2 <r4> (2 <7“4> <7“4 cos 2</>> + <r2> <7“6 cos 2gb>) —
2e <7“4> (2 <7“4> <7°4 cos 2q§> <7“4 cos 4¢> — <7“2> <7“4> <7“6 coS 2¢> +
(r*) (r* cos4¢) (r® cos 2¢))+
e2(4 <7’2> <7’4> <7’ cos 4¢> 3 <7’4>3 <7’4 cos 4¢> +
2< > <7" > <7" COS 4¢> <7“ > + <7’4> <r6 COS 4gb>)+
(r)* (12(r")" = (r*cos49) (1*) + (") (1* cos 49) —
<7“4> <7“ cos4gb> —6+ N)))+
et () (=12() (1) + 9. () 16 () () (%) +
<7°2>2 (2 <7°4> <7’4 cos 4¢> +3 <T8> +3 <7’4>2 N)))

£{2,2,—4} =

Denoting Ag9s and Cygy in the following way
b\ VAEZES?)
Aoy = | — | —F/——===,
a4 <E4EI>
224 = <E4E2>
VI(ELE}) (E3E?)

(A.86)

(A.87)

(A.88)



92

one gets the value of A\ggy:
b4
ooy = (a_4) (V(£2(2(2 + 5?) {r*)y 4 16, (r* cos 2¢) + 2 (r* cos 4¢) +
2 () M)/ ()" NIV /(Y N) (3628 (r2)° () —
8 <7°2>2 <7°4> <7’4 COS 4¢>2 —6 <7“4>2 <7°4 coS 4¢>2 +
72¢? <7’2>3 <r4> <7“6 Ccos 2¢> +
12e, (r2) (r*) ((r*) = 2 (r* cos 4¢)) (r® cos 2 + (r*)” (r®) +
3 <r4 cOS 4¢>2 <r8> —4 <r4> <7"4 COS 4gb> <7“8 cos 4¢> +
2¢2 <7“2>2 (18 <7“4>3 — 9 (r*cosdg) (r®) +
<7“4> (24 <7“2>2 <7“4 cosdg) — 2 <7“4 cOs 4¢>2 +6 <7“8 cosdg))—
3 <7’4>2 {r* cos 4¢) (=34 N))+
3¢ <fr2>4 (—24 <7’2>2 <7’4> +38 <7“4> <7,4 cosdg) + 9 <r8> +

3(rY (=1 + N)) + () (r* cos 4¢)° N)))
(A.89)
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and the value of Cooy

Cooy = (—66§ <r2>6 <r4> — <7“4>2 <r4 COS 4gb>2 +
12¢? <7“2>2 (r*y (2(r*) (r*cos2¢) + (r*) (r’ cos 2¢))—
2¢e5 <7“4> (2 <7’4> <7“4 coS 2gb> <r4 cos 4¢> — <7“2> <7“4> <7“6 coS 2¢> +
(r*) {r* cos 4¢) (r® cos 2¢))+
(4 <7“2>4 {(r*)y {r*cosdg) — 3 <r4>3 (r'cosde¢) +
2 (r?) <7"4> (— <r4 cos4e) (r') + <7“4> (r’cos4¢))+
(r)" (12(r)” = (r* cos 49) (r*) + (") (1* cos 49) -
<7“4> <7“ cos4qb> —6+ N)))+
et () (=12(?) () + 9 () 6 () () <7“6> +
<r2>2 (2 <r4> <7“ cos 4qb> +3 < > +3 <7’4>2 N))
(<r2>2 <r4>3N\ﬂ—1/ ((r > (r* > 2(2 + 5e? <r4>+
16¢5 <7° cOS 2gz5> + 2 <7“ cos 4¢> +
g2 <7“2>2 N)(36<° <7“2>6 <7“4> +38 <7“2>2 <7“4> <7“4 COS 4gb2> +
6 <7"4>2 <7°4 COS 4q§>2 — 725§ <7“2>3 <7°4> <7“6 CcOS 2¢> —
12¢ <7’2> <7“4> (<r4> —2 <r4 cos4¢)) <r6 cos2¢) — <7’4>2 <7’8> —
3 <r4 coS 4¢>2 <7“8> +4 <7’4> <r4 coS 4gb> <7’8 oS 4¢> —
22 (r2)? (18 (') — 9 (r* cos dg) (™) +
<7"4> (24 <r2>2 <r4 cos 4¢> -2 <r coS 4gb> +6 <7" cOS 4gb>
3(r > <7“ cosdg) (=3 + N))+
3t ()" (24 () () = 8 (1) (1 cos 4¢p) —
9(r®) —3 <7“4>2 (-1+N)) — <7’4>2 {r* cos 4¢>2 N)))

Cumulants for ¢{2,3, —5} correlation

(A.90)

Here we perform the calculations of cumulants which we need in order to cal-

culate ¢{2,3, —5} correlations.
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(90t <r2>4) (60e3 <r2>2 <7“2>2 (rtcos2¢)) B (15€2 <r2>2 (rtcos4¢)) B

R (7 T B I (TN oy (RISH
(5es (1 cos 2¢) (r* cos 4¢)) N (102 (r?) (%)) N (3e2 (r?) (rPcos4¢)) N (g5 (r® cos 2¢))
((r?) (r°) N) ((r?) (r°) N) ((r?) (r°) N) ((r?) (r°) N)
(A91)
< 10> (900e? <T2>5) (600e? <7’2>3 <7’4 cos 2gz§>)
E -5l = _
OGN T ey T @
(300&2 <r2> (r*cos4¢) (100, (r?) (r* cos 2¢) (r* cos 4¢))
((r)* N) ((r%)* N)
25 < ><7“ Cos4gb>2) + (100&2 <7“2>2< 6> N (602 <7“2>2 <7“6 cos4¢>)_
((r)* N) ((r)* N) ((r)* N)
(10 (r* cos 4¢) (r® cos 4¢)) ( g5 (%) (r® cos 2¢) (4.92)
((r)* N) ((r)* N)
c(3,-3) = (92 <7“2>3 + 6e5 <fr2>2<r4 cos2¢) + (r°%)) (A.93)
((r?)" N)
(2,39, 3) = e2(9e2 (r?)" + 6e, <7’22> (rtcosdep) + (r')) (A.94)
(r3)* N
We denote:
(b V(B2 B3B3 Ey)
Aogs = (%) (E5E§> : (A.95)

Cozs =
V(EsEz) <E2E ) (E3E3)
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Thus, we have:
bs 20022 /..2\° 2 4 6
Aozs = (a_5> \ﬂ(es(%s <r > + 6 <r > <7’ cos 2gz§> -+ <7’ >))/
((r%)° N/ (Y 1/ () N () +
5(180e (r2)” + 12063 (r2)* (1 cos 2¢) +
(r*cosde) (5(r?) {r*cosdg) — 2 (r’cosd¢))+
4e? <r2>2 (—15 <7“2> <7“4 cosd¢) +5 <7“6> +3 <7"6 cos4g))+
des (1) (=5 (r* cos 2¢) (r* cos4¢) + (r® cos 2¢))))) (A.97)

Cazs = (£4(90e? <7“2>4 + 60¢? <r2>2 <7“4 cos2¢) — 5 <7’4 cos2¢) <7°4 cos 4¢> +

es (r?) (=15 (r*) (r* cos4¢) + 10 (r°) + 3 (r® cos 4¢))+

(r®cos2¢)))/((r*) (r*) \/(1/(<7"3>2 <r5>2 N?)e?(9e2 <r2>3 + 6c5 (r?) (r' cos2¢) +

O ((r'”) + 5(180¢; <7“2>5 +120¢? <r2>3 {(r*cos2¢) + (r*cosde) (5 (r*) (r* cosd¢) —
2 <7“6 COS 4gb>) + 4¢? <7“2>2 (—15 <7“2> <7“4 CoS 4¢> +5 <7“6> +3 <7"6 COS 4(b>)—|—

ey (r*) (=5 (r* cos 2¢) (r* cos4¢) + (r®cos 2¢)))))N) (A.98)
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We analyze published data from the ALICE Collaboration in order to obtain the first extraction of the
recently proposed rapidity-even directed flow observable v;. An accounting of the correlation due to the
conservation of transverse momentum restores the factorization seen by ALICE in all other Fourier
harmonics and thus indicates that the remaining correlation gives a reliable measurement of directed flow.
We then carry out the first viscous hydrodynamic calculation of directed flow, and show that it is less
sensitive to viscosity than higher harmonics. This allows for a direct extraction of the dipole asymmetry
of the initial state, providing a strict constraint on the nonequilibrium dynamics of the early-time system.
A prediction is then made for v; in Au-Au collisions at RHIC.

