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Chapter 1

Introduction

I feel particularly lucky to have been working on my Ph.D at such an exciting time
for cosmology. With the fantastic results of the Planck mission [1], our picture of the
Universe and its history has become much clearer. The precision of these observations, as
well as that of future large scale structure missions such as EUCLID [2] and LSST [3], has
also highlighted the challenges that cosmology faces. One of them is that theorists need
to build efficient ways to compare theory and observations to say anything quantitative
about potential deviations from the standard model of cosmology, ΛCDM. Secondly, to
make sure no theoretically consistent model is overlooked, the conditions to have stable
theories need to be further investigated. These are the two ideas that fueled my research
during my Ph.D.

In particular, this has led me to develop a way to parametrize deviations from ΛCDM
at the level of linear perturbations, which is called the Effective Field Theory of Dark
Energy (EFT of DE). While the background evolution of the Universe is now quite
constrained by distance measurements, much less is known about the evolution of the
inhomegeneities that give rise to the large scale structure. Studying their behavior in the
linear regime, where theoretical control is still reachable, should prove very informative.
I will show in Chapter 2 that the EFT of DE allows for a systematic and quantitative
exploration of deviations from ΛCDM, because of its model independence and minimal
number of parameters.

While working on the EFT of DE, we realized that what was thought to be the largest
class of stable theories for gravity plus a scalar, Horndeski theories [4], could actually be
extended. Usually, the stability of theories is obtained by imposing that the equations of
motion do not contain terms with more than two derivatives. In Chapter 3, I will argue
that this is actually not a necessary condition for scalar-tensor theories. This means
that before discarding higher derivatives theories, a more careful analysis needs to be
performed. As we shall see, this opens the gate to new models.

Although most of cosmology has been focused on scalar perturbations since they have
been actually observed, the precision reached by BICEP2 [5] seems to indicate that
detecting primordial gravitational waves might well be within our grasp. They are
potentially a great source of information on the early universe, since the standard pre-
dictions for tensor modes from inflation give straightforward access to its energy scale.
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In Chapter 4, I will present why, contrarily to the scalar case, the predictions for ten-
sor modes are very robust. In particular, this implies that it is difficult to get a scale
invariant power spectrum for gravitational waves without a period of inflation.

The final subject that I will discuss is the work I have done on consistency relations.
These relations allow to express (n+1)-point correlation functions of the cosmic density
fields in term of the n-point ones in the limit where one density field is slowly varying
in space. As I will show in Chapter 5, their strength comes from the fact that very
little information on the n others fields is needed: only that they have Gaussian initial
conditions and that they obey the Equivalence Principle. This is a huge advantage since
taking correlation functions in the large scale structure typically requires to deal with
non linear evolutions that are hard to control theoretically. This control is further lim-
ited by the poorly known relation between the galaxy distribution, that we observe, and
the underlying dark matter distribution, that we predict. The lack of an accurate under-
standing of these phenomena reduces the amount of information that can be extracted
from galaxy surveys. Since consistency relations do not rely on the knowledge of short
scales physics, they do not suffer from this problem. In particular, this gives access to
new ways of testing the Equivalence Principle on very large scales, where gravity is less
tested.

In this thesis, I have chosen to present the main results of my work and to emphasize
the intuition behind those results, as well as their physical implications. This is why
I have tried to keep things short in the main text. Any potential thirst for technical
aspects can be quenched by the full articles A–G at the end of this thesis.



Chapter 2

The Effective Field Theory of
Dark Energy

When looking at alternatives to the standard ΛCDM+GR model, the simplest and most
common way is to introduce an extra scalar field (see [6] for a review). It can either act as
an additional dark energy fluid, or as a modification of the laws of gravity themselves. It
is the easiest modification one can make and is as such the first that should be explored:
there is only one additional degree of freedom to consider, making it an informative
step before looking at more complicated scenarios. Even in some cases where multiple
degrees of freedom are added, such as in massive [7] or bimetric gravity [8] for example,
one recovers the case of a single scalar field in relevant limits.

This universality is yet more manifest for a second reason. The goal of the modifications
at hand are to try and explain the current accelerated expansion of the Universe [9, 10].
Thus, in general, any field added for this purpose will have a background value that is
time dependent, since the homogeneous Universe evolves in time. This explicitly breaks
the time diffeomorphism invariance, that can be restored as usual with Goldstone modes,
which would be a single scalar in this case (see for example [11]). Therefore, the low
energy perturbations around a time dependent background will generically be described
by this scalar, regardless of the fundamental origin of the theory.

These ideas were first developed in the case of inflation in [12] under the name of the
Effective Field Theory of Inflation and then used for example to compute higher order
correlation functions, which allow to probe non-Gaussianities [13, 14]. Later, it was
applied in the context of late time acceleration in the Effective Field Theory of Dark
Energy (EFT of DE) in [15, 16] and also [17].

In this section, I will present the concepts behind such an approach as well as its many
advantages, based on the work I did in [GLPV1], later summarized in a review [GLV].

2.1 The Unitary Gauge Action

The first thing I will assume is the Weak Equivalence Principle, namely that there exists
a metric that universally couples to the matter sector, even if the formalism I am going
to present would apply if species coupled to different metrics.

3
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Next, the goal is to look for a generic action that would describe cosmological pertur-
bations around a FLRW background when looking at cosmology beyond ΛCDM. By
this I mean either dark energy and/or modifications of the actual laws of gravity. For
concreteness, I will consider the case of an extra scalar field, ϕ. However, the idea is to
be as model independent as possible considering these assumptions.

As I mentioned before, this scalar field, in a cosmological context, is naturally expected
to be spacelike, i.e. to have a gradient such that ∇µϕ∇µϕ < 0. In this case, the
hypersurfaces of constant ϕ define a preferred foliation of time. It is convenient to use
the gauge freedom in the theory to choose this specific time: this is called the unitary
gauge.

Figure 2.1: The original time t̃ hypersurface in red. In black, the new time in unitary
gauge, that is chosen to match the ϕ hypersurfaces (blue).

By doing so, the perturbation in the scalar field are hidden, since now we have

ϕ(t̃, x⃗) = ϕ0(t̃) + δϕ(t̃, x⃗) = ϕ0(t) , (2.1)

where the last equality holds because of the choice of specific time t that is made. Of
course, the perturbation δϕ did not disappear, it is part of the perturbations of the
metric. For example, the standard kinetic term for ϕ becomes in this gauge

X ≡ ∇µϕ∇µϕ = g00ϕ̇20 , (2.2)

so that these quantities still contribute to the perturbative expansion through g00 =
−1 + δg00. The unitary gauge has therefore the advantage of having to deal only with
the metric, however it has a minor inconvenient. Since a choice of time was made, the
invariance under time reparametrization is lost (while leaving the spatial one intact).
This means that the theory will not be manifestly covariant, as can be seen already from
eq. (2.2). Indeed, tensors with upper indices set to 0 are allowed in this gauge (they
correspond to contractions with the gradient of the scalar field, e.g. P00 ∼ Pµν∇µϕ∇νϕ).
This should not be worried over, as a simple redefinition of time

t→ t+ π(t, x⃗) , (2.3)

allows to explicitly reintroduce the invariance under time reparametrization of the theory
[11]. This is known as the Stueckelberg trick and the variable π is the field that non
linearly realizes this invariance. This will be useful to change gauge. In particular, to go
to Newtonian gauge, where the equations of motion (EOM) have an easier interpretation.

Nevertheless, the unitary gauge will enable us to write the most general action for a
scalar-tensor theory, without reference to a specific model. Indeed, in this gauge, all
the terms that are invariant under spatial diffeomorphisms are in principle allowed.
Further conditions can be imposed, such as second-order EOM for example, but the
basic ingredients can be obtained from the geometry of the hypersurfaces of Fig. 2.1
and are the following:
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• The normal vector orthogonal to the surfaces, nµ ≡ − ∇µϕ√
−X

. This term is the one

responsible for the presence of tensors with 0 as upper indices.

• The extrinsic curvature, Kµν . It quantifies the variation of the normal vector

Kµν ≡ (gµσ + nµnσ)∇σnν . (2.4)

This quantity tells us how the hypersurfaces are embedded in the full 4-D space.

• The final ingredient is the intrinsic curvature, given be the 3-D Ricci tensor Rij

of the hypersurface. This is the equivalent1 of the 4-D Riemann tensor (4)Rµνρσ

for the full space. In what follows, unless specified explicitly with a (4), the Ricci
tensor Rij and scalar R will always be the 3-D ones.

Figure 2.2: The ϕ hypersurface and its geometrical quantities.

The numbers of combinations of these terms is infinite. This is why in the following I will
impose restrictions on the categories of action I will consider. To be more quantitative,
I will discuss these restrictions in the formalism of Arnowitt-Deser-Misner (ADM) [18].

2.2 ADM formalism and the Effective Field Theory of
Dark Energy

In order to be more specific about the action, I will go one step further in the distinction
between space and time. To make more explicit the 3+1 decomposition, I will use the
ADM form of the metric, namely write the line element as

ds2 = −N2dt2 + hij
(
dxi +N idt

) (
dxj +N jdt

)
, (2.6)

where N is the lapse, N i the shift and hij is the spatial metric on constant time hy-
persurfaces, which can be decomposed into a scalar part, ζ, and a tensorial one, γij
as

hij = a2e2ζ(δij + γij) , ∂iγij = γii = 0 . (2.7)

1In three dimensions, there is as much information in the Ricci tensor as in the Riemann tensor
since

Rµνρσ = Rµρhνσ −Rνρhµσ −Rµσgνρ +Rνσhµρ − 1

2
R(hµρhνσ − hµσhνρ) . (2.5)
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With this metric and in unitary gauge, the basic ingredients I mentioned above take the
simpler form

nµ = −δ0µN , g00 = − 1

N2
, (2.8)

Kij =
1

2N

[
ḣij −DiNj −DjNi

]
. (2.9)

The other components are not needed. Indeed, K0i = K00 = 0 since by definition (2.4)
the extrinsic curvature is orthogonal to the unit vector, nµK

µν = 0. Di is the covariant
derivative associated with the spatial metric hij . The 3-D Ricci tensorRij is the standard
one constructed from this metric. With this decomposition of the metric, any Lagrangian
respecting the spatial diffeomorphisms invariance can be cast into the generic form

Sg =

∫
d4x

√
−g L(N,Kij , Rij , hij , Di, ∂

0; t) . (2.10)

As an example, the Einstein-Hilbert action of standard GR,

SGR =

∫
d4x

√
−g

M2
Pl

2
(4)R , (2.11)

can be rewritten in this form as

LGR =
M2

Pl

2

[
KijK

ij −K2 +R
]
, (2.12)

using the Gauss Codazzi relation

(4)R = KµνK
µν −K2 +R+ 2∇µ(Kn

µ − nρ∇ρn
µ) . (2.13)

Virtually all known models of dark energy involving a single field can be mapped onto
a specific form of the Lagrangian (2.10). However, the real strength of this approach is
that it allows to generically look at modifications of ΛCDM, without the need to specify
a model.

To be quantitative, I will only look at the linearized theory, which means the action will
only contain perturbations up to second order. Secondly, I will discuss the case where
the three DOF of the theory (the two tensor polarizations and the additional scalar)
obey second-order dynamics, to ensure stability. Moreover, I will assume that the full
theory is given by an action Sfull = Sg + Smat, where Smat is an action that describes
minimally coupled matter. Then, one expands eq. (2.10) in terms of the perturbative
quantities

δN ≡ N − 1 , δKi
j ≡ Ki

j −Hδij , Ri
j . (2.14)

Let me concentrate more particularly on the scalar sector, since this is were restrictions
need to be imposed in order to keep second-order dynamics. I will use the further
parametrization

N i = δij∂jψ , (2.15)

for the scalar part of g0i. Together with the form of the metric (2.7), the perturbations
of the geometrical quantities read

δ
√
h = 3a3ζ , δKi

j =
(
ζ̇ −HδN

)
δij −

1

a2
δik∂k∂jψ , (2.16)
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and

δ1Rij = −δij∂2ζ − ∂i∂jζ , δ2R = − 2

a2
[
(∂ζ)2 − 4ζ∂2ζ

]
. (2.17)

I will restrict to the case where no time derivatives ∂0 appear explicitly in the Lagrangian,
since it leads in general to extra DOF (see Article G for a discussion on including such
derivatives). In this case, the variation with respect to δN and ψ gives constraint
equations. They allow to express δN and ψ in terms of ζ and its derivatives, yielding
an action only for this variable. It is on this action that conditions need to be imposed
to get second-order dynamics2.

An example of such conditions concerns the derivative with respect to the extrinsic
curvature, which is of the form

∂2L

∂Kj
i ∂K

l
k

= ÂK δij δ
k
l +AK

(
δil δ

k
j + δikδjl

)
, (2.18)

because of the FLRW symmetries of the background. In order to prevent higher order
derivatives, one has to prescribe ÂK = −2AK . Two other conditions need to be
imposed and then the most general action that abides by these criteria can be written
as

Sg =

∫
d4xa3

M2

2

[
δKµνδK

µν − δK2 + (1 + αT )

(
δ(2)R+

δ
√
h

a3
R

)
+H2αKδN

2

+ 4HαBδNδK + (1 + αH)RδN

]
+ · · ·

,

(2.19)
where h = dethij and the · · · denotes terms that vanish when the background equations
are enforced. The functions M and αi are all in principle dependent on time, which is
allowed by the presence of the extra scalar field. Additionally, one can define

αM ≡ 2Ṁ

HM
, (2.20)

which parametrizes the potential time dependence of the Planck mass. These coeffi-
cients, originally introduced in [19], are defined so that the standard case of ΛCDM+GR
would correspond to setting all of them to zero.

They can be related to the original Lagrangian (2.10) and its derivatives with respect
to the various quantities N,Kij , . . . The starting point is to define the equivalent of the
Planck mass, M , which is associated with the normalization of the tensor kinetic term,
γ̇2ij . Since γ̇ij only appears in Kij , the M is going to be given by the derivative of the
Lagrangian with respect to the extrinsic curvature, eq. (2.18). More precisely,

M2 ≡ 2AK . (2.21)

Then, all the coefficients αi follow almost algorithmically. For instance,

αK ≡ 2LN + LNN

H2M2
. (2.22)

2Indeed, it is too restrictive to impose no higher derivatives in all of the equations before the
constraint are solved. Indeed, such constraints might remove these higher derivatives so that the actual
propagating DOF still obeys a second-order EOM. See Section 3.2 for more details.
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The others, while being slightly more involved, are of the same form, as can be seen in
Table 1 of Article G. In the next section, for concreteness, I will give examples on how
to get these parameters in the case of specific models.

2.3 Going from models to the EFT of DE

Once a model is decomposed in 3+1 quantities, computing its parameters is completely
automatic, making the link with possible constraints straightforward. Let me go through
the functions αa one at a time, increasing the complexity of the model needed to illustrate
the parameter.

• αK

Taking the simplest case of GR plus quintessence, [20] i.e.

L =
M2

Pl

2

[
KµνK

µν −K2 +R
]
− 1

2
∇µϕ∇µϕ− V (ϕ) . (2.23)

After going to unitary gauge, one finds

M =MPl , αK =
ϕ̇20

H2M2
Pl

, (2.24)

while all the others coefficients vanish. One can indeed check that ΛCDM corre-
sponds to all the αi being zero: one recovers the cosmological constant for ϕ̇0 = 0,
which would set αK = 0.

As a side note, it might seem odd that the potential V does not appear in eq. (2.24).
The reason is that this parametrization is specifically designed to look at linear
perturbations, while V is a background quantity in unitary gauge. More precisely,
the Friedmann equations impose

V =
M2

Pl

2

[
2Ḣ + 3H2 (2− Ωm)

]
. (2.25)

Therefore, if the history of H and the matter content are known, V is fixed.

• αB

This example requires a more complicated model: kinetic braiding [21]. This
theory is characterized by a Lagrangian of the form

L3 = LGR +G3(X)□ϕ = LGR −
∫
G3X

√
−X dXK . (2.26)

Since the □ operator is made with covariant derivatives, □ϕ contains derivative
couplings (∂g)(∂ϕ) between gravity and the scalar, hence its name kinetic gravity
braiding.

The last term is going to give a nonzero αB in the EFT Lagrangian (2.19), and
the whole set of coefficients is given by

M =MPl αK = 12ϕ̇30
G3X − ϕ̇20G3XX

HM2
Pl

, αB = −G3X ϕ̇
3
0

HM2
Pl

, (2.27)
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where I have used the fact that in unitary gauge X = −ϕ̇20/N2, so that a depen-
dence on X can be seen as a dependence on N and vice versa.

• αT

To get a non zero αT , one needs a model that does not preserve the relation be-
tween the intrinsic and the extrinsic curvatures in eq. (2.12). Since the extrinsic
curvatures give terms in γ̇2ij while the intrinsic one gives (∂kγij)

2, changing the
relation between them brings a change in the speed of sound of tensors. This hap-
pens for example for what is known as the quartic galileon [22], whose Lagrangian
is

L4 = G4(X) (4)R− 2G4X(X)
[
(□ϕ)2 − (∇µ∇νϕ)(∇µ∇νϕ)

]
. (2.28)

The covariant second derivatives of the scalar field introduce first derivatives for
the metric through the Christoffel symbols, which modifies the kinetic terms for
gravity and gives a non zero αT . In unitary gauge this Lagrangian reads

L4 = G4R+ (2XG4X −G4)(K
2 −KijKij) , (2.29)

so that the EFT coefficients are

M2 = 2
(
G4 +G4X ϕ̇

2
0

)
, αK = −12ϕ̇20

G4X − 8ϕ̇20G4XX + 4ϕ̇40G4XXX

M2
, (2.30)

αB = 4ϕ̇20
G4X − 2ϕ̇20G4XX

M2
, αT = −4ϕ̇20

G4X

M2
, (2.31)

I will not discuss here the case of αH , which parametrizes deviations from Horndeski
theories, since the next chapter is specifically focused on theories beyond Horndeski. In
particular, the effect of αH will be explored in Section 3.6.

The theoretical origin of the parameters αa of eq. (2.19) is summarized in the following
Table

M 2 αM αK αB αT αH

Normalization

of the Planck mass Kinetic term Kinetic braiding Modification of Theories

Interpretation tensor rate of change for between tensor beyond

quadratic action the scalar gravity and scalar sound speed Horndeski

≡ Planck mass

Example GR f(R) [23] k-essence Cubic Galileon Quartic Galileon G3 theories

(when constant) Brans-Dicke [24] [25] [21] [22] (see Chapter 3)

Table 2.1: In the first row, the parameters αi introduced in eq. (2.19).

2.4 Stability and theoretical consistency

Even if the terms in eq. (2.19) passed the first condition of yielding second-order dynam-
ics (which guarantees the absence of extra, ghost-like DOF), further restrictions need
to be imposed on the EFT parameters. Indeed, before thinking about comparing the
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predictions of a theory to observations, stringent constraints must be imposed in order
for the theory to be stable. This is where using a parametrization at the level of the
action and not of the EOM has a clear advantage, since these stability conditions can
in principle be read off directly from the action. The idea can be simplified thusly: in
the case of two scalar fields3 ψ1(t, x⃗), ψ2(t, x⃗) their quadratic Lagrangian is generically
of the form:

L = ξψ̇2
1 − c1∂iψ

2
1 + ψ̇2

2 − c2∂iψ
2
2 + Vint(ψ1, ψ2). (2.32)

In this illustrative case, the stability of the theory requires the coefficient ξ to be positive.
When this is not the case, the field ψ1 is called a ghost and in general violent instabilities
are present in the theory.

Let me give some intuition on why that is, by thinking of the Lagrangian as L = T −V ,
where T is the kinetic energy and V the potential one. If the two signs are not the same
in T , kinetic energy can flow without limits from one field to the other without changing
the total energy E = T + V , meaning that the ground state of the theory is not stable
(see [26] for a discussion on classical and quantum ghosts).

On top of this, one needs to impose that the coefficients c1 and c2 (which represent the
squared sound speeds) are positive, to avoid gradient instabilities. These instabilities
can be understood very easily from the EOM: when varying (2.32) with respect to ψ1

for example, one gets

ψ̈1 − c1∆ψ1 =
1

2

∂Vint
∂ψ1

. (2.33)

If c1 is negative, this equation admits in Fourier space a solution ψ
k⃗
proportional to

e
√

|c1|kt, which is divergent.

The analysis in the case of the action (2.19) is more involved, since tensor modes are
present on top of the scalar. Moreover, other non dynamical variables are present
(scalar and vector), so that at first glance the form of the quadratic action is not as
simple as (2.32). If we parametrize the unitary gauge metric as before

N = 1 + δN , N i = ∂iψ +N i
V , hij = a2e2ζ (δij + γij) , (2.34)

with ∂iN
i
V = 0 and γii = ∂iγij = 0, only ζ and γij are dynamical4. Once the constraints

are solved, the quadratic part of the action can be rewritten in terms of dynamical DOF
only, in a manner very similar to eq. (2.32):

S =

∫
d4x

M2a3

2

{
α

(1 + αB)2

[
ζ̇2 − c2s

∂iζ
2

a2

]
+
γ̇2ij
4

− (1 + αT )
∂kγ

2
ij

4a2
+

(∂iN
V
j + ∂jN

V
i )2

4a4

}
.

(2.35)
I have used the following definitions

α ≡ αK + 6α2
B , (2.36)

3I will not treat the case of one field, as it present less interests. In particular, one cannot have a
ghost field in this case: the sign of the kinetic term does not matter when there is nothing to compare
it to. Moreover, in cosmology, the scalar field is always coupled to gravity.

4In general, the spatial metric contains also a (non-dynamical) vectorial part, which can be set to
zero by using the spatial gauge freedom.
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and

c2s ≡ 2

{
1 + αT − 1 + αH

1 + αB

(
1 + αM − Ḣ

H2

)
− 1

H

d

dt

(
1 + αH

1 + αB

)}
, (2.37)

the latter being valid only in the absence of matter. The stability conditions discussed
above can be stated as

M2 > 0 , αK + 6α2
B > 0 ,

c2T ≡ (1 + αT ) > 0 , c2s > 0 ,
(2.38)

which defines the tensor sound speed.

The presence of matter, both at the background and perturbative levels, slightly com-
plicates the situation. In the case αH = 0, one finds

c2s = 2
(1 + αB)

2

α

{
1

1 + αB

(
1 + αM − Ḣ

H2

)
− (1 + αT )−

α̇B

H(1 + αB)2

}
− ρm + pm
αM2H2

,

(2.39)
while the speed of sound for matter and tensors are unchanged. In the case αH ̸= 0,
which will be treated in more details in Chapter 3, both the sound speed of matter and
the extra scalar field are affected.

Of course, the conditions (2.38) can be translated into conditions on parameters of
models, using for example Section 2.3. However, the advantage of the EFT of DE is
that those conditions are really imposed on deviations from ΛCDM, not just on a specific
model. It might well be that the regions of the parameter space they allow are not fully
explored by any of the known theories (which lead us to the theories beyond Horndeski
of Chapter 3). As we will see, the same kind of reasoning applies to the comparison
with observations.

2.5 Evolution of cosmological perturbations

In this section I will discuss the effects of the deviations from ΛCDM on the evolution of
perturbations, in the vector, tensor and scalar sectors, the latter being the richest–and
most complicated–in term of phenomenology. The matter sector will be parametrized
by its total stress energy tensor, decomposed at linear order as

T 0
0 ≡ −(ρm + δρm) , (2.40)

T 0
i ≡ ∂iqm +

(
T 0

i

)T ≡ (ρm + pm)∂ivm +
(
T 0

i

)V
, (2.41)

T i
j ≡ (pm + δpm)δ

i
j +

(
∂i∂j −

1

3
δij∂

2

)
σm +

(
∂iCj + ∂jC

i
)V

+
(
T i

j

)TT
, (2.42)

where δρm and δpm are the energy density and pressure perturbations, qm and vm are
respectively the 3-momentum and the 3-velocity potentials; σm is the anisotropic stress

potential. (T 0
i)
V is the transverse part of the matter energy flux,

(
∂iCj + ∂jC

i
)V

and
(Tij)

TT are respectively the transverse and the transverse-traceless parts of the spatial
matter stress tensor.
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2.5.1 Vector sector

As we have seen from eq. (2.35), the vector sector is the simplest one as it does not
contain propagating DOF. However, the presence of a time varying Planck mass, char-
acterized by αM ̸= 0 still affects the perturbations. Indeed, when considering the full
action supplemented by matter, the vector equation reads:

1

2
∇2NV

i =
a2

M2

(
T 0

i

)V
. (2.43)

For a perfect fluid where CV
i = 0, the conservation of the matter stress-energy tensor

implies that (T 0
i)
T ∝ 1/a3 [27]. Thus, the metric vector perturbations scale as

N i
V ∝ 1

aM2
=

1

a1+αM
, (2.44)

where the last equality holds for a constant αM . It is therefore interesting to see that
the evolution of the vector sector only depends on a single parameter.

Since they typically decay, vector modes are very difficult to observe. This very fact
already signals that αM cannot be too negative, i.e. the Planck mass cannot have been
growing too strongly in time, otherwise they would not necessarily be negligible today.
If vectors mode were to be detected, this would allow to constrain αM without having
to treat the other parameters.

2.5.2 Tensor sector

The tensor sector, slightly more complicated, leads to the evolution equation

γ̈ij +H(3 + αM )γ̇ij − (1 + αT )
∇2

a2
γij =

2

M2
(Tij)

TT . (2.45)

Thus, even for a perfect fluid where the anisotropic stress is zero, the propagation of
tensor modes is affected both by an additional friction term proportional to αM , as well
as a different speed of propagation. In principle, the combined observation of vector and
tensor modes could therefore provide constraints on αM and αT independently of each
other and of the other αi.

2.5.3 Scalar sector

2.5.3.1 Obtaining the equations

In principle, five (non independent) scalar equations can be derived from the action (2.19).
Four are the Einstein scalar equations (00, 0i, ii and ij traceless), where one needs to
further introduce the scalar part of the traceless component of the spatial metric, χ

hij = a2(1 + 2ζ)

[
δij +

(
∂i∂j −

δij
3
∂2
)
χ

]
. (2.46)

Then, the action needs to be varied with respect to ζ, δN, ψ and χ, giving the four
Einstein equations.
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The fifth equation is the one for the scalar field ϕ. However, in unitary gauge this field
is not explicit. One can still derive what would be the unitary gauge version of this
equation (that will depend only on metric quantities) by imposing the invariance under
time reparametrization of the action. Indeed, by definition of the unitary gauge,

δS[ϕ, gµν ]

δϕ(x)

∣∣∣∣
ϕ=t

=
δSu.g.[t, gµν ]

δt
, (2.47)

where the time derivative is understood as a partial one (that is to say, not taking into
account the time dependence of the metric).

For a general infinitesimal diffeomorphism xµ → xµ + ξµ, the metric changes as δgµν =
∇µξν +∇νξµ. Therefore,

δSu.g. =

∫
d4x

δSu.g.
δgµν(x)

(∇µξν(x) +∇νξµ(x)) +
δSu.g.
δt

ξ0 = 0 . (2.48)

After integrating by parts and combining this with eq. (2.47), one obtains that the equa-
tion of the scalar field in unitary gauge is simply the zero component of the divergence
of Einstein’s equations5,

δS[ϕ, gµν ]

δϕ(x)

∣∣∣∣
ϕ=t

=
δSu.g.
δt

= 2g0ν∇µ
δSu.g.
δgµν

= 0 , (2.49)

where the last equality holds when Einstein’s equations
δSu.g.

δgµν
= 0 are inforced. Hence,

this yields the fifth scalar equation, which is not independent from the others.

These five equations are for the scalar variables of the metric, namely ζ, δN, ψ and χ.
To describe scalar perturbations and their physics, the Newtonian gauge is more adapted
than the unitary gauge. In order to go from one to the other, a time diffeomorphism is
performed

t→ t+ π(t, x⃗) , (2.50)

where π describes the fluctuations of the scalar field

ϕ = t+ π . (2.51)

In Newtonian gauge the scalar part of the metric is parametrized as

ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)δijdx
idxj . (2.52)

One can relate the metric perturbations in unitary gauge defined in eq. (2.34) to he
metric perturbations Φ and Ψ, as well as the scalar fluctuation π by6

δN = Φ− π̇ , ζ = −Ψ+Hπ , ψ = a−2π , χ = 0 . (2.53)

Then, the five equations can be put in the following form (in Fourier space):

5Since we assumed the presence of a Jordan frame, where matter is minimally coupled, its stress
energy tensor is conserved independently.

6More precisely, to remove also the variable χ one needs a spatial diffeomorphism xi → xi + ∂iβ,.
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• The Hamiltonian constraint ((00) component of Einstein’s equation) is

6(1 + αB)HΨ̇ + (6− αK + 12αB)H
2Φ+ 2(1 + αH)

k2

a2
Ψ+ (αK − 6αB)H

2π̇

+ 6

[
(1 + αB)Ḣ +

ρm + pm
2M2

+
1

3

k2

a2
(αH − αB)

]
Hπ = −δρm

M2
,

(2.54)

• The momentum constraint ((0i) components of Einstein’s equation) reads

2Ψ̇ + 2(1 + αB)HΦ− 2HαBπ̇ +

(
2Ḣ +

ρm + pm
M2

)
π = −(ρm + pm)vm

M2
. (2.55)

• The traceless part of the ij components of Einstein’s equation gives

(1 + αH)Φ− (1 + αT )Ψ + (αM − αT )Hπ − αH π̇ = − σm
M2

, (2.56)

• The trace of the same components gives, using the equation above,

2Ψ̈ + 2(3 + αM )HΨ̇ + 2(1 + αB)HΦ̇

+ 2

[
Ḣ − ρm + pm

2M2
+ (αBH)· + (3 + αM )(1 + αB)H

2

]
Φ

− 2HαB π̈ + 2

[
Ḣ +

ρm + pm
2M2

− (αBH)· − (3 + αM )αBH
2

]
π̇

+ 2

[
(3 + αM )HḢ +

ṗm
2M2

+ Ḧ

]
π =

1

M2

(
δpm − 2

3

k2

a2
σm

)
.

(2.57)

• Finally, the evolution equation for π reads

H2αK π̈ +
{[
H2(3 + αM ) + Ḣ

]
αK + (HαK)·

}
Hπ̇

+ 6

{(
Ḣ +

ρm + pm
2M2

)
Ḣ + ḢαB

[
H2(3 + αM ) + Ḣ

]
+H(ḢαB)

·
}
π − 2

k2

a2
Ḣπ

− 2
k2

a2

{
ρm + pm
2M2

+H2 [1 + αB(1 + αM ) + αT − (1 + αH)(1 + αM )] + (H(αB − αH))·
}
π

+ 6HαBΨ̈ +H2(6αB − αK)Φ̇ + 6

[
Ḣ +

ρm + pm
2M2

+H2αB(3 + αM ) + (αBH)·
]
Ψ̇

+

[
6

(
Ḣ +

ρm + pm
2M2

)
+H2(6αB − αK)(3 + αM ) + 2(9αB − αK)Ḣ +H(6α̇B − α̇K)

]
HΦ

+ 2
k2

a2

{
αHΨ̇ + [H(αM + αH(1 + αM )− αT )− α̇H ] Ψ + (αH − αB)HΦ

}
= 0 .

(2.58)

These equations are much more involved than in the two other sectors and as such are
not readily useful. Nevertheless, one has to remember that there is only one propagating
degree of freedom, which means that 4 of these equations are just constraints. Therefore,
the five equations can be combined into a single equation for a single variable, e.g.
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Ψ̈ +
β1β2 + β3α

2
B k̃

2

β1 + α2
B k̃

2
HΨ̇ +

β1β4 + β1β5 k̃
2 + c2sα

2
B k̃

4

β1 + α2
B k̃

2
H2Ψ =

− 1

2M2

[
β1β6 + β7α

2
B k̃

2

β1 + α2
B k̃

2
δρm +

β1β8 + β9α
2
B k̃

2

β1 + α2
B k̃

2
H(ρm + pm)vm − αK

α
δpm

] , (2.59)

where k̃ ≡ k/(aH), α is defined in eq. (2.36) and for simplicity, I have assumed that
the anistropic stress of matter is zero. The βi are functions of the coefficients αj ,
whose–rather cumbersome–expressions are given in Appendix C of Article G in the case
αH = 0. Although this equation is enough to describe the dynamics of the scalar sector,
it is useful to have the relation between the two metric potentials Φ and Ψ to connect
with observations (in particular lensing). This relation takes the form

α2
B k̃

2

[
Φ−Ψ

(
1 + αT +

αT − αM

αB

)]
+ β1

[
Φ−Ψ(1 + αT )

(
1 + α

αT − αM

2β1

)]
=

αT − αM

2H2M2

{
αB [δρm − 3H(ρm + pm)vm] +HM2α Ψ̇ +H

αK

2
(ρm + pm)vm

}
.

(2.60)

To complete the system of equations, one needs to provide the evolution equations for
the matter sector. Since it is assumed to be minimally coupled, these equations come
from the conservation of the stress energy tensor. At linear order in the perturbations,
treating one species of matter only for simplicity, they read

δ̇m − 3H(wmδm − δpm)− (1 + wm)

(
k2

a2
vm + 3Ψ̇

)
= 0 , (2.61)

v̇m −
[
3Hwm − ẇm

1 + wm

]
vm +

δpm
1 + wm

+Φ = 0 , (2.62)

with the definitions

wm ≡ pm
ρm

, δm ≡ δρm
ρm

, (2.63)

where wm is the usual equation of state parameter and δm the density contrast. Note that
in general, when the fluid is not at rest, the relation between the pressure perturbation
and the density contrast involves more than just the speed of sound (see for example
[28]) which is why I kept explicitly δpm in these equations.

2.5.3.2 Interpretation

The system of equations (2.59)–(2.62) is complete (provided δpm and wm are specified)
and can in principle be solved to get the evolution of the matter perturbations and
gravitational potentials. To do so without approximations would require a numerical
implementation. However, the physics can be discussed analytically in specific cases,
that give an idea of the effects expected. In particular, I will focus on the role played by
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kinetic braiding. Indeed, one can see appearing in eq. (2.59) a new scale when αB ̸= 0:

kB =
aHβ

1/2
1

αB
, (2.64)

which has been called braiding scale [19]. We shall explore two examples that show it
is associated with noticeable modifications of gravity.

• αB = 0:

It can be seen as the extreme limit where kB → ∞, meaning that all modes are
outside of the braiding length, k ≪ kB. In this case most of the scale dependences
go away. We are left with the simpler expression

Ψ̈ + (4 + 2αM + 3Υ)HΨ̇ +

(
β4H

2 + c2s
k2

a2

)
Ψ =

− 1

2M2

{
c2s [δρm − 3H(ρm + pm)vm] + (αM − αT + 3Υ)H(ρm + pm)vm − δpm

}
,

(2.65)

where Υ is defined in Appendix C of Article G. Although both αM and αT can
be nonzero here, the form of this equation is very similar to that obtained in
the standard k-essence case [25]. One recovers in the quasistatic limit (i.e. by
neglecting time derivatives and taking k ≫ aH/cs)

− k2

a2
Ψ =

1

2M2
δρm , Φ = (1 + αT )

[
1 + αK

αT − αM

2β1

]
Ψ . (2.66)

This means that no scale dependence is introduced in the effective Newton constant
defined as

− k2

a2
Φ ≡ 4πGeff δρm . (2.67)

As we will see, this no longer necessarily holds when αB ̸= 0.

• α2
B ≫ αK :

This case corresponds to having most of the kinetic energy of the scalar field
coming from kinetic braiding. Indeed, one can see in this case that the kinetic
energy (the term in ζ̇2 in eq. (2.35)) is dominated by the contribution of αB.

For simplicity we consider only the case αT = 0. Moreover, to avoid gradient
instabilities the following relation is required (see eq. (2.39))

αB ≲ O(αM ) . (2.68)

However, no restrictions are imposed on αM , whose value can affect the braiding
scale. Indeed, when α2

B ≫ αK , this is given by

k2B
a2

≃ 3(H2αM − Ḣ) , (2.69)
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which can be inside the Hubble horizon. In this case, considering modes with
k ≫ kB, eq. (2.59) simplifies to

Ψ̈ + (3 + αM )HΨ̇ +

(
k2Bβ5
a2

+ c2s
k2

a2

)
Ψ ≃ − 1

2M2

(
k2Bβ6
k2

+ c2s +
1

3
− αM

3αB

)
δρm ,

(2.70)

where we have neglected relativistic terms on the right hand side of (2.59). If the
ratio β5/c

2
s is larger than one, the scale dependence cannot be neglected even in

the case k ≫ kB. Therefore, a non vanishing αB, or the fact that kB <∞, brings
a transition scale in the effective Newton constant7, which is a strong signal that
gravity is modified.

Another interpretation would be that dark energy clusters: one can write Einstein
equations as

Gµν =
Tµν
m + Tµν

D

M2
, (2.71)

which defines effective fluid variables for dark energy/modified gravity. Thus, for
subhorizon scales, the Poisson equation has the form

− k2

a2
Φ =

1

M2
(δρm + δρD) . (2.72)

For a cosmological constant, there are no perturbation in the dark energy fluid,
δρD = 0, and the standard behavior is recovered. However, as soon as dark energy
clusters, i.e. δρD ∼ O(δρm), the relation between the gravitational potential
and matter is no longer as simple, leading to a different (and potentially scale
dependent) effective Newton constant.

The equations (2.59) and (2.60) can be seen as the generalization to arbitrary scales of
the usual parametrization in term of Geff (defined in eq. (2.67)) and the slip parameter

γ ≡ Ψ

Φ
, (2.73)

that are employed in the quasistatic limit. However, if this limit is clearly defined in
GR where it means focusing on subhorizon scales k ≫ aH, its definition in the presence
of an extra scalar field is more ambiguous. Indeed, in general, new scales (see [29] for
a general discussion concerning new scales in modified gravity) and time dependences
appear and its not always clear how this limit would translate, although in general it is
expected to hold well inside the sound horizon of the scalar perturbations, kcs ≫ aH.

To alleviate this uncertainty, one can look at what is called the extreme quasistatic
limit [19] corresponding to wavenumber k much bigger than any scale in the problem,
i.e. taking k → ∞ in eqs. (2.59)–(2.60). This yields the following expressions

8πGeff =
α c2s(1 + αT ) + 2 [αB(1 + αT ) + αT − αM ]2

α c2s
M−2 , (2.74)

γ =
α c2s + 2αB [αB(1 + αT ) + αT − αM ]

α c2s(1 + αT ) + 2 [αB(1 + αT ) + αT − αM ]2
, (2.75)

7Although the standard relation defining Geff involves Φ and not Ψ, it easy to convince oneself that
the relation between them set by eq. (2.60) does not remove this transition.
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where I have expressed both quantities directly in terms of the functions αa (recall that
α = αK+6α2

B and αH is here set to zero). These two quantities are observable since the
first affects directly the growth of structures and therefore affects the power spectrum
of the large scale structure. The second is related to the gravitational potential felt by
photon, Φ + Ψ, and thus can be probed in weak lensing experiments (see for example
[30]).

In this Section, I have shown that by looking at the evolution of cosmological pertur-
bations, one can relate the parametrization of the action in eq. (2.19) to observable
quantities. The simplest cases from the theoretical side are the vector and tensor sec-
tors. They only depend on the time variation of the Planck mass, αM , and on the
deviation from unity of the tensor sound speed, αT . However, these sectors are precisely
the fields of observations where the signals are the weakest.