DOI: 10.1103/PhysRevLett.108.252302

Introduction.—Azimuthal correlations between particles
emitted in heavy-ion collisions are a useful observable to
probe the behavior of these systems [1]. Specifically, one
measures the Fourier coefficient [2]

V,.a = {cosnA ), (1)

where A ¢ is the relative azimuthal angle between a pair of
particles, and (- --) denotes an average over pairs and
collisions. The long-range part of this correlation (defined
by a rapidity gap between the pair) is mostly generated by
collective, anisotropic flow of the strongly coupled matter
created in the collision [3].

The most studied Fourier component is V,, [4-6], cor-
responding to elliptic flow [7]. Recently it was realized that
event-by-event fluctuations [2] generate a whole series of
harmonics. This has triggered detailed analyses of V,,, for
n = 3-6 [8-13].

Neglected in these analyses is the first Fourier harmonic
Via. The observed Vi, is smaller than V,, and V3, [3,10],
and receives a sizable contribution from global momentum
conservation [14,15], which makes its interpretation less
straightforward. Fluctuations are expected to create a di-
pole asymmetry in the system [16], resulting in a specific
directed flow pattern, with high transverse momentum
particles flowing in the direction of the steepest gradient
and low pr particles flowing in the opposite direction.
Hints of this directed flow have been extracted from pub-
lished V5 data at the Relativistic Heavy-lon Collider
(RHIC) by two of the authors [17], and its magnitude
and pr-dependence were shown to be in agreement with
ideal hydrodynamic calculations [18]. Note that this quan-
tity is distinct from the directed flow observable that has
been obtained in the past from measurements employing a
rapidity-odd projection [19]. That rapidity-odd v, gives a
negligible contribution to V;, near midrapidity and repre-
sents different physics [20].

0031-9007/12/108(25)/252302(5)
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In this Letter, we show that data on V;, obtained by
ALICE [10] can be explained by the superposition of two
effects: global momentum conservation and directed flow.
This allows for the first reliable measurement of directed
flow at midrapidity. We then carry out the first viscous
hydrodynamic calculation of directed flow, and show that
these data can be used to constrain the initial dipole asym-
metry of the system for each centrality, putting strong
constraints on models of initial conditions.

Directed flow from dihadron correlations.—The stan-
dard picture of heavy-ion collisions is that an approxi-
mately thermalized fluid is created, which eventually
breaks up into particles. Particles are emitted indepen-
dently in each event, with an azimuthal distribution that
fluctuates from event to event. This yields a two-particle
correlation which factorizes into the product of two single-
particle distributions [21]:

Vura (Pl pF) = v (pP)v,(ph), (2)

where the superscripts ¢ and a refer to trigger and associ-
ated particles that can be taken from different bins in
transverse momentum, and v, (py) is the anisotropic flow
coefficient. Note that it is possible for the event-averaged
correlation to not factorize even if independent emission
holds in each event [21], and it is also possible for intrinsic
(“‘nonflow’”) pair correlations to factorize [22]. However,
flow is currently the only known mechanism that produces
a factorized correlation in the range of transverse momen-
tum studied here (the bulk of particles). This factorization
has been tested in Pb-Pb collisions at the Large Hadron
Collider (LHC) [10,12]: this is done by fitting the left-hand
side of Eq. (2), which is a N X N symmetric matrix for
N bins in py, with the right-hand side of Eq. (2), using the
N values of v,(pr) as fit parameters. The ALICE
Collaboration has shown that, while the data do factorize
for n > 1, this factorization breaks down for n = 1 [10].
This is not surprising since there is expected to be an

© 2012 American Physical Society
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additional long-range correlation induced by momentum
conservation that only affects the first harmonic [14]. The
constraint that all transverse momenta add up to 0 yields a
back-to-back correlation between pairs, which increases
linearly with the transverse momenta of both particles.
This correlation adds to the correlation from flow:

Via(pp ) = vi(ppvi(pg) — kppps. (3)

(Note that the nonflow correlation also factorizes in this
particular case [22], but the sum does not.) Table I com-
pares the quality of the fit to V|, using Egs. (2) or (3).
Adding one single fit parameter k tremendously increases
the quality of the fit for all centrality windows. We have
checked that the values of the fit parameters depend little
on the py window. However, the quality of the fit decreases
as higher py particles are included, as observed for other
harmonics [10]. Nevertheless, we include the entire range
of values as a systematic uncertainty in Table I, varying the
lower py cutoff between 0.25 and 0.75 GeV, and the upper
cutoff between 2.5 and 15.0 GeV. Similarly, we use this
procedure to estimate a systematic uncertainty in v; (see
Fig. 2 below).

Next, we check whether the value of k from the fit is
compatible with the value expected from momentum con-
servation. Assuming for simplicity that momentum con-
servation is the only source of correlation, one obtains [14]
k = (3 p2)~!, where the sum runs over all particles emit-
ted in one event, and the angular brackets denote an
average over events in the centrality class. Since experi-
ments measure only charged particles in a restricted phase-
space window, only a rough estimate of this quantity can be
made, by extrapolating from existing data. We have used
the preliminary identified particle p; spectra from ALICE
at midrapidity [23], and extrapolated them outside the py
acceptance of the detector using Levy fits [24]. In order to
extrapolate to all rapidities, we have assumed for simplic-
ity that the p7 spectra are independent of rapidity, and we
have used the total charged multiplicity estimated by the
ALICE Collaboration [25]. Neutral particles were taken
into account assuming isospin symmetry, and the contri-
bution of particles heavier than nucleons was neglected.

The resulting estimate is shown in the last column of
Table I. The fit result in general has the correct size and

TABLE 1. From left to right: > per degree of freedom of the
fit to the ALICE V,, [10] (restricted to py <4 GeV/c) using
Eq. (2), and using Eq. (3); value of k from the fit; estimated value
of k from momentum conservation in units of 107(GeV/c) 2.

Centrality x2, Eq. 2) x2 Eq. (3) k [1075 GeV 2] (3 p2)~!

0%-10% 6 2.0 2501 6.1
10%-20% 16 1.7 4.7+43 8.8
20%-30% 45 2.1 102721 13
30%-40% 75 2.2 20.6%32 21
40%-50% 126 2.4 41.5%47 35

increases with percent centrality, as expected. The central-
ity dependence is steeper than expected from our rough
estimate, however—the fit value is larger than the esti-
mated value for the most peripheral bin, while it is sig-
nificantly smaller for central collisions. We cannot explain
this, but overall the agreement is reasonable, and a dis-
crepancy in k of this size has a very small effect on the
extracted directed flow; the extracted directed flow curves
with k fixed to the estimated values were also included in
the systematic error band in v, but only have a small effect
on the two most central bins.

It has been suggested that the correlation from momen-
tum conservation could be larger than our estimate because
of approximate conservation of transverse momentum
within smaller subsystems of the entire collision sys-
tem—specifically rapidity slices of roughly unit extent
[26,27]. However, we see no evidence here for such an
enhancement.

Thus, by taking into account the only obvious nonflow
correlation, the factorization seen in higher harmonics is
restored, and we can take the resulting v, (p;) as a reliable
measurement of directed flow v; (presented in Fig. 2
below).

Results of hydrodynamic calculations.—Relativistic vis-
cous hydrodynamics has been shown to successfully re-
produce v, for n = 2, 3, 4 [28]. Here, we present the first
viscous hydrodynamic calculation for directed flow, v;. In
hydrodynamics, v; and the corresponding event-plane
angle ¥, are defined by v, eVt = (¢’#), where angular
brackets denote an average over the momentum distribu-
tion at freeze-out [29]. A collision of identical nuclei at
midrapidity has ¢ — ¢ + 7 symmetry except for fluctua-
tions; hence, v; at midrapidity is solely due to event-by-
event fluctuations in the initial state.

In event-by-event ideal hydrodynamic calculations, v,
was found [18] to be approximately proportional to the
dipole asymmetry of the system &; defined as [16]

(et}
& = % )

where {---} denotes an average value over the initial
energy density after recentering the coordinate system
({ret} = 0).

Here, in order to make a systematic study, we use a
smooth, symmetric density profile which we deform to
introduce a dipole asymmetry of the desired size and
orientation. Specifically, our calculation is a 2 + 1 dimen-
sional viscous hydrodynamic calculation which uses as
initial condition the transverse energy density (e(r, ¢@))
profile from an optical Glauber model [30], which is
deformed in a way analogous to the previous study of v;
and higher harmonics in Ref. [31]:

e(r, p) — e(r\/l + dcos(dp — D)), @), 5)

252302-2
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where 0 is a small parameter. Both v; and &, are propor-
tional to 6 for 6 << 1. For noncentral collisions, v, de-
pends mildly on the orientation of the dipole asymmetry
@, with respect to the impact parameter. Our results are
averaged over @,.

Figure 1 presents the ratio v;/e; as a function of the
transverse momentum py for central collisions. Unlike
higher-order harmonics, which are usually positive for all
pr, v changes sign. The reason is that the net transverse
momentum of the system is zero by construction, which
implies {pyv;(pr)) = 0: low-py particles tend to flow in
the direction opposite to high-p particles.

The harmonics v, tend to probe smaller length scales
with increasing n, and as a result are expected to have an
increasing sensitivity to viscosity. Our results show that,
indeed, v is less sensitive to viscosity than v, [32] and
higher harmonics [28,31]. This insensitivity to viscosity
combined with the approximate proportionality v; = g;
provides a unique opportunity to place a direct constraint
on the dipole asymmetry of the early-time system.

In arealistic Pb-Pb collision, &, varies from event to event.
The contribution of directed flow to V;, scales like &7.
Therefore the experimentally measured v, scales like the
root-mean-square (rms) value of &; in the centrality bin. As
we shall see below, there is a wide range of predictions for
this quantity. With these new data we can now quickly
discern which are compatible with experiment by identifying
an allowed range of values for the rms dipole asymmetry.

Figure 2 displays v; versus pr extracted from ALICE
correlation data using Eq. (3). The magnitude and py
dependence of v, are similar at LHC and at RHIC [17],
and the mild centrality dependence, reminiscent of wvj
[8,9], is expected since both are generated purely from
fluctuations in the initial state.

The pr dependence of v; in LHC data bears a striking
resemblance to that predicted by hydrodynamics (Fig. 1). Ina
given centrality window and for a given value of the viscosity,
one can tune the value of the dipole asymmetry &, in the
hydrodynamic calculation so as to obtain reasonable

0.0 0.5 1.0 1.5 2.0 2.5 3.0
pr [GeV/c]

FIG. 1 (color online). Directed flow v;, scaled by the initial
dipole asymmetry &, in a central Pb-Pb collision at 2.76 TeV, for
different values of the shear viscosity to entropy ratio n/s.

agreement with data. If one chooses to match data at the
lowest pr, calculation overpredicts data at high p;.
Conversely, if one matches data at high p, calculation under-
predicts data at low p;. The corresponding values of € can
be considered upper and lower bounds on the actual value.

The values of 1/s (the ratio of shear viscosity to entropy
density) implied by comparisons of elliptic flow data to
hydrodynamic calculations all lie in the range 0 < /s <
0.24 [30,33,34]. Assuming that n/s lies in this range, we
can extract an allowed range for the dipole asymmetry,
using the extremal values of n/s and &, that still give a
reasonable fit to data (the extremal curves used are shown
in Fig. 2).

Figure 3 displays the allowed values of €, as a function
of centrality, together with the rms & from various Monte
Carlo models of initial conditions. The allowed range
assuming 0.08 < 5/s < 0.16, representing the most com-
mon values extracted from v, data, are also shown in a
darker band, to illustrate the small effect of viscosity. Both
the order of magnitude and the centrality dependence of &,
from Monte Carlo models resemble the allowed values
from LHC data. However, there are significant differences
between the models. LHC data already exclude DIPSY
[35] above 10% centrality, and the Phobos Glauber model
[36] as well as a recent improved MCKT model with KNO
fluctuations [37] over the entire centrality range.

Note, however, that since hydrodynamics is expected to
be more reliable at low transverse momentum, the actual
value of g, is most likely to lie very close to our upper
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FIG. 2 (color online). wv,;(ps) in Pb-Pb collisions at 2.76 TeV
extracted from correlation data [10], in various centrality
windows. The shaded band represents the systematic uncertainty
from the choice of p; window used for the fit. The curves are
hydrodynamic calculations, where the value of &, has been
adjusted so as to match the data from above or below, that were
used to obtain the upper and lower bound, respectively, in Fig. 3.
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FIG. 3 (color online). Variation of &; with centrality. The
shaded bands indicate the allowed regions using ALICE data
in combination with viscous hydrodynamics, assuming either
0 < n/s <0.24 (lighter shade) or 0.08 < /s <0.16 (darker
shade). Also shown are the prediction of several Monte Carlo
models of initial conditions: DIPSY [35], MC-KLN (obtained from
MCKT V1.00) [38,39], MCKT V1.25 [37,39], and two different
implementations of the Glauber model utilizing pointlike nucle-
ons [36] or uniform disks [39]. The binary collision fraction for
both Glauber models was taken to be x = 0.18 [40].

bound. Thus it is possible that the two models with the
largest dipole asymmetry may only need a slight tuning to
achieve a correct value, while the value from the others
may in fact be too low. We prefer here to be conservative in
our claimed region of allowed values and leave it to future
study for more stringent conclusions.

Models such as those presented here do not in general
predict a significant change in dipole asymmetry with
collision energy. By extracting a best value of &; from
these LHC data combined with hydrodynamic calculations
of lower energy collisions, we can make predictions for
Au-Au collisions at RHIC assuming little change in the
average dipole asymmetry in a centrality bin. Since the
change of &; with collision energy predicted by each
current Monte Carlo model is much smaller than the range
spanned by the various models, this prediction is more
reliable than any obtained by assuming a particular model
for the initial conditions. These are presented in Fig. 4. The
value of £; at LHC is obtained by taking the best fit to the
experimental v, for p; < 1.5 GeV/c, which is the range
where hydrodynamics agrees best with data [29]. Our
calculations use 1/s = 0.16 both at LHC and at RHIC,
but the extrapolation from LHC to RHIC depends very
weakly on the assumed value of n/s [30].

These predictions are compatible with the attempted
extraction of v; [17] from a much more limited set of
correlation data at 20%—60% centrality released by the
STAR Collaboration, but a dedicated analysis by one of
the experimental collaborations at RHIC will allow for a
much more precise test, including centrality dependence.