The more experimentally accessible scalar sector corresponds to the most complicated
domain, where all five functions αi play a role. Although their effects are understood
from a theoretical point of view (see Table 2.1), they appear in a non trivial way when
going to observable quantities such as the growth of structures or weak lensing. This can
be seen analytically in the quasistatic limit with the modifications of the way matter
sources the gravitational potential (through Geff) or the way the two potentials are
related to each other (through γ). This is why, to break the degeneracies that remain,
one may need to go beyond the quasistatic limit, starting for example from eq. (2.59).

One idea would be to solve perturbatively eqs. (2.59)–(2.62) around k → ∞ without
necessarily making assumptions on the time derivatives. This would be a way to see
the range of validity of the quasistatic approximation (see also [31]). We have actually
started looking into this, but taking care of the time dependence is rather subtle and
requires more work.

2.6 Conclusions

In this chapter, I presented a method called the Effective Field Theory for Dark Energy,
that allows to explore the vast landscape beyond the standard model of cosmology,
ΛCDM. It is based on the parametrization of an action, describing scalar-tensor theories
in a very broad sense. I used the preferred time foliation that the scalar field offers,
along with its 3+1 geometry, to construct a very generic Lagrangian that describes
linear perturbations with second-order dynamics. This Lagrangian depends only on five
functions of time, provided the expansion of the Universe and its matter content are
known.

This has many advantages, both theoretically and observationally. The stability condi-
tions that one needs to impose for a theory to be sensible can be easily read from this
action. Moreover, this reduces to a single channel of analysis the comparison to exper-
iments. The straigthforward links that we developped between wide classes of models
and the parameters make it particularly convenient to use, since constraints on the five
parameters easily translate to constraints on models.

However, this point of view is somewhat limiting the potential of this approach. The
action (2.19) explores domains beyond the models currently known, potentially leading
to new models, as we shall see in the next chapter. Indeed, it is solely based on the fact
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that in general, the background solution of an additional field in a cosmological setting
explictly breaks time reparametrization invariance. This opens the possibility of new
terms in the action beside the standard Ricci scalar. It really is deviations from ΛCDM
+GR that are captured by this formalism.

Because of its minimal number of parameters, the EFT of DE has started to be used
by the community. It first started with people developing codes, in particular [32], that
is based on the popular CMB code CAMB [33] and others doing forecasts for galaxy
surveys [34]. Now, the parametrization, conveniently optimized by [19], is being used in
the analysis of the Planck collaboration [35]. Hopefully, future surveys such as EUCLID
[2] and LSST [3] will also use it, and the constraints on the αa will improve.

From a theoretical point of view, there is still work to be done. As I mentioned above,
there is a yet untamed wealth of information contained in eq. (2.59), which includes for
example relativistic effects that become important when looking at increasingly large
surveys. It would be interesting to see how much of this information can be extracted
using numerical solutions, or analytical method generalizing the quasistatic limit.

Another point I have been working on recently consists of extending this formalism to
the case of where the Weak Equivalence Principle (WEP) is violated, i.e. species couple
to different metrics. This has been studied for ΛCDM under the name of interacting
dark energy (see for example [36–39]). The idea is to investigate the interplay between
these two properties, namely modifications of gravity and violation of the WEP. In
particular, one can generalize the stability conditions (2.38), as well as the evolution
equations (2.59)–(2.62) to include the different couplings of the matter fields, to look at
the effect on the power spectrum and weak leasing.



Chapter 3

Beyond Horndeski

Although using parametrizations such as the EFT of DE (for other examples, see [40, 41])
proves useful when testing our understanding of cosmology, finding a more complete de-
scription through a specific model provides advantages. For example, it allows to go
beyond the linear approximation, which is necessary when looking at smaller scales,
where it breaks down. A very important step in this endeavour was the work of Horn-
deski [4] and its rediscovery [22, 42]. What are now known as Horndeski theories, or
generalized galileons, are the most general Lorentz invariant scalar-tensor theories lead-
ing to second-order equations of motion, both for the scalar and for the tensors. This
property guarantees that they are well behaved and free of ghosts. The fondness for
these theories comes from the standard lore that theories ruled by EOM with more than
two derivatives should be automatically discarded because they suffer from instabilities,
according to Ostrogradski’s theorem. However, this reasoning is too hasty. Indeed, in
order for this statement to be correct, the theory needs to be non degenerate, in a sense
that I will make clear later.

In this chapter, I will describe scalar-tensor theories that are not contained in Horn-
deski’s. As a consequence, their EOM contain terms with three derivatives, but I will
show that the theories are still “healthy”, meaning devoid of Ostrogradski’s instability.
First, I will spend some time on what Horndeski theories are, before moving to these
new theories, that we dubbed G3 for “Generalized Generalized Galileons”. Finally, I
will use the formalism of Chapter 2 to explore the novel phenomenology that appears
when going beyond Horndeksi.

3.1 Horndeski theories

As I have said before, the easiest way to modify ΛCDM is to introduce a scalar field.
The goal is therefore to write a Lagrangian for this scalar field

L(ϕ, ϕα ≡ ∇αϕ, ϕβγ ≡ ∇β∇γϕ, gµν , . . .) . (3.1)

Usually, when writing such Lagrangians, only first derivatives of the scalar field are
involved. However, one can be more general and include terms such as □ϕ ≡ gµνϕµν .
They are slightly more delicate, as they can lead to extra, unstable DOF. A sufficient

20
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condition to avoid this is to require that the EOM derived from the Lagrangian are at
most second-order in derivative. Before turning to the case of a general metric gµν it
is instructive to focus on the Minkowski limit, where the only dynamical DOF is the
scalar. The key ingredient are the so-called galileons Lagrangians of [43]:

Lgal,1
2 = X , (3.2)

Lgal,1
3 = X□ϕ− ϕµϕ

µνϕν , (3.3)

Lgal,1
4 = X

[
(□ϕ)2 − ϕµνϕ

µν
]
− 2(ϕµϕνϕµν□ϕ− ϕµϕµνϕλϕ

λν) , (3.4)

Lgal,1
5 = X

[
(□ϕ)3 − 3(□ϕ)ϕµνϕµν + 2ϕµνϕ

νρϕµρ
]

(3.5)

− 3
[
(□ϕ)2ϕµϕµνϕν − 2□ϕϕµϕµνϕνρϕρ − ϕµνϕ

µνϕρϕ
ρλϕλ + 2ϕµϕ

µνϕνρϕ
ρλϕλ

]
,

which are can be generalized to

LMink
2 = A2(ϕ,X) , (3.6)

LMink
3 = A3(ϕ,X)□ϕ , (3.7)

LMink
4 = A4(ϕ,X)

[
(□ϕ)2 − ϕµνϕ

µν
]
, (3.8)

LMink
5 = A5(ϕ,X)

[
(□ϕ)3 − 3(□ϕ)ϕµνϕµν + 2ϕµνϕ

νρϕµρ
]
, (3.9)

where here ϕµν = ∂µ∂νϕ since this is in flat space. For the choice of functions Aa ∝ X
one recover the previous expressions up to total derivatives.

The action S =
∫
d4x

∑
a L

Mink
a constitutes the most general action for a scalar in

flat space that leads to second-order EOM. What is essential in order to avoid higher
derivatives is the antisymmetric structure that appears, in particular in the quartic
(3.8) and quintic (3.9) galileons. Note that the same sort of structure appears in ghost-
free massive gravity [44, 45] when focusing on the scalar mode (taking the so-called
decoupling limit).

If we now want to write a covariant version of the most general action leading to second-
order EOM in curved spacetime, the allowed Lagrangians can be decomposed into four
classes

LH
2 [G2] ≡ G2(ϕ,X) , (3.10)

LH
3 [G3] ≡ G3(ϕ,X)□ϕ , (3.11)

LH
4 [G4] ≡ G4(ϕ,X) (4)R− 2G4X(ϕ,X)

[
(□ϕ)2 − ϕµνϕµν

]
, (3.12)

LH
5 [G5] ≡ G5(ϕ,X) (4)Gµνϕ

µν +
1

3
G5X(ϕ,X)

[
(□ϕ)3 − 3□ϕϕµνϕµν + 2ϕµνϕνρϕ

ρ
µ

]
.

(3.13)

The first type (3.10) corresponds to quintessence and k-essence, while the second (3.11)
corresponds to the kinetic gravity braiding Lagrangian (2.26).

The third Lagrangian (3.12) contains the Einstein Hilbert action (2.12), for G4 =
M2

Pl/2. When G4X ̸= 0 the second piece has the structure inherited from the quar-
tic galileon (3.8). However, when the metric is dynamical and the partial derivatives
are replaced by covariant ones, a non minimal coupling term, G4(ϕ,X)(4)R, is needed
in order to keep the EOM second-order. Finally, the last type, eq. (3.13), known as the
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quintic generalized galileon, is the extension of (3.12) to more fields ϕ. The list stops
there because any Lagrangian with more fields satisfying Horndeski’s conditions would
be a total derivative.

In the following section, I am going to argue that one can in fact write a more general
action that is still stable, even though it possesses terms with more than two derivatives
in the EOM.

3.2 General considerations on higher order derivatives

The desire for second-order EOM stems from Ostrogradski’s theorem, which can be
stated as following: imagine the position q(t) of a particle is described by a Lagrangian

L(q, q̇, q̈) . (3.14)

Note that, usually, the Lagrangian does not depend on the second derivative of the
position. In this peculiar case, one can define the conjugate momenta to these variable
as

P1 ≡
∂L

∂q̇
− d

dt

∂L

∂q̈
, P2 ≡

∂L

∂q̈
. (3.15)

Ostrogradski’s theorem states (see for example [46]) that if the system is non-degenerate,
i.e. if one can express the variable q̇ and q̈ as functions of P1 and P2, the system will
suffer from ghost instabilities as discussed in Section 2.4. In this simple case, the non
degeneracy conditions translates simply to the invertibility of the 2x2 matrix

∂L

∂q(i)
∂L

∂q(j)
, (3.16)

where q(j) denotes the j-th derivative of q w.r.t. time. It is easy to convince oneself that
when this is the case, the EOM contains terms with more than two time derivatives.

Indeed, even though Ostrogradski’s proof is formulated at the level of the action, its
consequences can be directly seen in the EOM. Let’s take the case of single DOF, ψ(t),
whose EOM contains three time derivatives1. This means that, in order to evolve ψ from
an initial state, one needs three conditions: the usual “position” ψ(t0) and “velocity”
ψ̇(t0) but also the “acceleration” ψ̈(t0). This goes against the idea that a DOF is given
by the couple position-momentum. It signifies the presence of an extra DOF, which,
according to Ostrogradski, is a ghost (in the sense of eq. (2.32) with ξ < 0).

At the root of the proof is a notion of non degeneracy. This is not apparent in the case
of one field since as soon as there is a higher derivative in the EOM, one must specify
more initial conditions. However, when considering an action for more than one field,
the non degeneracy conditions are not always this trivial: one can have the coefficient in
front of higher derivative non zero but still have a degenerate system. A simple example

1Note that the case of three derivatives is somewhat particular, since only one additional initial
condition in needed, instead of the two associated with a full DOF. Moreover, it is not possible to
construct a Lagrangian for a single field ψ that gives odd number of time derivatives. However, it can
happen when more than one field are present and constitutes thus a case worth mentioning.
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is the following set of equations

...
ψ +

...
ϕ +H1ψ̈ +H3

2ϕ = 0 ,

ψ̈ + ϕ̈−H3ϕ̇ = 0 ,
(3.17)

where the Hi are arbitrary constants. Naively, one could think this would require three
initial conditions for ψ and ϕ, for a total of six, and the apparition of a third DOF. How-
ever, by plugging the second equation in the first, one can see the system is degenerate,
since it is equivalent to

H3ϕ̈+H1ψ̈ +H3
2ϕ = 0 ,

ψ̈ + ϕ̈−H3ϕ̇ = 0 ,
(3.18)

which is a standard second-order system describing two DOF.

The case of Lorentz invariant scalar-tensor theories is even more involved. Indeed, be-
cause of the gauge freedom, the system is degenerate: we saw for example in Section 2.4
that the lapse N and the shift Ni yielded constraint equations. This explains the fact
that even GR, which a priori has ten DOF (the ten components of the metric), propa-
gates only two.

In the case of eqs. (3.4) and (3.5) (as well as the other quartic (3.12) and quintic (3.13)
Lagrangians), the degeneracy is increased by the specific antisymmetric structure of the

Lagrangians: in particular, one can see that because of this structure, ∂2La

∂ϕ̈2
= 0. Of

course, as I said above, the degeneracy condition is really on the full matrix (3.16), but
intuitively this is a sign that the theory is more degenerate.

It is exactly this degeneracy that would render the proof of Ostrogradski inapplicable in
the Lagrangians of Horndeski, even before studying the EOM. Therefore, this realization
gives hope that one can construct theories that are more general than Horndeski with-
out introducing ghost DOF by considering Lagrangians that are deignerate enough. It
should be noted that this is not a miracle recipe that would get rid of every ghost. The
larger the number of derivatives, the more degenerate the theory needs to be, making it
harder and harder to conceive one.

3.3 Generalized Generalized Galileons G3

Before introducing G3 theories, let me make a general remark here. When taking the
flat space limit of any scalar-tensor theory, the possibility of non trivial degeneracy
disappears since only the scalar remains. There, the number of possibilities is limited
to the Lagrangians (3.6)–(3.9). This is why a necessary condition for any scalar-tensor
theory to be ghost free is to reduce to these Lagrangians when gµν → ηµν

2.

With this idea in mind, in [GLPV2, GLPV3] we studied the following Lagrangians

L4 = LH
4 [B4(ϕ,X)] + F4(ϕ,X)Lgal,1

4 , (3.19)

L5 = LH
5 [B5(ϕ,X)] + F5(ϕ,X)Lgal,1

5 , (3.20)

2When this is not the case, the theory might be ghost free around specific background, but the
property might not be Lorentz invariant.
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where Lgal,1
4 and Lgal,1

5 the Lagrangians from eqs. (3.4) and (3.5) with the replacement

ηµν → gµν , ∂µ → ∇µ . (3.21)

Under this form it is easy to see that the Horndeski case corresponds to F4 = F5 = 0.
However, when these functions are not zero, the EOM contain terms with three deriva-
tives. More precisely, the metric equations contain three derivatives of the scalar and
the scalar field equation contains three derivative of the metric. This means that when
going to flat space, the scalar field recovers its second-order EOM, which is expected
since it flat space these Lagrangians reduce to eq. (3.8)–(3.9) (up to total derivatives,
see Article F).

This is not how we first discovered these Lagrangians. The first hint we had was when
looking at the EFT of DE and realizing that, at linear order, one could be more general
than Horndeski theories: we had an additional parameter αH in eq. (2.19) that accounted
for a deviation from Horndeski, while keeping the right number of DOF. We then built a
non linear theory that respected this property. Therefore, when we first wrote it, it was
in the context of the EFT of DE and as such it was in unitary gauge. Using eqs. (2.4)
and (2.13), the Lagrangians (3.19) and (3.20) can be recast into:

L4 ≡ A4(ϕ,X)
(
K2 −KµνK

µν
)
+B4(ϕ,X)R ,

L5 ≡ A5(ϕ,X)
(
K3 − 3KKµνK

µν + 2KµνK
νρKµ

ρ

)
+B5(ϕ,X)Kµν

(
Rµν −

1

2
hµνR

)
,

(3.22)
where

A4 ≡ −B4 + 2XB4X −X2F4 ,

A5 ≡ −XB5X

3
+ (−X)5/2F5 .

(3.23)

This yields the expression of the Horndeski Lagrangians in terms of 3+1 quantities in
the case F4 = F5 = 0, which was first derived in [GLPV1]. On top of making the
connection with Chapter 2 easier, these expressions are going to allow us to prove that
the theory has no extra DOF. In order to do so, we will specialize to the case where the
scalar field is spacelike, so that we can go to unitary gauge.

One could rightfully argue that proving the soundness of the theory under this assump-
tion does not guarantee it will hold on a different background. This is indeed true.
However, it is a necessary condition and under this assumption one can actually say
something quantitative about the number of DOF. Moreover, the fact that it also re-
duces to galileons in Minkowski is a strong signal that the theory is safe around any
background. I will give a purely Lorentz invariant proof in a following section, which
relies on knowing a priori a transformation of the metric that maps subsets of G3 onto
Horndeski.
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3.4 Hamiltonian analysis

In unitary gauge, the proof is very general and is based on a Hamiltonian analysis. We
are back to using the metric whose line element is

ds2 = −N2dt2 + hij
(
dxi +N idt

) (
dxj +N jdt

)
. (3.24)

Moreover, in this gauge, the extrinsic curvatures in eq. (3.22) take their usual 3+1
expression

Kij =
1

2N

[
ḣij −DiNj −DjNi

]
, (3.25)

and again, the other components are not needed (see eq. (2.9)).

To prove that there are no extra DOF, I will use a Hamiltonian analysis, that will allow
me to count the number of DOF. The case is actually quite similar to the standard
counting of DOF in GR, starting from eq. (2.12).

The first step is to compute the conjugate momenta of the “position” variables (N,Nk, hij)
in order to write the Hamiltonian as a function of the twenty canonical variables (N, πN ),
(Nk, πk), (hij , πij). Since the lapse and the shift do not appear with time derivatives,
their conjugate momenta vanish

πN = 0 , πi = 0 , (3.26)

and their EOM will yield constraints.

The Hamiltonian is defined as

H ≡
∫
d3x⃗

[
πij ḣij − L

]
. (3.27)

What is left to do is to invert the relation between ḣij and πij . This can be done
explicitly in the case of L4. However, in the case of L5 the relation between these two
quantities is not linear: expressing ḣij as a function of πij requires taking the square
root of a matrix. Therefore, even though the inversion is locally well defined, one cannot
get an explicit expression (see Article F for a discussion on the matter).

After this inversion in the case of L4 (3.19), the Hamiltonian can be put in the form

H =

∫
d3x⃗

[
NH0(N) +N iHi

]
, (3.28)

with
Hi ≡ −2Djπ

j
i , (3.29)

H0 ≡− 1√
hA4

(
πijπ

ij − 1

2
π2
)
−

√
hB4

(4)R ,

A4 = −B4 −NB4N − F4 .

(3.30)

The last equality stems from eq. (3.23) in unitary gauge, where X = −1/N2 (choosing
ϕ0(t) = t). The Hamiltonian of GR has exactly the same form, with B4 = −A4 =
1/(16πG), implying that H0 is independent of N , which is not the case in general.
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To count the DOF in a constrained system such as the one described by eq. (3.28), one
has to sort the constraints according to their class in Dirac’s terminology. A constraint
can either be first-class, which implies that its Poisson bracket with all the other con-
straints vanish, or second class otherwise. Although these definitions are quite technical
for the unfamiliar reader, let me distill their relevant properties. First class constraints
are particular constraints that are in general associated with gauge freedom. This is
why, on top of eliminating one variable, the freedom associated with the gauge removes
an additional variable. The statement is thus that a first class constraint removes a full
DOF (which corresponds to a couple of canonical variables). Second class constraints
however do not stem from gauge freedom and as such remove only half a DOF (see for
example [47] for a discussion on constrained Hamiltonian and number of DOF).

In the case of GR, all the constraints

πN = 0 ,
∂H

∂N
= H0 = 0 , πi = 0 ,

∂H

∂Ni
= Hi = 0 , (3.31)

are first class (this is actually guaranteed by the fact that N and Ni only appear linearly
in the action). This can be understood because, even though a specific foliation is chosen
to decompose the Ricci scalar in 3+1 quantities, this foliation is completely arbitrary.
Therefore, the time gauge freedom is still maintained in the action and N is the variable
that enforces it. The same can be said about the spatial gauge freedom and Ni.

The counting can then be done as following: there are two constraints for (N,πN ) and
six for (Ni, πi), each removing a full DOF. This leaves two DOF out of the naive ten,
which are the two polarizations of gravity waves.

In the case of G3, the only difference is that the constraints associated with (N,πN )

πN = 0 ,
∂H

∂N
= H0(N) +NH′

0(N) = 0 , (3.32)

are in general second class and remove only half of DOF each. Technically, this is
because in general H0 depends on N . More intuitively, this is just the expression that
the time diffeomorphism invariance is broken by the choice of the unitary gauge, which
represents a specific choice of time given by the scalar field.

However, as we discussed in Section 2.1, the action is still invariant under spatial diffs,
so the six constraints for (Ni, πi) remain first class. Actually, it is not exactly Hi that
is first class, but rather Hi + πN∂iN (see for example [48]), which is actually the total
momentum constraint that would appear for GR plus a scalar field.

The counting therefore yields three DOF, which are the expected tensor (two) and
scalar (one) modes. Contrarily to what could have been thought naively, no extra DOF
appears in the theory. Notice that imposing the Horndeski conditions (3.23) does not
yield anything special in this formulation.

Nevertheless, the simplicity of the unitary gauge action hides the fact that the La-
grangians (3.19) and (3.20) are quite peculiar. Two things should be kept in mind.

• The counting of DOF could have yielded four. For example, if one were to simply
detune the functions G4 and G4X in eq. (3.19), when going to unitary gauge the
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action would contain terms in ṄK. Indeed it can be checked using eq. (2.4) that

(□ϕ)2 − ϕµνϕ
µν ⊃ −2∇µXKn

µ ∝ ṄK , (3.33)

since X ∝ 1/N2 in unitary gauge. In this case, πN ̸= 0 and one can invert
the momenta to write Ṅ and ḣij in terms of πN and πij

3. Then the equations
associated to N become dynamical: they are no longer constraints. The only
constraints that remain are those for Ni, which remove six of the ten initial DOF:
an extra mode appears, which is a ghost according to Ostrogradski’s theorem.

• The proof in unitary gauge could be extended to any Lagrangians that depends on
arbitrary combinations of the extrinsic curvature, see for example [50]. However,
as soon as they do not appear in the specific forms of eqs. (3.19) and (3.20),
the theories do not reduce to galileons in flat space. As I mentioned above, this
means that they potentially develop ghost like DOF when the unitary gauge is not
defined, i.e. when the scalar field is not spacelike. As such, they might be Lorentz
violating theories, which is what happens for Hořava-Lifshitz gravity [51, 52].

3.5 Field redefinitions

A well known situation where Ostrogradski’s theorem does not apply even though higher
derivatives are present is when there exists an invertible mapping between a theory and
one that is healthy (see e.g. [53]). The term invertible is here taken in its formal math-
ematical definition: the mapping must be a bijection between the two set of variables.

In particular, in the case of a single variable ψ mapped to ψ̃, the transformation cannot
involve derivatives of the field: the “inversion” is always defined up to integration con-
stants, implying the mapping is not injective. This means that one cannot remove the
extra DOF associated to a term in ψ(n>2) by defining a new variable ψ̃ ≡ ψ(n−2). The
extra DOF are just hidden in the solution of the equation for ψ̃ in terms of ψ. This is
yet another way of saying that when there is only one variable, there is no room to play
with degeneracies: Ostrogradski’s theorem always applies.

However, as soon as more variables are at play, the situation changes. For example, a
transformation of the form

ψ1 → ψ2 ,

ϕ1 → ϕ2 + ψ̈2 ,
(3.34)

is invertible, since there are no differential equations to solve to express the new variables
in terms of the old ones. Thus, the Lagrangian

L2 = − ψ̇
2
2

2
− ϕ̇22

2
− ϕ̇2ψ

(3)
2 −

(
ψ
(3)
2

)2
2

. (3.35)

3The last statement is essential. Indeed, there exist situations where πN ̸= 0 but the Lagrangian
is too degenerate to allow the inversion of the momenta, so that there is actually no extra DOF. See
Article F and [49] for examples of such a case.
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has the same number of DOF as the standard free field Lagrangian

L1 = − ψ̇
2
1

2
− ϕ̇21

2
, (3.36)

since they are related by eq. (3.34).

One can also see this in a way similar to eq. (3.17) since the EOM derived from the
Lagrangian (3.35) are

ψ̈2 + ϕ
(4)
2 + ψ

(6)
2 = 0 , (3.37)

ϕ̈2 + ψ
(4)
2 = 0 , (3.38)

which are equivalent to
ψ̈2 = 0 , ϕ̈2 = 0 . (3.39)

It turns out that in the case of G3, we found a way to write this mapping, when restricting
to the case of either (3.19) or (3.20), but not when both are considered at the same time.
The key is to use disformal transformations [54], such as

ḡµν = Ω(ϕ,X)2gµν + Γ(ϕ,X)ϕµϕν ,

ϕ̄ = ϕ .
(3.40)

For most choices of Ω and Γ this transformation is invertible in the sense I defined
above, since no differential equation needs to be solved to express the original quantities
in terms of the tilde ones. It was shown [55] that when the functions Ω and Γ do not
depend on X = ϕµϕ

µ, this transformation leaves the structure of Horndeski theories
invariant. By this I mean that when performing such a transformation on the whole
theory L =

∑5
a=2 La, one gets a Lagrangian L̃ =

∑5
a=2 L̃a, where La and L̃a are of the

forms (3.10)–(3.13), but with different functions Gb.

Once the functions Ω and Γ are allowed to depend on X, the Horndeski form is no
longer preserved. In particular, when focusing on the case where only Γ depends on
X, we showed in [GLPV3] that the transformation creates a bridge between Horndeski
theories and G3. More precisely, when considering

gµν → ḡµν = Ω2(ϕ) gµν + Γ(ϕ,X)ϕµ ϕν , (3.41)

the geometrical quantities above change as4

R̄→ Ω−2R , (3.42)

K̄µν → Kµν√
Ω2 + ΓX

. (3.43)

Since the extrinsic and intrinsic curvatures transform differently, the function of (ϕ,X)
in front of the two different parts of the Horndeski Lagrangians, e.g.

L4 ≡ (B4 − 2XB4X)
(
K2 −KµνK

µν
)
+B4(ϕ,X)R , (3.44)

4It is easier to see the effect of the transformation (3.41) on these quantities than directly on the
scalar field and its derivatives. However this can be done, see for example [49].
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will be modified differently. The freedom in Γ(ϕ,X) allows to detune these functions,
leading to the case of eq. (3.19) with arbitrary A4 and B4. Conversely, if one starts from

L = A4(ϕ, X̄)(K̄2 − K̄µνK̄
µν) +B4(ϕ, X̄)R̄ , (3.45)

and performs a disformal transformation with Γ solution of

ΓX =
A4 +B4 − 2XB4X

X2A4
, (3.46)

the resulting Lagrangian belongs to the Horndeski class

L̄ = (B̄4 − 2X̄B4X̄)(K̄2 − K̄µνK̄
µν) + B̄4(ϕ, X̄)R̄ . (3.47)

The same reasoning can be made for the case of L5 alone. However, in general it is not
possible to choose Γ to put both Lagrangians in the Horndeski form. Indeed, there is
only a single free function of (ϕ,X), which is not enough to eliminate the two functions
A4 and A5 from eqs. (3.19) and (3.20) simultaneously.

What about introducing a new function of (ϕ,X) by giving a X dependence to Ω? By
considering such a transformation, one not only goes out of Horndeski theories, but out
of G3 as well.

If one were to use a structure involving second derivatives of ϕ in eq. (3.41), those
would have to be covariant and introduce first derivatives of the metric through the
Christoffel symbols. In principle, this means that the transformation for the metric
becomes differential and would not conserve the number of DOF. We have not been
able to find a field redefinition that brings the full action L4 + L5 to Horndeski. The
very existence of such transformation is not guaranteed. This is where the strength of
the Hamilonian analysis is manifest: it is a standalone procedure and does not rely on
exterior knowledge.

One could argue that since the theory can be mapped to Horndeski, the two theories
are equivalent. However this is not the case, in particular in the context of late time
acceleration. Indeed, the Universe is not just described by gravity plus a scalar field;
the matter sector has to be accounted for. When changing the metric in a way similar
to eq. (3.41), the matter sector also changes: a coupling to the scalar field is introduced.
This implies in particular that the stress energy tensor of matter is no longer conserved
(this is similar to Brans-Dicke theory [24]) and has consequences already at the linear
level.

3.6 Linear analysis and coupling to matter

In order to study the stability conditions and to see how the presence of matter affects
the theory, I now turn to the linear perturbations. For that, I will rely on the formalism
of Chapter 2. Indeed, the Lagrangians (3.22) are particularly adapted since they already
are in terms of geometrical quantities. The main difference with Horndeski will come
from the presence of αH in eq. (2.19). I will show in this section how this brings a
non standard derivative coupling between matter and the scalar field, which affects the
propagation of matter perturbations. This also means that, contrarily to the standard
idea of the Jeans phenomenon, gravity’s effect will not be negligible at very small scales.
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3.6.1 Stability and ghosts

What I have proven with the Hamiltonian analysis in section 3.4 is the absence of extra
DOF. One might still be worried that some of those DOF are ghosts. In order to
conduct an explicit analysis similar to the one of section 2.4 in the presence of matter,
I will describe the latter as a scalar field σ(t, x⃗) ≡ σ0(t) + δσ(t, x⃗) with a non standard
kinetic term, that is

Sm =

∫
d4x

√
−g P (Y, σ) , Y ≡ gµν∂µσ∂νσ . (3.48)

This is enough to describe a perfect fluid, characterized by the stress energy tensor

Tµν = (ρm + pm)uµuν − pmgµν , (3.49)

pm ≡ P , ρm ≡ 2Y PY − P , uν ≡ ∂νσ√
−X

. (3.50)

This choice allows to have a non trivial sound speed, given by c2m ≡ PY /(PY − 2σ̇20PY Y )
[56].

What will interest us for stability is the kinetic mixing between the variable ζ in eq. (2.34)
and the gauge-invariant variable Qσ ≡ δσ− (σ̇0/H)ζ. The presence of αH ̸= 0 or matter
does not modify the quadratic action for tensors, so the conditions will be the same
as in Section 2.4. Once the constraints are solved, the kinetic par tof the quadratic
Lagrangian (that is, the one where each field is derived once) is given in Fourier space
by the matrix

M =
1

2

(
L̃ζ̇ζ̇ω

2 + L̃∂ζ∂ζk
2 A

[
αBω

2 − c2m(αB − αH)k2
]

A
[
αBω

2 − c2m(αB − αH)k2
]

−2PY c
−2
m (ω2 − c2mk

2)

)
, (3.51)

with

A = − 2σ̇0PY

Hc2m(1 + αB)
. (3.52)

L̃ζ̇ζ̇ and L̃∂ζ∂ζ are functions of the paramaters αa, whose expressions are not very useful
here, but can be found in section 5.2 of Article F. In order to get the no ghost conditions,
the positivity of the eigenvalues of the time kinetic matrix (i.e. the above matrix with
k = 0) is required. This leads to the conditions

αK + 6α2
B > 0 , PY c

−2
m = PY + 2Y PY Y < 0 . (3.53)

The first one is the same as in Section 2.4, while the second is the standard condition
for k-essence. Once again, we can see here that the case of Horndeski is in no way
special regarding ghosts, since αH does not appear in the conditions. Nevertheless the
sound speeds are modified, which changes the conditions to avoid gradient instabilities
of eqs. (2.38). To see this, one first needs the dispersion relations. They can be obtained
by requiring that the kinetic matrix is singular, implying that its determinant vanishes

(ω2 − c2mk
2)(ω2 − c̃2sk

2) = (c2s − c̃2s)

(
αH

1 + αH

)2

ω2k2 , (3.54)
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with

c̃2s ≡ c2s −
ρm + pm
H2M2

(1 + αH)2

αK + 6α2
B

. (3.55)

This equation has two solutions, ω2 = c2±. To avoid gradient instabilities, we require
that c2± > 0.

One can see that when restricted to Horndeski, αH = 0, ω2 = c2mk
2 is a solution of

this equation and matter perturbations propagate at their usual sound speed. This is in
itself not completely trivial, since the presence of αB induces a kinetic braiding, which
brings off-diagonal terms in (3.51).

When αH ̸= 0, this mixing has a stronger effect: the presence of the scalar field ϕ
modifies the sound speed of matter. Thinking back to the standard Newtonian picture
of the pressure perturbation, δp = c2mδρ, this means that the scalar field act as additional
pressure contribution. This will be clearer in Newtonian gauge, where the scalar field is
explicit.

3.6.2 Newtonian gauge and Einstein frame

As I have said before, the Newtonian gauge is more appropriate to discuss the EOM,
particularly in the Newtonian (small scales) limit. Therefore, I reintroduce again the
scalar field thanks to the transformation

t→ t+ π(t, x⃗) , (3.56)

and parametrize the scalar part of the metric as

ds2 = −(1 + 2Φ)dt2 + a(t)2(1− 2Ψ)δijdx
idxj . (3.57)

In the action in terms of π, Φ and Ψ, even the kinetic part alone is very involved.
This makes the analysis of the propagating DOF rather complicated. However, very
much alike the case of Brans-Dicke theory, one can do a field transformation at the
level of the metric potentials that puts the gravitational part of the action in a simpler
form. By extension of the Brans-Dicke case, where such transformation leaves only the
Einstein Hilbert term for gravity, I will call this new frame the Einstein frame. The
Einstein metric is related to the original Jordan metric (i.e. the metric to which matter
is minimally coupled) through

ΦE ≡ 1 + αH

1 + αT
Φ+

(
1 + αM

1 + αT
− 1 + αB

1 + αH

)
Hπ − αH

1 + αT
π̇ ,

ΨE ≡ Ψ+
αH − αB

1 + αH
Hπ .

(3.58)

In terms of these variables the kinetic part of the EFT action reads

S =

∫
d4xa3M2

{
α

2

H2

(1 + αH)2

(
π̇2 − c̃2s

(∇π)2

a2

)
− 3Ψ̇2

E +
1 + αT

a2
[
(∇ΨE)

2 − 2∇ΦE∇ΨE

]}
.

(3.59)
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The new metric variables are not derivatively coupled to the scalar field, making trans-
parent the kinetic structure of the theory. Notice that when αH ̸= 0, ΦE contains a
derivative of π. This comes from the fact that in terms on the original variables Φ and
Ψ, the quadratic action contains a term in ∇Ψ∇π̇, which is exactly the term leading to
higher derivatives in the EOM. In this new frame however, the equations are explicitly
second-order.

This is reminiscent of Section 3.5, where field redefinitions were used to map the theory
with higher-order derivatives to one with only second-order EOM. And indeed, we proved
in Appendix C of Article F that the term in π̇ in eq. (3.58) arises exactly because of the
X dependence of Γ in eq. (3.41).

This transformation also has an effect on the matter sector. In the Jordan frame, the
matter action contains an interacting part

Lint ≡
1

2
δgµνδT

µν = −(Φδρm + 3Ψδpm) , (3.60)

which is the standard one for minimally coupled matter. However, when working with
the Einstein frame metric, a coupling between the scalar field and the matter perturba-
tions appears explicitly. If αH = 0, the coupling is of the form

Lint ⊃ C πδρm , (3.61)

where C is a function of time, not important for the present discussion. The stress
energy of matter is not conserved and we have the schematic set of equations

δ̈ρm − c2m
∇2δρm
a2

+ Cm
∇2π

a2
≈ 0 , (3.62)

π̈ − c̃2s
∇2π

a2
− Cϕδρm ≈ 0 , (3.63)

where the symbol ≈ stands for an equality in the limit k ≫ aH/cm. This means that,
qualitatively, ∇2π ∼ δρm (very akin to the Poisson equation of GR), which translates
into a non derived term in eq. (3.62). This is negligible compared to the other terms at
small scales, just as for the Jeans phenomenon in GR.

If now αH ̸= 0, eq. (3.58) implies the presence of a coupling

Lint ⊃ − αH

1 + αH
π̇δρm . (3.64)

The equation for matter contains new derivative terms which are relevant at small scales
k ≫ aH/cm since the system scalar plus matter then obeys

δ̈ρm − c2m
∇2δρm
a2

− (ρm + pm)
αH

1 + αH

∇2π̇

a2
≈ 0 ,

π̈ − c̃2s
∇2π

a2
− αH(1 + αH)

αH2M2
δ̇ρm ≈ 0 .

(3.65)

The dispersion relations that one gets from this set of equations are exactly the same
as in eq. (3.54). One can see from the second line that now ∇2π ∼ δ̇ρm, which, when
plugged back into the matter equation, adds a contribution to δ̈ρm. This cannot be
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ignored when going to smaller and smaller scales, contrarily to the Horndeski case. Here
is yet another proof that Horndeski and G3 are not equivalent even though connections
do exist between the two.

Let me end this section with a small comment on the notion of frames that I used here.
The field redefinitions (3.58) are simply a convenient way of seeing the mixing of sound
speeds. In a sense, it is a sort of diagonalization of the kinetic matrix. There is not
more information in the Einstein frame than in the Jordan frame and if one were to get
down to observable quantities, the results would be the same.

3.7 Conclusions

In this chapter, I introduced theories beyond Horndeski, that we dubbed G3. These
theories can be seen as alternative covariantazition of the flat space galileons [43]. As
such, they are guaranteed to be ghost free in Minkowski space. When going to curved
space, the EOM get in general terms with three derivatives, which could be worrisome
for stability. However, a careful Hamiltonian analysis shows that these theories are
stable, since they exhibit only the three DOF contained from the beginning.

Links with Horndeski theories can be made for subclasses of G3 via field redefinitions of
the disformal nature (see eq. (3.41)), but they cannot be used to map the full G3 onto
Horndeski. From a cosmological perspective, a new behavior is uncovered when matter
is added to the picture, with novel features such as a mixing of sound speeds. Moreover,
it was argued in [57] that, even with screening mechanisms, the time variation of the
Planck mass coming from the non minimal coupling to the Ricci in eq. (3.12) cannot be
hidden. Since one can choose B4 constant in eq. (3.19) and still get a quartic galileon
structure from the second piece, this might be a solution to alleviate this problem.

The community has started to turn its attention to these models. For example, the
non gaussian features that arise from these new theories have been explored in [58] and
the screening mechanism was studied in [59]. The latter is different from the one in
Horndeski theories which might have an effect on the formation of stars, as shown in
[60] and [SYMGD].

On a more general note, the considerations developed here shed light on the unwarranted
theoretical prejudice on higher derivatives. The assumptions in Ostrogradski’s proof are
precise and they do not exclude completely their presence in the EOM. These sort of
theories need to be thoroughly analyzed before being discarded.



Chapter 4

Predictions for primordial tensor
modes

Even though the detection turned out not to be of primordial origin [61], the BICEP2
results had the merit of putting the study of tensor modes in the spotlight by showing
that the sensitivity for B-modes is reaching the levels of what is expected from theories.
So far, most of the attention has been devoted to scalar perturbations, since those are the
ones that give rise to the temperature anisotropies in the CMB. Although more easily
connected to observations, the scalar sector is much more complex. The predictions for
the power spectrum depends on many parameters, such as the speed of sound for the
scalar, or the shape of the potential. This means that it is difficult to use temperature
measurements to put robust constraints on models of inflation. The situation is even
worse, since the almost scale invariant spectrum that Planck observed can be produced
without having inflation [62].

Tensor modes on the other hand are much simpler from a theoretical point of view since
their power spectrum depends only on the energy scale of inflation. Using the Effective
Field Theory of Inflation (EFTI) framework [12], I am going to show in this chapter
that these predictions are very robust, contrarily to the scalar case.