Conclusions.—We have shown that the first Fourier
component of the two-particle azimuthal correlation
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FIG. 4 (color online). Viscous hydrodynamic prediction for v,
in Au-Au collisions at 200 GeV in various centrality windows.

measured at LHC, V;,, can be explained by collective
flow, much in the same way as higher harmonics, after
the correlation from momentum conservation is accounted
for. We have thus obtained the first measurement of di-
rected flow, vy, at midrapidity at the LHC. This experi-
mental result was compared with the first viscous
hydrodynamic calculation of directed flow. v; was found
to have a weaker dependence on viscosity than v, and v,
which allows for the first time a tight constraint to be
placed directly on the geometry and fluctuations of the
early-time system, and which rules out certain current
theoretical models. The extracted values of the dipole
asymmetry of the initial conditions then allow for predic-
tions to be made for directed flow at midrapidity in lower-
energy collisions at RHIC, which were presented.

For providing experimental data from the ALICE
Collaboration we would like to thank Andrew Adare and
Mateusz Ploskon. M.L. is supported by the European
Research Council under the Advanced Investigator Grant
No. ERC-AD-267258.
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We carry out a combined analysis of elliptic and triangular flow data using viscous relativistic hydrodynamics.
We show that these data allow us to put tight constraints on models of the early dynamics of a nucleus-nucleus
collision. Specifically, the rms values of the initial ellipticity ¢, and the initial triangularity &3 are constrained
to lie within a narrow band for each centrality. We use these constraints as a filter for existing Monte Carlo
models of initial state, and provide a simple test that can be performed on any candidate model to determine its

compatibility with data.

DOI: 10.1103/PhysRevC.89.014902

I. INTRODUCTION

Anisotropic flow [1] in heavy-ion collisions is understood
as the hydrodynamic response [2] of the strongly interacting
medium to a spatial anisotropy created in the early stages
of the collision. Elliptic flow, v, [3,4], originates from the
almond shape of the overlap area between the colliding
nuclei [5]. Similarly, triangular flow, vs, is generated by
fluctuations of the initial density profile which have a triangular
shape [6].

It has long been recognized that the extraction of transport
coefficients of the strongly-coupled quark-gluon plasma (in
particular, its viscosity over entropy density ratio n/s [7])
from elliptic flow data is hindered by the poor knowledge of the
initial geometry [8]. Specifically, different models of the initial
state, supplemented with viscous hydrodynamic evolution, can
be made compatible with experimental elliptic flow data at the
expense of tuning n/s. More recently, a large number of new
flow observables have been measured, which can add extra
nontrivial constraints. For example, it was noticed that, while
either elliptic flow or triangular flow data could be reasonably
fit individually by tuning the viscosity in a hydrodynamic
calculation, only some models of the initial state could be
made compatible with both. Thus, some models can actually
be ruled out [9,10].

The goal of this paper is to propose a systematic approach
for constraining models of initial conditions using anisotropic
flow data. Early work in this direction was done by the ALICE
Collaboration, which was able to place constraints on the
relative centrality dependence of the initial eccentricity for
very central collisions at the Large Hadron Collider (LHC),
without having to perform hydrodynamic calculations [11].
Here, by combining hydrodynamic simulations with data
from Au-Au collisions at ,/syy = 0.2 TeV [10] and Pb-
Pb collisions at ./syy = 2.76 TeV [11], we are able to
place strong constraints at all centralities. We then use these
constraints as a filter for existing models of initial conditions,
and we provide a simple test that can be applied to any future
model to quickly and easily determine whether it is compatible
with these data.

0556-2813/2014/89(1)/014902(7)
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II. METHODOLOGY

The observable we choose for this study is the inte-
grated [12] anisotropic flow v,, i.e., averaged over the
particle transverse momentum. The reason is twofold: First,
hydrodynamics is meant to describe the bulk features of
particle production, therefore its most robust predictions are
for bulk observables. Second, differential anisotropic flow
(i.e., its relative dependence on transverse momentum) does
not depend much on the initial state:' predictions of ideal
(nonviscous) hydrodynamics for the differential v, are to
some extent universal [9,15], while viscous corrections are
determined by the late stages of the collision [16,17]. Therefore
one does not lose essential information on the initial state by
considering only the integrated anisotropic flow.

We only use two out of the six Fourier harmonics which
have been measured [18], namely v, and v;. Again, the
reason is twofold: First, they are the largest harmonics
for all centralities, hence they are determined with better
accuracy. Second, in these two harmonics, the hydrodynamic
response to the initial state is dominated by simple linear
response [19]. Specifically, elliptic flow v, in hydrodynamics
is to a good approximation [20] proportional to the participant
ellipticity e, [21] and triangular flow is proportional [22] to
the participant triangularity €3 [6]. &, with n > 1 is generally
defined as [2,23]

|fr”ei"¢6(r,¢>)r dr d¢|
fr”e(r,¢)r drd¢p

where integration is over the transverse plane in polar
coordinates, and €(r,¢) denotes the energy density at z ~ 0.
The system is centered, so that f re'e(r,d)r drdg = 0.

ey

En =

"Except at high transverse momentum where a granular density
profile yields less anisotropic flow [13] than a smooth density profile.
This effect [14] could be used to study such additional features of
the initial state, but we will see that those features do not affect the
conclusions in this work.

©2014 American Physical Society
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Linear response is also a reasonable approximation for
v; [24], with a specific definition of the dipole asymmetry
&1 [2]. The constraints on the initial state from v; were studied
in a previous publication [25]. Higher order Fourier harmonics
of anisotropic flow (v4, vs, vg) have a more complicated
relation to initial-state properties because of large nonlinear
terms in the hydrodynamic response [15,26-28].

The linear-response approximation states

Upn
Uy = (_> En, (2)
&)

with n = 2,3, where v, on the left-hand side is the measured
flow in a given collision event. The first factor on the
right-hand side is the hydrodynamic response to the initial
anisotropy [2,9], which is assumed independent of the initial
profile for a given centrality, while the second factor depends
only on the initial state and encodes all information about
event-by-event fluctuations. Experimental data for moments
of the event-by-event v, and v3 distribution, combined with
hydrodynamical calculations of (vy/e;), and (v3/e3)y, thus
yield the values of the same moments of the initial anisotropies
&, and e3. Here, we use ALICE data inferred from two-particle
correlations [11] and PHENIX data which use an event-
plane method [10]. In practice, both methods yield the root-
mean-square (rms) value of the event-by-event distribution of
v, [29].% Equation (2) gives

V) = (2—) Vien? . (3)
h

n

Therefore the constraints we obtain on g, also relate to rms
values.

There are several sources of uncertainties in the hydrody-
namic response: once these uncertainties are taken into ac-
count, the predictions span some region in the (rms £3,rms &;)
plane. As we show in Sec. III, this region turns out to be a
narrow band. This puts strong constraints on existing models
of initial conditions, which are scrutinized in Sec. IV.

III. UNCERTAINTIES IN THE RESPONSE

Hydrodynamical modeling [32] consists of three stages. It
firstuses as input an initial condition for the energy-momentum
tensor of the system at an early stage of the collision, which is
provided by some model of the early dynamics. Second, one
evolves this initial condition through the equations of relativis-
tic hydrodynamics. Finally, the fluid is converted into hadrons.
Every step of this calculation comes with its own uncertainties.
Investigating sources of uncertainty [33] in hydrodynamic
modeling requires one to carry out a large number of numerical
calculations, and the computational effort of a state-of-the-art
calculation can become prohibitively expensive [34]. This cost
can be reduced by orders of magnitude at the expense of a few
simplifying assumptions. For each of the three stages, we now

2The event-plane method gives a result which coincides with the
rms value in the limit of low resolution [30], and the PHENIX analysis
has a low resolution [31].
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describe the simplifications which can be made, and identify
the leading source of uncertainty.