4.1 Tensor sound speed and quadratic action

The EFTI, from which the EFT of DE in Chapter 2 is inspired, describes inflationary
perturbations in unitary gauge. This specific time slicing breaks the explicit invariance
under time diffs and velocities are no longer forced to be unity, as we have seen in
Section 2.4. In particular, when the scalar sound speed is non trivial, the (dimensionless)
power spectrum of the curvature perturbations ζ has an expression that depends both
on ϵ ≡ −Ḣ/H2 and cs. Since this expression is estimated at horizon crossing csk = aH,
any time dependence can be related to a scale dependence. Therefore, in general, the
scalar spectral tilt is

ns − 1 = −2ϵ− η − αs

H
, η ≡ ϵ̇

Hϵ
, αs ≡

ċs
cs
. (4.1)
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It was argued for example in [62] that one could get nearly scale invariance, ns − 1 ≪ 1
without having slow roll inflation, ϵ ≪ 1, by a proper choice of sound speed. Thus,
measurements of the scalar tilt cannot distinguish between inflation and other scenarios.

For gravity waves, the situation is somewhat different. It is true that the tensor sound
speed can be modified. When considering the EFTI action

S =

∫
d4x

√
−g

M2
Pl

2

[
(4)R− 2

(
Ḣ + 3H2

)
+ 2Ḣg00 −

(
1− c−2

T (t)
)(
δKµνδK

µν − δK2
)]
,

(4.2)

and parametrizing the tensor perturbations γ as

hij = a2e2ζ(eγ)ij , γii = 0 = ∂iγij , (4.3)

the quadratic action for tensors reads, using eq. (2.9),

Sγγ =
M2

Pl

8

∫
d4xa3c−2

T

[
γ̇2ij − c2T

(∂kγij)
2

a2

]
. (4.4)

The only other way to modify the tensor sound speed would be with a term in (3)R (that
contains spatial derivatives of the metric), but this is equivalent to the case of (4.2)
since the two are related by the Gauss-Codazzi relation eq. (2.13). One can compute
the tensor power spectrum associated with eq. (4.4). For this, we do a change of variable
dy = cTdt/a

Sγγ =
M2

Pl

8

∫
d3xdy q2

[
(γ′ij)

2 − (∂kγij)
2

]
, q ≡ ac

−1/2
T , (4.5)

where a prime denote the derivative with respect to y. One can decompose the helicity
modes in Fourier space as

γij =

∫
d3k

(2π)3

∑
s

γs
k⃗
ϵsije

−ik⃗·x⃗ , (4.6)

with the polarization tensors ϵsij normalized as ϵsijϵ
s′
ij = 4δss′ where s, s′ denote the

helicity states. Defining a new variable vs
k⃗
≡ qγs

k⃗
we get the standard equation

v′′
k⃗
+

(
k2 − q′′

q

)
v
k⃗
= 0 . (4.7)

As usual (see e.g. [63]), if and only if one has q ∼ y−1 does one get a scale invariant
power spectrum, given in the small k limit by

⟨γs
k⃗
γs

′

k⃗′
⟩ = (2π)3δ(k⃗ + k⃗′)

1

2k3
1

M2
Plq

2y2
δss′ = (2π)3δ(k⃗ + k⃗′)

1

2k3
(H − αt/2)

2

M2
PlcT

δss′ , (4.8)

where αt ≡ ċT /cT and I used the scale invariance condition (qy)′ = 0 to express y in
terms of H, αt and cT .

A priori one might be worried that the situation is the same as for the scalar. However,
what we showed in [CGNV] is that, through a disformal transformation plus a conformal
one and a redefinition of time, one can always write the action in a form that is standard
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for the tensor modes, namely

S =

∫
dt̃d3x

√
−g̃

M2
Pl

2

{
(4)R̃− 2

( ˙̃H + 3H̃2
)
+ 2 ˙̃Hg̃00

+

[
2
(
1− c2T

) ˙̃H − 3

2
α2
s − c2T

(
α̇s + H̃αs +

1

2
α2
s

)]
×
(
1−

√
−g̃00

)2
+ 2αs δK̃

(
1−

√
−g̃00

)}
, (4.9)

where tildes are to distinguish the quantities from those in the original frame. In this
action, only the Ricci scalar (4)R̃ contributes to the quadratic action for γ, which is the
same as in GR. The rest only modifies the scalar sector. Therefore, in this frame the
tensor power spectrum is the standard one

⟨γs
k⃗
γs

′

k⃗′
⟩ = (2π)3δ(k⃗ + k⃗′) 1

2k3
H̃2

M2
Pl
δss′ . (4.10)

There is of course no contradiction with the result in the original frame, since when
going through all the transformations, one can see that

H̃ = c
−1/2
T (H − α/2) . (4.11)

The tilde frame has the advantage of having a constant Planck mass (i.e. the normal-
ization of the quadratic action), making the connection to the present Planck mass (and
therefore present observations) clearer. Contrarily to the case of Chapter 3, there is
no matter during inflation that would couple differently after disformal and conformal
transformations.

From eq. (4.10), one can compute the tensor tilt nT , which has its usual form in the
tilde frame

nT = 2
˙̃H

H̃2
, (4.12)

but has a more complicated relation to the H given by eq. (4.11).

In particular, one can choose the variation of the tensor sound speed such that the tilt is
blue, nT > 0, without violating the Null Energy Condition (NEC) for a FLRW universe,
which is Ḣ < 0. Violating this condition usually leads to instabilities [64]1. Therefore,
in the original frame, one can have nT > 0 without instabilities.

In the tilde frame, having nT > 0 really implies ˙̃H > 0, i.e. violation of the NEC.
However, the system is still devoid of instabilities, because the terms in the last two
lines of eq. (4.9), in particular the one in δKδg00, are going to contribute to the kinetic
energy of the scalar field. Indeed, this term gives a non zero αB in the language of
the EFT of DE, which means the no-ghost condition is modified by its presence (see
eq. (2.38) and also [65])

Thus, one can without loss of generality assume that the tensor quadratic action comes
only from the usual 4D Ricci scalar. We went further in the comparison between the
two frames and proved also that the non-Gaussianity was the same in both. This means

1The idea is that if Ḣ > 0, the kinetic term for the scalar field in eq. (4.2), which is −g00 has the
wrong sign (in the sense of Section 2.4).
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that it cannot be enhanced by a non trivial speed of sound, which is the case for scalars
[63] and was claimed for tensors in the literature.

4.2 Other operators

In the previous section, I explained that the quadratic action for tensors can always be
cast in the standard form, i.e.

Sγγ =
M2

Pl

8

∫
d4xa3

[
γ̇2ij −

(∂kγij)
2

a2

]
. (4.13)

This statement holds as long as one does not consider higher derivatives terms2. In
an effective field theory approach, which is assumed to be the low energy limit of a
more complex theory, one expects generally higher derivatives terms to be suppressed.
Therefore, they can be treated as small corrections to the power spectrum (4.10). Only
two terms are possible (they need to respect the spatial diffs invariance, just like for the
EFT of DE), both of them violating parity

εijk∂iγ̇jlγ̇lk , εijk∂i∂mγjl∂mγlk . (4.14)

The contribution of an arbitrary combination of the two to the quadratic action is

−
M2

Pl

8

∫
d4x

1

Hη

[
α

Λ
εijk∂iγ

′
jlγ

′
lk +

β

Λ
εijk∂i∂mγjl∂mγlk

]
, (4.15)

where a prime denotes here the derivative with respect to the conformal time η ≡
∫
dt/a,

α and β are dimensionless coefficients and Λ is the scale that suppresses these higher
dimension operators. In order to get an idea of the corrections that this brings to the
power spectrum, I will take the simplest case, where α and β are constant. In addition,
I will assume that they are indeed corrections, namely that the scale Λ is much higher
than the energy scale of the problem, H. Then, to compute the power spectrum, we
can treat (4.15) as an interaction term and use the in-in formalism [66]. In the late-time
limit, η → 0, the result does not depend on α and the power spectrum is modified to

⟨γ±
k⃗
γ±
k⃗′
⟩ = (2π)3δ(k⃗ + k⃗′)

H2

2M2
Plk

3

(
1± β

π

2

H

Λ

)
. (4.16)

Such a parity violating power spectrum would yield non zero TB and EB power spectra
in the CMB polarization. The authors of [67] quote the detectability of parity violations
of order one in the power spectrum with future experiments, which is probably far from
what is expected here.

Finally, another way to modify the standard predictions for tensor modes is to change
the non-Gaussianity by introducing cubic terms in the EFTI Lagrangian. Since we
cannot construct operators with explicit underived γ that respect the 3-D symmetry,
the lowest order in derivatives is two. The only two operators that one can then construct
are δKijδK

ij and (3)R. We have seen in the previous section that they can always be
reabsorbed in the Ricci scalar by suitable transformations. The only other way is to

2With two derivatives, only the terms in eq. (4.13) can appear, the other possibilities being total
derivatives.
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pay the price of an additional derivative and consider operators such as δKijδK
ikδK j

k .
However, they should be suppressed with respect to lower derivatives terms and only
bring small corrections to the correlator ⟨γγγ⟩. The same sort of reasoning can be made
for the correlator ⟨γζζ⟩ which, at lowest order in derivatives, can only come from the
term g00. On the other hand, it is hard to say anything definite for ⟨γγζ⟩ which can be
enhanced by operators such as δKijδK

ijδN .

4.3 Conclusions

By use of field redefinitions, I have shown that one can always put the quadratic action
for tensor in the standard form. In particular, the sound speed of tensor can always be
set to unity. Physically, this makes sense, since in the absence of matter like in inflation,
the benchmark for velocities is the one of gravitons. It means that the power spectrum
for gravity waves is always given by the simple form of eq. (4.10). This is heavy with
consequences. First, it means that the amplitude of the power spectrum directly gives
the energy scale of inflation. There is no degeneracy with the shape of the potential
or the sound speed as for scalars. Second, this implies that measuring a scale invariant
power spectrum can only mean that H is almost constant, i.e. that there was a period
of inflation.



Chapter 5

Consistency relations of the large
scale structure

The CMB is great source of observational knowledge in cosmology and it is has been
extensively used, in particular by Planck [1]. To obtain even more information on
cosmology, the next step is to rely on the large scale structure, via galaxy surveys for
example. This has two main advantages. First, contrarily to the CMB which is a 2-D
surface, galaxy surveys span the full 3-D space, which greatly increases their statistical
power. Second, they probe the late time universe, where the effects of dark energy
are expected to be the strongest, which means more constraining power. However, even
within ΛCDM+GR, it is still hard to make accurate late-time predictions at small scales.
Indeed, if for the CMB the physics is well described by the linear regime, at late-time
the structure has grown into the non linear regime, which means a breakdown of the
usual perturbative tools. Moreover, if the dark matter distribution can be predicted
through N-body simulations for example, this cannot be said for galaxies. The problem
is that galaxies are what we observe when doing those experiments, so that one needs
models to relate their distribution to that of dark matter. This limits the theoretical
control we have on predicting the galaxies’ distribution.

Fortunately, there exist testable relations that do not rely on a specific description of
the small scale physics. One such example are consistency relations of the large scale
structure [68–70] (see also [66] for inflationary consistency relations). They allow to
make a bridge between (n + 1)-point and n-point correlation functions in the limit
where one of the fields, called the long mode, varies much less than the others. Their
strength resides in the fact that very little information on the physics of the short modes
is needed, which can in principle be in the non linear regime. Moreover, these relations
are very robust since they are based only on two assumptions: the Gaussianity of initial
conditions and the validity of the Equivalence Principle (EP). The later is particularly
interesting for the late-time universe, as some models for dark energy involve a fifth
force that may break the EP.

In the first part [71] of a series of three papers, these relations were derived for the
large scale structure including relativistic corrections. This is necessary if one wants to
follow the evolution of the modes from inflation to now. In the second part [CGSV1],
that I will present in this chapter, we focused on the non relativistic case to include
a resummation of infrared effects, as well as a generalization to redshift space, where
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observations are made. Then, I will discuss the last part [CGSV2] where we proposed
to use these relations to test the Equivalence Principle.

5.1 Deriving consistency relations

When the EP is satisfied, i.e. objects respond identically to gravity, only second deriva-
tives of the gravitational field are important. Let me work in conformal time and
decompose a gravitational field ΦL as

ΦL(η, x⃗) = ΦL|0 + ∂iΦL|0 x
i +

1

2
∂i∂jΦL|0 x

ixj + . . . (5.1)

The first two terms of the r.h.s. can be removed by an appropriate change of coordinates
which corresponds to going to the accelerated frame in the elevator argument of Einstein.

The last term, however, is physical, since it is related to tidal forces. In the non relativis-
tic limit, a constant gravitational field has no effect, so that I will focus on the constant
gradient term ∂iΦL|0. In Fourier space, this can be though of as ΦL(q⃗) with q⃗ → 0. To
remove this constant gradient, the following change of coordinates is performed

⃗̃x = x⃗+ δx⃗(η) , δx⃗(η) ≡ −
∫
v⃗L(η̃) dη̃ , (5.2)

while time is left untouched. The velocity v⃗L satisfies the Euler equation in the presence
of the homogeneous force, whose solution is

v⃗L(η) = − 1

a(η)

∫
a(η̃)∇⃗ΦL(η̃) dη̃ . (5.3)

If we denote by δ(g)(x⃗, η) the overdensity in the galaxy distribution1, the EP guarantees
then that

⟨δ(g)(x⃗1, η1) · · · δ(g)(x⃗n, ηn)|ΦL(y⃗)⟩ ≈ ⟨δ(g)(⃗̃x1, η1) · · · δ(g)(⃗̃xn, ηn)⟩0 . (5.4)

The notation on the l.h.s. means that the correlation function is evaluated in the
presence of a constant gradient of ΦL, while the subscript 0 on the r.h.s. signifies that
it is evaluated with ΦL = 0. Note that in order for this relation to hold, the fact that
short and long mode are not correlated is essential. This is where the assumption of
Gaussianity plays a role.

The next step is to express the displacement δx⃗(η) on the r.h.s. as a function of an
overdensity. For this, one combines eqs. (5.2) and (5.3) with the continuity equation
δ′ +∇ · v⃗ = 0 to obtain in, Fourier space

δx⃗(q⃗, η) = −i q⃗
q2
δ(q⃗, η) ≡ −i q⃗

q2
D(η)δ0(q⃗) , (5.5)

where in the second equality we have defined D(η), the linear growth factor of density
fluctuations. δ0(q⃗) is a Gaussian random field with power spectrum P0(p) which rep-
resents the initial condition of the density fluctuations of the long mode [72]. Finally,

1Note that this is for concreteness; the argument would hold for any type of overdensity.
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one multiplies each side by δL, takes the average over the long mode and uses standard
results for Gaussian integrals. In Fourier space, this leads to

⟨δq⃗(η)δ(g)k⃗1
(η1) · · · δ(g)k⃗n

(ηn)⟩′ ≈ −P (q, η)
∑

a
D(ηa)
D(η)

k⃗a·q⃗
q2

⟨δ(g)
k⃗1
(η1) · · · δ(g)k⃗n

(ηn)⟩′ . (5.6)

The primes denote that the delta function of momentum conservation have been re-
moved. Moreover the ≈ signifies that this equality is valid in the limit q → 0. Note
that, to derive this relation, δq⃗ is assumed to be small and obey linear theory, but no
assumption is made on the size of the displacement (5.5), allowing for

|δx⃗|
|x⃗|

∼ k

q
δq⃗ ∼ 1 . (5.7)

This result is very robust: nowhere in the derivation does one need to specify anything
on the short modes except Gaussianity and EP. In particular, the divergence in ka

q in the

r.h.s. disappears at equal time ηa = η because
∑

a k⃗a = q⃗. This can be understood more
physically as the following: when looking at correlations between a long and several
short modes, what we are really doing is measuring how much objects have fallen in a
constant gravitational gradient. The correlation at equal time corresponds exactly to
the case where we have waited for the same amount of time for each objects. Since
they all feel the same field, the displacement they made is the same and translational
invariance guarantees that the effect on the correlation is zero2. Only in the unequal
time case does one get a divergent contribution.

However, this case seems less reachable from an observational point of view. Indeed, for
the equal time correlators, we are basically comparing the positions at the moment we
see the objects with the positions we know they had in the beginning, since in cosmology
we know the initial conditions. For unequal time, we would have to observe the positions
at a given time and then wait different amounts of time for different objects. But since
they fall at velocities much smaller than the speed of light, they would not remain on
the lightcone and therefore become unobservable as schematically shown in Fig. (5.1).
Nevertheless, this is a good test for N-body simulations, where one is not restricted to
measurements on the lightcone.

Figure 5.1: Galaxies getting out of the light cone for unequal time correlators.

The relation (5.6) can be generalized to the case of several “soft legs”, meaning corre-
lation functions with more than one long mode. The starting point is still eq. (5.4). If

2The consistency relation does not give exactly zero, because a long mode is not exactly a constant
gradient, but only an approximation.
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now one multiplies by m soft modes and repeat the procedure described above one gets

⟨δq⃗1(τ1) · · · δq⃗m(τm)δ
(g)

k⃗1
(η1) · · · δ(g)

k⃗n
(ηn)⟩′ ≈ (−1)mP (q1, τ1) · · ·P (qm, τm)

×
∑
a1

D(ηa1)

D(τ1)

k⃗a1 · q⃗1
q21

· · ·
∑
am

D(ηam)

D(τm)

k⃗am · q⃗m
q2m

⟨δ(g)
k⃗1

(η1) · · · δ(g)
k⃗n

(ηn)⟩′ .
(5.8)

This results is valid in the limit qa ≪ kb for all (a, b).

Let me reiterate that the equalities that I have just shown do not rely on any assump-
tions except the EP and the Gaussianity of the initial conditions. The long modes are
however supposed to obey linear perturbation theory, which is the case provided they
are sufficiently long (qa ≲ 0.1hMpc−1 at redshift z = 0).

5.2 Going to redshift space

The relation derived in the previous section were set in real space, or the Fourier space
associated with it. However, observations for galaxies are made in redshift space. In the
plane parallel approximation, the mapping between the two spaces is given by

s⃗ = x⃗+
vz
H
ẑ , H ≡ d ln a

dη
, (5.9)

where ẑ is the direction of the line of sight, vz ≡ v⃗ · ẑ and v⃗ is the peculiar velocity.
Therefore, one could worry that the consistency relations do not translate nicely in
redshift space, since one has to deal with peculiar velocities. As I will show, this is not
the case. The ingredient needed is to see how velocities are affected by the presence of
a constant gradient. This is straightforward, since we already used the Euler equation
to get that

v⃗ → v⃗ − v⃗L(η) , v⃗L(η) = −(δx⃗)′ , (5.10)

with vL given by eq. (5.3) and δx⃗ by eq. (5.2). Thus, one can see how the redshift
coordinates change when removing a constant gradient of the gravitational field,

s⃗→ s⃗+ δx⃗+
(δxz)

′

H
ẑ . (5.11)

Using the form of the time dependence of δx⃗ in eq. (5.5), this can be cast into

s⃗→ s⃗+ δx⃗+ fδxz ẑ , f ≡ d lnD

d ln a
. (5.12)

Then, to see how the density changes in redshift space, let me write its expression as

ρ(s⃗) = ma−3

∫
d3pF

(
s⃗− vz

H
ẑ, p⃗
)
. (5.13)
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where F(x⃗, p⃗) is the real space distribution function. Therefore, the statistical properties
of ρ(s⃗) are inherited from real space. In the presence of the long mode

ρs(s⃗)ΦL
=
m

a3

∫
d3p F

(
s⃗− vz

H
ẑ + δx⃗, p⃗+ amδv⃗

)
=
m

a3

∫
d3p′ F

(
s⃗− vz − δvz

H
ẑ + δx⃗, p⃗′

)
= ρs(s⃗+ δs⃗),

(5.14)

and this relation does not depend on a fluid description, implying it is valid even at
small scales where shell-crossings occur. Using this, we can write

⟨δ(g,s)(s⃗1, η1) · · · δ(g,s)(s⃗n, ηn)|ΦL⟩ ≈ ⟨δ(g,s)(⃗̃s1, η1) · · · δ(g,s)(⃗̃sn, ηn)⟩ , (5.15)

which is the redshift space equivalent of eq. (5.4), since I used the redshift space density
contrast δ(g,s). The last step is very similar to the real space case, except for one thing.
To express everything in term of the redshift space quantities, one needs to relate δ0
contained in δx⃗ (see eq. (5.5)) to δ(g,s). Since this is for the long mode, one can use
linear perturbation theory to get [72]

δ(g,s)(q⃗, η) =
(
b1 + fµ2q⃗

)
D(η)δ0(q) , µq⃗ ≡ q⃗ · ẑ/q , (5.16)

where b1 is the linear galaxy bias. Combining all of this, one obtains the consistency
relation in redshift space

⟨δ(g,s)q⃗ (η)δ
(g,s)

k⃗1
(η1) · · · δ(g,s)

k⃗n
(ηn)⟩ ≈ − Pg,s(q, η)

b1 + fµ2q⃗

∑
a

D(ηa)

D(η)

ka
q

[
q̂ · k̂a + f(ηa)µq⃗ µk⃗a

]
× ⟨δ(g,s)

k⃗1
(η1) · · · δ(g,s)

k⃗n
(ηn)⟩ ,

(5.17)
with p̂ ≡ p⃗/p. Notice that, just as in the real space case, the divergence in the con-
sistency relation vanishes at equal times. This adds to the robustness of the results:
any deviation, even in redshift space, would be a sign of violation of the EP and/or
non-Gaussianity in the initial conditions [69]. In the next section, I will focus on the
constraints one can put on EP violations using these relations [CGSV2].

5.3 Violation of the Equivalence Principle

When the Equivalence Principle is not satisfied, one cannot remove the effect of a con-
stant gravitational field with a common change of coordinates. Indeed, in principle,
different objects feel differently the effect of a long mode, which is nothing more than
saying that objects fall at different rates in the same potential and in general, one expects
the bispectrum to be of the form

lim
q→0

⟨δq⃗(η)δ
(A)

k⃗1
(η)δ

(B)

k⃗2
(η)⟩′ =

(
ϵ
k⃗ · q⃗
q2

+O
[
(q/k)0

])
P (q, η)PAB(k, η) , (5.18)

where ϵ is (model dependent) parameter that characterizes the violation of the EP and
k⃗ ≡ (k⃗1 − k⃗2)/2.
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The situation is actually much more complicated than when the EP is satisfied, as can
be see in Fig. 5.2. On the right panel, the EP is violated, and object do no fall by
the same amount (represented by the red and black arrows) in a constant gravitational
field, contrarily to the left panel. Therefore, the distance between them changes in time
and the force that each object has on the other (gravitational and/or electromagnetic
if they are charged, represented by the blue arrow) changes as well. In general, this
greatly complicates the dynamics and no definite answer can be found for the form of ϵ
in eq. (5.18).

Figure 5.2: Two types of objects in a constant ∇ΦL. ϵ characterizes deviations from
EP, so that on the left, it is valid, while it is violated on the right.

This is why in [CGSV2], we chose a specific model, to serve as a benchmark for EP
violations.

5.3.1 A toy model

The idea is to consider the case of two species A and B, in the presence of an extra
scalar field φ that couples only to species B, for example through a conformal coupling
[36, 73, 74]. The setup is then

δ′X + ∇⃗ · [(1 + δX)v⃗X ] = 0 , X = A,B , (5.19)

for the continuity equations (the time evolution of φ is neglected). The Euler equation
for B contains the fifth force, whose coupling is parameterized by α,

v⃗′A +Hv⃗A + (v⃗A · ∇⃗) v⃗A = −∇⃗Φ , (5.20)

v⃗′B +Hv⃗B + (v⃗B · ∇⃗) v⃗B = −∇⃗Φ− α∇⃗φ . (5.21)

Assuming that the stress energy tensor of the scalar field is negligible, Φ is related to
matter densities through the standard Poisson equation

∇2Φ = 4πGρm δ ≡ 4πGρm (wAδA + wBδB) , (5.22)

where ρm is the total matter density and wX ≡ ρX/ρm. The final ingredient is a relation
between φ and the matter density. In the quasistatic limit, the equation for the scalar
field reduces to [74]

∇2φ = α · 8πGρmwBδB . (5.23)

Then one applies the standard perturbation theory tools (see e.g. [75]) to compute the
bispectrum, assuming Gaussian initial conditions. For the mixed bispectrum, the result
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is

limq→0⟨δq⃗(η)δ(A)

k⃗1
(η)δ

(B)

k⃗2
(η)⟩′ ≃ 7

5
wB α2 k⃗·q⃗

q2
P (q, η)P (AB)(k, η) , (5.24)

with δ defined in eq. (5.22) and

⟨δ
k⃗
(η)δ

k⃗′(η)⟩ =(2π)3δD(k⃗ + k⃗′)P (k) , ⟨δ(X)

k⃗
(η)δ

(Y )

k⃗′
(η)⟩ = (2π)3δD(k⃗ + k⃗′)P (XY )(k) .

(5.25)

This corresponds to having ϵ = 7
5wB α

2 in eq. (5.18). Now that we have an explicit form

for the bispectrum B(AB)(k1, k2, k3), defined by

⟨δ
k⃗1
(η)δ

(A)

k⃗2
(η)δ

(B)

k⃗3
(η)⟩ = (2π)3δD(k⃗1 + k⃗2 + k⃗3)B

(AB)(k1, k2, k3) . (5.26)

I will show in the next part how one can use future galaxy surveys to constrain α.

5.3.2 Estimate of the signal to noise

To see how well this effect can be measured, I will present an estimate of the signal
to noise. Physically, this quantity measure how far the new bispectrum is from the
standard prediction, in unit of the expected variance. Technically, this translates into
the formula (

S

N

)2

=
∑
T

[
B

(AB)
α2 (k1, k2, k3)−B

(AB)
α2=0

(k1, k2, k3)
]2

∆[B(AB)]2(k1, k2, k3)
, (5.27)

the sum T being on configurations for k⃗1, k⃗2, k⃗3 that respect k⃗1 + k⃗2 + k⃗3 = 0. Fur-
thermore, each ki is between kmin (given by the size of the survey kmin = 2π/V 1/3) and
kmax that signals when linear theory breaks down. I will take kmax = π/(2R) where R
is chosen in such a way that linear density fluctuations of the matter field in a ball of
radius R have a root mean squared σR equal to 0.5.

The variance of the bispectrum is given by (see for example [76])

∆
[
B(AB)

]2
(k1, k2, k3) = k3f

s123
V123

P (k1)P
(A)(k2)P

(B)(k3) , (5.28)

where I ignored the shot noise contribution to see what an ideal survey could probe.
Moreover, the bispectra are computed using perturbation theory in the full case (not
only in the squeezed limit q ≪ k) to gain access to more modes. To get the limit on the
detectability of EP violations in our model, one requires that the signal to noise (5.27)
is of order one. The constraints are shown in Fig. 5.3.
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Figure 5.3: Limits on α2 for a survey with volume V = 1(Gpc/h)3 at three different
redshifts, z = 0, z = 0.5 and z = 1. Left: Expected bound on α2 as a function of
kmax. We have chosen kmin = 2π/V 1/3 so that the violation of the EP extends to
the whole survey. Right: Expected bound on α2 as a function of kmin. kmax is given
by 0.10, 0.14, 0.19 hMpc−1 for z = 0, 0.5, 1 respectively. The dotted lines represent
α2 ≲ 10−6(m/H)2, i.e. the bound on α2 from screening the Milky Way [77].

On the left panel, the constraints are compared with that for chameleon models derived
in Ref. [77] from requiring that the Milky Way must be screened. This yields

α2 ≲ 10−6(m/H)2 . (5.29)

On the left panel one sees a improvement of the bound when increasing the redshift.
This comes from the fact that, when going back in time, structures are less formed and
the linear regime extends to larger k. This is why the choice of kmax increases with z.

Let me comment now on the applicability of such results.

First, it should be kept in mind that this is only a toy model, to get an estimate. The
form of ϵ in (5.18) is model dependent and in general is different from the value obtained
in eq. (5.24). The robustness is really that ϵ vanishes when there are no violation of EP.
However, the simple model gives an order of magnitude of what can be expected.

The next to leading order O
[
(q/k)0

]
is also very model dependent. If one wants to

use as much modes as possible and not restrict to q/k ≪ 1, this form has to be speci-
fied. For example, a scale dependent bias gives in general contributions and one should
marginalize over it, which would deteriorate the constraints. Nevertheless, the peculiar
scale and angular dependences of the signal we want to probe give hope that this effect
should not be large.

There are two main scenarios for A and B where our model with a fifth force could
apply.

• Species A are baryons and B dark matter. While the absence of fifth force is well
tested on Earth for baryons [78], the dark matter sector is less constrained, even
though Planck already constrains α2 ≲ 10−4 [79].

However, this situation is not ideal from an observational point of view: it is hard
to separate galaxies into baryons and dark matter, since they all have fairly similar
baryon to dark matter ratio.
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• The second scenario would be when A represents screened objects and B un-
screened.This is also challenging. Indeed, for chameleon theories, the requirement
that the Milky way is screened implies [77]

α2 ≲ 10−6(m/H)2 , (5.30)

where m is the Compton mass of the chameleon. In this case kmin can be iden-
tified with m, the inverse of the Compton wavelength of the chameleon. Fig. 5.3
shows that the condition (5.30) is already pretty restrictive, though for m ≳
0.01hMpc−1, our constraints are better.

Another difficulty is that for galaxies to be unscreened, they need to have a smaller
gravitational potential than the Milky Way, while it is typically the opposite in
galaxy surveys.

5.4 Conclusions

On cosmological scales, there are few tests as robust and simple as consistency relations.
Using the Equivalence Principle as well as the Gaussianity of the initial conditions, one
can derive relations between the (n + 1)-point and n-point correlation functions, when
one of the mode is much longer than the others. This long mode is the only one that
needs to be dealt with explicitly (using linear perturbation theory), while no additional
information on the short modes is necessary. This means one does not have to worry
about baryons, bias, shell-crossing, etc, when using these relations, which makes them
very robust. In this chapter, I proved that this robustness extends further. Indeed,
they hold regardless of the size of the displacement caused by the long mode. Moreover,
they translate very easily in redshift space, where observations are made. Therefore,
by looking for potential violations of these relations, one can put constraints on non-
Gaussianity3 [76] that will in the future surpass those from Planck [82].

For the late universe, they allow to test deviations from the Equivalence Principle, which
is a central property of ΛCDM+GR. Once the accelerated expansion is assumed to come
from a scalar field, this opens the gate to new couplings that may not obey this principle.

By means of a simple toy model, I have given the bounds on EP violations one can
expect from testing consistency relations in large scale structure. Although the bounds
are not competitive with local tests, I want to emphasize that this is a unique test that
probes the EP on cosmological scales. It is precisely at this scales that the laws of gravity
need to be modified to account for the acceleration and we do not have yet a definite
idea on how to do it. Thus, the model independence of this test makes it essential to
understand better our Universe.

3Another promising mean of probing non-Gaussianity in the large scale structure is through scale-
dependent bias [80, 81].



Chapter 6

Conclusion

6.1 Summary

In this thesis, I have condensed what I thought were the most interesting results that I
obtained during my Ph.D. I have voluntarily left out a large part of the technical details
and focused on the physical origin of these results, as well as their impact.

In Chapter 2, I explained how we developed a very general parametrization for linear
perturbations. It is largely model independent since it is based mainly on symmetry
considerations inherited from the FLRW structure of our Universe. In this apronach,
the deviations from ΛCDM are given in terms of a minimal set of five functions of time.
These functions can be related to virtually every model of modified cosmology, but the
real strength of this approach is that it is not necessary to do so. Theoretical, as well
as observational [35] constraints can be put directly on these parameters, shaping our
understanding of linear cosmology without having to rely on a specific model.

By extending the stability conditions found in this chapter to the non linear case, we
devised a set of Lagrangians that go beyond what was believed to be the most general
stable scalar-tensor theories. I gave an overview of these new theories, called G3, and
their genesis in Chapter 3, along with a very general procedure that allows to identify
well posed theories. The main goal behind this work was to convince the community
not to discard every theory with higher order derivatives in their equations of motion.
In the case of G3, I have presented the unusual mixing that occurs between matter and
scalar perturbations already at the linear level, using the EFT of DE.

Turning now specifically to tensor modes, in Chapter 4 I have shown that their standard
predictions from single field inflation are very robust. In principle, the action for tensors
can be non standard because of the presence of an extra scalar. However, using field
redefinitions, I have shown that one can always return to the usual case at the linear
level. Even at the next order in perturbations, the choice of modifications is rather
limited. This means that the power spectrum is always given solely in term of the Hubble
parameter H, which represents the energy scale of inflation and that non-Gaussianity
cannot be enhanced. As a corollary, this proves that a scale invariant power spectrum
for gravity waves constitutes very strong evidence for inflation.

Chapter 5 was dedicated to an approach somewhat different from the others. It was not
focused on scalar-tensor theories per se, but rather on very robust tests called consistency
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relations. They are relations between correlation functions of the density contrast δ
k⃗
in

the limit where one (or several) of the momenta becomes much smaller than the others.
To use them does not require any knowledge of the short scale behavior, where non
linearities and baryonic physics play an important role. They are very useful to probe
the non-Gaussianity in the initial conditions and/or the Equivalence Principle, that is
not always respected in alternatives to ΛCDM.

6.2 Outlook

While writing the thesis, I have also been working on extending the formalism of the
EFT of DE to the case where dark matter is non minimally coupled to the scalar field,
whereas baryons are only coupled to gravity (a sort of generalization of Section 5.3.1).
This scenario has been well studied in the literature, beginning with conformal couplings
of the form ϕTµ

µ [36] and more recently disformal ones ϕµϕνT
µν in [39] for example.

What is usually done in these studies is to assume that gravity is described by GR, on top
of which one adds a quintessence scalar field. The idea we had was to consider a general
conformal plus disformal coupling for dark matter (that is, g̃µνT

µν , with g̃µν given by
eq. (3.41)) combined with modifications of gravity as in Chapter 2. In particular, this
brings two additional functions of time to the analysis, which are going to change the
stability conditions of Section 2.4 and the phenomenology discussed in Section 2.5.3.2.

Another possible direction of research is to investigate the equation for Ψ, eq. (2.59),
which is the combination of Einstein’s equations into a single one. It would certainly be
interesting to solve it numerically. Even analytically, this should allow oneself to probe
the modifications of gravity in a regime where the quasistatic approximation starts to
break down. Bellini and Sawicki have started to look into this recently [31], where they
show that in general the quasistatic regime breaks down at the sound horizon, kcs ∼ aH.
I think there are still much information that can be extracted from this equation, in
particular concerning relativistic effects.

The exploration of theories beyond Horndeski is just at its beginning. The goal would be
to find a necessary and sufficient condition for Lorentz invariant scalar-tensor theories to
be stable, that can be checked straightforwardly from the action. Requiring second-order
EOM does not fulfill all these requirements since I showed in Chapter 3 that it is not
necessary. The Hamiltonian analysis in unitary gauge of Section 3.4 also falls short, since
it is not a Lorentz invariant proof. Doing it from the covariant Lagrangian, i.e. without
choosing a specific gauge, is bound to be an extremely cumbersome computation, which
cannot be classified as straightforward. The existence of field redefinitions that map the
theory to a stable one, on top of not being necessary, cannot qualify as a straightforward
check either, since one has in general to guess a specific transformation for each theory.

Concerning more particularly our proposal, G3, people have started to look at its non
linear behavior [59]. It was shown that contrarily to the Horndeski case, where non
linearities allow to fully recover GR on small scales (through Vainshtein screening), in
G3 the gravitational potentials differs from that of GR inside sources, such as stars. This
was latter used in [60] to study the evolution of stars for a specific G3 Lagrangian. In
[SYMGD], we derived the very general modification due to this non standard behavior
in the Lane-Emden equation [83], that governs the profile of stars for a polytropic fluid.
In particular, we found a generic bound on the parameter αH of Chapter 2 for the
existence of physical solutions to this equation.
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Let me end with some considerations on consistency relations. The theoretical com-
munity has really shown a frank enthusiasm regarding these relations, as seen by the
number of authors that have recently published on the subject [84–87]. It has been
proposed to test the origin of magnetic fields [88], and as a mean to compute higher
order corrections to the linear power spectrum [89]. What I think would be interesting
is to check these relations in N-body simulations, where one is not limited to equal times
correlators, but can actually look at the r.h.s. of eq. (5.6).
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Correlation Functions,” JCAP 1501 (2015), no. 01 012, 1409.6318.

[85] A. Kehagias, A. M. Dizgah, J. Noreña, H. Perrier, and A. Riotto, “A Consistency
Relation for the Observed Galaxy Bispectrum and the Local non-Gaussianity
from Relativistic Corrections,” 1503.04467.

[86] B. Horn, L. Hui, and X. Xiao, “Lagrangian space consistency relation for large
scale structure,” 1502.06980.

[87] T. Nishimichi and P. Valageas, “Redshift-space equal-time angular-averaged
consistency relations of the gravitational dynamics,” 1503.06036.

[88] R. K. Jain and M. S. Sloth, “Consistency relation for cosmic magnetic fields,”
Phys.Rev. D86 (2012) 123528, 1207.4187.

[89] C. Wagner, F. Schmidt, C.-T. Chiang, and E. Komatsu, “The angle-averaged
squeezed limit of nonlinear matter N-point functions,” 1503.03487.

http://xxx.lanl.gov/abs/0710.4560
http://xxx.lanl.gov/abs/1412.4671
http://xxx.lanl.gov/abs/1502.01592
http://xxx.lanl.gov/abs/1409.6318
http://xxx.lanl.gov/abs/1503.04467
http://xxx.lanl.gov/abs/1502.06980
http://xxx.lanl.gov/abs/1503.06036
http://xxx.lanl.gov/abs/1207.4187
http://xxx.lanl.gov/abs/1503.03487


Article A

Essential Building Blocks of Dark
Energy

58



ar
X

iv
:1

30
4.

48
40

v2
  [

he
p-

th
] 

 6
 S

ep
 2

01
3

Essential Building Blocks of Dark Energy

Jerome Gleyzesa, David Langloisb, Federico Piazzab,c and Filippo Vernizzia

a CEA, IPhT, 91191 Gif-sur-Yvette cédex, France CNRS,
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b APC, (CNRS-Université Paris 7), 10 rue Alice Domon et Léonie Duquet, 75205 Paris, France

c PCCP, 10 rue Alice Domon et Léonie Duquet, 75205 Paris, France

Abstract

We propose a minimal description of single field dark energy/modified gravity within the
effective field theory formalism for cosmological perturbations, which encompasses most existing
models. We start from a generic Lagrangian given as an arbitrary function of the lapse and of the
extrinsic and intrinsic curvature tensors of the time hypersurfaces in unitary gauge, i.e. choosing
as time slicing the uniform scalar field hypersurfaces. Focusing on linear perturbations, we identify
seven Lagrangian operators that lead to equations of motion containing at most two (space or
time) derivatives, the background evolution being determined by the time dependent coefficients of
only three of these operators. We then establish a dictionary that translates any existing or future
model whose Lagrangian can be written in the above form into our parametrized framework. As
an illustration, we study Horndeski’s—or generalized Galileon—theories and show that they can
be described, up to linear order, by only six of the seven operators mentioned above. This implies,
remarkably, that the dynamics of linear perturbations can be more general than that of Horndeski
while remaining second order. Finally, in order to make the link with observations, we provide
the entire set of linear perturbation equations in Newtonian gauge, the effective Newton constant
in the quasi-static approximation and the ratio of the two gravitational potentials, in terms of the
time-dependent coefficients of our Lagrangian.
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1 Introduction

Dark energy has now become a generic name that includes a huge number of models trying to account
for the present cosmic acceleration [1,2]. Given their proliferation, the confrontation of such models
with present and future cosmological data would be greatly facilitated by an effective approach that
can mediate between observational data and theory. Ideally, such a phenomenological approach
would provide an effective parameterisation that minimizes the number of free functions and deals
directly with the relevant low-energy degrees of freedom, which in our context are the cosmological
perturbations (together with the background evolution). A precise dictionary rephrasing the various
models into this common language would then simplify the confrontation with the data and point out
possible degeneracies between different theories. Within its unifying picture, this effective approach
should have the extra virtue of stimulating theorists to study previously unexplored regions of the
parameter space which could lead to interesting new models or, conversely, to better understanding
why certain regions might be forbidden.