1. Initial conditions. Our calculation uses boost-invariant
initial conditions [35]. This amounts to neglecting the rapidity
dependence of correlations due to anisotropic flow, which is
known to be small at LHC energies [18,36] but may be larger
at the Relativistic Heavy Ion Collder (RHIC) [37]. In order to
compute the hydrodynamic response in the second harmonic,
(v2/&2)n, we parametrize the transverse density with an optical
Glauber model, with an impact parameter that corresponds
to the rms impact parameter of each bin in a Monte Carlo
Glauber calculation. The overall normalization is then set to
match the observed charged multiplicity [38,39]. In a centered
polar coordinate system (r,¢), the optical Glauber profile
has ¢ — ¢ + 7 symmetry for a symmetric collision, hence
&3 =v3 = 0. In order to compute the response vs/e3, we
introduce by hand a triangularity by deforming the optical
Glauber profile as follows [9]:

€r.g) = e(ry/1 + & cosB(@ — D)Lp). (@)

where sé is magnitude of the deformation, and &j3 its
orientation. The nonlinear coupling between v, and vs [27]
induces a small modulation of v; with ®;, whose relative
magnitude scales like (g7)* cos(6®3) (the reaction plane is
chosen along the x axis). We find this dependence to be 1% or
less in all cases: therefore we neglect it and choose &3 = 0 for
all calculations. We have also checked that the dependence of
the ratio (v3/e3);, on the values chosen for &} [9] is negligible.
This calculation uses the same values of €} as [9]. Note that re-
centering the distribution after deformation shifts the center by
adistance proportional to ,£3. This in turn results in a decrease
of &3 of relative order (g,). This recentering correction was
neglected in [9] and the hydrodynamic response was therefore
underestimated by up to 10% for peripheral collisions.

Within our linear-response approximation (2), the hy-
drodynamic response (v,/&,); is assumed independent of
the fine structure of the initial profile. Event-by-event ideal
hydrodynamic calculations [40] have proven that a such a
“single-shot” calculation with smooth initial condition yields
the same value of (v,/e,),, within a few percent, as a
calculation with fluctuating initial conditions averaged over
many events, while event-by-event viscous hydrodynamic
calculations show an even stronger correlation between initial
anisotropy &, and v, [19].

In order to estimate quantitatively the dependence of
(v, /&n)n over the initial profile, we use two different definitions
of e, weighted either with energy density [as in Eq. (1)] or with
entropy density. Both weightings yield approximately equally
good predictors of v, [26]. So any difference in prediction
from one weighting versus the other is an indication of the
size of the uncertainty due to the linear approximation. For
central collisions, the particular deformation that we choose
to create triangular flow, Eq. (4), gives the exactly same value
of &3 irrespective of whether one weights with entropy or
energy [9]: therefore our calculation is unable to tell the
difference between the two. However, values of &, differ for
the optical Glauber model, and we use the resulting difference
in (v2/&2);, as part of our error bar.
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The thermalization time 7y, at which hydrodynamics be-
comes a good approximation [41], is poorly constrained.
Early calculations [42] used to neglect transverse flow for
t < 1ty (where 1y is typically of order 1 fm/c). However, the
transverse expansion starts immediately after the collision,
whether or not the system thermalizes. This “initial flow” has
proven essential in understanding interferometry data [43—45].
Furthermore, it is to some extent universal [46] and can be
obtained simply, in a traditional calculation with vanishing
flow at 1y, by letting 7y go to unrealistically small values [44].
In order to estimate the uncertainty due to initial flow, we run
two sets of calculations with #y = 0.5 fm/c and #p = 1 fm/c;
linearity of initial transverse flow at early times [47] can then
be used to extrapolate to smaller values.

2. Fluid expansion. The main source of uncertainty in
the hydrodynamic evolution itself is the value of the shear
viscosity of the strongly interacting quark-gluon plasma,
which is poorly constrained so far, either from theory [48]
or experiment [33,49]. We take this uncertainty into account
by varying n/s from O to 0.24 in steps of 0.04. If n/s is too
large, hydrodynamics itself breaks down [50]. Effects of bulk
viscosity [16,51] on the integrated flow are smaller [52], even
though the bulk viscosity may be large for some values of
the temperature [53]. Second-order corrections [54] have a
negligible effect [8].

3. Hadronic stage. Eventually, the fluid expands and can
be described as a gas of hadrons with collective and thermal
motion. An open question in the description of the hadronic
phase is to what extent hydrodynamics is a valid approach.
Instead, a common approach at RHIC energies was to
couple hydrodynamics to a hadronic “afterburner” simulating
hadronic decays and two-body collisions [55-57]. Although
these afterburners usually have little affect on integrated
properties of unidentified hadrons, this approach has proven
useful for reproducing the elliptic flow and momentum spectra
of identified particles. Hadronic afterburners are also being
implemented at LHC energies [58,59]. Besides, it has been
pointed out that hydrodynamics with bulk viscosity in the
hadronic phase [60] also succeeds in reproducing identified
particle properties [61].

In this paper, we assume for simplicity that hydrodynamics
still applies in the hadronic phase, with a single freeze-out
temperature [42]. When changing the initial time in the
hydrodynamic calculation, we tune the freeze-out temperature
in such a way that the average transverse momentum of charged
particles (pr) is unchanged: smaller values of 7y thus imply
larger freeze-out temperatures. We neglect hadronic collisions
below freeze-out, but resonance decays are taken into account.

In viscous hydrodynamics, a significant source of un-
certainty is the momentum distribution at freeze-out, which
deviates from a thermal distribution due to the viscous
correction [62,63]. The momentum dependence of this
viscous correction involves microscopic information about
hadronic cross sections [64]. The quadratic ansatz [62] is
the most commonly used. However, a linear ansatz gives
better agreement with v4 data [65]. In order to estimate the
uncertainty associated with the modeling of freeze-out, we
perform two sets of calculations with the linear and quadratic
ansatz.
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FIG. 1. (Color online) Root-mean-square values of (g;,63) im-
plied by hydrodynamic calculations in combination with ALICE
data for the 5% most central Pb-Pb collisions at \/syy = 2.76 TeV.
Squares: tp = 1 fm/c with quadratic freeze-out. Circles: fp = 1 fm/c
with linear freeze-out. Diamonds: 7, = 0.5 fm/c with quadratic
freeze-out. Closed symbols correspond to energy density weighting,
open symbols to entropy density weighting. For each symbol type, the
7 points correspond to different values of /s, from 0 to 0.24 (from
left to right) in steps of 0.04. The shaded band is the area between
two curves of the type (5) with C = Cpy, and C = Cy,y, Where the
values of Cy,;n and Chyx are chosen such that all hydrodynamic points
lie within the band.

The code we use to solve hydrodynamics is the same as
in Ref. [38], with resonance decays taken into account after
freeze-out.

We compute v, and v3 for outgoing hadrons using similar
experimental cuts as the experimental data that we compare to.
Specifically, the ALICE Collaboration [11] analyzes v, for all
charged hadrons in transverse momentum range 0.2 < p; <
5 GeV/c and pseudorapidity range || < 0.8. The PHENIX
Collaboration [10] uses the cuts 0.25 < p; <4 GeV/c and
|n] < 0.35. Since our model has longitudinal boost invariance,
our results are independent of rapidity. Because of the
difference in rapidity and pseudorapidity, however, the cut
in n must be taken into account in a precision calculation [66].
It typically increases v, by 3% and v3 by 4%.

An additional subtlety of the ALICE analysis is that the
method uses pair correlations, with a pseudorapidity gap
|An| > 1 between particles in the pair in order to suppress
nonflow correlations [67]. The analysis thus excludes particles
at |n| < 0.2, and gives more weight to particles near the
boundary |n| = 0.8, since all pairs are weighted identically.
We also take into account this additional cut in Az, which
typically decreases v, by 0.3% and v3 by 0.4%.

Figure 1 illustrates the effects of several sources of
uncertainty on the root-mean-square values of (&;,&3) extracted
from Eq. (3) (for the 5% most central Pb-Pb collisions at
the LHC). Each point represents a hydrodynamic calculation
with different parameters. As the viscosity increases, the
hydrodynamic response (v, /&), decreases, therefore the rms
&, increases. The lines drawn in the (&3,¢&,) plane as /s varies
are well fitted by a power law:

(e2) = c(/[e3))". )

where k = 0.6, and C is fixed. k is the ratio of the relative
change in v, to the relative change in v3 when 7/s increases.
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The fact that k < 1 expresses that viscosity has a smaller effect
on v, than on vs.