A few steps in this direction have been undertaken recently. The so-called effective field theory
(EFT) of cosmological perturbations is a powerful tool that allows to deal directly with the relevant
low-energy degrees of freedom of the problem at hand. Such an approach was proposed and intensively
used for inflation [3, 4], in particular to characterize high-energy corrections to slow-roll models and
to predict high-order correlation functions (see e.g. [5, 6]). The EFT of inflation has now become
a standard way of parametrising primordial non-Gaussianity and was used, for instance, in the

2



interpretation of the most recent WMAP [7] and Planck [8] data. This approach has also been
applied to dark energy, first in the minimally-coupled case [9] where it was proven a useful tool to
study the stability in full generality and, for models with vanishing sound speed, the clustering of
dark energy down to very nonlinear scales [10].

More recently, the EFT formalism has been extended to dark energy with non-minimal cou-
plings [11, 12], providing a unifying theoretical framework for practically all single-field dark energy
and modified gravity models.1 This approach relies on two basic steps [11]: a) assume the weak
equivalence principle and therefore the existence of a metric gµν universally coupled to all matter
fields (it is straightforward to relax this assumption, but at the price of complicating the formalism);
b) write the unitary gauge action, i.e. the most general gravitational action for such a metric compat-
ible with the (unbroken) spatial diffeomorphism invariance on hypersurfaces of constant dark energy
field.

In [11] it was argued that the EFT of dark energy has all the virtues advocated at the beginning
of this section. The goal of this article is to provide a systematic procedure to translate an arbitrary
dark energy model into the EFT language, as well as to establish a firm minimal setting of Lagrangian
operators within this framework. In particular, here we focus our attention on the operators of the
unitary gauge action that lead to at most two derivatives in the equations of motion for linear
perturbations.2 This minimal set of operators encompasses most of the theoretical models of dark
energy and/or modified gravity discussed in the current literature.

The key ingredient of our derivation is a 3 + 1 decomposition à la ADM, where time slicings
coincide with the uniform scalar field hypersurfaces. With this time choice, the dynamics of the
underlying degree of freedom is embodied in the dynamics of the 3-dimensional metric. In Sec. 2
we consider a generic Lagrangian given as an arbitrary function of the lapse N ≡ 1/

√

−g00 and of
the 3-dimensional metric hµν ≡ gµν + nµnν, where n

µ is the unit vector perpendicular to constant
time hypersurfaces, more specifically of its extrinsic and intrinsic curvature tensors, respectively
K µ

ν ≡ h ρ
ν ∇ρn

µ and (3)Rµ
ν ,

S =

∫

d4x
√−g L(N,Kµ

µ,KµνK
µν , (3)R, (3)Rµν

(3)Rµν , . . . ; t) . (1)

In our construction we include combinations of these 3-dimensional objects without taking their
derivatives. This automatically prevents the appearance of higher (more than two) time derivatives
in the equations of motion. However, it is not enough to also remove higher spatial derivatives. By
expanding this Lagrangian up to quadratic order in the cosmological perturbations and making use
of an ADM analysis in unitary gauge (see for instance [3, 19, 20]) we obtain specific conditions that
ensure the absence of higher spatial derivatives in Sec. 2.2.

Moreover, we also show how the parameters in front of the standard EFT operators of [11] can be
expressed in terms of the time-dependent coefficients of the expansion of (1). Since the action of most
of the existing theoretical models can be written as eq. (1), this can be used to derive a dictionary
between theoretical models and our EFT language. As an illustration, in Sec. 3 we explicitly derive
this dictionary for the most general scalar field theory leading to at most second order equations
of motion, i.e. the Horndeski theory [21] (see also [22]), recently rediscovered in the context of the
so-called Galileon field [23,24] under the name of “generalized Galileons” [25,26].

Let us summarize here the main results of Secs. 2 and 3:

1An alternative formulation of a background independent effective approach to dark energy and modified gravity
was given in [13]. A covariant EFT of cosmological acceleration was developed in [14] for inflation and generalized to
the case of dark energy in [15, 16]—see discussion in [11] for a comparison between the latter approach and the one
advocated here. For a different unifying framework to cosmological perturbations for dark energy and modified gravity
see, for instance, [17].

2This is sufficient to ensure that we only have a single propagating degree of freedom. Note, however, that higher
time derivatives do not lead to higher degrees of freedom if they can be treated perturbatively, i.e. evaluating them
using the lower order equations of motion [18].
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• The most general EFT action, up to quadratic order, for single-field dark energy, in the Jordan
frame, leading to at most second-order equations of motion for linear perturbations can be
written as

S =

∫

d4x
√−g

[

M2
∗

2
f(t)R− Λ(t)− c(t)g00 +

M4
2 (t)

2
(δg00)2 − m3

3(t)

2
δKδg00

− m2
4(t)

(

δK2 − δKµ
ν δK

ν
µ

)

+
m̃2

4(t)

2
(3)Rδg00

]

,

(2)

where δg00 ≡ g00+1, δKµν ≡ Kµν−Hhµν , K ≡ Kµ
µ and we have assumed a flat Universe so that

(3)Rµ
ν vanishes on the background3. This action describes the propagation of one scalar degree

of freedom with dispersion relation ω2 = c2sk
2, where cs is the sound speed of fluctuations given

by eq. (35) with the relations (47). Stability (absence of ghosts) is ensured by the positivity
of the time kinetic term given in (47). The particular combination appearing in the operator
proportional to m2

4 is such that it does not lead to higher-order spatial derivatives. One can
check that also the combination

(3)Rµ
ν δK

ν
µ − 1

2
(3)RδK (3)

does not generate higher derivatives. However, this operator is not explicitly included in eq. (2)
because it can be reexpressed in terms of the others (see App. A).

• In the particular case where m2
4 = m̃2

4, the above action is equivalent to the linearized Horn-
deski’s theory/generalized Galileons and the explicit dictionary between generalized Galileons
and this action is given in App. C. This implies that the dynamics of linear scalar perturbations
of action (2) is more general than that of Horndeski, while remaining second order in time and
space derivatives.

• Expanding the Lagrangian (1) up to quadratic order we also find three operators that lead to
higher order space—but not time—derivatives. These are

Sh.s.d. =

∫

d4x
√−g

[

− m̄2
4(t) δK

2 +
m̄5(t)

2
(3)RδK +

λ̄(t)

2
(3)R2

]

. (4)

When one of these operators is present in the action the dispersion relation of the propagating
mode receives corrections at large momenta, ω2 = c2sk

2 + k4/M2, where M is a mass scale.
These corrections may become important in the limit of vanishing sound speed, such as in the
model of the Ghost Condensate [27] or for deformations of this particular limit [3, 9].

Once a Lagrangian describing matter has been included, the action (2) can be used as a benchmark
for the study of physical signatures of dark energy/modified gravity in the linear regime. In this
context, cosmological perturbations are usually discussed in Newtonian gauge, which is the one that
we employ in Sec. 4. In order to do that, in Sec. 4.1 we restore the covariance via the Stueckelberg
trick [3, 4, 27] and we vary this action with respect to all the scalar dynamical degrees of freedom.
This allows to derive Einstein’s equations and the evolution equation for the fluctuations of the scalar
field responsible of the acceleration, recovering and generalizing previous results [9,11]. Interestingly,
in the Newtonian gauge Einstein’s equations and the scalar equation of motion contain higher order
derivatives when m2

4 6= m̃2
4, even if the dynamical equation for the true degree of freedom is only

second order. Finally, in Sec. 4.2 we use these equations to derive the effective Newton constant and
the ratio between the two gravitational potentials.

3The case of non-vanishing spatial curvature is commented on in footnote 7.
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The phenomenology of the operators appearing in action (2) was also studied in [12]. In this
reference it was indeed mentioned that these operators are sufficient to describe linear perturbations
of Horndeski’s theories. However, no proof of this statement was given nor the particular combination
in which such operators appear shown.

2 General Lagrangian in unitary gauge

In the presence of a scalar field φ with a non-vanishing timelike gradient, the so-called unitary
gauge corresponds to a choice of time slicing where the constant time hypersurfaces are uniform φ
hypersurfaces. The use of unitary gauge accomplishes two main objectives. First, as explained at
length in Refs. [3, 4, 27], it makes it straightforward to write a generic Lagrangian for cosmological
perturbations. Since the dynamics of the scalar field has been “eaten” by the metric, the most generic
Lagrangian is simply that for the metric perturbations around a FLRW solution, compatible with the
unbroken symmetry of 3-dimensional diffeomorphisms.

Second, the 3+1 splitting in unitary gauge easily allows to keep the number of time derivatives
under control, while considering higher and higher space derivatives. Therefore, the unitary gauge
is helpful to systematically explore the space of higher spatial derivative theories by considering
geometric invariants on the φ = constant hypersurfaces. In practice, we will use the metric in the
ADM form

ds2 = −N2dt2 + hij
(

dxi +N idt
) (

dxj +N jdt
)

, (5)

where the 3-dimensional metric hij is used to lower and raise latin indices i, j, · · · = 1, 2, 3. Since 3-
dimensional diffeomorphism invariance is preserved in unitary gauge, it is natural to write operators
(with up to two spatial derivatives per field) in terms of the extrinsic and intrinsic curvatures Kµν

and (3)Rµν and their possible contractions. The Lagrangian is also an explicit function of the lapse
function N in general.

Therefore, in the following, we consider a general action of the form

S =

∫

d4x
√−g L(N,K,S,R,Z; t) , (6)

where the Lagrangian L is an arbitrary function of N and of the following four scalar quantities
constructed by contracting the extrinsic and intrinsic curvature tensors:

K ≡ Kµ
µ , R ≡ (3)R ≡ (3)Rµ

µ , S ≡ KµνK
µν , Z ≡ (3)Rµν

(3)Rµν . (7)

Although one should also allow, in principle, for a dependence on Y ≡ (3)RµνK
µν , we have preferred

not to include it explicitly in the main body, for simplicity. As shown in App. A, this extra dependence
leads to a quadratic Lagrangian of the same form as that found later in this section, with slightly
modified coefficients. Indeed, since Y is equivalent to HR at linear order, the quadratic terms in the
expansion of the Lagrangian induced by its dependence on Y are analogous to those induced by its
dependence on R. As for the linear term, one can use the equality

λ(t)(3)RµνK
µν =

λ(t)

2
(3)R K +

λ̇(t)

2N
(3)R + boundary terms , (8)

which is also shown in App. A.
Moreover, one could also consider scalars that are combinations of three or more tensors, like

Kλ
µK

µ
νKν

λ, but it is easy to show that also in this case they can be re-expressed in terms of the
above combinations, plus corrections which are at least cubic in the perturbations. We will show
this explicitly for the extended Galileon in the next section. Finally, one could take quadratic
combinations of the Riemann tensor such as (3)Rµνρσ

(3)Rµνρσ. However, in three dimensions the
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Riemann tensor can be expressed in terms of the Ricci scalar and tensor.4 Thus, at quadratic order
in the perturbations, the action above seems to exhaust all the possibilities compatible with our
requirements.

In order to explicitly write the expansion of the action (6) up to second order in the perturbations,
it is useful to define the tensors

δK ≡ K − 3H, δKµν ≡ Kµν −Hhµν , (10)

which vanish on the background, and to use the decompositions

S = 3H2 + δS, δS ≡ 2HδK + δKµ
νδK

ν
µ . (11)

The quantities R and Z vanish on the background and are therefore already perturbative (Z is even
a second order quantity).

The expansion of the Lagrangian up to second order in the perturbations yields, after discarding
irrelevant boundary terms, the expression

L(N,K,S,R,Z) = L̄− Ḟ − 3HF + (Ḟ + LN ) δN + LR δR

+
A
2
δK2 + LS δK

µ
νδK

ν
µ +

(

1

2
LNN − Ḟ

)

δN2

+
1

2
LRR δR2 + B δKδN + C δKδR+ LNR δNδR + LZδZ +O(3) ,

(12)

where we have introduced the following notations for some combinations of the partial derivatives of
the Lagrangian (denoting LN ≡ ∂L/∂N , etc.), to make this expression more compact:

F ≡ 2HLS + LK ,

A ≡ 4H2LSS + 4HLSK + LKK ,

B ≡ 2HLSN + LKN ,

C ≡ 2HLSR + LKR .

(13)

The first term, L̄, is the homogeneous Lagrangian and all partial derivatives of L that appear in the
above expression are evaluated on the homogeneous background, i.e. for N̄ = 1, S̄ = 3H2, K̄ = 3H,
R̄ = 0 and Z̄ = 0. Note that, in order to obtain the expression (12), we have rewritten the term
linear in δK as

FδK = F(K − 3H) , (14)

and integrated it by parts using K = ∇µn
µ,

∫

d4x
√−gFK = −

∫

d4x
√−g nµ∇µF = −

∫

d4x
√−g Ḟ

N
, (15)

where nµ is the unit vector orthogonal to constant time hypersurfaces and, in unitary gauge, has
time component n0 = 1/N .

4This can be done using the relation

(3)
Rµνρσ = (3)

Rµρhνσ −
(3)
Rνρhµσ −

(3)
Rµσgνρ + (3)

Rνσhµρ −
1

2
(3)
R(hµρhνσ − hµσhνρ) . (9)
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2.1 Background equations

For the background we assume a flat homogeneous FLRW metric, written in the form

ds2 = −N2(t)dt2 + a2(t)δijdx
idxj . (16)

In this case K = 3H/N and S = 3H2/N2, where H ≡ ȧ/a is the Hubble rate. Note that it is crucial
to explicitly keep the lapse function N , because the first Friedmann equation is the constraint arising
from the invariance under time reparametrization. Linear variation of the homogeneous action S0
with respect to the lapse N and the scale factor a yields

δS0 =

∫

dtd3x
[

a3
(

L̄+ LN − 3HF
)

δN + 3a2
(

L̄− 3HF − Ḟ
)

δa
]

, (17)

where we have used
√−g = a3N . Then the Friedmann equations are directly given by5

3HF − L̄− LN = 0, (18)

which depends on first time derivatives at most, and

Ḟ + 3HF − L̄ = 0 , (19)

which determines the dynamics of the scale factor.
As expected, by using the above equations one can check that the first order of the total La-

grangian L ≡ √−g L vanishes. Indeed, using
√−g =

√
hN , where h is the determinant of the

3-dimensional metric hij in the ADM decomposition, one easily finds

L1 =
(

L̄− 3HF − Ḟ
)

δ
√
h+ a3(LN + L̄− 3HF)δN + a3LR δR , (20)

where the last term is a total derivative and can be ignored.

2.2 Perturbations in the ADM formalism

In this sub-section we perform the analysis of the perturbations in unitary gauge and by using the
ADM form of the metric, eq. (5). For the action at second order, we will only need to take into
account the perturbations of

√−g at first order, δ
√−g = δ

√
h+a3δN , because the second order one

multiplies the LHS of eq. (19). Thus, the quadratic Lagrangian for perturbations is given by

L2 = δ
√
h
[

(Ḟ + LN )δN + LR δR
]

+ a3
[(

LN +
1

2
LNN

)

δN2 + LRδ2R+
1

2
A δK2 + B δKδN + C δKδR

+LS δK
µ
ν δK

ν
µ + LZ δRµ

ν δRν
µ +

1

2
LRR δR2 + (LR + LNR) δNδR

]

,

(21)

where δ2R denotes the expansion of R at second order in the perturbations.
In the ADM decomposition (5) the only relevant components of the extrinsic curvature tensor

are given by

Kij =
1

2N
(ḣij −∇iNj −∇jNi) , (22)

where∇i stands for the covariant derivative associated with the 3-dimensional metric hij . For explicit
calculations in unitary gauge we choose to describe scalar perturbations of the spatial metric in terms
of ζ [19],

hij = a2(t)e2ζδij . (23)

5We have not included explicitly the matter in the Friedmann equations, but it is straightforward to do so.
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(We consider the tensor modes separately in App. B.) Thus, the perturbations of the quantities used
above are given by

δ
√
h = 3a3ζ , δKi

j =
(

ζ̇ −HδN
)

δij −
1

a2
δik∂(kNj) , (24)

and

δRij = −δij∂2ζ − ∂i∂jζ , δ2R = − 2

a2
[

(∂ζ)2 − 4ζ∂2ζ
]

. (25)

Note that in this section ∂ stands for a spatial derivative and ∂2 ≡ ∂i∂
i. By using the above

expressions, the variation of L2 with respect to δN yields the Hamiltonian constraint, which reads

[LNN + 2LN + 3H (3HA + 2HLS − 2B)] δN + 3 (B − 3HA− 2HLS) ζ̇ + 3(LN + Ḟ)ζ

− (B − 3HA− 2HLS)
∂2ψ

a2
− 4 (LR + LNR − 3HC) ∂

2ζ

a2
= 0 . (26)

By varying L2 with respect to the shift
Ni ≡ ∂iψ , (27)

one obtains the momentum constraint, which implies

− (B − 3HA− 2HLS) δN + (A+ 2LS)
∂2ψ

a2
= (3A + 2LS) ζ̇ − 4C ∂

2ζ

a2
. (28)

By combining the two constraints, one can express both δN and ∂2ψ as functions of ζ and its
derivatives and then substitute in the action to write it only in terms of ζ and its derivatives. In
general, a term proportional to (∂2ζ)2 will remain. Here, in order to single out the lowest derivatives
operators first, we want to find conditions under which this term disappears. If one considers the
second order action before the substitution of the constraints, one finds the following terms

1

a

[

1

2
(A+ 2LS) (∂

2ψ)2 + 4C ∂2ψ ∂2ζ + 2 (4LRR + 3LZ) (∂
2ζ)2

]

. (29)

Taking into account the momentum constraint (28), one immediately sees that imposing the three
conditions6

A+ 2LS = 0 , C = 0 , 4LRR + 3LZ = 0 , (30)

implies the elimination of the term proportional to (∂2ζ)2 in the final action and the absence of
higher derivatives in the equation of motion for ζ. As we will see in the next section, all generalized
Galileon models satisfy the three conditions (30).

When (30) are satisfied, the momentum constraint reduces to

δN = D ζ̇ , D ≡ 4LS

B + 4HLS
. (31)

By direct substitution into L2 and after an integration by parts to get rid of the term ζ̇∂2ζ (note that
the ζζ̇ term vanishes because of the background equations of motion), we finally get the following
Lagrangian for ζ:

L2 =
a3

2

[

Lζ̇ζ̇ ζ̇
2 + L∂iζ∂iζ

(∂iζ)
2

a2

]

, (32)

6Note that these conditions are only sufficient. A more general analysis can be performed by explicitly requiring that
the coefficient of (∂2ζ)2 vanishes once the two constraints have been solved. However, this leads to a very complicated
equation involving many of the coefficients of the quadratic Lagrangian and it is not clear whether one can find physically
relevant solutions that evade (30).
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with

Lζ̇ζ̇ ≡ 2

(

1

2
LNN + LN − 3HB − 6H2LS

)

D2 + 12LS ,

L∂iζ∂iζ ≡ 4

[

LR − 1

a

d

dt
(aM)

]

, M ≡ D(LR + LNR) .

(33)

Classical and quantum stability (absence of ghosts) requires that the time kinetic energy is positive
(see, e.g. [3, 9]),

Lζ̇ζ̇ > 0 . (34)

The sound speed (squared) of fluctuations can be simply computed by taking the ratio

c2s = −L∂iζ∂iζ

Lζ̇ζ̇

. (35)

2.3 The EFT language

We are now going to express the conditions on the absence of higher derivatives in terms of the
coefficients of the action of the EFT formalism of Refs. [11,12]. The action up to quadratic order in
the perturbations can be written as

S =

∫

d4x
√−g

[

M2
∗

2
fR− Λ− cg00 +

M4
2

2
(δg00)2 − m̄3

1

2
δKδg00

− M̄2
2

2
δK2 − M̄2

3

2
δKµ

ν δK
ν

µ +
µ21
2

(3)Rδg00 +
m̄5

2
(3)RδK +

λ1
2

(3)R2 +
λ2
2

(3)Rµ
ν
(3)R ν

µ

]

,

(36)

where R in the first term inside the bracket is the four-dimensional Ricci scalar. Note that, in order
to make the comparison with the previous subsection simpler, we have found more convenient to
use the 3-dimensional Ricci scalar and tensor in the quadratic terms, instead of the four-dimensional
ones used in Ref. [11], since the link with the ADM decomposition is then transparent.

Let us first discuss how the background equations (18) and (19) translate in this language. In
action (36) we have used the time-time component of the inverse metric g00 and its perturbation
in the expansion of quadratic and higher order operators, as it is customary in the EFT formalism.
However, in the previous subsections it was more convenient to work directly with the lapse function
N , related to g00 by

g00 = − 1

N2
. (37)

Only the first three terms in brackets in eq. (36) contribute to L̄, LN and F , and thus to the
background equations of motion. Using eq. (37) and employing the decomposition of the four-
dimensional curvature scalar,

R = (3)R+KµνK
µν −K2 + 2∇ν(n

ν∇µn
µ − nµ∇µn

ν) , (38)

after an integration by parts in the action we can rewrite these terms as

L0 =
M2

∗

2

(

fR+ fS − fK2 − 2ḟ
K

N

)

− Λ+
c

N2
, (39)

(we remind the reader that R ≡ (3)R). By expanding at linear order in δN , integrating by parts the
terms linear in K, we can match the background and linear terms of this action with the first line of
eq. (12), which yields

L̄− Ḟ − 3HF =M2
∗ (3fH

2 + 2fḢ + 2ḟH + f̈) + c− Λ ,

Ḟ + LN =M2
∗ (ḟH − 2fḢ − f̈)− 2c .

(40)
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From these two relations and using the background equations of motion (18) and (19) one finds that
c and Λ are given by

c+ Λ = 3M2
∗

(

fH2 + ḟH
)

, (41)

Λ− c =M2
∗

(

2fḢ + 3fH2 + 2ḟH + f̈
)

. (42)

This coincides with what was found in Ref. [11] in the absence of matter.
To discuss linear perturbations we only need the second-order expansion of the action (36). By

rewriting the first three terms as in eq. (39), expressing g00 in terms of N and using the definitions
(10) and (11), one immediately sees that the EFT action is of the form (6). One can thus use the
second-order expansion of the Lagrangian (21) with the following dictionary:

LR =
1

2
M2

∗ f ,

1

2
LNN + LN = c+ 2M4

2 ,

A = −M2
∗ f − M̄2

2 ,

B = ḟM2
∗ − m̄3

1 ,

C =
m̄5

2
,

LS =
1

2

(

M2
∗ f − M̄2

3

)

,

LZ =
λ2
2
,

LNR = µ21 ,

LRR = λ1 ,

(43)

which is completed with eq. (40).
With these relations, the conditions for the absence of higher derivatives, eq. (30), can be written

in the EFT of dark energy language. They read:

M̄2
2 + M̄2

3 = 0 , m̄5 = 0 , 4λ1 +
3

2
λ2 = 0 . (44)

These conditions are straightforward to verify. Using eqs. (24) and (27), δK2 contains a higher
derivative term, (∂2ψ)2, while δKµ

νδK ν
µ contains (∂i∂jψ)

2. However, when the first condition in
eq. (44) is satisfied the combination of higher derivative terms in eq. (36) gives an irrelevant boundary
term. The second condition implies that the operator (3)RδK, which contains ∂2ψ∂2ζ, does not
appear. Finally, (3)R2 = 16(∂2ζ)2/a4 and (3)Rij

(3)Rij = [5(∂2ζ)2 + (∂i∂jζ)
2]/a4: one can check that

when the third condition is satisfied the sum of the two operators in eq. (36) vanishes up to a total
derivative.

In summary, the most general EFT Lagrangian which does not generate higher derivatives in the
linear equations for the perturbations is7

L =
M2

∗

2
f(t)R− Λ(t)− c(t)g00 +

M4
2 (t)

2
(δg00)2 − m3

3(t)

2
δKδg00

− m2
4(t)

(

δK2 − δKµ
ν δK

ν
µ

)

+
m̃2

4(t)

2
(3)Rδg00 ,

(45)

7Let us comment here on the case of a non-vanishing spatial curvature, to which our formalism can be extended
straightforwardly with the following caveats. Obviously, δ (3)R should be used instead of (3)R in the quadratic operators,
but apart from this the Lagrangian (45) and its properties are unchanged. The background equations change (see
e.g. eqs. 16 and 17 or Ref. [11]), as well as the dictionary (43), because some first order quantity will now contribute
already at zeroth order. The explicit expressions (25) of (3)R change by a term linear in ζ but with no derivatives,
which, therefore, will not produce higher derivatives in the ADM analysis of Sec 2.2.
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where

m3
3 ≡ m̄3

1 , m2
4 ≡

1

4
(M̄2

2 − M̄2
3 ) , m̃2

4 ≡ µ21 , (46)

as in eq. (2). Terms containing (3)R2 and (3)Rµ
ν
(3)R ν

µ do not appear because they only contain higher
spatial derivatives. By employing the dictionary (43) in eq. (33), the quadratic action for ζ is given
by eq. (32) where

Lζ̇ζ̇ = 2
(

c+ 2M4
2 − 3H2M2

∗ f − 3HM2
∗ ḟ + 3Hm3

3 − 6H2m2
4

)

D2 + 6(M2
∗ f + 2m2

4) ,

L∂iζ∂iζ = 2

[

M2
∗ f − 2

a

d

dt
(aM)

]

,
(47)

and

D =
2(M2

∗ f + 2m2
4)

2H(M2
∗ f + 2m2

4) +M2
∗ ḟ −m3

3

,

M =
D
2
(M2

∗ f + 2m̃2
4) .

(48)

The stability of a given model is then determined by the condition Lζ̇ ζ̇ > 0 and the speed of sound
can be straightforwardly computed from eq. (35) by using the relations above. One can check that
these results agree with those found in [11] in the limit m2

4 = m̃2
4 = 0.

Finally, we can also write down the independent operators that generate higher spatial derivatives.
These are

Lh.s.d. = − m̄2
4(t) δK

2 +
m̄5(t)

2
(3)RδK +

λ̄(t)

2
(3)R2 . (49)

We now turn to study a well known example of scalar-tensor theories of gravity which does not
generate equations of motion with higher derivatives and, when restricting to linear perturbations,
is contained in the Lagrangian (45).

3 Generalised Galileons

In four dimensions, the most general scalar tensor theory having field equations of second order in
derivatives is a combination of the following generalized Galileon Lagrangians [21,25,26],

L2 =G2(φ,X) , (50)

L3 =G3(φ,X)�φ , (51)

L4 =G4(φ,X)R − 2G4X(φ,X)(�φ2 − φ;µνφ;µν) , (52)

L5 =G5(φ,X)Gµνφ
;µν +

1

3
G5X(φ,X)(�φ3 − 3�φφ;µνφ

;µν + 2φ;µνφ
;µσφ;ν;σ) . (53)

For notational convenience, in this section we mostly indicate covariant differentiation with a semi-
colon symbol, i.e. ;µ. Moreover, we have defined X ≡ φ;µφ;µ (note that X is sometimes defined
differently, i.e., with a factor of −1/2).

In order to translate the above Lagrangians into our EFT language we will proceed in two steps.
First, we will rewrite each of these Lagrangians in terms of 3-dimensional geometrical objects (Kν

µ,
(3)Rν

µ, etc.) so that their unitary gauge expression becomes easily readable. The 3+1 decomposition
that we are after loses manifest general covariance but shows straightforwardly the lack of higher time
derivatives already at the level of the action. The second step will be to compute the corresponding
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coefficients of the operators (45) by simply inverting the dictionary that we derived in the previous
section—eqs (40) and (43):

c = −1

2

(

Ḟ + LN

)

+HL̇R − 2LRḢ − L̈R ,

Λ = −L̄− 1

2
LN +

1

2
Ḟ + 3HF + 2ḢLR + 6H2LR + 5HL̇R + L̈R ,

f = 2LRM
−2
∗ ,

M4
2 =

1

4
(LNN + 3LN + Ḟ)− 1

2
(HL̇R − 2ḢLR − L̈R) ,

m3
3 = 2L̇R − 2HLSN − LKN = 2L̇R − B ,

m2
4 =

1

2

(

LS − 2LR − 2H2LSS − 2HLSK − 1

2
LKK

)

=
1

2
(LS − 2LR)−

1

4
A ,

m̃2
4 = LNR ,

(54)

where we have directly adopted the notation (46) which holds in absence of higher derivatives—more
general relations are easily found when eq. (44) is not satisfied.

The main result of this section is that the dynamics of linear perturbations for all generalized
Galileons is described by (45), with the further restriction m2

4 = m̃2
4. This is in agreement with the

result [25,26] that also higher space derivatives are absent from the equations of motion. This section
is rather technical; the reader uninterested in the details of the calculations can skip the following
subsections and go directly to Sec. 3.5 where we summarize our main results.

3.1 Geometric preliminaries

In order to express in unitary gauge terms of increasing complexity, it is useful to review the geo-
metric formalism adapted to the 3 + 1 decomposition and separate the quantities into “orthogonal”
and “parallel” to the hypersurface φ = const. First, we define the future directed unitary vector
orthogonal to the hypersurface. Up to a factor γ, this is proportional to the gradient of φ ,

nµ = −γ φ;µ, γ =
1√
−X

. (55)

The metric induced on the φ = const. hypersurface is hµν = nµnν + gµν . Orthogonal to nµ are
also various quantities that “live” on the hypersurface, in the sense that they vanish when contracted
with nµ: the extrinsic curvature and the “acceleration” vector

Kµν = hσµ nν;σ, ṅµ = nν nµ;ν . (56)

The last two equations can be inverted by decomposing the derivative of nµ into parallel and paral-
lel/orthogonal components,

nν;µ = Kµν − nµṅν . (57)

By means of the quantities just defined, we can decompose the second derivative of the scalar
field as

φ;µν = −γ−1(Kµν − nµṅν − nνṅµ) +
γ2

2
φ;λX;λnµnν . (58)

Again, this decomposition into parallel and orthogonal quantities is useful when calculating compli-
cated products such φ;µν φ

;νσ φ;µ;σ that appear in L5, see eq. (53).
Other relevant equations are the Gauss-Codazzi equations, relating the Ricci tensor and scalar

intrinsic to the hypersurface, (3)Rµν and (3)R, to the four-dimensional ones [28,29],

(3)Rµν = (Rµν)‖ + (nσnρRµσνρ)‖ −KKµν +KµσK
σ
ν , (59)

(3)R = R+K2 −KµνK
µν − 2(Knµ − ṅµ);µ , (60)

where the symbol ‖ means projection on the hypersurface of all tensor indices, e.g. (Vµ)‖ ≡ h ν
µ Vν .

12



3.2 L3

Since L2 is trivial, following [11] we start from L3 and see how to rewrite it in the EFT of dark
energy formalism. First, it is convenient to define an auxiliary function F3(φ,X) such that

G3 ≡ F3 + 2XF3X . (61)

Thus, L3 in eq. (51) can be written as

L3 = F3�φ+ 2XF3X�φ . (62)

We integrate by parts the first term on the right-hand side and we rewrite the second term using
�φ = −γ−1K + 1

2φ
;µX;µ/X, which is obtained by tracing eq. (58). This yields

L3 = −(F3XX;µ + F3φ φ;µ)φ
;µ − 2Xγ−1F3XK + F3XX;µφ

;µ . (63)

After noticing that the first term inside the parenthesis cancels with the last one we finally obtain
an expression for L3 which is of the form of eq. (12),

L3 = 2(−X)3/2F3XK −XF3φ , (64)

where we have used γ = 1/
√
−X . In unitary gauge φ(t, ~x) = φ0(t), which implies, for instance,

F3X(φ,X) → F3X(φ0(t),−φ̇20(t)/N2) . (65)

Using eq. (54), it is now straightforward to derive the corresponding EFT parameters in terms of
the Lagrangian parameters evaluated on the background. They are explicitly given in App. C and
coincide with those given in [11]. They only depend on four Lagrangian parameters, G3φ, G3X ,
G3Xφ and G3XX , so that the dependence on the auxiliary function F3 disappears. As expected from
eq. (64), f , m2

4 and m̃2
4 all vanish: in order to describe L3 we only need c, Λ, M4

2 and m3
3.

3.3 L4

We now proceed with L4, defined in eq. (52). Using eq. (58) and its trace we can rewrite this as

L4 = G4R− 2G4X

[

(

γ−1K +
γ2

2
φ;µX;µ

)2
− γ−2(KµνK

µν − 2ṅµṅ
µ)− γ4

4
(φ;µX;µ)

2

]

= G4R+ 2XG4X(K2 −KµνK
µν) + 2G4XX;µ(Kn

µ − ṅµ) ,

(66)

where in the second line we have used that γ−2 = −X. Moreover, for the last term we have

replaced γ−1φ;µ by −nµ and used ṅµ = γ2

2 h
ν
µ X;ν . In this last term we can employ that G4XX;µ =

∂µG4 −G4φφµ = ∂µG4 + γ−1G4φnµ. After an integration by parts this yields, using nµṅ
µ = 0,

2G4XX;µ(Kn
µ − ṅµ) = −2G4(Kn

µ − ṅµ);µ − 2γ−1G4φK . (67)

The first term on the right-hand side of this expression can be rewritten by using the Gauss-Codazzi
equation (59). Plugging all this into the second line of eq. (66) we finally obtain L4 in 3+1 decom-
position,

L4 = G4
(3)R+ (2XG4X −G4)(K

2 −KµνK
µν)− 2

√
−XG4φK . (68)

It is now lengthy but straightforward to apply our usual dictionary (54) to derive the corresponding
EFT parameters. Their explicit expression can be found in App. C. They depend on the six
Lagrangian parameters G, G4X , G4Xφ, G4XX , G4XXφ and G4XXX . We need all the seven parameters
of the EFT action (45) to describe L4 but the last two are equal, m2

4 = m̃2
4.
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3.4 L5

This Galileon Lagrangian is more involved than the others. Let us start working on the first term
on the right-hand side of eq. (53), G5Gµνφ

;µν . Integrating it by parts gives

G5Gµνφ
;µν = −G5XX

;νφ;µGµν −G5φγ
−2Gµνn

µnν . (69)

At this stage, as we did for L3, it is convenient to define an auxiliary function F5(φ,X), such that

G5X ≡ F5X +
F5

2X
, (70)

and use this definition to integrate by parts the term proportional to G5X in (69). In particular,
using that

G5XX;ρ = γ∇ρ(γ
−1F5) + F5φγ

−1nρ , (71)

we obtain
G5Gµνφ

;µν = F5φ
;µνGµν + γ−2(F5φ −G5φ)Gµνn

µnν − γ

2
F5X

;µnνGµν . (72)

Let us now work on the second term on the right-hand side of eq. (53). Using eq. (58) we can
rewrite this as

1

3
G5X(�φ3 − 3�φφ;µνφ

;µν + 2φ;µνφ
;µσφ;ν;σ) = −G5X

γ−3

3
K+G5XJ , (73)

where

K ≡ K3 − 3KKµνK
µν + 2KµνK

µσKν
σ , (74)

J ≡ −1

2
φ;ρX;ρ(K

2 −KµνK
µν)− 2γ−3(Kṅµṅ

µ −Kµν ṅ
µṅν) . (75)

The term proportional to J on the right-hand side of eq. (73) can be integrated by parts using the
same trick as above, which yields

G5XJ = −F5γ
−1

(

1

2
K +KµνnσnρRµσνρ −KnσnρRσρ + ṅσnρRσρ

)

− γ−2

2
F5φ(K

2 −KµνK
µν) .

(76)
For the last part of the calculation we need the (one time-)contracted Gauss-Codazzi relation,

eq. (59), which gives

KµνGµν = Kµν (3)Rµν −KµνnσnρRµσνρ +KK2
µν −K3

µν −
1

2
RK . (77)

Replacing φ;µν with eq. (58) in eq. (72) and using this relation, the terms proportional to F5 in
eqs. (72) and (76) combine and simplify to

−γ−1F5

(

(3)GµνK
µν − 1

6
K
)

. (78)

Using this and putting together all the terms of L5 from eqs. (72), (73) and (76) we finally obtain

L5 = −
√
−XF5

(

Kµν (3)Rµν −
1

2
K(3)R

)

− 1

3
(−X)3/2G5XK

+
1

2
X(G5φ − F5φ)

(3)R+
1

2
XG5φ(K

2 −KµνK
µν) ,

(79)

where in the last line we have used

2Gµνn
µnν = (3)R+K2 −KµνK

µν . (80)
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Operator f Λ c M4
2 m3

3 m2
4 = m̃2

4

L2 0 X X X 0 0

L3 0 X X X X 0

L4 X X X X X X

L5 X X X X X X

Table 1: A list of the different contributions of the generalized Galileon Lagrangians (50)–(53) to the operators
of (45).

Note that the last line of (79) has the same form as the first two terms of L4 given in eq. (68): by
using eq. (70) it can be written as

G4
(3)R+ (2XG4X −G4)(K

2 −KµνK
µν) , (81)

with G4 ≡ 1
2X(G5φ − F5φ).

In order to compute the coefficients of the various EFT operators we use the dictionary (54). To
treat the term Kµν (3)Rµν we employ the prescription described by eq. (126) in App. A. Moreover, it
is useful to notice that, up to quadratic order, the combination K of the extrinsic curvature tensor
can be replaced by an expression that depends only on S and K:

K = 6H3 − 6H2K + 3HK2 − 3HS +O(3) . (82)

The EFT operator coefficients are explicitly given in App. C. One finds that they depend on the six
Lagrangian parameters G5φ, G5X , G5Xφ, G5XX , G5XXφ and G5XXX—the dependence on F5 explic-
itly cancels out—and, as in the case of L4, m

2
4 = m̃2

4. Thus, at linear order in the perturbations—
quadratic in the action—L5 does not bring any new operator with respect to L4. The difference
between L4 and L5 appears at the cubic order in the action.

3.5 Summary

We have established a dictionary between the generalized Galileon theory, eqs. (50)–(53), and the
EFT of dark energy parameters entering the action (2). Such a dictionary is explicitly given in App. C.
As summarised in Table 1, the EFT operators and their associated time-dependent parameters that
are needed to describe the generalized Galileons are only six: c, Λ and f , the three usual parameters
already present at the background level, and M4

2 , m
3
3, m

2
4 = m̃2

4, progressively appearing in L2, L3,
L4 and L5, contributing only to the perturbations. As already stressed, at quadratic order in the
perturbations, L4 contains the same number of independent operators as L5—in particular, only
the combination m2

4 = m̃2
4 appears in the action. The case m2

4 6= m̃2
4 encompasses the generalized

Galileons: it does not contain higher derivatives and yet does not belong to the generalized Galileon
class.8 When m2

4 6= m̃2
4, higher derivatives are expected to appear beyond linear order. However,

the effect of these higher derivatives can be ignored as long as perturbations remain small and linear
theory is a good approximation.