Other sources of uncertainty in the hydrodynamic predic-
tion result in uncertainties in the coefficient C in Eq. (5).
Switching from the quadratic to the linear freeze-out ansatz has
a very small effect, which is visible only for the largest values
of n/s. Adding initial flow by starting the evolution earlier,
at tp = 0.5 fm/c, yields more flow for a given value of n/s,
resulting in smaller values of ¢,,. Although this result may seem
natural, it is not trivial as it looks: the freeze-out temperature
is adjusted so as to match the p, spectrum, so that smaller
to goes along with earlier freeze-out. Both effects essentially
compensate each other at RHIC energies [8], so that final
results were insensitive to #y. The situation is different at LHC
energies: in general, hydrodynamic results are less sensitive
to the hadronic phase [68] and to the freeze-out temperature,
which results in a stronger sensitivity of ¢, to initial flow.

rms &3
0.2
(@ © RHIC |(b) LHC
Au.
3 o’
0.1 ¢ ¥
°
0-10% 0-5%
0.3 (©) . o} (d)
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2
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FIG. 2. (Color online) Shaded bands are root-mean-square val-
ues of (&,,63) allowed by experimental data in combination with
hydrodynamic calculations, for Au-Au collisions at \/syy = 0.2 TeV
(left) [10] and Pb-Pb collisions at ,/syy = 2.76 TeV (right) [11]
in various centrality windows (from top to bottom). Symbols are
predictions from various models of initial conditions (see text for
details).

PHYSICAL REVIEW C 89, 014902 (2014)

TABLE L. Values of the ratio v/(£3)/+/(&2) . at RHIC. First two
lines: minimum and maximum values allowed by hydrodynamics and
experimental data. Next lines: values predicted by various models.

% centrality 0-10 1020 20-30 3040 40-50
minimum 0.36 0.56 0.69 0.75 0.74
maximum 0.41 0.63 0.79 0.90 0.91
MC-Glauber 0.38 0.57 0.69 0.76 0.80

MC-Glauber (Noon)  0.44 0.64 0.76 0.81 0.83
MC-Glauber (Npa)  0.34 0.52 0.64 0.73 0.78

MC-KLN 0.49 0.78 0.95 1.03 1.06
MC-rcBK 0.49 0.73 0.87 0.95 0.98
IP-Glasma 0.43 0.76 0.85

DIPSY 0.39 0.59 0.72 0.80 0.84

In general, the takeaway message is that any effect that
causes stronger collective flow tends to increase both &, and
€3 in such a way that the coefficient C in Eq. (5) is almost
unchanged.

In fact, the largest contribution to the thickness of the
uncertainty band comes not from properties of the medium
or physical parameters, but instead from the linear-response
approximation itself: weighting with entropy rather than
energy yields slightly smaller values of &, while &3 remains
the same.

Once all sources of uncertainties are taken into account,
one is left with an allowed region in the (e;,63) plane,
corresponding to an allowed interval for the coefficient C
in Eq. (5). The same procedure can be repeated for other
centrality intervals, and at lower energy. The value k = 0.6
in Eq. (5) gives a good fit for all centralities at LHC, while
k = 0.5 gives a better fit at RHIC. These allowed regions are
displayed as shaded bands in Fig. 2. The uncertainty becomes
larger as centrality percentile increases, which is mostly due
to the difference between energy and entropy weighting. The
minimum and maximum values of C are listed in Tables I and 11
for RHIC and LHC, respectively. In the same centrality range,
the allowed band at LHC is slightly higher than at RHIC, but
they overlap.

IV. TESTING INITIAL STATE MODELS

We now use the values of the rms ellipticity &, and trian-
gularity &3 obtained from data and hydrodynamic calculations

TABLE II. Values of the ratio v/(£3)/+/(&2) o at LHC.

% centrality 0-5 5-10 10-20 20-30 3040
minimum 040  0.58 0.76 0.88 0.94
maximum 043  0.65 0.87 1.06 1.13
MC-Glauber 039 050 0.66 0.78 0.85

MC-Glauber (Noy) 046  0.61  0.79 0.92 0.96
MC-Glauber (Nyy) 033 042 0.57 0.71 0.80

MC-KLN 046  0.73 0.98 1.17 1.25
MC-rcBK 0.48 0.67 0.88 1.04 1.12
IP-Glasma 0.43 0.83 0.97 1.03
DIPSY 040  0.58 0.76 0.90 0.95
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as a filter for existing models of the initial state. Since &3 is
solely created by fluctuations of the initial geometry [6], in
order to be consistent with data there is a trivial requirement
that models take these fluctuations into account—typically
these are Monte Carlo models. The simplest is the Glauber
model [69], where each participant nucleon adds a contribution
to the initial density with Gaussian shape (in x and y)
and width 0 = 0.4 fm, a value commonly used in event-
by-event hydrodynamic calculations [20,70,71]. We use the
PHOBOS Monte Carlo Glauber model [72], though other
implementations exist [73,74]. Each participant can be given
equal weight (referred to as “Glauber Np”), or a weight
proportional to its number of collisions (referred to as “Glauber
Neon” scaling), or a linear combination of the two, adjusted to
match observed multiplicity spectra (default version, referred
to simply as “Glauber”) at RHIC [75] and LHC [76].

Another class of initial state models, which generically
go under the name CGC, implement the idea of parton
saturation [77]. They generally predict a larger &, [56,78].
In the earliest Monte Carlo implementation [79], which we
denote by MC-KLN, the source of fluctuations is essentially
the same as in Glauber models, resulting in similar values
of €3. Recent works tend to incorporate additional sources
of fluctuations, at the subnucleonic level [80-83], resulting
in general in larger €3. Specifically, we test the MC-rcBK
model which incorporates negative binomial fluctuations in
nucleon-nucleon collisions [82], the DIPSY model [81] which
incorporates a BFKL gluon cascade, and the IP-Glasma
model [83] which involves a classical Yang-Mills description
of early-time gluon fields.

In all cases, centrality bins are assigned according to the
total entropy of each Monte Carlo event, which corresponds
closely to the total multiplicity that would be obtained after
hydrodynamic evolution. Since the experimental centrality
selection is also closely related to multiplicity, any systematics
from centrality selection adds a negligible uncertainty and does
not affect any of the following conclusions

Predictions of these initial-state models are plotted in Fig. 2,
together with constrains from data and hydrodynamics. They
are generally in the ballpark for all centralities. All models
predict a strong increase of the rms &, with centrality percentile
(as the overlap area between colliding nuclei becomes more
elongated) and a mild increase of the rms &3, driven by the
decrease in the system size [84]. The evolution from RHIC to
LHC at the same centrality depends on the model. The Glauber
model predicts a decrease of both ¢, and &3 by a few percent,
which is only partially explained by the increase in system size
from Au to Pb. The MC-rcBK predicts similar values at RHIC
and LHC. Finally, DIPSY predicts a mild increase of ¢, while
&3 is unchanged.

Equation (5) provides a simple criterion for checking
whether or not a particular model of initial conditions is
compatible with data and hydrodynamics: one computes
V(g3 [V (8§)k for this model, with k = 0.5 (0.6) at RHIC
(LHC), and checks whether the result falls within the allowed
band. This comparison is carried out in Tables I and II. One
sees that the MC-KLN is excluded for all centralities at RHIC
and LHC. It has already be noted that this particular model
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underpredicts vs at RHIC if tuned to reproduce v, [9,10]. The
MC-rcBK model is also excluded at RHIC, and marginally
allowed at LHC. The Glauber model (in its default version with
a superposition of number of participants and number of binary
collisions) falls within the allowed band at RHIC, but is ex-
cluded at LHC, except for the most central bin. DIPSY and IP-
Glasma fall within the allowed region for all centralities, and
so does the Glauber model with pure binary collision scaling.

The statement of whether a particular model of initial
conditions is compatible with data or not turns out to be quite
robust with respect to several ambiguities in the definitions of
& and &3. In the Glauber model, for instance, one treats each
participant as a “source”, whose width o is a free parameter.
There is also a similar ambiguity due to the unknown
thermalization time: if one lets the system evolve for some time
to before evaluating ¢, the values of ¢, depend on #y. If one
doubles the value of o, from 0.4 to 0.8 fm [20], &, decreases by
6% and ¢3 decreases by 9% for central collision, but the ratios
in Tables I and II only change by 2% and 1% respectively.
This can be easily understood. It can be shown [84] that the
smearing of the sources only affects the denominator of Eq. (1),
while leaving the numerator unchanged: thus the only effect of
source smearing is a small increase in the system size, resulting
in smaller &,. Since {r3} o {r?}?*/3, &, decreases in such a way
that the ratio &,/(£3)*® remains constant. Comparing with
Eq. (5), where k is close to 2/3, one sees that smearing results
in a displacement of (&;,63) almost parallel to the allowed
band; more or less smearing does not yield better or worse
agreement with data.

V. CONCLUSIONS

Elliptic and triangular flow, v, and vs, are determined by
the ellipticity &, and triangularity 3 of the initial density
profile, and by the linear hydrodynamic response to these
initial anisotropies. Experimental data on v, and vs thus allow
to constrain the rms ¢, and ¢3. By varying unknown parameters
in the hydrodynamic calculations, we have obtained the
corresponding uncertainties on the rms ¢, and &3 at RHIC
and LHC energies. They are strongly correlated, so that
region allowed by data reduces in practice to a band in the
(rms &,,rms €3) plane. We have described a simple test that
can be performed on any candidate model of initial conditions
to determine its compatibility with data.

While the main source of uncertainty in the hydrodynamic
response is the viscosity over entropy ratio /s, the uncertainty
on the early stages is also significant. Both are correlated, in
the sense that more initial flow can be compensated by a larger
viscosity. For this reason, it is easier to constrain models of
initial conditions than n/s.

We have shown that elliptic and triangular flow data can be
used to exclude existing models of initial conditions. However,
it is very difficult to constrain the granularity [85] of initial
conditions from these data. As exemplified by Monte Carlo
Glauber simulations, changing the source size has a modest
effect on &, and 3. In addition, the resulting change has almost
exactly the same effect as changing the viscosity, which is
unknown. Therefore it is unlikely that the granularity can be

014902-5



RETINSKAYA, LUZUM, AND OLLITRAULT

constrained with just elliptic and triangular flow data as long
as n/s is not precisely known. Other data can be used for
this purpose, such as the detailed structure of two-particle
correlations [14].

The width of our error band is mostly due to the error on
the linear response approximation itself, with the set of initial
conditions that we have tested. Note that the deformation that
we introduce to generate triangular flow, Eq. (4), is singular
at the origin. With realistic initial conditions, one usually
observes a stronger linear correlation between v, (v3) and &,
(e3) than with our smooth initial conditions [19]. Repeating
the calculation with realistic initial conditions could thus help

PHYSICAL REVIEW C 89, 014902 (2014)

reduce the width of the error band and yield tighter constraints
on initial-state models.
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Abstract

We present a combined analysis of elliptic and triangular flow data from LHC and RHIC using
viscous relativistic hydrodynamics. Elliptic flow v, in hydrodynamics is proportional to the
participant eccentricity &, and triangular flow is proportional to the participant triangularity €3,
which means v, = k,&,, where «, is the linear response coefficient in harmonic n. Experimental
data for v, and v3 combined with hydrodynamic calculations of «, thus provide us with the rms
values of initial anisotropies €, and £3. By varying free parameters in the hydro calculation
(in particular the shear viscosity), we obtain an allowed band in the (rms &, rms &3) plane.
Comparison with Monte-Carlo models of the initial state allows us to exclude several of these
models. We illustrate that the effect of changing the granularity of the initial state is similar to
changing the medium properties, making these effects difficult to disentangle.

1. Introduction

One of the most important topics of study in heavy-ion collisions is the observation of particle
momentum anisotropy in directions transverse to the beam [1], which can provide the evidence
for the formation of some strongly interacting medium, which thermalizes and expands as a lig-
uid, which we call the quark-gluon plasma (QGP). The corresponding experimental observables
are the flow coefficients vy, v, v3 etc. In these proceedings we will concentrate on v, and v (el-
liptic [3, 4] and triangular) flow coefficients. While elliptic flow, v,, is a response of the system
to an initial distribution with the form of ellipse in the transverse plane [5], the triangular flow,
vs3, is understood as the response of triangular deformation, which is caused by fluctuations of
initial geometry [6].

In spite of the fact that v, and v; are the most studied harmonics of anisotropic flow, there
are still a number of open questions. Different models of initial states give different values
when trying to extract transport coefficients from data. For instance by tuning /s (viscosity
over entropy [7]) one can match the experimental data with one model or another [8]. And it
was found out that although one could fit both v, and v3 data separately by tuning /s with hydro
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calculation, some of the models of initial state were unable to fit simultaneously v, and v3 [9, 11].
This hints, that by combining v, and v3 data we can constrain models of initial state even though
the viscosity is unknown.

2. Monte Carlo models of initial state

By initial conditions, we mean the initial energy-density profile at thermalization time 7y [32].
This profile is not smooth and has fluctuations from wave-functions of incoming nuclei. The
magnitude of these fluctuations is still to a large extent unconstrained from data. Another open
question pertaining to initial state is how elongated is the ellipse of the overlap area in non-central
collisions. We will address these issues and test different Monte Carlo models of initial state. We
are testing two types of models: Glauber-type models and QCD-inspired models. The Monte
Carlo Glauber model is the oldest and the most classic one [14]. We use the PHOBOS Monte
Carlo [15]. In this model positions of nucleons within a nuclei are sampled through Monte
Carlo. These nucleons move on straight lines and interact if their distance is less then Vo yy /.
Typically one then models each nucleon as a Gaussian source, so that the final energy-density is
equal to a sum of Gaussians.

Among the QCD-inspired models we are going to test 4 of them: the oldest QCD model
which we call MC-KLN [16, 17], which is using k7 factorization and taking into account fluctua-
tions of the positions of the nucleons. The second model MCrcBK [19] is an improved MC-KLN
model with additional KNO fluctuations in order to match multiplicity distribution in pp colli-
sions. The third one is DIPSY [18], a QCD model which takes into account the multiple gluon
cascade. And the last one is the IP Glasma model [20], which doesn’t assume k7 factorization
and includes non-linearities and fluctuations of color charges within a nucleon.

3. Hydro evolution

In spite of the fact that collaborations have published data for integrated v,[13] for n=1,
2, ... 6 [21], here we only use elliptic and triangular flow. The main reason is that these two
Fourier coefficients are determined by simple linear response to the initial state [22]. That means:
vy o« & [23], where &; is called participant ellipticity [24] and v3 o« &3 [25], &3 is called participant
triangularity [6]. The participant eccentricity &, for a single event is defined as [2, 26]:

I{r"e™?}]
{rm

where {...} denotes an average value over the initial energy density (it can also be entropy density
profile though) after recentering the coordinate system {re} = 0.

Assuming linear response to the initial anisotropy, the anisotropic flow in an event is v, =
kn€n. The response coefficient «, is the same for all events in a centrality bin, but g, fluctuates, so
that initial-state fluctuations result in event-by-event flow fluctuations. Experiments measure the
rms value of v, over a centrality bin, thus the experimentally measured flow v, is proportional to
the rms value of &,. We can therefore write:
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where /((v,)?) is the measured root mean square value of integrated flow and (...) represents
an average over collision events. The response coefficient «,, is calculated in hydrodynamics as
Kn = (Vi/€n)nydro> SO that we are able to extract the root mean square values of &, and &3. We take
experimental data of integrated flow from the ALICE and PHENIX collaborations [11, 12].