4 Observables

Observables describing large scale structures are computed in the framework of linear cosmological
perturbation theory. In this section we first derive the perturbation equations describing the dynamics
of dark energy and modified gravity. We include a matter sector describing cosmological species such

8Note that our formalism easily applies to nonlinear extensions of Hordenskis theories, such as described in Ref. [30].
In this particular case, one finds that m2

4 6= m̃2
4 but the quadratic action contains higher order spatial derivatives.
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as cold dark matter, baryons, photons and neutrinos—by adding the matter Lagrangian Lm(gµν , ψm)
to eq. (2), so that the final Jordan frame action in unitary gauge reads

S =

∫

d4x
√−g

[

M2
∗

2
f(t)R− Λ(t)− c(t)g00 +

M4
2 (t)

2
(δg00)2 − m3

3(t)

2
δKδg00

− m2
4(t)

(

δK2 − δKµνδK
µν
)

+
m̃2

4(t)

2
(3)Rδg00

− m̄2
4(t)δK

2 +
m̄5(t)

2
(3)RδK +

λ̄(t)

2
(3)R2 + Lm(gµν , ψm)

]

.

(83)

We then discuss the modifications of gravity expected in linear theory. We will use Newtonian gauge,
which is often used in cosmology, especially to describe cosmological perturbations for modified
gravity. Extension to other gauges or to so-called “gauge invariant” formalisms is straightforward.

4.1 Perturbation equations

We will first restore the general covariance of the action above and write it in a generic coordinate
system. In order to do that we need to reintroduce the scalar fluctuation π via the Stueckelberg
trick [3, 4, 27]. Under the time coordinate change t → t + π(t, ~x), the four-Ricci scalar R remains
invariant, while functions of time such as f and the 3-dimensional quantities change as9 10

f → f + ḟπ +
1

2
f̈π2 , (84)

g00 → g00 + 2g0µ∂µπ + gµν∂µπ∂νπ , (85)

δKij → δKij − Ḣπhij − ∂i∂jπ , (86)

δK → δK − 3Ḣπ − 1

a2
∂2π , (87)

(3)Rij → (3)Rij +H(∂i∂jπ + δij∂
2π) , (88)

(3)R→ (3)R+
4

a2
H∂2π . (89)

In the new coordinates we consider a linearly perturbed FLRW metric with only scalar fluctua-
tions,

ds2 = −(1 + 2Φ)dt2 + 2∂iαdtdx
i + a2(t) [(1− 2Ψ)δij + 2χij ] dx

idxj , (90)

where χij is traceless and given in terms of the scalar perturbation β, χij ≡ (∂i∂j − 1
3δij∂

2)β. The
extrinsic curvature and the 3-dimensional Ricci tensor of the new equal-time hypersurfaces thus read

Kij = e−Φ(H − Ψ̇)hij + χ̇ij − ∂i∂jα ,

(3)Rij = ∂i∂jΨ+ δij∂
2Ψ+ 2∂k∂(iχ

k
j) − ∂2χij .

(91)

We also decompose the matter stress-energy tensor at linear order as

T 0
0 ≡ −(ρm + δρm) , (92)

T 0
i ≡ (ρm + pm)∂iv = −a2T i

0 , (93)

T i
j ≡ (pm + δpm)δij +

(

∂i∂j −
1

3
δij∂

2

)

σ , (94)

9With an abuse of notation, here we denote the extrinsic curvature on hypersurfaces of constant time with Kij even
when we are not in unitary gauge. The reader must be aware that Kij is not the same geometrical object before and
after the Stueckelberg trick. The same also holds for (3)Rij . In particular, after the Stueckelberg trick Kij and (3)Rij

are respectively given by eq. (91).
10The operator m̃2

4 is also considered in Ref. [12]. However, in v1 of this reference, the variation (89) of (3)R under the
Stueckelberg trick has been overlooked and the error propagates into the Einstein equations and the various observables.
With the authors of [12] there is now agreement on this issue [31].

16



where ρm and pm are respectively the background energy density and pressure and δρm and δpm their
perturbations, v is the 3-velocity potential and σ the scalar component of the anisotropic stress. The
background equations derived from the action (83) are [11]

c+ Λ = 3M2
∗ (fH

2 + ḟH)− ρm , (95)

Λ− c =M2
∗ (2fḢ + 3fH2 + 2ḟH + f̈) + pm . (96)

Using these expressions and the transformations (84)-(89) allows us to rewrite (83) as an action
for the scalar fluctuations Φ, α, Ψ, β and π. We can vary eq. (83) expanded at second order and then
fix the Newtonian gauge by setting α = 0 = β in the equations derived. This yields five equations,

0 =
1√−g

δS

δΦ

∣

∣

∣

∣

α=0=β

≡ AΦΦ+AΨ̇Ψ̇ +Aππ +Aπ̇π̇ +
k2

a2
(A

(2)
Ψ Ψ+A(2)

π π) + δT 0
0 , (97)

0 =
1√−g

δS

δα

∣

∣

∣

∣

α=0=β

≡ k2
[

BΦΦ+BΨ̇Ψ̇ +Bππ +Bπ̇π̇ +
k2

a2
(B

(2)
Ψ Ψ+B(2)

π π)

]

− ikiδT 0
i , (98)

0 =
1√−g

δS

δΨ

∣

∣

∣

∣

α=0=β

≡ CΦΦ+ CΦ̇Φ̇ + CΨ̇Ψ̇ + CΨ̈Ψ̈ + Cππ + Cπ̇π̇ + Cπ̈π̈

+
k2

a2
(C

(2)
Φ Φ+ C

(2)
Ψ Ψ+ C(2)

π π + C
(2)
π̇ π̇) +

k4

a4
(C

(4)
Ψ Ψ+ C(4)

π π)− δT k
k , (99)

0 =
1√−g

δS

δβ

∣

∣

∣

∣

α=0=β

≡
(

kik
j − 1

3
δji k

2

)[

kikj

(

D
(2)
Φ Φ+D

(2)
Ψ Ψ+D

(2)

Ψ̇
Ψ̇ +D(2)

π π +D
(2)
π̇ π̇

+
k2

a2
(D

(4)
Ψ Ψ+D(4)

π π)
)

− δT i
j

]

, (100)

0 =
1√−g

δS

δπ

∣

∣

∣

∣

α=0=β

≡ EΦΦ+ EΦ̇Φ̇ + EΨΨ+ EΨ̇Ψ̇ + EΨ̈Ψ̈ + Eππ +Eπ̇π̇ + Eπ̈π̈

+
k2

a2
(E

(2)
Φ Φ+E

(2)
Ψ Ψ+ E

(2)

Ψ̇
Ψ̇ +E(2)

π π) +
k4

a4
(E

(4)
Ψ Ψ+ E(4)

π π) . (101)

The coefficients Aa, Ba, Ca,Da and Ea of these equations are detailed in App. D.
The explicit expressions of the above coefficients given in the appendix contain also higher-

derivative terms—those proportional to m̄2
4, m̄5 and λ̄. To compare with the usual Einstein equa-

tions, here we rewrite these equations by replacing the components of the stress-energy tensor T µ
ν

with their expressions given in eqs. (92)–(94). For simplicity, we set m̄2
4 = m̄5 = λ̄ = 0. We obtain:

• 00-component (δS/δΦ = 0):

M2
∗

[

− 2f

(

k2

a2
Ψ+ 3HΨ̇ + 3H2Φ

)

+ ḟ

(

k2

a2
π + 3H2π − 3H(Φ − π̇)− 3(Ψ̇ +HΦ)

)

+ 3Hf̈π

]

− (ċ+ Λ̇)π + (2c + 4M4
2 + 3Hm3

3) (Φ− π̇) + (m3
3 − 4Hm2

4)

[

−k
2

a2
π + 3(HΦ+ πḢ + Ψ̇)

]

− 4
k2

a2
m̃2

4(Ψ +Hπ) = δρm .

(102)

• 0i-component (δS/δα = 0):

M2
∗

[

(Hḟ − f̈)π + ḟ (Φ− π̇) + 2f(HΦ+ Ψ̇)
]

− 2cπ −m3
3 (Φ− π̇) + 4m2

4(HΦ+ Ψ̇ + Ḣπ)

= − (pm + ρm) v .
(103)
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• ij-trace component (δS/δΨ = 0):

M2
∗

{

2f

[

−1

3

k2

a2
(Φ −Ψ) + (3H2 + 2Ḣ)Φ +H(Φ̇ + 3Ψ̇) + Ψ̈

]

+ ḟ

[

−2

3

k2

a2
π + 2HΦ + 2H(Φ− π̇)− (3H2 + 2Ḣ)π + 2Ψ̇ + Φ̇− π̈

]

+ f̈ [−2Hπ + 2(Φ − π̇)]− f (3)π

}

+ (Λ̇− ċ)π + 2c(Φ − π̇)

− 4

3

k2

a2
[

m̃2
4(Φ − π̇) +

(

Hm2
4 + (m2

4)
·)π +m2

4π̇
]

+ 4(Ḣm2
4)
·π + 4m2

4Ḣπ̇ −
[

(m3
3)
· + 3Hm3

3

]

(Φ− π̇)−m3
3(Φ̇− π̈)

+ 4
[

H(m2
4)
· + 3H2m2

4 + Ḣm2
4

]

Φ+ 4(m2
4)
·Ψ̇ + 4m2

4H(3Ḣπ + Φ̇ + 3Ψ̇) + 4m2
4Ψ̈ = δpm .

(104)

• ij-traceless component (δS/δβ = 0):

M2
∗

[

f(Φ−Ψ) + ḟπ
]

+ 2
[

m2
4π̇ +m2

4Hπ + (m2
4)
·π
]

+ 2m̃2
4(Φ− π̇) = σ . (105)

By combining eqs. (97) and (98) we obtain the relativistic generalization of the Poisson equation,

FΦΦ+ FΨ̇Ψ̇ + Fππ + Fπ̇π̇ +
k2

a2
(F

(2)
Ψ Ψ+ F (2)

π π) = δρm − 3H(ρm + pm)v ≡ ρm∆m , (106)

which can be also written as:

• Generalized Poisson equation:

− k2

a2

[

(2fM2
∗ + 4m̃2

4)Ψ− (ḟM2
∗ −m3

3 + 4Hm2
4 − 4Hm̃2

4)π
]

+ (6M2
∗H

2ḟ − 6Hc− ċ− Λ̇ + 3m3
3Ḣ)π

− (2c+ 4M4
2 )π̇ − (3M2

∗Hḟ − 2c− 4M4
2 )Φ − 3M2

∗ ḟΨ̇ + 3m3
3(Ψ̇ +HΦ) = ρm∆m .

(107)

Note that when m2
4 6= m̃2

4 some of the equations contain terms with higher derivates: for instance,
the terms with k2π̇ in eq. (104), fourth line, and those with π̇ in eq. (105). However, the scalar
propagating degree of freedom satisfies a second order equation. Indeed, one can use eq. (105) to
remove the higher derivative terms from eq. (104) and derive a purely second order equation for Ψ.
This is even clearer in unitary gauge, where higher derivative are explicitly absent—see analysis of
Sec. (2.2).

4.2 Modification of gravity

In order to derive the effective Newton constant, Geff , we consider the quasi static approximation,
i.e. we neglect the time derivatives in the equations of motion and we neglect the anisotropic stress,
σ = 0 in eq. (100). This is a good approximation for scales much smaller than the sound horizon
scale, i.e. for k ≫ aH/cs. For models with small or vanishing sound speed (see e.g. [10]) or on scales
longer than the sound horizon, a consistent treatment which takes into account the time derivatives
should be undertaken.

In the quasi-static limit, Geff is defined by

−k
2

a2
Φ ≡ 4πGeff (t, k)ρm∆m . (108)
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Following [32, 33], in order to write the Poisson equation in this form we can use eqs. (100), (101)
and (106). For cs ∼ O(1), we can neglect DΦ, DΨ, Dπ, EΦ, EΨ, FΦ and Fπ from these equations
and the effective Newton constant is thus given by

4πGeff = −[M−1]13 , M ≡







D
(2)
Φ D

(2)
Ψ +D

(4)
Ψ (k/a)2 D

(2)
π +D

(4)
π (k/a)2

E
(2)
Φ E

(2)
Ψ + E

(4)
Ψ (k/a)2 Eπ(k/a)

−2 + E
(2)
π + E

(4)
π (k/a)2

0 F
(2)
Ψ F

(2)
π






.

(109)
We can write it in a slightly more compact form as

4πGeff (k) =
a−2(k/a)

−2 + a0 + a2(k/a)
2 + a4(k/a)

4

b−2(k/a)−2 + b0 + b2(k/a)2
, (110)

where

a−2 = D
(2)
Ψ Eπ ,

a0 = D
(2)
Ψ E(2)

π −D(2)
π E

(2)
Ψ +D

(4)
Ψ Eπ ,

a2 = D
(2)
Ψ E(4)

π −D(4)
π E

(2)
Ψ −D(2)

π E
(4)
Ψ +D

(4)
Ψ E(2)

π ,

a4 = −D(4)
π E

(4)
Ψ +D

(4)
Ψ E(4)

π ,

b−2 = D
(2)
Φ EπF

(2)
Ψ ,

b0 = D
(2)
Ψ E

(2)
Φ F (2)

π −D
(2)
Φ E

(2)
Ψ F (2)

π −D(2)
π E

(2)
Φ F

(2)
Ψ +D

(2)
Φ E(2)

π F
(2)
Ψ ,

b2 = −D(2)
Φ E

(4)
Ψ F (2)

π −D(4)
π E

(2)
Φ F

(2)
Ψ +D

(2)
Φ E(4)

π F
(2)
Ψ +D

(4)
Ψ E

(2)
Φ F (2)

π .

(111)

Another quantity often used to parameterize deviations from General Relativity is the ratio
between the gravitational potentials γ ≡ Ψ/Φ, which is given by

γ =
[com(M)]32
[com(M)]31

, (112)

where com(M) denotes the comatrix of M. This reads

γ =
c−2(k/a)

−2 + c0 + c2(k/a)
2

a−2(k/a)−2 + a0 + a2(k/a)2 + a4(k/a)4
, (113)

with

c−2 = −D(2)
Φ Eπ , (114)

c0 = D(2)
π E

(2)
Φ −D

(2)
Φ E(2)

π , (115)

c2 = D(4)
π E

(2)
Φ −D

(2)
Φ E(4)

π . (116)

The expressions for Geff and γ, eqs. (110) and (113), generalize those given for instance in [32]
in absence of higher derivative operators, in which case a2 = a4 = b2 = c2 = 0. When also
a−2 = b−2 = c−2 = 0 we recover the results of [11]. Finally, we note that the numerator of Geff

equals the denominator of γ, which confirms the results of Ref. [33]11.

11It simply follows from [M−1]13 = (detM)−1[com(M)]31.
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5 Conclusion

In this paper we lay down the basic building blocks for a systematic phenomenological study of dark
energy and its cosmological perturbations. Following [11], our basic assumptions are that a) dark
energy/modified gravity brings in at most one scalar propagating degree of freedom and that b) the
weak equivalence principle is satisfied—there exists a metric tensor universally coupled to matter. We
use the effective field theory formalism developed for inflation in [3,4], that is based on an expansion
in number of perturbations rather than in number of fields. Indeed, expanding the action in number
of fields [15, 16] becomes unpractical every time that the background field configuration undergoes
a large excursion. On the opposite, the main advantage of the present (non-covariant) approach is
that an expansion in number of perturbations can always be consistently truncated at the desired
order of approximation, in virtue of the empirical fact that perturbations are small on the largest
scales. Moreover, our formalism is “ready to go”, in the sense that there is no need of solving for the
background equations first. Apart from the three operators f , c and Λ responsible for the background
evolution [11], every new operator is at least quadratic in the perturbations: it does not affect the
background and its dynamical effects can be studied independently.

In particular, we consider only operators that are at most quadratic in the number of perturba-
tions—those needed for the linearized equations of motion—and we single out a set of seven operators
that bring up to two derivatives in the equations of motion. To achieve this result, in Sec. 2 we provide
a systematic treatment of any Lagrangian that can be written in ADM form as a general function
of extrinsic and intrinsic 3-dimensional curvature tensors and of the lapse function. This is already
enough to avoid higher time derivatives in the equations of motion. Then, in Sec. 2.3 we identify
specific combinations of the EFT operators that are required to avoid higher-order spatial derivatives.
Some operators can be re-expressed into other ones, thus simplifying the EFT Lagrangians up to
quadratic order.

The entire Horndeski, or “generalized Galileon”, theory can be written in this formalism (Sec. 3):
a relevant amount of work has gone into re-expressing all the generalized Galileon Lagrangians in
their ADM form and obtaining their EFT formulation. At linear order, Horndeski theories can
be described by a total of six operators: only three quadratic operators in addition to those—f ,
c and Λ—accounting for the background (see eq. (2) with m2

4 = m̃2
4). This seems a substantial

simplification if compared to the full covariant treatment and well represents the power of the non-
covariant EFT approach. The two Galileon Lagrangians L4 and L5, despite their scaring looks (52)-
(53), are affordable at linear order in the perturbations with the addition of just one operator with
respect to those needed for L3.

At linear order, Horndeski theory is not the most general scalar-tensor theory with second-order
dynamics. Indeed, form2

4 6= m̃2
4 there exists another operator beyond Horndeski that in unitary gauge

gives equations of motion limited to second order in time and space derivatives. In some gauges (for
instance in Newtonian gauge, see Sec. 4.1), this operator generates higher derivatives in the equations
of motion but one can show that the dynamics of the propagating degree of freedom remains second
order. [At linear order, there exists another operator beyond the Horndeski theory (for m2

4 6= m̃2
4)

that still gives equations of motion limited to second order in time and space derivatives.] Finally,
we analyze also some higher spatial derivative operators, those in eq. (4).

The time dependent coefficients of our seven plus three operators described by actions (2) and
(4) remain to be constrained or measured by observations. Indeed, in Sec. 4.1 we provide the set
of linear perturbation equations in Newtonian gauge by varying these actions with respect to scalar
metric and field fluctuations in a generic gauge. As an illustration, using these equations we com-
pute the effective Newton constant in the quasi-static approximation and the ratio between the two
gravitational potentials (Sec. 4.2). The computation of these ”observables” should be considered as a
first step towards a more general and systematic study of the impact of dark energy on cosmological
perturbations in order to fully exploit future observational data.
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A Lagrangian dependence on (3)
RµνK

µν

In this appendix we show how to treat a dependence on

Y ≡ (3)RµνK
µν (117)

in the unitary gauge Lagrangian.
Let us first show the relation

∫

d4x
√−g λ(t)(3)RµνK

µν =

∫

d4x
√−g

[

λ(t)

2
(3)R K +

λ̇(t)

2N
(3)R

]

, (118)

or, equivalently,
∫

d4x
√−g

[

λ(t)(3)RµνK
µν − λ(t)

2
(3)R K − λ̇(t)

2N
(3)R

]

= 0 , (119)

up to some irrelevant boundary terms. Since K = ∇µn
µ, the last two terms in the above integral

can be simplified via an integration by parts, so that the expression reduces to

∫

d4x
√−g λ(t)

(

(3)RµνK
µν +

nµ

2
∇µ

(3)R

)

. (120)

It remains to show that this can be written as the integral of a total derivative.
Using the explicit expressions for the extrinsic curvature in the ADM decomposition, eq. (22),

and nµ = −Ng0µ, the above expression can be rewritten as

∫

d4x
√
hλ(t)

[

1

2

(

hikhjlḣkl
(3)Rij +

(3)Ṙ
)

−∇iN j(3)Rij −
1

2
N i∇i

(3)R

]

, (121)

where ∇i is the covariant derivative with respect to the three-metric hij . The second term can be
integrated by parts and then vanishes when combined with the last term, as a consequence of the
Bianchi identity ∇i(3)Gij = 0. Finally, the term in parenthesis can be rewritten as

hikhjlḣkl
(3)Rij +

(3)Ṙ = hikhjlḣkl
(3)Rij + ḣij (3)Rij + hij (3)Ṙij = hij (3)Ṙij . (122)

and it is known that the last expression can be reexpressed as the divergence of a three-vector, i.e.
hij (3)Ṙij = ∇iJ

i (the very same property is used to derive Einstein’s equations from the Einstein-
Hilbert action12). We have thus proved Eq. (118).

Let us now assume that the Lagrangian L introduced in Eq. (6) also contains an explicit depen-
dence on Y. By noting that Y is already a perturbative quantity, i.e. vanishes in the background,
and can be decomposed as

Y = HR+ (3)RµνδK
µν , (123)

where the first term on the right hand side is a first (and higher) order quantity while the second term
is only second order, one immediately finds that the expansion of the Lagrangian, up to quadratic

12See for instance Eq. (7.5.14) of Ref. [29].
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order, will yield the following extra terms with respect to the expression (12) obtained in the main
body:

L(N,S,K,R,Y,Z) ⊃ LYY + (LNYδN + LKYδK + LSYδS + LRYδR)HδR+
1

2
LYYH

2δR2 . (124)

The first term can be expressed in terms of R and K by using eq. (118) with λ = LY . Expanding
up to second order then yields

LY Y =
1

2

(

L̇Y + 3HLY

)

δR+
1

2

(

LYδK − L̇YδN
)

δR+O(3) + boundary terms , (125)

so that the expansion of the full Lagrangian now reads

L(N,S,K,R,Y,Z) = L̄− Ḟ − 3HF + LN δN +
1

2

(

2LR + L̇Y + 3HLY

)

δR

+ LS δK
µ
ν δK

ν
µ +

(

2H2LSS + 2HLSK +
1

2
LKK

)

δK2 +
1

2
LNNδN

2

+
1

2

(

LRR +H2LYY + 2HLYR

)

δR2 + (2HLSN + LKN) δKδN

+

(

2HLSR + LKR +HLKY + 2H2LSY +
1

2
LY

)

δKδR

+

(

LNR +HLNY − 1

2
L̇Y

)

δNδR +O(3) .

(126)

In summary, an explicit dependence of the action on Y can easily be included in our treatment, via
the following substitutions in Eq. (12),

LR → LR +
1

2
L̇Y +

3

2
HLY ,

LRR → LRR +H2LYY + 2HLYR ,

LNR → LNR +HLNY − 1

2
L̇Y ,

C → C +HLKY + 2H2LSY +
1

2
LY .

(127)

B Tensor modes

In this appendix we study the propagation of tensor modes in the action (2). We consider the spatial
metric [19]

hij = a2(t)e2ζ ĥij , det ĥ = 1 , ĥij = δij + γij +
1

2
γikγkj , (128)

with γij traceless and divergence-free, γii = 0 = ∂iγij. Since tensor modes decouple from scalars,
we can simply replace this metric into the action (2) by setting scalar perturbations to zero, which
yields

S(2)
γ =

∫

d4x a3
M2

∗ f

8

[(

1 +
2m2

4

M2
∗ f

)

γ̇2ij −
1

a2
(∂kγij)

2

]

, (129)

where we used that, up to integration by parts,

(3)R = − 1

4a2
(∂iγkj)

2 , K = 3H , (130)

δK2
ij =

1

4
γ̇2ij , KijK

ij −K2 = −6H2 +
1

4
γ̇2ij , (131)
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and the Gauss-Codazzi relation (38). Thus, form2
4 6= 0 the speed of sound of gravity waves is different

from the speed of light,

c2T =

(

1 +
2m2

4

M2
∗ f

)−1

, (132)

which confirms [34,35] in the case of generalised Galileon theories.

C EFT parameters for generalized Galileons

Here we explicitly give the EFT of dark energy parameters in terms of the Lagrangian (12), for the
generalized Galileon Lagrangians eqs. (51)–(53). All quantities in the expressions below are calcu-
lated on the background.

• L3:

f = 0 , (133)

Λ = φ̇2(φ̈+ 3Hφ̇)G3X , (134)

c = φ̇2(−φ̈+ 3Hφ̇)G3X + φ̇2G3φ , (135)

M4
2 =

φ̇2

2
(φ̈+ 3Hφ̇)G3X − 3Hφ̇5G3,XX − φ̇4

2
G3,Xφ , (136)

m3
3 = 2φ̇3G3X , m2

4 = m̃2
4 = 0 . (137)

• L4:

M2
∗ f = 2G4 , (138)

Λ =
1

2
˙̃F + 3HẊG4X − 18H2G4X φ̇

2 + 6HG4Xφφ̇
3 + 12H2G4XX φ̇

4 , (139)

c = −1

2
˙̃F + 3HẊG4X − 6H2G4X φ̇

2 + 6HG4Xφφ̇
3 + 12H2G4XX φ̇

4 , (140)

M4
2 =

1

4
˙̃F − 3

2
HẊG4X + 6HG4Xφφ̇

3 + 18H2G4XX φ̇
4 − 6HG4XXφφ̇

5 − 12H2G4XXX φ̇
6 , (141)

m3
3 = 2ẊG4X − 8HG4X φ̇

2 + 4G4Xφφ̇
3 + 16HG4XX φ̇

4 , (142)

m2
4 = m̃2

4 = 2G4X φ̇
2 , (143)

with
F̃ ≡ 2M2

∗Hf +M2
∗ ḟ + F = 2ẊG4X − 8HG4X φ̇

2 . (144)

• L5:

M2
∗ f = −G5φφ̇

2 + 2G5X φ̇
2φ̈ , (145)

c = −1

2
˙̃F +

3

2
M2

∗Hḟ − 3H2G5φφ̇
2 − 3H3G5X φ̇

3 + 3H2G5Xφφ̇
4 + 2H3G5XX φ̇

5 , (146)

Λ =
1

2
˙̃F + 3M2

∗H
2f +

3

2
M2

∗Hḟ − 6H2G5φφ̇
2 − 7H3G5X φ̇

3 + 3H2G5Xφφ̇
4 + 2H3G5XX φ̇

5 ,

(147)

M4
2 =

1

4
˙̃F − 3

4
M2

∗Hḟ − 3

2
H3G5X φ̇

3 + 6H2G5Xφφ̇
4 + 6H3G5XX φ̇

5 − 3H2G5XXφφ̇
6 − 2H3G5XXX φ̇

7 ,

(148)

m3
3 =M2

∗ ḟ − 4HG5φφ̇
2 − 6H2G5X φ̇

3 + 4HG5Xφφ̇
4 + 4H2G5XX φ̇

5 , (149)

m2
4 = m̃2

4 = G5φφ̇
2 +HG5X φ̇

3 −G5X φ̇
2φ̈ , (150)
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with
F̃ ≡ 2M2

∗Hf +M2
∗ ḟ + F = 2M2

∗ fH +M2
∗ ḟ − 2HG5φφ̇

2 − 2H2G5X φ̇
3 . (151)

D Coefficients of the perturbation equations

In this appendix we define the coefficients appearing in eqs. (97)–(101). For convenience we have
used M2

4 defined as
M2

4 ≡ 2m2
4 + 3m̄2

4 . (152)

Moreover, from the background equations (95) and (96) and using the background conservation
equation for matter, ρ̇m + 3H(ρm + pm) = 0, one obtains

ċ+ Λ̇ = −6Hc+ 6H2M2
∗ ḟ + 3M2

∗ ḟ Ḣ . (153)

We will make use of this relation to simplify some of the terms and eliminate the dependence with
respect to Λ̇ and Λ̈.

• Variation with respect to Φ:

AΦ = 2c+ 4M4
2 − 6H

[

fHM2
∗ +M2

∗ ḟ −m3
3 +HM2

4

]

, (154)

AΨ̇ = −3
[

2H
(

fM2
∗ +M2

4

)

+M2
∗ ḟ −m3

3

]

, (155)

Aπ = 3H2M2
∗ ḟ + 3m3

3Ḣ − ċ− Λ̇− 6M2
4HḢ + 3M2

∗ f̈

= 6Hc− 3(H2 + Ḣ)M2
∗ ḟ + 3M2

∗ f̈ + 3m3
3Ḣ − 6M2

4HḢ , (156)

Aπ̇ = −2c− 4M4
2 − 3H(m3

3 −M2
∗ ḟ) , (157)

A
(2)
Ψ = −2fM2

∗ + 6Hm̄5 − 4m̃2
4 , (158)

A(2)
π =M2

∗ ḟ −m3
3 + 2HM2

4 − 4Hm̃2
4 + 6H2m̄5 . (159)

• Variation with respect to α:

BΦ = −m3
3 + 2H

(

fM2
∗ +M2

4

)

+M2
∗ ḟ , (160)

BΨ̇ = 2
(

fM2
∗ +M2

4

)

, (161)

Bπ = −2c+ 2M2
4 Ḣ +M2

∗ (Hḟ − f̈) , (162)

Bπ̇ = m3
3 −M2

∗ ḟ , (163)

B
(2)
Ψ = −2m̄5 , (164)

B(2)
π = −2(m̄2

4 +Hm̄5) . (165)
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• Variation with respect to Ψ:

CΦ = 3
[

2c+ 2(3H2 + Ḣ)M2
4

+2fM2
∗ (3H

2 + 2Ḣ)− (m3
3)
· +H

(

−3m3
3 + 4M2

∗ ḟ + 2(M2
4 )
·)+ 2M2

∗ f̈
]

, (166)

CΦ̇ = −3m3
3 + 6H

(

fM2
∗ +M2

4

)

+ 3M2
∗ ḟ , (167)

CΨ̇ = 6
(

3fHM2
∗ + 3HM2

4 +M2
∗ ḟ + (M2

4 )
·) , (168)

CΨ̈ = 6
(

fM2
∗ +M2

4

)

, (169)

Cπ = −3
[

ċ− Λ̇− 2Ḣ(M2
4 )
· − 2(Ḧ + 3HḢ)M2

4 +M2
∗ (2ḟ Ḣ + f (3) + 3H2ḟ + 2Hf̈)

]

= −3
[

2ċ+ 6Hc− 2Ḣ(M2
4 )
· − 2(Ḧ + 3HḢ)M2

4 +M2
∗

(

f (3) − (3H2 + Ḣ)ḟ + 2Hf̈
)]

, (170)

Cπ̇ = 3
(

−2c+ 3Hm3
3 − 2HM2

∗ ḟ + 2M2
4 Ḣ + (m3

3)
· − 2M2

∗ f̈
)

, (171)

Cπ̈ = 3(m3
3 −M2

∗ ḟ) , (172)

C
(2)
Φ = −

(

2fM2
∗ − 6Hm̄5 + 4m̃2

4

)

, (173)

C
(2)
Ψ = 2fM2

∗ − 6Hm̄5 − 6 ˙̄m5 , (174)

C(2)
π = −2

(

M2
∗ ḟ + (M2

4 )
· +HM2

4 + 3H2m̄5 + 3H ˙̄m5

)

, (175)

C
(2)
π̇ = −2(M2

4 − 2m̃2
4 + 3Hm̄5) , (176)

C
(4)
Ψ = 16λ̄ , (177)

C(4)
π = −2m̄5 + 16Hλ̄ . (178)

• Variation with respect to β:

D
(2)
Φ =M2

∗ f + 2m̃2
4 − 3m̄5H , (179)

D
(2)
Ψ = −M2

∗ f , (180)

D
(2)

Ψ̇
= −3m̄5 , (181)

D(2)
π =M2

∗ ḟ + 2m2
4H + 2(m2

4)
· − 3Ḣm̄5 , (182)

D
(2)
π̇ = 2m2

4 − 2m̃2
4 , (183)

D
(4)
Ψ = −8λ̄ , (184)

D(4)
π = m̄5 − 8Hλ̄ . (185)
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• Variation with respect to π:

EΦ = 6cH + ċ+H2(9m3
3 − 6M2

∗ ḟ) + 3(2m3
3 −M2

∗ ḟ)Ḣ − Λ̇ + 3H
[

4M4
2 − 2M2

4 Ḣ + (m3
3)
·]+ 4(M4

2 )
·

= 12cH + 2ċ+ 3m3
3(3H

2 + 2Ḣ)− 6M2
∗ ḟ(2Ḣ +H2) + 3H

[

4M4
2 − 2M2

4 Ḣ + (m3
3)
·]+ 4(M4

2 )
· ,

(186)

EΦ̇ = 2c+ 4M4
2 + 3H(m3

3 −M2
∗ ḟ) , (187)

EΨ = 3
[

6cH + ċ+ Λ̇− 3M2
∗ ḟ(2H

2 + Ḣ)
]

= 0 , (188)

EΨ̇ = 3
[

2c+ 3Hm3
3 − 4HM2

∗ ḟ − 2M2
4 Ḣ + (m3

3)
·] , (189)

EΨ̈ = 3(m3
3 −M2

∗ ḟ) , (190)

Eπ = −
[

6M2
4 Ḣ

2 − 3(m3
3)
·Ḣ + 6Hċ− 9HḢm3

3 + c̈− 3M2
∗ Ḣf̈ − 6H2M2

∗ f̈ − 3m3
3Ḧ + Λ̈

]

= −
[

6M2
4 Ḣ

2 − 3(m3
3)
·Ḣ + 6Ḣc+ 3M2

∗ (Ḧ + 4HḢ)ḟ − 9HḢm3
3 − 3m3

3Ḧ
]

, (191)

Eπ̇ = −2
[

3H
(

c+ 2M4
2

)

+ ċ+ 2(M4
2 )
·] , (192)

Eπ̈ = −2
(

c+ 2M4
2

)

, (193)

E
(2)
Φ = −

[

m3
3 +H

(

−2M2
4 − 6Hm̄5 + 4m̃2

4

)

−M2
∗ ḟ

]

, (194)

E
(2)
Ψ = −2

[

2Hm̃2
4 +M2

∗ ḟ − 3m̄5Ḣ + 2(m̃2
4)
·] , (195)

E
(2)

Ψ̇
= 2M2

4 + 6Hm̄5 − 4m̃2
4 , (196)

E(2)
π = −

[

2c− 4M2
4 Ḣ + 4m̃2

4Ḣ + (m3
3)
· + 4H2m̃2

4 +Hm3
3 − 12m̄5HḢ + 4H(m̃2

4)
·] , (197)

E
(4)
Ψ = −2m̄5 + 16Hλ̄ , (198)

E(4)
π = −2(m̄2

4 + 2Hm̄5) + 16H2λ̄ . (199)

• Generalized Poisson equation:

FΦ = −3M2
∗Hḟ + 2c+ 4M4

2 + 3Hm3
3 , (200)

FΨ̇ = −3M2
∗ ḟ + 3m3

3 , (201)

Fπ = 6M2
∗H

2ḟ − 6Hc− ċ− Λ̇ + 3m3
3Ḣ = −3Ḣ(M2

∗ ḟ −m3
3) , (202)

Fπ̇ = −(2c+ 4M4
2 ) , (203)

F
(2)
Ψ = −(2fM2

∗ + 4m̃2
4) , (204)

F (2)
π = ḟM2

∗ −m3
3 + 4Hm2

4 − 4Hm̃2
4 . (205)
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Abstract
We generalize the recently derived single-field consistency relations of Large Scale Structure in two
directions. First, we treat the effect of the long modes (with momentum q) on the short ones (with
momentum k) non-perturbatively, by writing resummed consistency relations which do not require
k/q · δq � 1. These relations do not make any assumptions on the short-scales physics and are ex-
tended to include (an arbitrary number of) multiple long modes, internal lines with soft momenta and
soft loops. We do several checks of these relations in perturbation theory and we verify that the effect
of soft modes always cancels out in equal-time correlators. Second, we write the relations directly in
redshift space, without assuming the single-stream approximation: not only the long mode affects the
short scales as a homogeneous gravitational field, but it also displaces them by its velocity along the
line-of-sight. Redshift space consistency relations still vanish when short modes are taken at equal
time: an observation of a signal in the squeezed limit would point towards multifield inflation or a
violation of the equivalence principle.
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1 Introduction
Our detailed knowledge of the Universe is mostly based on the study of correlation functions of per-
turbations around a homogeneous background. A considerable effort has been devoted over the years
to the calculation of these correlators during inflation, for the CMB temperature fluctuations and for
the present distribution of dark and luminous matter. It is by now well understood that calculations
dramatically simplify in the parametric limit in which one (or more) of the momenta (that we call
q in this paper) becomes much smaller than the others (denoted by k). Recently [1, 2, 3], these ar-
guments have been applied to the matter (or Λ)-dominated phase to show that the leading term as
q → 0 of any correlation function with (n + 1) legs can be written in terms of an n-point function:
the so-called consistency relations. Although the arguments work in a fully relativistic treatment [3],
which is mandatory if we want to follow the evolution of the modes back in time and connect with
inflation, in this paper we focus on the non-relativistic limit, which is valid deep inside the horizon.

The physical argument behind the consistency relations in the non-relativistic limit is that at
leading order in q a long mode gives rise to a homogeneous gravitational field ~∇Φ. The effect of this
mode on the short-scale physics can be derived exactly using the equivalence principle and erasing the
long mode with a suitable change of coordinates. This logic makes virtually no assumption about the
physics at short scales, including the complications due to baryons. However, the cancellation of the
long mode by a change of coordinates can be performed only assuming that gravity is all there is: no
extra degrees of freedom during inflation (i.e. single-field inflation) and no extra forces (violation of the
equivalence principle) at present. Therefore the consistency relations can be seen as a test of these two
assumptions.

In this paper, which is the natural continuation of [3], we follow our study of the subject in two
directions. First, we want to extend the consistency relations non-linearly in the long mode (Section 2).
The displacement due to a homogeneous gravitational field scales with time as ∆~x ∼ ~∇ΦL t

2, so that
the effect on the short modes of momentum k goes as

~k ·∆~x ∼ k q ΦL t
2 ∼ k

q
δL , (1)

where δL is the long-mode density contrast1. Notice that this is parametrically larger than δL, the
natural expansion parameter of perturbation theory, and this is why one is able to capture the leading
q → 0 behaviour. Obviously, the fact that we can erase a homogeneous gravitational field by going to a
free falling frame is an exact statement, that does not require the gravitational field to be small. This
implies that we do not need to expand in k/q · δL that can be large, while we keep δL small to allow
for a perturbative treatment of the long mode. In Section 2 we are going to give a resummed version
of the consistency relations which is exact in k/q · δL. This allows to discuss the case of multiple soft
modes and check the relations with the perturbation theory result. With the same logic, we will study
the effect of internal soft modes and loops of soft modes.

The second topic of the paper (Section 3) is to derive consistency relations directly in redshift
space, since this is where the distribution of matter is measured. We will do so without assuming
anything about the short modes, in particular the single-stream approximation that breaks down in
virialized objects. The redshift consistency relations contain an extra piece because the long mode,

1This is the leading effect in the non-relativistic limit: relativistic corrections are further suppressed by
powers of k/aH � 1 [3], which are negligible well inside the horizon.
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besides inducing a homogeneous gravitational field in real space, also affects the position of the short
modes in redshift space along the line-of-sight. The redshift space consistency relations state that the
correlation functions vanish at leading order for q → 0 when the short modes are taken at the same
time, as it happens in real space. Given that it is practically impossible, as we will discuss, to study
correlation functions of short modes at different times, it is hard to believe that these relations will be
verified with real data. However, if a signal is detected at equal times, the consistency relations are
not satisfied and this would indicate that at least one of the assumptions does not hold. This would
represent a detection of either multi-field inflation or violation of the equivalence principle (or both!).

As explained in [3], one of the conditions for the validity of the consistency relations is that the
long mode has always been out of the sound horizon since inflation. Indeed, a well-understood example
where the consistency relations are not obeyed is the case of baryons and cold dark matter particles af-
ter decoupling. Before recombination, while dark matter follows geodesics, baryons are tightly coupled
to photons through Thomson scattering and display acoustic oscillations. Later on, baryons recombine
and decouple from photons. Thus, as their sound speed drops they start following geodesics, but with
a larger velocity than that of dark matter on comoving scales below the sound horizon at recombina-
tion. As discussed in [4], the long-wavelength relative velocity between baryons and CDM reduces the
formation of early structures on small scales, through a genuinely nonlinear effect.