4. Uncertainties in hydro response

The standard hydro modeling [27] procedure consist of 3 main steps:
1) initial conditions
2) evolve these initial conditions through relativistic hydro evolution
3) convert the liquid into hadrons at freeze-out temperature.

Each of these steps obviously has its uncertainties [28]. The main uncertainty in the hydro
evolution is the value of the shear viscosity of the strongly-interacting quark-gluon plasma. This
value is not constrained well in theory and experiment[36, 37], so we vary n/s as a parameter
from O to 0.24 in steps of 0.04. The value of the shear viscosity has a remarkable influence on
the values of integrated flow: the flow decreases with increasing viscosity. Another big source
of uncertainty is coming from initial conditions. Our hydro calculations are 2+1D viscous hy-
drodynamic, which uses as input initial condition the transverse energy density profile from an
optical Glauber model. This profile is smooth and already has an ellipticity, so automatically
gives us elliptic flow values. If we want to obtain the values of &3 or v3, with this profile we get
0 for both of them, so in order to calculate k3 we deform the third harmonic in the profile in the
following way [9] :

€(r, ) — (r+/1 + &), cos(n(¢ — ), ¢) A3)

where g, is magnitude of the deformation, and ¥, is the orientation of the deformation.

First, the linear approximation itself has an associated uncertainty, and the value of «, ob-
tained from a smooth initial condition can differ from that extracted from a set of flucuating
events [10]. We estimate this uncertainty by using values obtained from two definitions of &,:
with energy density weighting and entropy density weighting.

Another free parameter is the thermalization time 7[32, 33] which is not known. We vary it
from 0.5 fm/c to 1fm/c. While we vary the thermalization time we tune the starting temperature
Tsiars and the freeze-out temperature 7'y, so as to match the p, spectrum [30, 31].

In the hadronic part we also have some uncertainty, which is coming from the freezeout
viscous correction, the momentum dependence of which is unknown[38, 39, 40], so we test 2
possible ansatzs: linear oc p[41] and quadratic o P*[38]. We use the same code as in Ref.[38]
and we take into account resonance decays after hadronization.

After taking into account all types of uncertainties we can calculate &, and &3 using Eq. (2).
The resulting values are shown in the Fig. 1 for the 20-30% centrality range at the LHC.

Each point in this figure corresponds to one hydro calculation with one set of parameters.
We have 6 types of symbols, corresponding different sets of parameters: thermalization time
to, the type of ansatz and the type of g, weighting. These symbols are composing 6 lines with
viscosity 17/s changing. Each line has 7 points, corresponding to /s = 0, 0.04, 0.08, 0.12, 0.16,
0.2, 0.24 (from left to right). The first line, composed of blue circles, uses as parameters the
thermalization time 1fm/c and the linear ansatz. The line with purple squares uses thermalization
time 1fm/c and quadratic ansatz. We see the line almost doesn’t change, except for high viscosity,
which makes values of &, slightly smaller. The line composed of yellow diamonds corresponds

3
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Figure 1: (Color online) R.m.s. values of &(g3) from
hydro simulations + ALICE data for 20-30% centrality
range. Purple squares correspond to fi,;; = 1fm/c with
quadratic freezeout. Blue circles correspond to ti,;; =
1fm/c with linear freezeout. Yellow diamonds corre-
spond to tj,;; = 0.5fm/c with quadratic freezeout. Open
symbols mean entropy-density profile used. The shaded
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Figure 2: (Color online) The shaded band is the same
as in Fig.1 and represents allowed values. Symbols
are predictions from various models of initial state.
The MC-Glauber model is shown for different val-
ues of the width of gaussian o=0 fm, 0.4 fm, 0.8
fm and 1.2 fm, which are distinguished by differ-
ent symbol sizes, showing that changing the smearing

band is an allowed band encompassing uncertainty in the parameter has the same effect as changing viscosity.

extracted values.

to thermalization time 0.5 fm/c and quadratic ansatz. We see that &, and &3 are both decreasing.
The explanation is that since we start the hydro evolution earlier, we produce more flow, and from
the ratio (2) obviously if we produce more flow, we will have smaller values of &, and 3. Lines
composed of open symbols have the same parameters, except that entropy-density weighting is
used. Now we create a shaded band, such that all these points are inside this band. This band
defines the allowed range. The important fact here is that even with all uncertainties taken into
account, we obtain a narrow band, which eventually allows us to constrain models. These lines

k
are noticed to be well fitted by the law (/(3)/ ( A /(sg)) =C, where k=0.6 for LHC and k=0.5

for RHIC and C is fixed. By computing the maximum and minimum values of C allowed by
hydrodynamics, we determine the range of allowed values for C.

By computing the values of C in various Monte Carlo models, one can check if the values
predicted by models are inside the allowed region, as shown in Fig. 3. In this way the formula
can be used easily by any group who has an MC model of initial states in order to see if their
model is compatible with experimental data.

5. Results

We calculate the allowed region in the (rms &;, rms &3) plane for different centralities for
LHC and RHIC, which we represent as a shaded band. After this we test the models, introduced
in Section 2.

In Fig. 2 we display as an example the 20-30% centrality range. The MC-Glauber model is
shown for different values of the width of gaussian =0 fm, 0.4 fm, 0.8 fm and 1.2 fm, which
are distinguished by different symbol sizes. By changing this parameter the result moves parallel
to the band, which has the same effect as changing the viscosity, so that compatibility with data
cannot be improved by adjusting the unknown source size.

4



A MC-KLN
MCrcBK
A IP Glasma
O DIPSY A
) il M C-Glauber A b
o v A ¢) -
v - O o
* 9 x x
LHC RHIC
20 30 40 20 30 40 50
centrality, % centrality, %

k
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various models of initial state.

k
Our main results are presented in Fig. 3. It displays the rms values of <8%> / ( A /(eg)) versus

centrality, where shaded bands are allowed values and symbols are predictions from different
models. We can see that one can exclude the PHOBOS MC-Glauber (as was also noticed for
20-30% centrality) and MC-KLN models for LHC energies. It seems MC Glauber works better
for lower energies, and MC-KLN doesn’t have enough fluctuations. For RHIC energies MC-
KLN can also be excluded, along with the MCrcBK model, which seems to works better at LHC
energies. Note that we have not tested all possible variants of Glauber-type models. In particular,
the PHOBOS MC-Glauber has only fluctuations from the random positions of nucleons in the
nucleus, and neglects any extra local fluctuations in entropy production.

From the Fig.2 in our paper [42] we’ve seen that rms &, and &3 values predicted by MC
models both increase with centrality, but we noticed that &, values are increasing faster then 3,
which can be explained by the fact, that v, is growing faster with centrality then v3: v, grows
due to geometry, and vs due to the fact that fluctuations have more influence with increasing
centrality, but this effect is weaker. By looking at the g3 values of MC models we can see
which of the models have more fluctuations, for example by comparing MC-KLN and MCrcBK,
obviously, the second has more fluctuations, as the result it has bigger value of €3. The same
about DIPSY which seems to have big value of fluctuations.

Conclusions

We have extracted ellipticity &, and triangularity €3, using experimental data and hydro cal-
culations with different sources of uncertainties and created a narrow allowed region on the
(rms &3, rms &;) plane. We have shown that we are able to constrain models of initial state.
It was shown that we can exclude PHOBOS MC-Glauber and MC-KLN models for LHC and
MC-KLN and MCrcBK models for RHIC. We have illustrated for the MC-Glauber model that
changing the granularity of the initial condition model has the same effect as changing viscosity,
so the effects are difficult to disentangle.

More details about this study can be found in our recently published paper [42].
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