The fact that baryons have a different initial large-scale velocity compared to dark matter implies,
if the long mode is shorter than the comoving sound horizon at recombination, that the change of
coordinates that erases the effect of the long mode is not the same for the two species. Thus the effect
of the long mode does not cancel out in the equal-time correlators involving different species [5, 6]. In
particular, the amplitude of the short-scale equal-time n-point functions becomes correlated with the
long-wavelength isodensity mode, so that the (n+1)-point functions in the squeezed limit do not vanish
at equal time. This effect, however, becomes rapidly negligible at low redshifts because the relative
comoving velocity between baryons and dark matter decays as the scale factor, |~vb − ~vCDM| ∝ 1/a.2

Hence, while a deviation can be sizable at high redshifts, it can be neglected in galaxy surveys and the
consistency relations apply also when the long mode is shorter than the comoving sound horizon at
recombination. We conclude that the vanishing of the correlation functions at leading order in q → 0

is very robust.

2 Resumming the long mode
Let us consider a flat unperturbed FRW universe and add to it a homogenous gradient of the Newtonian
potential ΦL.3 Provided all species feel gravity the same way—namely, assuming the equivalence
principle—we can get rid of the effect of ~∇ΦL by going into a frame which is free falling in the constant
gravitational field. The coordinate change to the free-falling frame is (we are using conformal time

2The violation of the consistency relations decays as (Diso/D)2 ∝ (a2HfD)−2 ∼ (1 + z)3/2 where Diso ∝
|~vb − ~vCDM|/(aHf) is the growth function of the long-wavelength isodensity mode, D is the growth function of
the long-wavelength adiabatic growing mode, f is the growth rate and H is the Hubble rate (see [5] for details);
in the last approximate equality we have used matter dominance. Thus, the effect is already sub-percent at
z ∼ 40.

3Since we are interested in the non-relativistic limit, we do not consider a constant value of ΦL, which is
immaterial in this limit.
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dη ≡ dt/a(t))

~x→ ~x+ δ~x(η) , δ~x(η) ≡ −
∫
~vL(η̃) dη̃ , (2)

while time is left untouched. The velocity ~vL satisfies the Euler equation in the presence of the
homogenous force, whose solution is

~vL(η) = − 1

a(η)

∫
a(η̃)~∇ΦL(η̃) dη̃ . (3)

To derive the consistency relations we start from real space. Here, for definiteness, we denote by
δ(g) the density contrast of the galaxy distribution. However, the relations that we will derive are
more general and hold for any species—halos, baryons, etc., irrespectively of their bias with respect
to the underlying dark matter field. Following the argument above, any n-point correlation function
of short wavelength modes of δ(g) in the presence of a slowly varying ΦL(~y) is equivalent to the same
correlation function in displaced spatial coordinates, ~̃x ≡ ~x + δ~x(~y, η), where the displacement field
δ~x(~y, η) is given by eq. (2) and ~y is an arbitrary point—e.g., the midpoint between ~x1, . . . , ~xn—whose
choice is irrelevant at order q/k. This statement can be formulated with the following relation,

〈δ(g)(~x1, η1) · · · δ(g)(~xn, ηn)|ΦL(~y)〉 ≈ 〈δ(g)(~̃x1, η1) · · · δ(g)(~̃xn, ηn)〉0

=

∫
d3k1

(2π)3
· · · d

3kn
(2π)3

〈δ(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)〉0 ei
∑
a
~ka·(~xa+δ~x(~y,ηa)) ,

(4)

where in the last line we have simply taken the Fourier transform of the right-hand side of the first
line. Here and in the following, by the subscript 0 after an expectation value we mean that the average
is taken setting ΦL = 0 (and not averaging over it); while by ≈ we mean an equality that holds in the
limit in which there is a separation of scales between long and short modes. In momentum space this
holds when the momenta of the soft modes is sent to zero. In other words, corrections to the right-hand
side of ≈ are suppressed by O(q/k).

From eq. (2) and using the continuity equation δ′+ ~∇ ·~v = 0, we can rewrite each Fourier mode of
the displacement field as

δ~x(~p, η) = −i ~p
p2
δ(~p, η) ≡ −i ~p

p2
D(η)δ0(~p) , (5)

where in the second equality we have defined D(η), the growth factor of density fluctuations of the
long mode and δ0(~p), a Gaussian random field with power spectrum P0(p) which represents the initial
condition of the density fluctuations of the long mode [7]. Notice that the first equality of eq. (4) is
based on the crucial assumption that the long mode is statistically uncorrelated with the short ones.
This only works in single-field models of inflation, which we assume throughout. Notice also that
eq. (5), when going beyond the linear theory, will only receive corrections of order δ, that we can
neglect for our purposes since we are only interested in corrections which are enhanced by 1/p.

At this stage, we can compute an (n + 1)-point correlation function in the squeezed limit by
multiplying the left-hand side of eq. (4) by δL and averaging over the long mode. Since the only
dependence on ΦL in eq. (4) is in the exponential of i

∑
a
~ka · δ~x(~y, ηa), we obtain

〈δL(~x, η)〈δ(g)(~x1, η1) · · · δ(g)(~xn, ηn)|ΦL〉〉ΦL ≈
∫

d3k1

(2π)3
· · · d

3kn
(2π)3

〈δ(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)〉0 ei
∑
a
~ka·~xa

×
∫

d3q

(2π)3
ei~q·~x〈δ~q(η)ei

∑
a
~ka·δ~x(~y,ηa)〉ΦL .

(6)
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It is then convenient to rewrite this exponential as

exp
[
i
∑
a

~ka · δ~x(~y, ηa)
]

= exp
[ ∫ Λ d3p

(2π)3
J(~p)δ0(~p)

]
, (7)

where

J(~p) ≡
∑
a

D(ηa)
~ka · ~p
p2

ei~p·~y . (8)

The integral is restricted to soft momenta, smaller than a UV cut-off Λ, which must be much smaller
than the hard modes of momenta ka. Averaging the right-hand side of eq. (7) over the long wavelength
Gaussian random initial condition δ0(~p) yields4〈

exp
[ ∫ Λ d3p

(2π)3
J(~p)δ0(~p)

]〉
ΦL

= exp

[
1

2

∫ Λ d3p

(2π)3
J(~p)J(−~p)P0(p)

]
. (9)

We can use this relation to compute the expectation value of δL with the exponential,〈
δ~q(η) exp

(
i
∑
a

~ka · δ~x(~y, ηa)
)〉

ΦL

= (2π)3D(η)
δ

δJ(~q)

〈
exp

[ ∫ Λ d3p

(2π)3
J(~p)δ0(~p)

]〉
ΦL

= P (q, η)
J(−~q)
D(η)

exp

[
1

2

∫ Λ d3p

(2π)3
J(~p)J(−~p)P0(p)

]
,

(10)

where we have defined the power spectrum at time η: P (q, η) ≡ D2(η)P0(q). Finally, rewriting eq. (6)
in Fourier space using the above relation and the definition of J , eq. (8), we obtain the resummed
consistency relations in the squeezed limit,

〈δ~q(η)δ
(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)〉′ ≈− P (q, η)
∑
a

D(ηa)

D(η)

~ka · ~q
q2
〈δ(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)〉′0

× exp

[
−1

2

∫ Λ d3p

(2π)3

(∑
a

D(ηa)
~ka · ~p
p2

)2

P0(p)

]
,

(11)

where, here and in the following, primes on correlation functions indicate that the momentum conserv-
ing delta functions have been removed. However, what one observes in practice is not the expectation
value 〈. . .〉0 with the long modes set artificially to zero: one wants to rewrite the right-hand side of
eq. (11) in terms of an average over the long modes. Using eq. (9) one gets:

〈〈δ(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)|ΦL〉〉ΦL ≈ exp

[
−1

2

∫ Λ d3p

(2π)3

(∑
a

D(ηa)
~ka · ~p
p2

)2

P0(p)

]
〈δ(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)〉0 .

(12)
Once written in terms of the observable quantity the consistency relation comes back to the simple
form:

〈δ~q(η)δ
(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)〉′ ≈ −P (q, η)
∑
a

D(ηa)

D(η)

~ka · ~q
q2
〈δ(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)〉′ . (13)

4This result will receive corrections due to primordial non-Gaussianities. Indeed, even in single-field models
of inflation, the statistics of modes with comparable wavelength can deviate from Gaussianity. We neglect these
corrections in the following.
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This equation has the same form as the consistency relations obtained in Refs. [1, 2, 3], but now it does
not rely on a linear expansion in the displacement field,

|δ~x|
|~x| ∼

k

q
δL � 1 . (14)

Indeed, to derive eq. (11) we have assumed that the long mode is in the linear regime, i.e. δL � 1,
but no assumption has been made on (k/q)δL, which can be as large as one wishes. For equal-time
correlators the right-hand side vanishes at leading order in q because

∑
a
~ka = ~q, in the same way as in

the linearized version [1, 2, 3]. The resummation of long wavelengths in terms of a global translation of
spatial coordinates—whose effect vanishes in equal-time correlation functions—was also performed in
[5, 6] by using the so-called eikonal approximation of the equations of motion of standard perturbation
theory5

It is important to stress that here we made practically no assumptions on the short modes. We
did not assume that they are in the linear regime or that the single-stream approximation holds. The
relation also takes into account all complications due to baryon physics and it does not assume a
description in terms of a Vlasov-Poisson system. We did not assume any model of bias between the
short-scale δ(g) and the underlying dark matter distribution δ. We did not assume that the number
of galaxies is conserved at short-scales, so the relation is valid including the formation and merging
history. We thus believe that our derivation, rooted only on the equivalence principle, is more robust
than the one of [1, 2] based on the explicit equations for dark matter and for the galaxy fluid. Notice
however that, while we are completely general about the short-modes physics, the long mode is treated
in perturbation theory including its bias. Of course what enters in the consistency relations is only the
velocity field of the long mode eq. (3), related to ΦL by the Euler equation. In converting this quantity
in the density of some kind of objects, one has to rely on the conservation equation and this introduces
the issue of bias and of its time-dependence. However, one can measure the large-scale potential in
many ways, minimizing the systematic and cosmic-variance uncertainty [8].

As shown below, one can straightforwardly extend this procedure and derive consistency relations
involving an arbitrary number of soft legs in the correlation functions or use it to study the effect of
soft loops and internal lines.

2.1 Several soft legs
The generalisation of the consistency relations above to multiple soft legs (for an analogous discussion
in inflation see [9]) relies on taking successive functional derivatives with respect to J(~qi) of eq. (9). As
an example, we can explicitly compute the consistency relations with two soft modes. In this case the

5It is not surprising that the consistency relation eq. (13) remains the same even non-linearly in (k/q)δL
working directly in terms of the expectation values 〈. . .〉 averaged over the long modes. Indeed, neglecting
primordial non-Gaussianities, the effect of the mode with momentum ~q is the same as a change of coordinates,
even when the short-scale correlation functions are averaged over all long modes. Since, as we discussed, also
eq. (5) does not require an expansion in (k/q)δL, eq. (13) follows.
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Figure 1: Two diagrams that contribute to the tree-level trispectrum. Left: T1122. Right: T1113.

(n+ 2)-point function reads

〈δL(~y1, τ1)δL(~y2, τ2)δ(g)(~x1, η1) · · · δ(g)(~xn, ηn)〉 ≈
∫

d3k1

(2π)3
· · · d

3kn
(2π)3

〈δ(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)〉0 ei
∑
a
~ka·~xa

×
∫

d3q1

(2π)3

d3q2

(2π)3
ei(~q1·~y1+~q2·~y2)

〈
δ~q1(τ1)δ~q2(τ2)e

∫ Λ d3p

(2π)3
J(~p)δ0(~p)

〉
.

(15)

To compute the average over the long modes in the last line, it is enough to take two functional
derivatives of eq. (9),〈

δ~q1(τ1)δ~q2(τ2)e
∫ Λ d3p

(2π)3
J(~p)δ0(~p)

〉
= (2π)6D(τ1)D(τ2)

δ

δJ(~q1)

δ

δJ(~q2)

〈
e
∫ Λ d3p

(2π)3
J(~p)δ0(~p)

〉
=
J(−~q1)

D(τ1)

J(−~q2)

D(τ2)
P (q1, τ1)P (q2, τ2)e

1
2

∫ Λ d3p

(2π)3
J(~p)J(−~p)P0(p)

,

(16)

where we have assumed ~q1 + ~q2 6= 0 to get rid of unconnected contributions. In Fourier space, this
yields

〈δ~q1(τ1)δ~q2(τ2)δ
(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)〉′ ≈ P (q1, τ1)P (q2, τ2)

×
∑
a

D(ηa)

D(τ1)

~ka · ~q1

q2
1

∑
b

D(ηb)

D(τ2)

~kb · ~q2

q2
2

〈δ(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)〉′ ,
(17)

where again we have used eq. (12) to write the result in terms of correlation functions averaged over
the long modes.

As a simple example, let us consider eq. (17) in the case where n = 2 and δ(g) describes dark matter
perturbations, i.e. δ(g) ≡ δ. In this case, at lowest order in k

q δ(~q, η)—i.e. setting the exponential in the
third line to unity—the above relation reduces to

〈δ~q1(τ1)δ~q2(τ2)δ~k1
(η1)δ~k2

(η2)〉′ ≈ (D(η1)−D(η2))2

D(τ1)D(τ2)

~q1 · ~k1

q2
1

~q2 · ~k1

q2
2

P (q1, τ1)P (q2, τ2)〈δ~k1
(η1)δ~k2

(η2)〉′.
(18)

We can check that this expression correctly reproduces the tree-level trispectrum computed in pertur-
bation theory in the double-squeezed limit. This can be easily computed by summing the two types of
diagrams displayed in Fig. 1. The diagram on the left-hand side represents the case where the density
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perturbations of the short modes are both taken at second order, yielding

T1122 =D(τ1)D(τ2)D(η1)D(η2)P0(q1)P0(q2)F2(−~q1,~k1 + ~q1)F2(−~q2,~k2 + ~q2)〈δ~k1
(η1)δ~k2

(η2)〉′ + perms

≈ −8
~q1 · ~k1

2q2
1

~q2 · ~k1

2q2
2

D(η1)D(η2)

D(τ1)D(τ2)
P (q1, τ1)P (q2, τ2)〈δ~k1

(η1)δ~k2
(η2)〉′ ,

(19)

where, on the right-hand side of the first line, F2(~p1, ~p2) is the usual kernel of perturbation theory,
which in the limit where p1 � p2 simply reduces to ~p1 · ~p2/(2p

2
1) [7]. The second type of diagram,

displayed on the right-hand side of Fig. 1, is obtained when one of the short density perturbations is
taken at third order; it gives

T1113 = D(η2)2D(τ1)D(τ2)P0(q1)P0(q2)F3(−~q1,−~q2,−~k1)〈δ~k1
(η1)δ~k2

(η2)〉′ + perms

≈ 4
~q1 · ~k1

2q2
1

~q2 · ~k1

2q2
2

D(η2)2

D(τ1)D(τ2)
P (q1, τ1)P (q2, τ2)〈δ~k1

(η1)δ~k2
(η2)〉′ ,

(20)

where, on the right-hand side of the first line, F3(~p1, ~p2, ~p3) is the third-order perturbation theory
kernel, which in the limit where p1, p2 � p3 reduces to (~p1 · ~p3)(~p2 · ~p3)/(4p2

1p
2
2) [7]. As expected,

summing up all the contributions to the connected part of the trispectrum, i.e. T1122 + T1131 + T1113,
using eqs. (19) and (20) and ~k2 ≈ −~k1 one obtains eq. (18).

2.2 Soft Loops
So far we have derived consistency relations where the long modes appear explicitly as external legs.
We now show that our arguments can also capture the effect on short-scale correlation functions of soft
modes running in loop diagrams. We already did this in eq (12)

〈〈δ(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)|ΦL〉〉ΦL ≈ exp

[
−1

2

∫ Λ d3p

(2π)3

(∑
a

D(ηa)
~ka · ~p
p2

)2

P0(p)

]
〈δ(g)
~k1

(η1) · · · δ(g)
~kn

(ηn)〉0 .

(21)
The exponential in this expression can be expanded at a given order, corresponding to the number of
soft loops dressing the n-point correlation function. Each loop carries a contribution ∝ k2

∫
dpP0(p)

to the correlation function. However, this expression makes it very explicit that at all loop order these
contributions have no effect on equal-time correlators, because in this case the exponential on the
right-hand side is identically unity. This confirms previous analysis on this subject [10, 11, 5, 6, 12, 13].
It is important to notice again, however, that in our derivation this cancellation is more general and
robust that in those references, as it takes place independently of the equations of motion for the short
modes and is completely agnostic about the short-scale physics. It simply derives from the equivalence
principle.

Nevertheless, soft loops contribute to unequal-time correlators. As a check of the expression above,
one can compute the contribution of soft modes to the 1-loop unequal-time matter power spectrum,
〈δ~k1

(η1)δ~k2
(η2)〉′, and verify that this reproduces the standard perturbation theory result. Expanding

at order (kpδ)
2 the exponential in eq. (12) for n = 2, one obtains the 1-loop contribution to the power

spectrum,

〈δ(g)
~k

(η1)δ
(g)

−~k
(η2)〉′1−soft loop ≈ −

1

2
(D(η1)−D(η2))2

∫ Λ d3p

(2π)3

(
~p · ~k
p2

)2

P0(p)〈δ(g)
~k

(η1)δ
(g)

−~k
(η2)〉′0 . (22)
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Figure 2: Two diagrams that contribute to the 1-loop power spectrum. Left: P22. Right: P31.

Let us now compute the analogous contribution in perturbation theory. Two types of diagrams are
going to be relevant; these are shown in Fig. 2. The one on the left, usually called P22, yields

P22 ≈ 4D(η1)D(η2)

∫ Λ d3p

(2π)3

(
~p · ~k
2p2

)2

P0(p)〈δ~k(η1)δ−~k(η2)〉′0 , (23)

while the diagram on the right, P31, gives

P31 ≈ −2D(η1)2

∫ Λ d3p

(2π)3

(
~p · ~k
2p2

)2

P0(p)〈δ~k(η1)δ−~k(η2)〉′0 . (24)

Summing up all the different contributions, P22 + P31 + P13, one obtains eq. (22).

2.3 Soft internal lines
Another kinematical regime in which the consistency relations can be applied is the limit in which the
sum of some of the external momenta becomes very small, for instance |~k1 + · · ·+~km| � k1, . . . , km. In
this limit, the dominant contribution to the n-point function comes from the diagram where m external
legs of momenta ~k1, . . . ,~km exchange soft modes with momentum ~q = ~k1 + · · ·+~km with n−m external
legs with momenta ~km+1, . . . ,~kn (for an analogous case in inflation see [14, 15]). In the language of our
approach, this contribution comes from averaging a product of m-point and (n −m)-point functions
under the effect of long modes.

In this case, the n-point function in real space can be written as

〈δ(~x1, η1) · · · δ(~xm, ηm) δ(~xm+1, ηm+1) · · · δ(~xn, ηn)〉
≈ 〈〈δ(~x1, η1) · · · δ(~xm, ηm)|ΦL〉〈δ(~xm+1, ηm+1) · · · δ(~xn, ηn)|ΦL〉〉ΦL ,

(25)

where here and in the rest of the section we drop the superscript (g) on the galaxy density contrast
to lighten the notation. Now we can straightforwardly apply the equations from the previous sections.
As before, the long mode can be traded for the change of coordinates. Rewriting the right-hand side
in Fourier space we get

〈δ(~x1, η1) · · · δ(~xm, ηm) δ(~xm+1, ηm+1) · · · δ(~xn, ηn)〉

≈
∫

d3k1

(2π)3
· · · d

3kn
(2π)3

〈δ~k1
(η1) · · · δ~km(ηm)〉0〈δ~km+1

(ηm+1) · · · δ~kn(ηn)〉0 ei
∑
a
~ka·~xa

×
〈

exp

[
i

m∑
a=1

~ka · δ~x(~y1, ηa)

]
· exp

[
i

n∑
a=m+1

~ka · δ~x(~y2, ηa)

]〉
ΦL

,

(26)
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where ~y1 and ~y2 are two different points respectively close to (~x1, ~x2, . . . , ~xm) and (~xm+1, ~xm+2, . . . , ~xn).
The average over the long mode can be rewritten as〈

exp

[∫ Λ d3~p

(2π)3

(
J1(~p) + J2(~p)

)
δ0(~p)

] 〉
ΦL

(27)

with

J1(~p) =
m∑
a=1

D(ηa)
~ka · ~p
p2

ei~p·~y1 , J2(~p) =
n∑

a=m+1

D(ηa)
~ka · ~p
p2

ei~p·~y2 . (28)

Taking the expectation value over the long mode using the expression for averaging the exponential of
a Gaussian variable, i.e. eq. (9), eq. (26) can be written as

〈δ(~x1, η1) · · · δ(~xm, ηm) δ(~xm+1, ηm+1) · · · δ(~xn, ηn)〉

≈
∫

d3k1

(2π)3
· · · d

3kn
(2π)3

〈δ~k1
(η1) · · · δ~km(ηm)〉′〈δ~km+1

(ηm+1) · · · δ~kn(ηn)〉′ ei
∑
a
~ka·~xa

× exp

[
−
∫ Λ d3p

(2π)3
J1(~p)J2(~p)P0(~p)

]
.

(29)

We are interested in the soft internal lines, that come from the cross term, i.e. the last line of eq. (29).
Notice that J1(~p) and J2(~p) are evaluated at different points ~y1 and ~y2 separated by a distance ~x.6 It
is lengthy but straightforward to take the Fourier transform of this equation, which yields

〈δ~k1
(η1) · · · δ~km(ηm)δ~km+1

(ηm+1) · · · δ~kn(ηn)〉′

≈ 〈δ~k1
(η1) · · · δ~km(ηm)〉′ 〈δ~km+1

(ηm+1) · · · δ~kn(ηn)〉′

×
∫

d3x e−i
∑m
i=1

~ki·~x exp

[
−
∫ Λ d3p

(2π)3
ei~p·~x

m∑
a=1

D(ηa)
~ka · ~p
p2

n∑
a=m+1

D(ηa)
~ka · ~p
p2

P0(p)

]
.

(30)

The last line encodes the effect of soft modes with total momentum ~q = ~k1 + · · · + ~km exchanged
between m external legs of momenta ~k1, . . . ,~km and n−m external legs with momenta ~km+1, . . . ,~kn,
in the limit q/ki → 0. Expanding the exponential at a given order in P0(p) yields the number of soft
lines exchanged. The integral in d3x ensures that the sum of the internal momenta is ~q.

Equation (30) can be easily generalized to consider the case where more than two sums of momenta
become small, i.e. when soft internal lines are exchanged between more than two hard-modes diagrams.
The conclusion is always the same: soft internal lines do not contribute to equal time correlators at
order ∝ k2

∫
dpP0(p). Again, this statement is very general irrespectively of the assumption about the

short scales.
As a concrete example, let us consider the case m = 2, n = 4, i.e. a 4-point function in the collapsed

limit |~k1 + ~k2| � k1, k2, and the exchange of a single soft line. In this case, expanding the exponential
at first order in P0(p), the above equation yields

〈δ~k1
(η1)δ~k2

(η2)δ~k3
(η3)δ~k4

(η4)〉′c
≈ −〈δ(~k1, η1)δ(~k2, η2)〉′〈δ(~k3, η3) · · · δ(~k4, η4)〉′

×
∫ Λ

d3p
(
D(η1)−D(η2)

)~k1 · ~p
p2

(
D(η3)−D(η4)

)~k3 · ~p
p2

P0(p)δD(~p− ~k1 − ~k2) ,

(31)

6For definiteness, we can choose ~y1 = 1
m

∑m
a=1 ~xa and ~y2 = 1

n−m

∑n
a=m+1 ~xa.
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where we have considered only the connected diagram and, for simplicity, we are neglecting soft loops
attached to each lines. To compare with perturbation theory, we need to compute the tree-level
exchange diagram. The contribution from taking ~k1 and ~k3 at second order yields

T2121 ≈ −4D(η1)D(η3)P0(|~k1 +~k2|)
~k1 · (~k1 + ~k2)

2|~k1 + ~k2|2
~k3 · (~k1 + ~k2)

2|~k1 + ~k2|2
〈δ~k1

(η1)δ~k2
(η2)〉′〈δ~k3

(η3)δ~k4
(η4)〉′ , (32)

and summing up the other permutations lead to

〈δ~k1
(η1)δ~k2

(η2)δ~k3
(η3)δ~k4

(η4)〉′c ≈ −
(
D(η1)−D(η2)

)(
D(η3)−D(η4)

)
P0(|~k1 + ~k2|)

×
~k1 · (~k1 + ~k2)

|~k1 + ~k2|2
~k3 · (~k1 + ~k2)

|~k1 + ~k2|2
〈δ~k1

(η1)δ~k2
(η2)〉′〈δ~k3

(η3)δ~k4
(η4)〉′ ,

(33)

which confirms eq. (31). One can easily extend this check to the case of several soft-lines.

3 Going to redshift space
The derivation of the consistency relations has been done in real space, but the galaxy distribution will
of course be observed in redshift space. It is thus natural to ask if it is possible to write relations directly
in terms of redshift space correlation function. Before doing so, let us stress that it will be difficult—if
not impossible—to measure consistency relations at different times. To see the effect of the long mode,
one would like to measure at quite different redshifts the short-scale correlation function at a spatial
distance which is much smaller than Hubble. This is of course impossible since we can only observe
objects on our past lightcone. This implies that, although one can check the consistency relations at
different times in simulations, for real data we will have to stick to correlation functions at the same
time. Given that the consistency relations vanish at equal time, their main phenomenological interest
will be to look for their possible violations, which would indicate that one of the assumptions does not
hold. This would represent a detection of either multi-field inflation or violation of the equivalence
principle (or both!)

The mapping between real space ~x and redshift space ~s in the plane-parallel approximation is given
by

~s = ~x+
vz
H ẑ , (34)

where ẑ is the direction of the line of sight, vz ≡ ~v · ẑ, and ~v is the peculiar velocity. Also the
relation between z and η receives corrections due to peculiar velocities. These corrections are small for
sufficiently distant objects for which v � Hx. Notice that we do not assume that the peculiar velocity
is a function of the position ~x since this holds only in the single-stream approximation, which breaks
down for virialized objects on small scales [16, 17].

The derivation of the consistency relations follows closely what we did in real space, once we observe
that also in redshift space the long mode induces a (time-dependent) translation. Indeed we have

~x→ ~x+D ~∇Φ0,L , (35)

~v → ~v + fHD ~∇Φ0,L , (36)

where D(η) is the growth factor, f(η) ≡ d lnD/d ln a is the growth rate and ~∇Φ0,L a homogenous
gradient of the initial gravitational potential Φ0,L, related to δ0 defined in eq. (5) by ∇2Φ0,L = δ0,L.
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This corresponds to a redshift space translation

~̃s = ~s+ δ~s , (37)

δ~s ≡ D (~∇Φ0,L + f∇zΦ0,Lẑ) , (38)

where we have applied to eq. (34) a spatial translation of the real-space coordinates and a shift of the
peculiar velocity along the line of sight, respectively eqs. (35) and (36). As in real space, we can thus
conclude that a redshift-space correlation function in the presence of a long mode ΦL is the same as
the correlation function in the absence of the long mode but in translated redshift-space coordinates:

〈δ(g,s)(~s1, η1) · · · δ(g,s)(~sn, ηn)|ΦL〉 ≈ 〈δ(g,s)(~̃s1, η1) · · · δ(g,s)(~̃sn, ηn)〉
=
∑
a

δ~sa〈δ(g,s)(~s1, η1) · · · ~∇aδ(g,s)(~sa, ηa) · · · δ(g,s)(~sn, ηn)〉 , (39)

where δ~sa ≡ Da (~∇aΦ0,L + fa∇a,zΦ0,Lẑ). To show this notice that the density in redshift space can be
written in terms of the real-space distribution function [16, 17]

ρs(~s) = ma−3

∫
d3p f

(
~s− vz
H ẑ, ~p

)
, (40)

where m is the mass of the particles and ~p is the physical momentum. The statistical properties of
ρs(~s) in the presence of the long mode are inherited by its expression in real space

ρs(~s)ΦL =
m

a3

∫
d3p f

(
~s− vz
H ẑ + δ~x, ~p+ amδ~v

)
=
m

a3

∫
d3p′ f

(
~s− vz − δvz

H ẑ + δ~x, ~p′
)

= ρs(~s+δ~s),

(41)
where δx and δ~v are given by eqs. (35) and (36).

Again this statement can be directly applied to the galaxy distribution and it thus includes the bias
with respect to the dark matter distribution. Notice that in the plane-parallel approximation redshift
space is still translationally invariant (although it is not rotationally invariant, since the line-of-sight is
a preferred direction): correlation function only depends on the distance between points. This implies
that the consistency relations will be zero when the short modes are taken at equal time, since the
common translation does not change distances.

In the Fourier space conjugate to redshift space, eq. (39) becomes

〈Φ0(~q)δ
(g,s)
~k1

(η1) · · · δ(g,s)
~kn

(ηn)〉 ≈ PΦ(q)
∑
a

D(ηa)
[
~q · ~ka + f(ηa)qz ka,z

]
〈δ(g,s)
~k1

(η1) · · · δ(g,s)
~kn

(ηn)〉 . (42)

By using for the long mode the linear relation between the density contrast in redshift space δ and the
gravitational potential Φ, i.e.

δ(g,s)(~q, η) = −(b1 + fµ2
~q)D(η)q2Φ0(~q) , (43)

where b1 is a linear bias parameter between galaxies and dark matter and µ~k ≡ ~k · ẑ/k, the consistency
relation above becomes

〈δ(g,s)
~q (η)δ

(g,s)
~k1

(η1) · · · δ(g,s)
~kn

(ηn)〉 ≈ − Pg,s(q, η)

b1 + fµ2
~q

∑
a

D(ηa)

D(η)

ka
q

[
q̂ · k̂a + f(ηa)µ~q µ~ka

]
× 〈δ(g,s)

~k1
(η1) · · · δ(g,s)

~kn
(ηn)〉 .

(44)
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We can check that this relation holds in perturbative calculation of redshift space distortions. The
redshift space bispectrum reads [7]

〈δ(g,s)
~q (η)δ

(g,s)
~k1

(η1)δ
(g,s)
~k2

(η2)〉′ =

2Z2(−~q,−~k2; η1)Z1(~q; η)Z1(~k2; η2)〈δ(~q, η)δ(−~q, η1)〉′〈δ(~k1, η1)δ(~k2, η2)〉′ + cyclic ,
(45)

where

Z1(~k; η) ≡ (b1 + fµ2
~k
) ,

Z2(~ka,~kb; η) ≡ b1F2(~ka,~kb) + fµ2
~k
G2(~ka,~kb) +

fµ~kk

2

[
µ~ka
ka

(b1 + fµ2
~kb

) +
µ~kb
kb

(b1 + fµ2
~ka

)

]
+
b2
2
.

(46)

Here b1 and b2 are the linear and non-linear bias parameters and F2 and G2 are the standard second-
order perturbation kernels for density and velocity respectively [7]. In the limit q → 0 we have

2Z2(−~q,−~k2; η1) ≈ (b1 + f1µ
2
~k2

)
~q · ~k2

q2
+ (b1 + f1µ

2
~k2

)f1
k2

q
µ~qµ~k2

. (47)

This gives

〈δ(g,s)
~q (η)δ

(g,s)
~k1

(η1)δ
(g,s)
~k2

(η2)〉′

≈ Pg,s(q, η)

b1 + fµ2
~q

D(η1)

D(η)
(b1 + f1µ

2
~k2

)

(
~q · ~k2

q2
+ f1

k2

q
µ~qµ~k2

)
Z1(~k2; η2)〈δ(~k1, η1)δ(~k2, η2)〉′

≈ −Pg,s(q, η)

b1 + fµ2
~q

D(η1)

D(η)

k1

q
(q̂ · k̂1 + f1µ~qµ~k1

)〈δ(~k1, η1)δ(~k2, η2)〉′ + (1↔ 2) .

(48)

The consistency relation is satisfied.
As in real space, it is possible to derive a resummed version of eq. (44). The translation in redshift

space introduces a factor

exp
[
i
∑
a

~ka · δ~s(~y, ηa)
]

= exp
[ ∫ Λ d3p

(2π)3

∑
a

D(ηa)
(
~p · ~ka + f(ηa)pz ka,z

)
ei~p·~yΦ0(~p)

]
(49)

in the correlation functions. It is then straightforward to show that, as in Sec. 2, the consistency
relation in redshift space eq. (44) remains the same even when the effect of all soft modes is resummed.
Moreover, using the same procedures developed in the previous section, one can easily extend the
consistency relations with multiple soft legs, softs loops and soft internal lines to redshift space.

4 Conclusions
In this paper we showed that one can have a complete control of soft modes at any order in k

q · δq. The
known cancellation of these effects for equal time correlators [10, 11, 5, 6, 12, 13] is now on more general
grounds: it is physically a consequence of the equivalence principle and the lack of statistical correlation
between long and short modes, which holds in single-field inflation. Therefore this cancellation is very
robust and holds beyond the single-stream approximation, and including the effects of baryons on short
scales. These regimes are beyond the usual arguments based on perturbation theory. Moreover, we
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now know exactly what is the effect of soft modes on correlators at different times. To make contact
with observations one has to understand if the consistency relations can be written directly in redshift
space. We showed that this is the case, without adding any assumption about the short modes: for
example one does not need to assume the single-stream approximation, which breaks down on short
scales.

Besides the theoretical interest of these results, the main conclusion for observations is that a
detection in the squeezed limit of a 1/q behaviour at equal time would be a robust detection of either
multi-field inflation or a violation of the equivalence principle. The next step is to evaluate how
constraining measurements will be for explicit models that do not respect equivalence principle, taking
into account that in the data one is obviously limited in the hierarchy between k and q. We will come
back to this in a future publication [18].
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Abstract
The recently derived consistency relations for Large Scale Structure do not hold if the Equivalence
Principle (EP) is violated. We show it explicitly in a toy model with two fluids, one of which is coupled
to a fifth force. We explore the constraints that galaxy surveys can set on EP violation looking at
the squeezed limit of the 3-point function involving two populations of objects. We find that one can
explore EP violations of order 10−3÷ 10−4 on cosmological scales. Chameleon models are already very
constrained by the requirement of screening within the Solar System and only a very tiny region of
the parameter space can be explored with this method. We show that no violation of the consistency
relations is expected in Galileon models.
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1 Introduction
Experimental tests of the Equivalence Principle (EP) are, from Galileo to modern torsion balance
experiments, a prototypical example of the scientific method. The impressive modern limits on the
equality of inertial and gravitational mass testify that we understand gravity very well, at least on scales
much shorter than the Hubble size. On the other hand, the observed acceleration of the Universe may
suggest that something new happens to gravity at very large distances. It is at first difficult to imagine
how to test the EP on scales comparable to the size of the Universe, since even the most patient
experimentalist cannot follow the fall of astrophysical objects for lengths and timescales comparable
to Hubble. In this paper we show that this kind of test is indeed possible: we do not have to wait for
things to fall, we just have to look at their final position, provided we make the correct guess about
their initial conditions long back in time. It is like saying that Galileo could have simply studied the
arrival time of the different rolling balls along the inclined plane, provided somebody had told him
in advance the initial conditions at the top of the plane. Usually, initial conditions are part of the
experimental setup and not something that can be predicted from the theory, or at least this was the
situation for Galileo. Nowadays we think we know the initial conditions of our Universe, at least in
a statistical, if not deterministic, sense. All the experiments are compatible with the simple picture
of Gaussian initial conditions and this is what we are going to assume throughout this paper, keeping
of course in mind that a deviation from this assumption would be a big discovery on its own1. The
absence of non-Gaussianity, i.e. the statistical independence of the Fourier modes, tells us that the
homogeneous gravitational field where the experiment will take place does not affect the (statistics
of) initial conditions for the small objects whose fall we test. This educated assumption about initial
conditions allows to test the EP on cosmological scales by simply measuring the position of different
astrophysical objects at a given time.

This paper is a natural continuation of [1, 2], where we showed, following [3, 4], that for single-
field inflationary models and if the EP holds, certain consistency relations for cosmological correlation
functions can be derived. The violation of the consistency relations in modified gravity theories has
been recently discussed in [5, 6, 7, 8] (with some differences that we are going to point out). In this
paper we will concentrate on equal-time correlators, which are the most relevant observationally, and
on the 3-point function which, in the non-relativistic limit, reads

lim
q→0
〈δ~q(η)δ

(A)
~k1

(η)δ
(B)
~k2

(η)〉′ =
(
ε
~k · ~q
q2

+O
[
(q/k)0

])
P (q, η)PAB(k, η) . (1)

The notation requires some explanation. A prime on the correlation function on the left-hand side
indicates that the momentum conserving Dirac function has been removed. δ(A) and δ(B) are the
number densities of the two classes of objects (e.g. galaxies with different mass) we want to compare
in their fall and PAB(k, η) their cross power spectrum, with ~k ≡ (~k1 − ~k2)/2. The third mode δ~q with
small momentum q corresponds to the approximately homogeneous gravitational field where objects A
and B fall. It is treated in the linear regime and can be measured using any probe we like. If objects
A and B fall in the same way, then ε vanishes. Conversely, as we will see, a deviation from the EP for
the two classes of objects induces a non-zero ε. Equation (1) represents a violation of the consistency
relation, which tells us that there should be no k/q term in such an equal-time correlator, if the EP and
single-field initial condition were respected. The actual size of the violation of the consistency relation

1What we need to assume is the absence of non-Gaussianity in the squeezed limit.
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is model-dependent. In Section 2 we are going to calculate ε in a simple model in which the objects A
and B have a different coupling with a long range fifth force. Although modified gravity models can
be significantly more complicated, this will represent our benchmark model. In Section 3 we are going
to study the limits one will be able to put on the parameter ε in future surveys with a simple estimate
of the cumulative signal-to-noise in the bispectrum. Notice that exchanging A with B is equivalent to
flipping the sign of ~q so that the relation for A = B trivially vanishes: only for two different kinds of
objects the consistency relation can be violated2.

What kind of models are expected to violate the EP on cosmological scales? One possibility is the
existence of some non-universal long-range force, another is the EP violation induced on macroscopic
objects by one of the screening mechanisms, which hide the deviations from GR on short scales, where
stringent experimental bounds apply. We will review these possibilities in Sec. 4. It is fair to anticipate
that most of these models give a negligible signal for our test, either because of other experimental
constraints or because the EP violation is anyway suppressed. We think, however, that this does not
diminish the interest in testing the EP on cosmological scales. Indeed one has to admit that none of the
models which modify gravity on large scales addresses the cosmological constant problem, which is the
main reason why we are interested in modifications of gravity in the first place. Therefore, if gravity
changes on large scales in a way connected with the cosmological constant, we expect something much
more dramatic and interesting than the theories studied so far. From this point of view, a test of the
basic tenet of GR on cosmological scales is surely worthwhile.

One can read eq. (1), when the EP holds, i.e. ε = 0, as the statement that there is no velocity
bias between species A and B on large scales: the long mode induces exactly the same velocity for
all objects. It is important to stress that this holds even considering statistical velocity bias. Objects
do not form randomly, but in special places of the density field: therefore, even if they locally fall
together with the dark matter, there can be a velocity bias in a statistical sense [9, 10]. However, the
arguments of [1, 2, 3] tell us that the long mode (at leading order in q) is equivalent to a change of
coordinates. Apart from this change of coordinates the long mode affects neither the dynamics nor
the statistics of short modes. Therefore, the EP implies that the statistical velocity bias disappears on
large scales: again, this statement is completely non-perturbative in the short scales and includes the
effect of baryons. For the case of dark matter only, we know that the statistical velocity bias vanishes
on large scales as ∼ q2R2, where R is a length scale of order the Lagrangian size of the object; this
can be calculated by looking at the statistics of peaks [9, 10] and verified in numerical simulations [11].
One expects that the effect of statistical velocity bias is therefore subdominant with respect to the
unknown corrections in eq. (1) since k . R−1.(3)

2This point has not been made explicit in Ref. [6], where they concentrate on correlation functions for the
same class of objects.

3 Reference [5] quotes from [11] that, for q = 0.05hMpc−1, objects in the range (25÷ 40) · 1012h−1M� have
a velocity bias of 1.05 compared to dark matter. This effect is more important than the unknown corrections
O[(q/k)0] to the consistency relation (1) only for k & R−1/

√
0.05, where R is the Lagrangian size of the objects.

However, it is difficult to measure the correlation function of objects on scales smaller than their Lagrangian
size.
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2 An example of equivalence principle violation
In this section we are going to study a toy model in which the Universe is composed of two non-
relativistic fluids A and B, with the latter coupled to a scalar field mediating a fifth force. For
example, the two fluids could be baryons and dark matter but, with some modifications that we will
discuss below, the model can also describe two populations of astrophysical objects, say different types
of galaxies. If the scalar field ϕ has a negligible time evolution, the continuity equations of the two
fluids are the same,

δ′X + ~∇ · [(1 + δX)~vX ] = 0 , X = A,B , (2)

where a prime denotes the derivative with respect to the conformal time η ≡
∫
dt/a(t) (we assume a

flat FRW metric, with scale factor a), ′ ≡ ∂η. The Euler equation of B contains the fifth force, whose
coupling is parameterized by α,

~v′A +H~vA + (~vA · ~∇)~vA = −~∇Φ , (3)

~v′B +H~vB + (~vB · ~∇)~vB = −~∇Φ− α~∇ϕ , (4)

where H ≡ ∂ηa/a is the comoving Hubble parameter. To close this system of equations we need
Poisson’s equation and the evolution equation of the scalar field. Assuming that the scalar field stress-
energy tensor is negligible, only matter appears as a source in the Poisson’s equation,

∇2Φ = 4πGρm δ = 4πGρm (wAδA + wBδB) , (5)

where ρm is the total matter density and wX ≡ ρX/ρm is the density fraction of the X species.
Moreover, in the non-relativistic approximation we can neglect time derivatives in comparison with
spatial gradients and the equation for the scalar field reads

∇2ϕ = α · 8πGρmwBδB , (6)

where we have neglected the mass of the scalar field, assuming we are on scales much shorter than its
Compton wavelength.

Let us start with the linear theory and, following [12], look for two of the four independent solutions
of the system in which the density and the velocity of the species B differ from those of the species A
by a (possibly time-dependent) bias factor b,

δ
(A)
~k

(η) = D(η) δ0(~k) , (7)

θ
(A)
~k

(η) = −H(η)f(η)δ
(A)
~k

(η) , (8)

δ
(B)
~k

(η) = b(η)δ
(A)
~k

(η) , (9)

θ
(B)
~k

(η) = −H(η)f(η)δ
(B)
~k

(η) , (10)

where we have defined θ(X) ≡ ~∇ ·~vX and δ0(~k) is a Gaussian random variable. Plugging this ansatz in

4



eqs. (2)–(6) and using the background Friedmann equations for a flat universe, we find, at linear order,

f =
d lnD

d ln a
, (11)

df
d ln a

+ f2 +

(
2− 3

2
Ωm

)
f − 3

2
Ωm(wA + wBb) = 0 , (12)

db
d ln a

= 0 , (13)

wBb+ wA

(
1− 1

b

)
− wB(1 + 2α2) = 0 . (14)

Using eqs. (11) and (12), the linear growth factor D satisfies a second-order equation,

d2D

d ln a2
+

(
2− 3

2
Ωm

)
dD
d ln a

− 3

2
Ωm(wA + wBb)D = 0 , (15)

whose growing and decaying solutions are D+ and D−. Note that eq. (13) implies that the bias b is
time independent. In the absence of EP violation (α = 0) we get b = 1 (using wA + wB = 1) and we
recover from eq. (15) the usual evolution of the growth of matter perturbations.

Following [13, 14], we introduce y ≡ lnD+ as the time variable. Defining the field multiplet

Ψa ≡


δ(A)

−θ(A)/Hf+

δ(B)

−θ(B)/Hf+

 , (16)

the equations of motion of the two fluids can be then written in a very compact form as

∂yΨa(~k) + ΩabΨb(~k) = γabcΨb(~k1)Ψc(~k2) , (17)

where integration over ~k1 and ~k2 is implied on the right-hand side. The entries of γabc vanish except
for

γ121 = γ343 = (2π)3δD(~k − ~k1 − ~k2)
~k1 · (~k1 + ~k2)

k2
1

,

γ222 = γ444 = (2π)3δD(~k − ~k1 − ~k2)
~k1 · ~k2(~k1 + ~k2)2

2k2
1k

2
2

,

(18)

the matrix Ωab reads

Ωab =


0 −1 0 0

−3
2

Ωm

f2+
wA

3
2

Ωm

f2+
(wA + bwB)− 1 −3

2
Ωm

f2+
wB 0

0 0 0 −1

−3
2

Ωm

f2+
wA 0 −3

2
Ωm

f2+
(wBb+ wA

(
1− 1

b

)
) 3

2
Ωm

f2+
(wA + bwB)− 1

 ,

(19)
and we have employed eq. (14) to replace the dependence on α2 by a dependence on the bias b. The
solution of eq. (17) can be formally written as

Ψa(y) = gab(y)φb +

∫ y

0
dy′gab(y − y′)γbcdΨc(y

′)Ψd(y
′) , (20)
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where φb is the initial condition, φb = Ψb(y = 0), and gab(y) is the linear propagator which is given by
[13]

gab(y) =
1

2πi

∫ ξ+i∞

ξ−i∞
dω (ωI + Ω)−1

ab e
ωy , (21)

where ξ is a real number larger than the real parts of the poles of (ωI + Ω)−1.
In the following we consider small couplings to the fifth force, α2 � 1, which by virtue of eq. (14)

implies b ' 1. In this case, it is reasonable to use the approximation f2
+ ' Ωm, which for b = 1 is very

good throughout the whole evolution [15]. We choose to use this approximation because it considerably
simplifies the presentation but one can easily drop it and make an exact computation.

The linear evolution is characterized by four modes. Expanding for small b − 1, apart from the
“adiabatic” growing and decaying modes already introduced above, respectively going as D+ = ey and
D− = e−

3
2

[1+wB(b−1)]y, one finds two “isodensity” modes, one decaying as Di = e−
1
2

[1+3(1+wA)(b−1)]y and
an almost constant one going as Dc = e3wA(b−1)α2y.(4)

We are interested in the equal-time 3-point function involving the two species. In particular, we
compute

〈δ~k3(η)δ
(A)
~k1

(η)δ
(B)
~k2

(η)〉 = wA〈Ψ1(k3, η)Ψ1(k1, η)Ψ3(k2, η)〉+ wB〈Ψ3(k3, η)Ψ1(k1, η)Ψ3(k2, η)〉 , (22)

where δ ≡ wAδ
(A) + wBδ

(B). The calculation can be straightforwardly done at tree level by per-
turbatively expanding the solution (20) as Ψa = Ψ

(1)
a + Ψ

(2)
a + . . ., which up to second order in δ0

yields

Ψ(1)
a (y) = gab(y)φb ,

Ψ(2)
a (y) =

∫ y

0
dy′gab(y − y′)γbcdΨ(1)

c (y′)Ψ
(1)
d (y′) ,

(23)

and by applying Wick’s theorem over the Gaussian initial conditions. In the squeezed limit, the
expression for (22) simplifies considerably. Assuming that the initial conditions are in the most growing
mode, i.e. they are given by φa(~k) = uaδ0(~k) with ua = (1, 1, b, b), at leading order in b− 1 one finds

lim
q→0
〈δ~q(η)δ

(A)
~k1

(η)δ
(B)
~k2

(η)〉′ ' −(b− 1)P (q, η)PAB(k, 0)
~k · ~q
q2

×
∫ y

0
dy′e2y′

[
g11(y − y′) + g12(y − y′)− g31(y − y′)− g32(y − y′)

]
,

(24)

which shows that the long wavelength adiabatic evolution has no effect on the 3-point function5 [16,
17]. As before, the prime on the correlation function denotes that the delta function of momentum
conservation has been dropped. Retaining the most growing contribution and using b ' 1 + 2wBα

2

one finally finds

lim
q→0
〈δ~q(η)δ

(A)
~k1

(η)δ
(B)
~k2

(η)〉′ ' 7

5
wB α

2
~k · ~q
q2

P (q, η)PAB(k, η) . (25)

4With an abuse of language, we denote the modes (+) and (−) as adiabatic and (i) and (c) as isodensity even
though, strictly speaking, they do not correspond to the usual notion of adiabatic and isocurvature. Indeed, (+)

and (−) correspond to δA = δB/b and not to δA = δB as in the standard adiabatic case without a fifth force,
while (i) and (c) yield wAδ

(A) + bwBδ
(B) = 0 instead of wAδ

(A) + wBδ
(B) = 0 which one finds in the standard

isodensity case (see [16] for a discussion of adiabatic and isodensity modes in the standard case b = 1).
5For b = 1 one finds g(+)

11 = g
(+)
31 , g(+)

12 = g
(+)
32 , g(−)

11 = g
(−)
31 and g(−)

12 = g
(−)
32 .
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The result that we obtained remains qualitatively the same if A or B represent extended objects,
for example a fluid of galaxies of a given kind [18]. For instance, one can take A to represent galaxies
that are not coupled to the fifth force because they are screened (see Sec. 4), while B represents
the dark matter fluid. In this case one should start from initial conditions in which there is a bias
between the galaxy and the dark matter overdensities: ua = (bg, 1, b, b). This is equivalent to exciting
decaying modes, given that asymptotically the galaxy bias becomes unity (bg is the initial galaxy bias).
Consequently, the result (25) will be different. Still, it is straightforward to check that, as expected,
there is no 1/q divergence if the EP is not violated, i.e. α = 0. In the limit wA � 1 (i.e. the screened
galaxies contribute a subdominant component of the overall mass density) and keeping only the slowest
decaying mode, one gets (in this case we take the long mode to be dark matter only)

lim
q→0
〈δ(B)
~q (η)δ

(A)
~k1

(η)δ
(B)
~k2

(η)〉′ ' 7

5
α2
~k · ~q
q2

(
1 +

10

7
(bg − 1)e−(y−y0)

)
P (q, η)PAB(k, η) . (26)

Notice that y0 here represents the initial value when the local galaxy bias bg is set up.
Another complication in this case comes from the fact that objects become screened only at a

certain stage of their evolution, so that the coupling of the fluid A with the scalar is time-dependent.
All this modifies the numerical value on the right-hand side of eq. (25). In any case, given the model-
dependence of the result, we stick to eq. (25) as our benchmark model when discussing the capabilities
of experiments to constrain EP violation.

3 Detecting an equivalence principle violation
In this section we want to explore how well we can constrain the violation of the EP in our toy model
using large scale structure surveys. We will use this bound to comment on the possible detection of
EP violation in different modified gravity scenarios.

3.1 Signal to noise for the bispectrum
The signal to noise calculation closely follows the standard calculation for the case of primordial non-
Gaussianities (see for example [19]). We will assume a survey of a given comoving volume V which
defines the fundamental scale in momentum space, kf = 2π/V 1/3. In this setup, the bispectrum
estimator is given by

B(k1, k2, k3) =
Vf
V123

∫
k1

d3q1

∫
k2

d3q2

∫
k3

d3q3 δ(~q1 + ~q2 + ~q3) · δ~q1δ~q2δ~q3 , (27)

where Vf = (2π)3/V is the volume of the fundamental cell, the integration is done over the spherical
shells with bins defined by qi ∈ (ki − δk/2, ki + δk/2) and

V123 ≡
∫
k1

d3q1

∫
k2

d3q2

∫
k3

d3q3 δ(~q1 + ~q2 + ~q3) ≈ 8π2 k1k2k3 δk
3 . (28)

We will assume no significant correlation among different triangular configurations or, in other words,
that the bispectrum covariance matrix is diagonal and given by a Gaussian statistics. It can be shown
that in this case the variance is given by [19]

∆B2(k1, k2, k3) = k3
f

s123

V123
Ptot(k1)Ptot(k2)Ptot(k3) , (29)
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where s123 = 6, 2, 1 for equilateral, isosceles and general triangles, respectively. The power spectrum
Ptot(k) is given by

Ptot(k) = P (k) +
1

(2π)3

1

n̄
, (30)

where the last term on the right hand side accounts for the shot noise and n̄ is the number density
of galaxies in the survey. In what follows we will neglect the shot noise contribution because we want
to estimate the total amount of signal in principle available for a survey of a given volume, without
restricting our analysis specifically to galaxy surveys. Moreover, for our estimates we will use only
modes that are in the linear regime where the shot noise is expected to be negligible.

Given these definitions, the signal-to-noise ratio is calculated as(
S

N

)2

=
∑
T

(Bnew physics(k1, k2, k3)−Bstandard(k1, k2, k3))2

∆B2(k1, k2, k3)
, (31)

where the sum runs over all possible triangles formed by ~k1, ~k2 and ~k3 given kmin and kmax. Typically,
the sum is written down such that the same triangles are not counted twice and the symmetry factor
s123 takes care of special configurations. In our case, with two different species of particles, the bispec-
trum is not symmetric when momenta are exchanged and the previous equations have to be modified
accordingly. We will impose s123 = 1 for all configurations and the sum over triangles will be

∑
T

≡
kmax∑

k1=kmin

kmax∑
k2=kmin

k∗max∑
k3=k∗min

, (32)

where k∗min ≡ max(kmin, |~k1 − ~k2|), k∗max ≡ min(|~k1 + ~k2|, kmax) and the discrete sum is done with
|~kmax − ~kmin|/δk steps where δk is a multiple of kf . In the following we fix δk = kf .

3.2 Estimate for our toy model
Now that we have defined the estimator, we apply it to the case of violation of the EP. We will not
restrict ourselves to squeezed triangle configurations but we exploit all possible triangular configurations
of eq. (22).

In the case at hand, the signal to noise takes the form

(
S

N

)2

=
∑
T

[
B

(AB)
α2 (k1, k2, k3)−B(AB)

α2=0
(k1, k2, k3)

]2

∆[B(AB)]2(k1, k2, k3)
, (33)

where the bispectrum B(AB)(k1, k2, k3) is defined by

〈δ~k1(η)δ
(A)
~k2

(η)δ
(B)
~k3

(η)〉 = (2π)3δD(~k1 + ~k2 + ~k3)B(AB)(k1, k2, k3) , (34)

where the left hand side of this equation is computed from eq. (22) at leading order in α2. For the
computation we employ

δ
(A)
~k

(η) ≡ 1

wA + wBb
δ~k(η) , δ

(B)
~k

(η) ≡ 1

wA/b+ wB
δ~k(η) , (35)
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z = 1

z = 0.5

z = 0

z = 1

z = 1

z = 0.5

z = 0.5

z = 0

z = 0

Figure 1: Expected error on α2, σ(α2), for a survey with volume V = 1(Gpc/h)3 at three different
redshifts, z = 0, z = 0.5 and z = 1. Left: σ(α2) is plotted as a function of kmax. We have chosen
kmin = 2π/V 1/3 so that the violation of the EP extends to the whole survey. Right: σ(α2) is plotted
as a function of kmin. kmax is given by 0.10, 0.14, 0.19 for z = 0, 0.5, 1 respectively. The dotted lines
represent α2 . 10−6(m/H)2, i.e. the bound on α2 from screening the Milky Way [23].

where we compute the transfer function of the total matter density contrast δ using the code CAMB
[20]. We then define

〈δ~k(η)δ~k′(η)〉 = (2π)3δD(~k + ~k′)P (k) , 〈δ(X)
~k

(η)δ
(X)
~k′

(η)〉 = (2π)3δD(~k + ~k′)P (X)(k) . (36)

Following eq. (29), for the variance of the bispectrum we use

∆
[
B(AB)

]2
(k1, k2, k3) = k3

f

s123

V123
P (k1)P (A)(k2)P (B)(k3) . (37)

Figure 1 shows the estimated error on α2, σ(α2), for three different surveys of volume V =

1(h−1Gpc)3 at redshift z = 0, z = 0.5 and z = 1, respectively. On the left panel this is shown as
a function of kmax for the smallest possible kmin, i.e. kmin = kf = 2π/V 1/3. The smallest measurable
value of α2 roughly scales as k−2.8

max , so that it crucially depends on our ability to capture the shortest
scales.6

On the right panel, the estimated relative variance is shown as a function of kmin. For each survey,
we take kmax such that we are still in a quasi-linear regime where theoretical control in perturbation
theory is possible. In particular, we fix kmax = π/(2R) where R is chosen in such a way that σR, the
root mean squared linear density fluctuation of the matter field in a ball of radius R, is 0.5.(7) This

6For kmax ∼ 0.1h−1Mpc we roughly agree with [6] but we find a different dependence on kmax. Our result can
be roughly understood as follows. Recall that the experimental constraint on f locNL goes like ∆f locNL ∼ 5

√
106/N ,

where N is the number of modes. This is consistent with the fact that the Planck limit is about f locNL . 5,
for N ∼ 106 [21]. For the large scale structure we are interested in here, N ∼ (kmax/kmin)3 ∼ 4 · 103, and so
∆f locNL ∼ 80, which is consistent with Fig. 3 of Ref. [19]. In the case of the EP violation we effectively have
f locNL ∼ α2 × q k/(ΩmH

2
0 ). Assuming k/q ∼ 102/(2π), we therefore have a bound of α2 that is about 4 · 10−3.

This argument also tells us the scaling with kmax:
√
N ∝ k

3/2
max, and the scaling of the effective f locNL adds one

more power of kmax, giving us a limit on α2 that scales as k−2.5
max , roughly agreeing with our k−2.8

max scaling.
7Apart from the theoretical uncertainty in understanding the nonlinear regime of density fluctuations, other
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yields kmax = 0.10, 0.14, 0.19 for z = 0, 0.5, 1 respectively. From Fig. 1 we see that the dependence on
kmin is very mild when going to zero. This seems counterintuitive, because eq. (1) indicates that the
bispectrum diverges as 1/q at small q, giving more signal. However, in that limit the power spectrum of
matter fluctuations scales as q, P (q) ∝ q, canceling the enhancement. This differs from the familiar case
of local non-Gaussianity where the divergence scales as 1/q2, causing the known increase of precision
on f loc

NL when going to larger surveys. The improvement of the constraints at higher redshifts, discussed
also in [6], is due to the fact that kmax increases and, assuming a fixed volume, we have access to more
modes. Our constraints can be compared with that for chameleon models derived in Ref. [23] from
requiring that the Milky Way must be screened. This yields

α2 . 10−6(m/H)2 , (38)

where m is the Compton mass of the chameleon. In this case kmin can be identified with m−1, the
Compton wavelength of the chameleon and one sees that for m−1 & 0.01 our constraints can improve
that of Ref. [23].

When looking for EP violation, a possible contaminant is the initial density or velocity bias be-
tween two different species. For instance, even in single-field inflation we know that baryons and dark
matter have different initial conditions on scales below the sound horizon at recombination, because at
recombination baryons are tightly coupled to photons through Thomson scattering, while dark matter
particles are free falling. As discussed in [24, 16, 17], the relative velocity between baryons and dark
matter excites long wavelength isodensity modes that couple to small scales reducing the formation of
early structures. However, one can check that this effect decays more rapidly than the one described
by eq. (25). For instance, assuming no violation of the EP but an initial density and velocity bias
between the two species A and B, ua = (bA, bA, bB, bB), one obtains

lim
q→0
〈δ~q(η)δ

(A)
~k1

(η)δ
(B)
~k2

(η)〉′ ' 4 (bA − bB)e−
3
2

(y−y0)
~k · ~q
q2

P (q, η)PAB(k, η) , (39)

independently of wA and wB. Thus, the effect is still divergent as 1/q but rapidly decays, so that
it is typically suppressed by a factor ∼ (1 + z0)−3/2 where z0 represents the initial redshift. For the
example discussed above of baryons and dark matter we can take z0 ' 1100 and today this effect is thus
suppressed by ∼ O(10−5). Moreover, if we use galaxies to probe the EP it will be further suppressed
by the fact that the baryon-to-dark matter ratio is rather constant in different galaxies.

When using galaxies, one should also remember that their density field is a biased tracer and that in
general we expect the bias to contain nonlinearities. Thus, other contributions are expected in eq. (1),
for instance of O[(k/q)0] if the nonlinear bias is scale independent. To compute the signal-to-noise
ratio correctly taking into account this effect, one should include these nonlinear contributions and
marginalise over the bias parameters, similarly to what done in the context of non-Gaussianity, for
instance in Ref. [19]. However, due to its different scale and angular dependence, we do not expect the
marginalization over nonlinear bias to dramatically change our estimates.

Before concluding, it is important to stress that our estimates so far assume that we know which are
the two classes of objects that violate the EP. In practice, one will have to classify objects either based

effects neglected here hinder the access to small scales. In redshift surveys, the smallest scales are affected by
the radial smearing due to redshift distortion that are uncorrelated with the density fluctuations, such as the
one coming from the Doppler shift due to the virialized motion of galaxies within clusters or the one due to the
redshift uncertainty of spectroscopic galaxy samples. See for instance [22] for a discussion.
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on some intrinsic property (mass, luminosity, dark matter content) or some environmental property
(like being inside an overdense or underdense region), and astrophysical uncertainties in the selection
of these objects may significantly suppress the signal. In particular, if the kind of objects we aim for is
quite rare, the shot noise, which we have neglected so far, will be an important limitation. In this sense
the limits discussed above are the most stringent one can get for an ideal survey of a given volume.

Despite these limitations, the absence of any signal when the EP holds is very robust. The long
mode cannot give any 1/q effect, independently of the bias of the objects and of the selection strategy
we use. Furthermore, the same statement holds also in redshift space [2, 6], which makes the connection
with observations even more straightforward. In other words, all the complications that enter when
one wants to use the data to infer the underlying dark matter 3-point function are not relevant here
if we only want to show that the EP is violated. Of course, once a violation is detected, it would be
much more challenging to better characterize the source of the violation.

4 Modifications of gravity and equivalence principle viola-
tion

A violation of the consistency relations requires a macroscopic violation of the EP: different astrophys-
ical objects must fall at a different rate. One can envisage various possibilities depending on which is
the relevant feature that determines the EP violation.

Baryon content. If dark matter and baryons have a different coupling with a light scalar, one
has a violation of the EP at the fundamental level. This causes different astrophysical objects, with
a different baryon/dark matter ratio to fall at a different rate in an external field. This scenario is
however very constrained: Planck [25] limits this kind of couplings to be . 10−4 smaller than gravity.
This is far from what we can achieve with our method, since most astrophysical objects have a quite
similar baryon content and this suppresses substantially the EP violation.

Amount of screening. The screening of extra forces to satisfy the gravity tests in the solar
system induces violations of the EP [26]. We can distinguish various cases, depending on the screening
mechanism.

For chameleon [27] or symmetron [28, 29, 30] screening the EP violation can be of order unity
between screened and unscreened objects. However, the necessity of screening inside the solar system
limits the impact of the fifth force on cosmological scales. Indeed, one can find a model-independent
limit on the mass of the scalar [23, 31]

m2 & 106α2H2 . (40)

This inequality, which is valid at low redshifts, limits the effect of the scalar on short scales k/a . m.
In Fig. 1 we compare this limit with our signal to noise forecast at different redshifts: a detection of
EP violation is possible, though quite challenging. The screening here depends on the typical value of
the gravitational potential GM/r of the object. Given that we know the Milky Way is screened, one
should look for objects with a lower Φ to find unscreened objects. This looks challenging since in a
survey one is typically sensitive to galaxies which are more luminous and therefore more massive than
the Milky Way.

For Galileon screening [32] the issue of EP violation is rather subtle. On one hand, one can show
that an object immersed in an external field which is constant over the size of the object will receive
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an acceleration proportional to the mass and independent of the possible Vainshtein screening of the
object [26]. On the other hand, given the nonlinearity of the scalar equations, the value of the external
field may not be the same before and after the object is put into place. For example, the Moon changes
the solution of the Galileon around the Earth and the nonlinearity of the system is such that the
acceleration the Moon experiences is different from the one of a test particle orbiting around the Earth
[33, 34]. This complicated nonlinear behaviour is difficult to control in general, but we can however
prove that the Galileon models do not lead to violations of our consistency relations. Well inside the
horizon, structure formation in the presence of the Galileon π follows the equations

~̇v + (~v · ~∇)~v = −~∇Φ− α~∇π , (41)

F (∂i∂jπ) = α8πGρ , (42)

∇2Φ = 4πGρ , (43)

where F is the equation of motion for the Galileon, which only depends on the second derivatives of
π. The point is that one can run the same argument as in the absence of the Galileon: a homogeneous
~∇(Φ + απ) can be removed by a change of coordinates that brings us to an accelerated frame 8. For
this to happen the symmetry of Galileons is crucial, since it makes a homogeneous gradient of π drop
out of eq. (42) [35]. (This does not work, for example, in the case of the chameleon.) The homogenous
gradient can describe a long mode in the linear regime (simulations [36, 37, 38, 39, 40] show that
the scalar force is active, i.e. not Vainshtein suppressed, on sufficiently large scales) so that, barring
primordial non-Gaussianity, the effect of a long mode boils down to the change of coordinates, which
does not give any effect at equal time. 9

An intermediate case between the ones above is given by K-mouflage [41], where the screening
depends neither on the value of the field—like in the chameleon—nor on the value of the second
derivatives—like in the Galileon—but on the first derivative. This happens when we have a generic
kinetic term of the form P (X) with X ≡ (∂φ)2. Although this case has not been thoroughly studied,
there is no reason to expect our consistency relations to work since, in the absence of Galileon symmetry,
the argument above does not go through. In this case the screening depends on the typical value of
∇Φ of the object.

Gravitational potential. The no-hair theorem implies that black-holes do not couple with a
scalar force. More generally, the mass due to self-gravity will violate the EP in the presence of a
fifth force. Unfortunately, it seems impossible to observe isolated objects with a sizable component of
gravitational mass. The mass of clusters only receives a contribution in the range 10−5÷10−4 from the
gravitational potential and the correction is even smaller for less massive objects. Black holes, whose
mass is entirely gravitational in origin, do not significantly contribute to the mass of the host galaxy.

Environment. Another possibility is to divide the objects depending not on some intrinsic feature
but on their environment, for example comparing galaxies in a generic place against galaxies in voids

8Notice that we can remove a homogeneous field, with arbitrary time-dependence. This is not a symmetry
of the full Galileon theory, but it holds deep inside the Hubble radius, when time-derivatives can be neglected
in eq. (42).

9The reader might wonder how one can reconcile the lack of consistency relation violation, with the known
equivalence principle violation (at a small level) in the case of the Galileon. The point is that the boundary
condition in the Earth-Moon example is quite different from that in the cosmological example. In cosmology,
we know from numerical simulations that π is in the linear regime on large scales; in the Earth-Moon example,
it is a computation entirely within the Vainshtein radius of the system.
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[6]. The fifth force tends to be screened in a dense environment (blanket screening), while it is active
in voids. Notice that this is not a test of the Galilean EP (different objects fall at the same rate in
the same external field), but it still checks whether the effect of the long mode can be reabsorbed
completely by a change of coordinates. The arguments made above for the Galileon case work also
here and we expect no violation of the consistency relation in this case. This effect will be present
in the case of chameleon screening (with the same limitations on the Compton wavelength discussed
above) and in K-mouflage.

5 Conclusions
In this paper we discussed a method to test the Equivalence Principle on cosmological scales based
on the recently proposed consistency relations for Large Scale Structure. The idea is simply that a
homogeneous gravitational potential can be exactly removed by a suitable change of coordinates [1].
This is not true if the EP is violated, in which case ε 6= 0 in eq. (1).

The method that we propose is very robust because the absence of a 1/q signal when the EP holds is
not affected by nonlinearities at short scales, baryon physics, the issue of bias, redshift-space distortions
and the way objects are selected [1, 2, 3, 4, 6]. Moreover, the signal of EP violation in the 3-point
function cannot be confused with one due to primordial non-Gaussianity. The reason is that, due to
the parity of the 2-point function, the squeezed limit of the primordial 3-point function cannot have a
dipolar structure of the form (1). Indeed, there are models of inflation which induce 1/q dependence of
the 3-point function in the squeezed limit, such as Quasi-Single Field [43] or Khronon Inflation [44], but
in these cases the 3-point function in the squeezed limit is a function of q only and not of its direction.
In models where the 3-point function in the squeezed limit depends on the direction of ~q, such as Solid
Inflation [45], this dependence has a quadrupolar structure.

In conclusion, assuming there is no primordial non-Gaussianity, any appearance of 1/q divergences
in the 3-point function would be a clear signal of violation of the EP. Therefore, even though most of
the models that violate the EP are either very constrained or produce small effects, the proposed test
is so general that it deserves to be done. One can even take an agnostic point of view and, without
referring to any particular model, try to explore correlations among different types of objects in N -body
simulations or directly in the data. For instance, as explained above, one aspect that has not been
studied in the literature is EP violation in scalar-tensor theories with a generic kinetic term P (X) [41].
It would be interesting to analyze the screening in these theories and directly observe violations of
the type of eq. (1) in N -body simulations. Testing the EP in the data using our method will become
particularly relevant for forthcoming large scale structure surveys, whose volumes will be large enough
to put interesting limits on the violation of the EP on cosmological scales. In this case, one needs to go
beyond what done in [1, 2] and carefully include relativistic effects in galaxy surveys and a treatment
of redshift-space distortions beyond the plane-parallel approximation. We leave this for the future.

Notice that the same limit of the 3-point function of eq. (1), when the long mode is taken outside
the Hubble scale, induces a dipolar modulation of the cross power spectrum between objects A and B.
The modulation is of order10

εΦL

~k · q̂
H

, (44)

10The 1/q behavior is only valid in the non-relativistic limit and it saturates at the Hubble scale, see [1].
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where the direction q̂ is fixed by the average over long modes. Although the anisotropy is suppressed by
the long-mode amplitude, it grows going to short scales where it can become significant. Limits on the
anisotropy of the auto-power spectrum are presently of order O(10−2) [42] and it would be interesting
to see what can be done using different objects, although it is difficult that this will do better than
directly looking at the 3-point function.
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We introduce a new class of scalar-tensor theories of gravity that extend Horndeski, or “generalized
galileon”, models. Despite possessing equations of motion of higher order in derivatives, we show
that the true propagating degrees of freedom obey well-behaved second-order equations and are thus
free from Ostrogradski instabilities, in contrast to standard lore. Remarkably, the covariant versions
of the original galileon Lagrangians—obtained by direct replacement of derivatives with covariant
derivatives—belong to this class of theories. These extensions of Horndeski theories exhibit an
uncommon, interesting phenomenology: The scalar degree of freedom affects the speed of sound of
matter, even when the latter is minimally coupled to gravity.

The discovery of the present cosmological acceleration
has spurred the exploration of gravitational theories that
could account for this effect. Many extensions of general
relativity (GR) are based on the inclusion of a scalar
degree of freedom (DOF) in addition to the two ten-
sor propagating modes of GR (see e.g. [1] for a review).
In this context, a recent important proposal is the so-
called galileon models [2], with Lagrangians that involve
second-order derivatives of the scalar field and lead, nev-
ertheless, to equations of motions of second order. Such
a property guarantees the avoidance of Ostrogradski in-
stabilities, i.e. of the ghost-like DOF that are usually
associated with higher time derivatives (see e.g. [3]).
Initially introduced in Minkowski spacetime, galileons

have then been generalized to curved spacetimes [4–6],
where they turn out to be equivalent to a class of theories
originally constructed by Horndeski forty years ago [7].
Today, Horndeski theories, which include quintessence, k-
essence and f(R) models, constitute the main theoretical
framework for scalar-tensor theories, in which cosmologi-
cal observations are interpreted. The purpose of this Let-
ter is to show that this framework is not as exhaustive as
generally believed, and can in fact be extended to include
new Lagrangians. Indeed, having equations of motion of
second order in derivatives—while indeed sufficient—is
not necessary to avoid Ostrogradski instabilities, as al-
ready pointed out in e.g. [8, 9]. The theories beyond
Horndeski that we propose lead to distinct observational
effects and are thus fully relevant for an extensive com-
parison of scalar-tensor theories with observations.

The model. The theories that we consider here can
be viewed as a broader generalization of the galileons to
curved spacetimes . They are described by linear combi-
nations of the Lagrangians

Lϕ
2 ≡ G2(ϕ,X) , (1)

Lϕ
3 ≡ G3(ϕ,X)□ϕ , (2)

Lϕ
4 ≡ G4(ϕ,X) (4)R− 2G4,X(ϕ,X)(□ϕ2 − ϕµνϕµν)

+ F4(ϕ,X)ϵµνρσ ϵ
µ′ν′ρ′σϕµϕµ′ϕνν′ϕρρ′ , (3)

Lϕ
5 ≡ G5(ϕ,X) (4)Gµνϕ

µν

+
1

3
G5,X(ϕ,X)(□ϕ3 − 3□ϕϕµνϕµν + 2ϕµνϕ

µσϕνσ)

+ F5(ϕ,X)ϵµνρσϵµ
′ν′ρ′σ′

ϕµϕµ′ϕνν′ϕρρ′ϕσσ′ , (4)

which depend on a scalar field ϕ (and its derivatives
ϕµ ≡ ∇µϕ, ϕµν ≡ ∇ν∇µϕ), on X ≡ gµνϕµϕν , and on
a metric gµν with respect to which matter is assumed to
be minimally coupled; ϵµνρσ is the totally antisymmetric
Levi-Civita tensor and a comma denotes a partial deriva-
tive with respect to the argument. Horndeski theories
correspond to a subset of the above theories, subjected
to the restricting conditions

F4(ϕ,X) = 0 , F5(ϕ,X) = 0 , (5)

which ensure that the equations of motion (EOM) are
second order. By contrast, we allow here arbitrary func-
tions F4 and F5, which means that our theories contain
two additional free functions with respect to the Horn-
deski ones.

The new terms proportional to F4 and F5 are, respec-
tively, the covariant version of the original quartic and
quintic galileon Lagrangians proposed in Ref. [2]. This
guarantees second-order dynamics for the scalar field in
the absence of gravity. When the metric is dynamical,
the EOM involve up to third-order derivatives in these
extended theories, but this does not imply the presence
of unwanted extra DOF, as we show below.

Arnowitt-Deser-Misner (ADM) formulation. In cos-
mology, where the scalar field gradient is timelike, it is
convenient to perform an ADM decomposition of space-
time, with metric

ds2 = −N2dt2 + hij(dx
i +N idt)(dxj +N jdt) , (6)
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by choosing the uniform scalar field (ϕ = const) hyper-
surfaces as constant-time hypersurfaces. The above La-
grangians then have a very simple form in terms of the
intrinsic and extrinsic 3-d curvature tensors of the spatial
slices, Rij and Kij , as well as the lapse function N . This
reformulation uses the unit vector nµ ≡ −ϕµ/

√
−X nor-

mal to the uniform ϕ hypersurfaces, in terms of which the
extrinsic curvature is given by Kµν ≡ (gσµ+n

σnµ)∇σnν .
We also make use of the Gauss-Codazzi relations to relate
the 4-d curvature to the 3-d one.
After cumbersome but straightforward manipulations,

one finds that any combination of the Lϕ
a leads to an

ADM Lagrangian density of the form L =
√
−g

∑
a La,

with

L2 = A2 , L3 = A3 K ,

L4 = A4 K2 +B4 R , (7)

L5 = A5 K3 +B5 K
ij
[
Rij − hijR/2

]
,

where K ≡ hijKij , R ≡ hijRij , and the quantities K2

and K3 are, respectively, quadratic and cubic combina-
tions of Kij ≡ (ḣij −DiNj −DjNi)/(2N) (where Di is
the covariant derivative of hij), explicitly defined as

K2 ≡ K2 −KijK
ij , (8)

K3 ≡ K3 − 3KKijK
ij + 2KijK

ikKj
k . (9)

The coefficients in eq. (7) are related to the original func-
tions in eqs. (1)–(4) by

A2 = G2 − (−X)
1
2

∫ G3,ϕ

2
√
−X

dX , (10)

A3 = −
∫
G3,X

√
−XdX − 2

√
−XG4,ϕ , (11)

A4 = −G4 + 2XG4,X + X
2 G5,ϕ −X2F4 , (12)

B4 = G4 +
√
−X

∫ G5,ϕ

4
√
−X

dX , (13)

A5 = − (−X)
3
2

3 G5,X + (−X)
5
2F5 , (14)

B5 = −
∫
G5,X

√
−XdX . (15)

In this ADM formulation, these functions of ϕ and X
can also be seen as functions of t and N via the relations
ϕ = ϕ0(t) and X = −ϕ̇20(t)/N2.
By using eqs. (12)–(15), the Horndeski conditions (5)

translate into

A4 = −B4 + 2XB4,X , A5 = −XB5,X/3 . (16)

Hamiltonian analysis. In general, higher derivative
theories are pathological because they lead, according to
Ostrogradski’s theorem, to extra DOF that behave like
ghosts. Here we show, by resorting to a simple count-
ing of the number of DOF in the Hamiltonian formalism,
that the theories (7) do not contain more than three de-
grees of freedom. Thus, there is no room for an extra
DOF in addition to the scalar DOF initially built in and
the two tensor modes similar to those of GR.

The Hamiltonian is obtained from the Lagrangian via
a Legendre transform,

H =

∫
d3x

[
πij ḣij − L

]
, (17)

where the πij are the conjugate momenta associated with
the hij , defined by

πij =
∂L
∂ḣij

. (18)

Ignoring L5 for simplicity, one can easily invert the above
relation to express ḣij as a function of πij and obtain the
explicit Hamiltonian, which can be written in the form

H =

∫
d3x

[
NH0 +N iHi

]
, (19)

with

H0 ≡−
√
h
[
A2 −

3A2
3

8A4
+

A3π

2
√
hA4

+B4R

+
1

2hA4

(
2πijπ

ij − π2
)]
, (20)

Hi ≡− 2Djπ
j
i . (21)

We leave aside the uninteresting case A4 = 0, which does
not contain propagating tensor DOF.

In GR, variation with respect to N and N i yields, re-
spectively, the Hamiltonian constraint H0 = 0 and the
momentum constraints Hi = 0. These constraints are,
in Dirac’s terminology, first class and eventually elimi-
nate eight out of the initial ten degrees of freedom (see
e.g. [10]). In our case, the gauge invariance under spatial
diffeomorphims is preserved, leading to first-class con-
straints analogous to the momentum constraints of GR
and eliminating six DOF (see [11] for details). How-
ever, variation with respect to N now gives the constraint
H̃0 ≡ H0 + N∂H0/∂N = 0, which is in general second
class, instead of first class. This can be understood as
a consequence of the scalar field that fixes the preferred
slicing and thus breaks the full spacetime diffeomorphism
invariance. This entails the elimination of only one DOF
(instead of two in GR). Note that this reasoning cru-
cially depends on the absence of Ṅ from the Lagrangians
(7), which is guaranteed by the specific form of the new
terms proportional to F4 and F5 introduced in eqs. (3)
and (4). The final number of physical DOF is there-
fore three, which correspond to the two standard tensor
modes plus a scalar mode, as will be clear from the linear
analysis below.

When L5 is included, the full Hamiltonian cannot be
written in closed form because one cannot invert explic-
itly the relation (18), even if the inversion is in general
well defined locally [11]. For this reason, we have not
been able to compute explicitly the constraint algebra in
the full case. However, our counting depends only on the
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nature of the constraints. Since the full Hamiltonian is,
by construction, invariant under spatial diffeomorphims,
the associated constraints should remain first class and
thus eliminate six DOF as before. Taking into account
the other constraints, one thus expects at most three
DOF and, therefore, the absence of any ghostly extra
DOF. The counting is also similar if one includes matter,
with the matter DOF adding to the three from the gravi-
tational sector. Finally, note that our analysis could also
be applied almost straightforwardly to general ADM La-
grangians invariant under spatial diffeomorphisms involv-
ing arbitrary combinations of the extrinsic and intrinsic
curvature tensors and their spatial derivatives. However,
such a wider set of possibilities is not necessarily a co-
variant extension of galileons as eqs. (1)–(4).

Covariant formulation. The above Hamiltonian anal-
ysis is based on our ADM reformulation of the theories
and requires the gradient of the scalar field to be time-
like so that uniform scalar-field hypersurfaces are space-
like. Although this is the case in cosmology, which is the
main motivation to study these models, one can won-
der whether our findings are still valid for more general
situations.

For simplicity, let us consider theories involving up to
Lϕ
4 , but not L

ϕ
5 . We have found that the analysis of their

equations of motion can be greatly simplified via the use
of disformal transformations. Indeed, the gravitational
action with the Lagrangians (1)–(3) reexpressed in terms
of ϕ and of the new metric

g̃µν = gµν + Γ(ϕ,X)∂µϕ∂νϕ , (22)

with

Γ =

∫
F4

G4 − 2XG4X +X2F4
dX , (23)

turns out to belong to the Horndeski class. This means
that the equations of motion obtained by varying the ac-
tion with respect to the metric g̃µν are second order. By
using this property and by combining the (third-order)
equations of motion for ϕ and gµν derived from the full ac-
tion (including that of matter minimally coupled to gµν),
one can explicitly replace higher-order time derivatives of
ϕ by at most second order time derivatives (see details in
[11], and related ideas in [9]). This shows that the equa-
tions of motion can be reduced to second order in time
derivatives and do not require additional initial condi-
tions, thus extending the conclusions of our Hamiltonian
analysis to general configurations. The same method ap-
plies to theories without Lϕ

4 , although one cannot simul-

taneously map Lϕ
4 and Lϕ

5 to Horndeski for general com-
binations of these Lagrangians.

Quadratic action. The above arguments exclude the
presence of extra DOF, but one still needs to check that
the remaining scalar and tensor DOF are not themselves

ghostlike, for which we need to calculate the quadratic ac-
tion for perturbations of the propagating DOF and make
sure that the kinetic terms have the right signs. We per-
form this calculation around a spatially flat FLRWmetric
and follow the general procedure developed in [12] for the
specific Lagrangian L given by eq. (7). Namely, we ex-
pand at second order the action S =

∫
d4x

√
−gL, using

ζ-gauge, i.e. hij = a2(t)e2ζ(δij + γij), γii = 0 = ∂iγij ,
and splitting the shift as N i = ∂iψ+N i

V , ∂iN
i
V = 0. Be-

cause of the particular structure of the terms in eqs. (8)
and (9), the Lagrangian (7) satisfies the criteria obtained
in [12] that ensure that the linear equations of motion
contain no more than two spatial derivatives. In partic-
ular, terms proportional to (∂2ψ)2 cancel up to a total
derivative. By varying the action with respect to N i,
one obtains the momentum constraints, whose solution
is N i

V = 0 and

N = 1 +Dζ̇ , D ≡ 4A4

2H(2A4 +A′
4)−A′

3

. (24)

Above and in the following a dot and a prime, respec-
tively, denote derivative with respect to t and N . Fur-
thermore, we use the new functions

A2 ≡ A2 + 3HA3 + 6H2A4 + 6H3A5 ,

A3 ≡ A3 + 6HA4 + 12H2A5 ,

A4 ≡ A4 + 3HA5 ,

B4 ≡ B4 +
1

2N
Ḃ5|N=1 − (N − 1)

HB′
5

2
.

(25)

After substitution of eq. (24) into the action all the terms
containing ψ drop out, up to boundary terms [13]. After
some manipulations the quadratic action becomes S(2) =∫
d4x a3L(2) with

L(2) = αζ̇2−β (∂iζ)
2

a2
+

1

4

[
−A4γ̇

2
ij−B4

(∂kγij)
2

a2

]
, (26)

where the functions α and β are defined as

α ≡
[
(N2A′

2)
′

2
− 3HA′

3 + 6H2(NA4)
′
]
D2 − 6A4 ,

β ≡− 2B4 +
2

a

d

dt
[aD(NB4)

′] ,

(27)

evaluated on the background (N = 1). As expected
from the previous Hamiltonian analysis, the quadratic
Lagrangian (26) does not contain higher time derivatives.
Moreover, for α > 0 and −A4 > 0 we ensure that the
propagating DOF are not ghostlike. Gradient instabili-
ties are avoided for c2s ≡ β/α > 0 and c2γ ≡ −B4/A4 > 0.

Coupling with matter. In cosmology, the power of
gravity at large scales—and its irrelevance at short
distances—is well illustrated by the Jeans phenomenon.
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A matter overdensity δρm of a given Fourier mode k
evolves, schematically, as(

∂2t + c2mk
2 − gravity

)
δρm = 0 . (28)

In the above, c2m is the square of the speed of sound, pro-
portional to the pressure perturbation, c2m = δpm/δρm.
For c2m > 0, the positive sign in front of the k2 term
guarantees an oscillating solution at sufficiently short dis-
tances, where the overdensity is supported by its own
pressure gradients. The last term in parentheses stands
for k-independent contributions roughly of Hubble size
∼ H2. Only at distances larger than ∼ cmH

−1 do these
terms dominate, leading to gravitational (Jeans) insta-
bility. This well-known feature of standard cosmologi-
cal perturbation theory holds true at small scales also in
most modified gravity models—say, for definiteness, in all
Horndeski theories as long as matter fields are minimally
coupled to the metric.
The extension of Horndeski theories that we are

proposing provides a counterexample to such an appar-
ently universal behavior, even when matter is minimally
coupled to the metric tensor. Let us illustrate this with
a matter scalar field σ (not to be confused with the dark
energy field ϕ), described by the k-essence type action,

Sm =

∫
d4x

√
−g P (Y, σ) , Y ≡ gµν∂µσ∂νσ , (29)

with sound speed c2m ≡ P,Y /(P,Y − 2σ̇2
0P,Y Y ). One can

then repeat the procedure discussed earlier in order to
obtain the quadratic action for the scalar fluctuations
expressed in terms of ζ, N , ψ and the matter field per-
turbation δσ. Making use of the momentum constraints,
the final Lagrangian expressed in terms of ζ and of the
gauge-invariant variable Qσ ≡ δσ − (σ̇0/H)ζ, reads

L(2) =

(
α− c2mg

2
t

4P,Y

)
ζ̇2 −

(
β +

P,Y σ̇
2
0

H2
− σ̇0gs

H

)
(∂iζ)

2

a2

− P,Y

c2m

(
Q̇2

σ − c2m
(∂iQσ)

2

a2

)
+ gtζ̇Q̇σ + gs

∂iζ∂iQσ

a2
+ . . . ,

(30)

where gs ≡ −c2mgt + 2σ̇0P,Y ∆, with

gt ≡
2σ̇0P,Y

c2m

(
D − 1

H

)
, ∆ ≡ D

(
1 +

(NB4)
′

A4

)
(31)

and we have included only the terms quadratic in time
or space derivatives, the other terms (in the ellipses) be-
ing irrelevant for the following discussion. The dispersion
relations for the propagating DOF can be obtained by re-
quiring that the determinant of the matrix of the kinetic
and spatial gradient terms vanishes, which yields

(ω2 − c2mk
2)(ω2 − c̃2sk

2) =
(ρm + pm)

2α
∆2 ω2k2 ,

c̃2s ≡
[
β − (1/2)(ρm + pm)(D −∆)2

]
/α ,

(32)

where we have used 2σ̇2
0P,Y = −(ρm + pm). From this

equation one derives the two dispersion relations ω2 =
c2±k

2. In Horndeski theories, ∆ ∝ A4 + (NB4)
′ = 0 be-

cause of eq. (16), and we thus find that, despite the cou-
plings in the action between the time and space deriva-
tive of ζ and Qσ, the matter sound speed is unchanged
as a consequence of the special relation gs = −c2mgt.
This is no longer the case in our non-Horndeski exten-
sions, where ∆ ̸= 0 and the two couplings are “detuned”.
This remarkable difference between Horndeski and non-
Horndeski theories was not pointed out in the recent work
Ref. [14], which also extends our previous analysis [12] to
compute the quadratic action of dark energy coupled to
a scalar field.

This unusual behavior can also be seen by writing the
perturbed EOM derived from the manifestly covariant
Lagrangian for ϕ, together with eq. (28). On sufficiently
small scales, we find (see [11] for details)

(∂2t + c̃2sk
2)δϕ− Cϕϕ̇ ∂tδρm ≈ 0 , (33)

(∂2t + c2mk
2)δρm − Cmk

2 ∂t(δϕ/ϕ̇) ≈ 0 , (34)

with

Cm ≡ ∆(ρm + pm)

∆−D
, Cϕ ≡ −∆(∆−D)

2α
, (35)

which leads to the same dispersion relation as in eq. (32).
This clearly shows that, in contrast to the standard Jeans
lore, the gravitational scalar mode δϕ cannot be decou-
pled from matter by going at sufficiently short distances.
The origin of the special coupling between matter and the
scalar field in eq. (33) can also be understood as follows.
Taking the example of L4 for simplicity, one can see that
the variation of (3) with respect to ϕ yields a term of the
form ϕλ(gµν + nµnν)∇νRλµ. Using Einstein’s equations
(this assumes to separate L4 into a GR term and an ef-
fective additional term), one can express the Ricci tensor
in terms of the matter energy-momentum tensor, which
leads to the term ϕ̇ ∂tδρm in eq. (33).

Conclusion. We have introduced a novel class of scalar-
tensor theories, which include and extend Horndeski the-
ories. For configurations where the scalar field gradient
is timelike, these theories can be formulated in a very
simple form via an ADM description of spacetime based
on uniform ϕ slicing. This formulation allows to absorb
the scalar degree of freedom in the spatial metric, and
makes it particularly transparent to show the absence
of Ostrogradski instabilities. For generic configurations,
one can use disformal transformations to relate subclasses
of these theories to theories with manifest second-order
equations of motion. However, this procedure cannot be
simultaneously applied to the most general case that in-
cludes both Lϕ

4 and Lϕ
5 , which means that a complete

understanding of the full covariant theory requires fur-
ther investigation.
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An important corollary of this work applies to the orig-
inal galileons proposed in [2]: Their direct covariantiza-
tion, obtained by substituting ordinary derivatives with
covariant ones, belongs to the class of theories considered
here. Our work suggests that such theories are already
free of ghosts instabilities and do not need the gravita-
tional “counterterms” prescribed in [4].
We have also uncovered a remarkable phenomenologi-

cal property of the non-Horndeski subclass of our theo-
ries: When minimally coupled to ordinary matter, they
exhibit a kinetic-type coupling, leading to a mixing of
the dark energy and matter sound speeds. It would be
interesting to study further the phenomenology of these
theories.
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We show that the prediction for the primordial tensor power spectrum cannot be modified at
leading order in derivatives. Indeed, one can always set to unity the speed of propagation of
gravitational waves during inflation by a suitable disformal transformation of the metric, while
a conformal one can make the Planck mass time-independent. Therefore, the tensor amplitude
unambiguously fixes the energy scale of inflation. Using the Effective Field Theory of Inflation, we
check that predictions are independent of the choice of frame, as expected. The first corrections to
the standard prediction come from two parity violating operators with three derivatives. Also the
correlator 〈γγγ〉 is standard and only receives higher derivative corrections. These results hold also
in multifield models of inflation and in alternatives to inflation and make the connection between a
(quasi) scale-invariant tensor spectrum and inflation completely robust.

Introduction - We are entering an exciting period for
primordial gravitational waves, since BICEP2 [1] has
shown that the experimental sensitivity to B-modes is
now at the level of an interesting regime for tensors, pro-
vided foreground contamination is under control. The
importance of primordial tensor modes lies in their ro-
bustness: while scalar perturbations are sensitive to
many details (the shape of the potential, the speed of
propagation of scalar fluctuations cs, the number of fields
and their conversion to adiabatic perturbations) and can
also be viably produced in non-inflationary models, ten-
sor modes are much more model independent. In this
Letter we strengthen this robustness, showing that one
cannot change the tensor quadratic and cubic action at
leading order in derivatives. Since the inflaton defines
a preferred frame, the time and spatial kinetic term of
gravitons can have in general different time-dependent
coefficients. However, without loss of generality, one can
always make the graviton speed equal to unity by doing
a suitable disformal transformation. A conformal trans-
formation can then remove any time dependence of the
overall normalization of the action, i.e., the Planck mass,
so that the dynamics of gravitons is completely standard.

Disformal vs Einstein frame - We work here with the
(single-field) Effective Field Theory of Inflation [2, 3] and
we will comment on generalizations later. Working in
unitary gauge, where the inflaton perturbations are set
to zero, the speed of gravitons can be changed by the
operator δKµνδK

µν , where δKµν is the perturbation of
the extrinsic curvature of the spatial slices, Kµν [3–5].
This kind of modifications arises when considering higher
derivative operators for the inflaton, such as in Horn-
deski theories [6]. We are free to subtract δK2, which at
quadratic order contains only scalars. As shown below,

the combination δKµνδK
µν − δK2 does not change the

sound speed of scalar fluctuations. Thus, we consider the
action

S =

∫

d4x
√−gM

2
Pl

2

[

R− 2
(

Ḣ + 3H2
)

+ 2Ḣg00

−
(

1− c−2
T (t)

)(

δKµνδK
µν − δK2

)

]

,

(1)

where H ≡ ȧ/a is the Hubble rate and the first line
describes a minimal slow-roll model [3].
We will use the usual ADM decomposition,

ds2 = −N2dt2 + hij(N
idt+ dxi)(N jdt+ dxj) , (2)

and describe scalar and tensor perturbations as [7]

hij = a2e2ζ(eγ)ij , γii = 0 = ∂iγij . (3)

In these variables the extrinsic curvature is given by

Kij =
1

2N

(

ḣij −∇iNj −∇jNi

)

. (4)

The coefficient in the second line of eq. (1) is chosen such
that the tensor quadratic action reads

Sγγ =
M2

Pl

8

∫

d4xa3c−2
T

[

γ̇2ij − c2T
(∂kγij)

2

a2

]

. (5)

The second line of (1) modifies the time kinetic term of
gravitons; the only other way to change tensor modes at
quadratic order is to modify the spatial kinetic term with
the operator (3)R, the 3d Ricci tensor. The two choices
are related by the Gauss-Codazzi identity,

R = (3)R+KµνK
µν −K2 + 2∇µ(Kn

µ − nρ∇ρn
µ) , (6)
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where nµ is the unit vector perpendicular to the surfaces
of constant time.
The main point of this paper is that it is possible to set

to one the speed of propagation of gravitons in action (5)
by a proper redefinition of the metric. Metric transforma-
tions that change the light-cone are known as disformal
transformations [8], so that we denote the metric used to
write eq. (1) as the disformal metric. We first perform a
disformal transformation which leaves the spatial metric
in unitary gauge unchanged,1 2

gµν 7→ gµν + (1− c2T (t))nµnν . (7)

This transformation does not affect N i and hij while
N 7→ cTN . Thus Kij 7→ Kij/cT , while (3)R is not
changed. In this way the relative coefficient between the
time and the spatial kinetic term of gravitons can be set
to one and combined to give the 4d Ricci scalar through
(6). However, the normalization of the Einstein-Hilbert
term is now non-standard and given by 1

2M
2
PlR/cT (t).

This can be cast in the standard form by going to the
Einstein frame with a conformal transformation of the
metric,

gµν 7→ c−1
T (t) gµν . (8)

Notice that in doing the disformal and conformal trans-
formations the FLRW line element becomes ds̃2 =
c−1
T [−c2Tdt2 + a2d~x2]. It is thus convenient to redefine
the time coordinate and the scale factor as

t̃ ≡
∫

c
1/2
T (t)dt , ã(t̃) ≡ c

−1/2
T a(t) . (9)

Under this combined set of transformations the com-
ponents of the metric in Einstein frame read g̃00 = g00

(g00 = −1/N2), Ñ i = c
1/2
T N i and h̃ij = c−1

T hij . Us-
ing these relations it is straightforward to compute the
Einstein-frame action,

S =

∫

dt̃d3x
√

−g̃M
2
Pl

2

{

R̃ − 2
( ˙̃H + 3H̃2

)

+ 2 ˙̃Hg̃00

+

[

2
(

1− c2T
) ˙̃H − 3

2
α2 − c2T

(

α̇+ H̃α+
1

2
α2

)]

×
(

1−
√

−g̃00
)2

+ 2α δK̃
(

1−
√

−g̃00
)

}

, (10)

where α ≡ ˙cT /cT . Here and in the action above time
derivatives are with respect to t̃. The last term in the ac-
tion is obtained when using the Gauss-Codazzi identity

1 In terms of the inflaton field φ, the new metric reads gµν 7→

gµν − (1 − c2
T
)∂µφ∂νφ/(∂φ)2.

2 A similar transformation was also employed for instance in [9] to
set an action with modified graviton sound speed in the standard
Einstein-frame form.

to combine 3d quantities to form the 4d Ricci scalar, by
integrating by parts the last term of (6). The first line has
the expected dependence on the background evolution in
Einstein frame, while the rest starts quadratic in the per-
turbations. In this frame, the kinetic term of gravitons
is the standard one, given by the Einstein-Hilbert term.
If α = 0 we just have a polynomial in g̃00 + 1, which
describes an inflationary model with a Lagrangian of the
form P (φ, (∂φ)2).

We stress that in doing disformal and conformal trans-
formations one changes the way other particles are cou-
pled to the metric; this however is immaterial, since it
does not enter in the inflationary predictions.

Frame independence of predictions - Since the defini-
tion of ζ and γij is the same in the disformal and Einstein
frame, we expect all the inflationary predictions to re-
main unchanged, as we are now going to show. We start
by discussing the scalar fluctuations. It is important to
note that in the disformal frame, for significant modifi-
cations of c2T , the coefficient in front of δKµνδK

µν − δK2

in action (1) is of order M2
Pl. Thus, one cannot rely on

the decoupling limit when deriving predictions from this
action.

As anticipated above, the operator in the second line
of eq. (1) does not contribute to scalar fluctuations up to
quadratic order. Indeed, to fix N we need the solution
of the momentum constraint, which is the same as in
the standard cT = 1 case, i.e. N = 1 + ζ̇/H [7] (use for
instance eq. (74) of [10]). Thus, from eq. (4) the scalar
contributions to Kij from N and ḣij cancel and we are
left with those coming fromN i which, in the combination
that appears in eq. (1), only give a total derivative. Thus,
the scalar sound speed in the disformal frame is cs = 1.

Since in the Einstein frame tensor modes propagate on
the light-cone, we expect the scalar speed of propagation
to be c̃s = 1/cT . For a constant cT (α = 0), this can be
easily seen from the first term on the second line of action
(10). Indeed, introducing the scalar Goldstone boson π̃
associated with the breaking of time-diff invariance by
the time transformation t̃ 7→ t̃+π̃(t̃, ~x), and expanding up
to cubic order in the decoupling limit, the action becomes

L = ã3M2
Pl| ˙̃H |c2T

[

˙̃π2 − c−2
T

(∂iπ̃)
2

ã2
− (1 − c−2

T ) ˙̃π
(∂iπ̃)

2

ã2

]

.

(11)
One can verify that c̃s = 1/cT , as expected, also when
α 6= 0 (use e.g. eq. (69) of [11]).

Let us now check that the spectrum of gravitational
waves is the same when computed in either frame. For
the quadratic action (5), scale invariance is obtained for

a c
−1/2
T

∫

(cT /a)dt ≃ const. (we do not assume cT slowly
varying, see [12]). Perturbations evolve with an effective

scale factor a c
−1/2
T so that the gravitational wave spec-
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trum becomes

〈γs~kγ
s′

~k′
〉 = (2π)3δ(~k + ~k′)

1

2k3
(H − α/2)2

M2
PlcT

δss′ . (12)

(The polarization tensors ǫsij are normalized as ǫsijǫ
s′

ij =
4δss′ where s, s

′ denote the helicity states.) Using eq. (9),

the Einstein frame Hubble rate is H̃ = c
−1/2
T (H − α/2),

implying that eq. (12) is simply the standard spectrum
for gravitational waves with unit sound speed in Einstein
frame. It is straightforward to verify, using again eq. (9),
that also the scalar power spectrum is the same in both
frames.

Given that the relation between the two frames does
not involve the spatial coordinates, also the tilt of the
tensor and scalar power spectra remains the same. For

tensors, this is given by the usual formula nT = 2 ˙̃H/H̃2.
In the disformal frame, it is possible to obtain a blue tilt
by a time varying cT , keeping Ḣ < 0. In this case one
does not violate the Null Energy Condition (NEC) and,
indeed, there is no sign of instability. It is interesting
to see how this translates in the Einstein frame where a
blue tilt requires ˙̃H > 0. One can check that the usual
gradient instability associated with the violation of the
NEC is cured by the last term of action (10), as showed in
[2]. For example, this operator arises in Galileon models
that violate the NEC [13].

We conclude that there is no loss of generality in
assuming that gravitons have a standard kinetic term.
In particular, this implies that the amplitude of tensor
modes is fixed by the vacuum energy of inflation and
that a blue spectrum of gravitational waves, nT > 0, re-

quires ˙̃H > 0, i.e. a violation of the NEC in Einstein
frame. Moreover, the observation of an approximately
scale-invariant tensor spectrum would imply an approxi-
mately time-independent H̃ . While one can make a scale-
invariant scalar power spectrum playing with a variable
speed of sound cs and equation of state ǫ ≡ −Ḣ/H2

[12], tensors are absolutely robust and sensitive only to
H̃ . It is worthwhile to stress that these conclusions do
not change if we consider multifield models of inflation,
or even alternatives to inflation. However, our conclu-
sions do not apply to cases with a different symmetry
structure, like solid inflation [14] (in this case one can

have nT > 0 with ˙̃H < 0) or gauge-flation [15], or when
tensors are produced not as vacuum fluctuations [16].

Non-Gaussianity - We now show the equivalence be-
tween the two frames beyond linear order, taking cT
time-independent for simplicity. We saw that in Einstein
frame the scalar has a nontrivial sound speed c̃s = 1/cT .
This implies a cubic interaction∝ (1−c̃−2

s ), as in eq. (11).
In the disformal frame this is not obvious, since the sec-
ond line of action (1) does not contribute to the action
of π in the decoupling limit. However, as mentioned
above, one cannot rely on this limit, but has to solve

the constraints. The linear Hamiltonian constraint fixes
the scalar part of the shift. Crucially, this gets rescaled
by a factor c2T with respect to the standard case (use
eq. (75) of [10]),

ψ ≡ ∂−2∂iN
i = −c2T

ζ

a2H
+ χ , ∂2χ = ǫc2T ζ̇ . (13)

Using this solution, after several manipulations and inte-
gration by parts, one obtains that the leading interaction
in the slow-roll limit, up to field redefinitions which die
out on super-Hubble scales, is

Lζζζ = aǫ
(

1− c2T
) ζ̇

H
(∂iζ)

2 , (14)

which yields fNL ∼ 1− c2T = 1− c̃−2
s .

Let us now discuss cubic interactions involving gravi-
tons. As already noticed in [17], the second line of eq. (1)
does not contain cubic graviton vertices. Therefore, in
both frames 〈γγγ〉 coincides with the minimal slow-roll
result of [7]. To study interactions involving two gravi-
tons and one scalar we need to expand the action to cubic
order and plug in the linear solutions to the constraints,
i.e. N = 1+ ζ̇/H and eq. (13). After some manipulations
and integrations by parts (see [7]) one obtains, at leading
order in slow-roll,

Lγγζ =
M2

Pl

8
a3c−2

T

[

ǫζ

(

γ̇2ij + c2T
(∂γij)

2

a2

)

− 2γ̇ij∂γij∂χ

]

.

(15)
In the Einstein frame the cubic interaction is standard
(see eq. (3.17) of [7]) except for a factor of c2T in the
solution for χ due to the scalar speed of sound (see
eq. (4.9) of [18]). Taking into account eq. (9) and the
different wavefunctions, one can check that 〈γγζ〉 com-
puted in the two frames coincide. This correlator goes
as 〈γγζ〉 ∼ ǫ〈ζζ〉〈γγ〉.3 This differs from the result of [5]
obtained in the decoupling limit. Finally, it is straight-
forward to verify that also the prediction for 〈γζζ〉 is the
same in the two frames and coincides with the minimal
slow-roll model [7].

Quadratic terms with three derivatives - We have seen
that it is possible, without loss of generality, to cast
the graviton kinetic term in the standard form. From
now on we assume to be in Einstein frame and we drop
the tildes. Notice that the operators γ̇2ij and (∂lγij)

2

3 The cubic γγζ action is suppressed by ǫζ compared to the gravi-
ton kinetic term. This holds also for the term including χ in the
limit c̃s ≪ 1 since, in the Einstein frame,

Lγγζ

M2

Pl

⊃ γ̇∂γ∂χ ∼ ǫ c̃−2

s γ̇∂γ∂−1ζ̇ ∼ ǫ γ̇∂γ
∂

H̃
ζ ∼ ǫ γ̇2ζ , (16)

where we used ζ̇ ∼ c̃2s∂
2ζ/H̃. Indeed, given the different dis-

persion relation, ζ is already frozen when tensor modes exit the
Hubble radius.
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are the only quadratic operators with two derivatives.
Indeed, one could imagine a term with one time and
one space derivative, in the parity violating combination
εijk∂iγjlγ̇lk, where ε

ijk is the totally antisymmetric ten-
sor. However, it is easy to see that this is a total deriva-
tive.
The first possible corrections to the tensor power spec-

trum come from terms with three derivatives. The combi-
nations with an even number of spatial derivatives, γ̇ij γ̈ij
and ∂lγij∂lγ̇ij , are total derivatives, so we are left to
consider parity-violating terms with one or three spatial
derivatives. There are two possible combinations,

εijk∂iγ̇jlγ̇lk , εijk∂i∂mγjl∂mγlk . (17)

The first term comes from 4
∫

d4x ε0ijk∇iδKjlδKlk. The
second term comes from the 3d Chern-Simons term,

− 4

∫

d4x εijk
(

1

2
3Γp

iq∂j
3Γq

kp +
1

3
3Γp

iq
3Γq

jr
3Γr

kp

)

, (18)

where 3Γi
jk are the Christoffel symbols of the 3d metric.

The impact of these terms on primordial gravitational
waves has been studied in the context of Horava-Lifschitz
gravity in [19, 20].4

It is easy to study the effect of the two 3-derivative
operators on the power spectrum of tensor modes. The
standard quadratic action is modified by the addition of

−M
2
Pl

8

∫

d4x
1

Hη

[

α

Λ
εijk∂iγ

′

jlγ
′

lk +
β

Λ
εijk∂i∂mγjl∂mγlk

]

,

(21)
where a prime denotes the derivative with respect to the
conformal time η ≡

∫

dt/a, α and β are dimensionless co-
efficients and Λ is the scale that suppresses these higher
dimension operators. We are going to assume an exact de
Sitter background and take α and β, which could depend
on time, to be approximately constant. In this limit the
dilation isometry of de Sitter guarantees the spectrum to
remain scale invariant also in the presence of the new op-
erators. We are going to treat the corrections due to these
terms perturbatively, i.e. assume that the energy scale of
the problem, the Hubble scale H , is small compared to

4 Parity violation in the context of inflation [21] is usually discussed
in terms of the topological current

Kµ = 2εµαβγ

(

1

2
Γσ
αν∂βΓ

ν
γσ +

1

3
Γσ
ανΓ

ν
βηΓ

η
γσ

)

, (19)

which satisfies

∂µK
µ =

1

4
εµναβRσ

ραβR
ρ
σµν . (20)

It is easy to see that the operator −2
∫

d4x K0 gives, at
quadratic order in γ, the linear combination εijk∂iγ̇jlγ̇lk −

εijk∂i∂mγjl∂mγlk. Notice, however, that in general the rela-
tive coefficient of the two operators in eq. (17) is not fixed by
symmetry.

Λ. The action (21) violates parity and induces opposite
corrections to the power spectrum of gravitons with op-
posite helicities. Indeed, the polarization tensors ǫ±ij of

the two helicities satisfy ikl ε
jlmǫ±im = ±k ǫ± j

i . The in-
teraction Hamiltonian Hint in Fourier space is thus given
by

Hint = ±M2
Pl

2HΛ

∫

d3k

(2π)3
k

η

[

αγ±~k
′γ±

−~k

′ + βk2γ±~k γ
±

−~k

]

.

(22)
For the other helicity we would have an overall minus
sign. It is straightforward to study the effect of this term
in the usual in-in formalism [7]. The correction to the
power spectrum is given by

δ〈γ±~k γ
±

~k′
〉 = ∓i

∫ η

−∞

dη̃ 〈γ±~k (η)γ±~k′
(η)Hint(η̃)〉+ c.c. . (23)

In the late-time limit, η → 0, the result does not depend
on α and the power spectrum is modified to

〈γ±~k γ
±

~k′
〉 = (2π)3δ(~k + ~k′)

H2

2M2
Plk

3

(

1± β
π

2

H

Λ

)

. (24)

The same result was obtained in [22]. For a large back-
ground of tensor modes, r ∼ 0.1, one will be able to
distinguish a 50% difference in the power spectra of the
two helicities [23].

Enhanced graviton non-Gaussianity? - We saw above
that it is not possible, at the lowest derivative level, to
change the predictions for the power spectrum of tensor
modes. We now check that the same happens for the
cubic correlator 〈γγγ〉. With three gravitons, the min-
imum number of derivatives is two.5 If they are both
with respect to time, schematically γ̇γ̇γ, one is forced
by invariance under time-dependent spatial diffs to pro-
mote γ̇ to the extrinsic curvature. The only operator that
one can write is thus δKijδK

ij : as discussed before, this
operator does not contain a cubic graviton interaction.
It is straightforward to realize that it is impossible to
write an operator with one time and one spatial deriva-
tive: one may include the totally antisymmetric ε tensor
but cannot build an invariant geometric operator. If the
derivatives are both spatial, the operator has only to do
with the 3d geometry. The only scalar that one can write
with two derivatives is the 3d Ricci scalar: we saw above
this term can always be cast in the standard form in-
side the 4d Ricci. We conclude that, at two derivative

5 In pure de Sitter, i.e. in the absence of a breaking of time diffs
due to the inflaton, this correlator is strongly constrained by the
isometry of de Sitter space, so that it can be fixed in terms of
three constants, without relying on a derivative expansion [17].
In the presence of the inflaton one cannot get such a general
result, but one can rely on the derivative expansion: the corre-
lator will be dominated by operators with the lowest number of
derivatives.
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level, the correlator 〈γγγ〉 has always the standard form,
first calculated in [7]. Higher derivative corrections start
with three derivatives: parity violating operators were
discussed above, while parity-conserving ones may have
three time derivatives (e.g. δKijδKjlδKli) or one time
derivative (e.g. δKijδ

(3)R).
It is difficult to reach general conclusions involving

mixed correlators. For example, one can induce an arbi-
trarily large 〈ζγγ〉 with the operators δNδKijδK

ij and
δNδ(3)R, though this may be quite unnatural. On the
other hand, the 〈γζζ〉 correlator comes, in the stan-
dard case, from the tadpole g00: it is thus impossible
to enhance this correlator, unless one relies on higher-
derivative operators.

Conclusions - We showed that the tensor power-
spectrum formula 〈γγ〉 = (H/MPl)

2/(2k3), with H and
MPl Einstein frame quantities, is completely general and
only receives (small) higher-derivative corrections. In
particular, the tensor amplitude fixes the energy scale
of inflation. The tilt of the power spectrum cannot be
modified by a time-dependent speed of tensor modes: a
blue tensor tilt requires violation of the NEC in the Ein-
stein frame.
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Abstract

We have recently proposed a new class of gravitational scalar-tensor theories free from Ostro-
gradski instabilities, in Ref. [1]. As they generalize Horndeski theories, or “generalized” galileons,
we call them G3. These theories possess a simple formulation when the time hypersurfaces are
chosen to coincide with the uniform scalar field hypersurfaces. We confirm that they contain only
three propagating degrees of freedom by presenting the details of the Hamiltonian formulation.
We examine the coupling between these theories and matter. Moreover, we investigate how they
transform under a disformal redefinition of the metric. Remarkably, these theories are preserved
by disformal transformations that depend on the scalar field gradient, which also allow to map
subfamilies of G3 into Horndeski theories.
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1 Introduction

The fact that current cosmological observations consistently point to a recent phase of accelerated
expansion has boosted the exploration of alternative theories of gravity (see e.g. [2] for a review), that
could provide a more natural explanation than simply a cosmological constant. Even if these efforts
have not led to a compelling or even realistic model, these research activities have deepened our un-
derstanding of gravity by highlighting the theoretical and observational constraints that alternatives
to general relativity must satisfy.

Many models of modified gravity involve the presence of at least one scalar degree of freedom in
addition to the two tensor degrees of freedom of general relativity. The underlying scalar field can
sometimes be hidden in the explicit formulation of the theory. A typical example is f(R) theory,
where the Lagrangian is written as a function of the Ricci scalar R, but which can be reformulated
as a manifestly scalar-tensor theory (see e.g. [3]).

A minimal requirement on alternative theories is the absence of ghost-like instabilities within their
domains of validity (see e.g. [4] on this point). According to the so-called Ostrogradski’s theorem,
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such instabilities arise in theories characterized by a non-degenerate Lagrangian1 with higher time
derivatives (see e.g. [5]). The simplest example is the Lagrangian

L =
1

2
q̈2, (1)

which leads to fourth-order equations of motion. In the Hamiltonian formulation, an extra degree of
freedom appears so that the corresponding phase space is four-dimensional, with a Hamiltonian that
depends linearly on one of the momenta and is thus (kinetically) unbounded from below. In this case
the extra degree of freedom is a ghost and the theory is not viable.

Not all theories containing higher-order time derivatives in the Lagrangian suffer from Ostro-
gradski instabilities. In particular, this is the case for theories that lead to second-order equations of
motion, such as the much studied galileon models [6], briefly reviewed in Sec. 2.1. Although originally
introduced in Minkowski, the galileon Lagrangians can be extended to general curved spacetimes by
promoting the derivatives to covariant derivatives. However, as discussed in Sec. 2.2, maintaining
second-order equations of motion with respect to spacetime derivatives requires the addition of suit-
able gravitational “counterterms” [7, 8]. The largest class of these Generalized Galileons [9], or G2,
turns out to be equivalent to the more ancient Horndeski’s theories [10], which correspond to the
most general scalar-tensor theories with second-order field equations.

Although Horndeski theories are often considered as the most general scalar-tensor theories im-
mune from Ostrogradski’s instabilities, we have recently showed that this is not the case and proposed
a new class of scalar-tensor theories, reviewed in Sec. 3 (see also Appendix A for the details of the
calculations), that do not suffer from such instabilities [1]. Since our theory contains generalized
galileons (Horndeski) as a special limit, we dubbed it “Generalized Generalized Galileons” or G3

for brevity. It turns out that our theories have the same decoupling limit as Horndeski theories, as
briefly showed at the end of Sec. 3.

The stability properties of G3 are most easily seen by using the ADM formalism applied to the
uniform scalar field hypersurfaces (also called unitary gauge formulation). In this formulation, the
scalar field does not appear explicitly as it is part of the degrees of freedom of the metric, and the
action depends only on first time derivatives of the metric (the “velocities”), as generally expected
from healthy theories. Indeed, the Hamiltonian analysis confirms the absence of unwanted extra
degrees of freedom, and thus the absence of Ostrogradski instabilies [1]. In Sec. 4 of the present
article we give more details about the derivation of the Hamiltonian and about the counting of the
degrees of freedom, which depends on the number and nature (first or second class) of the constraints
between canonical variables. Our analysis clearly proves that our theories contain only three degrees
of freedom and do not suffer from Ostrogradski instabilities, as stated in [1].

Hints that one could go beyond Horndeski theories without encountering fatal instabilities ap-
peared in our previous work [11], where we studied the most general quadratic Lagrangian for linear
perturbations about a homogenous and isotropic spacetime that does not induce higher derivatives
on the linear propagating scalar degree of freedom. Such a Lagrangian contains an additional term,
which is absent in Horndeski theories. In Sec. 5.1 we review this analysis of linear perturbations
and we extend it in Sec. 5.2 by including some matter field, detailing the analysis of [1]. For con-
venience, we describe matter by means of a scalar field with non-standard kinetic term, which can
be formulated in terms of a simple Lagrangian and which is characterized by a nontrivial speed of
sound. We are thus able to derive a quadratic Lagrangian that includes both metric and matter
perturbations in the unitary gauge. A similar calculation was presented in [12], and generalized to
several matter scalar fields in [13]. We also give an equivalent treatment for perfect fluid matter by
working directly with the equations of motion written in the Newtonian gauge, in Sec. 5.3. For this
analysis we find it convenient to employ the notation proposed in Ref. [14], based on the effective

1A Lagrangian L(q, q̇, q̈) is said to be nondegenate if ∂2L/∂q̈2 6= 0
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approach to cosmological perturbations for dark energy, introduced in [15, 16, 11, 17]. In Appendix
B we review the connection between the different notations employed in these references.

Other fissures in the standard lore concerning Horndeski theories were pointed out in [18], which
studied scalar-tensor theories generated by disformal relations [19]

g̃µν = Ω2(X,φ)gµν + Γ(X,φ)∂µφ∂νφ , (2)

where X ≡ gµν∂µφ∂νφ. In particular, it was shown that starting from an action consisting of the
Einstein-Hilbert term for g̃µν and of a standard action for φ, one obtains equations of motion for gµν
and φ that are higher order but can be combined so that the dynamics is only second order. This is
another example beyond Horndeski that is not Ostrogradski unstable. Interestingly, a very similar
argument has been invoked in the context of ghost-free massive gravity in [20].

It is natural to wonder whether our theories could be formulated in a similar way, i.e. derived
via a disformal transformation from a theory belonging to the Horndeski class. We discuss this
issue in Sec. 6 and find that our general theory cannot be derived from Horndeski via a disformal
transformation. Remarkably however, the two non-Horndeski pieces contained in our Lagrangian can
be separately derived from a Horndeski Lagrangian combined with a disformal transformation. Since
the disformal transformation that we consider conserves the number of degrees of freedom, this proves
that our two non-Horndeski pieces are separately equivalent to a subset of Horndeski theories. In
Appendix C we explicitly check in Newtonian gauge that the disformal metric redefinition de-mixes
part of the kinetic couplings (the part containing higher derivatives) between the scalar field and
the metric. In this respect, the disformal transformations considered here are analogous to the field
redefinition removing higher derivatives discussed in the context of massive gravity in [20]. Since
the two disformal transformations are distinct for the two non-Horndeski pieces of G3, the procedure
cannot be applied to the whole Lagrangian. However, the fact that these pieces can be mapped
to Horndeski provides an alternative way to show the healthy behavior of our theories. Using a
disformal transformation, in Sec. 6.5 we provide an example of naively higher-derivative equations of
motion which can be reduced to second order ones, generalizing the treatment of [18].

2 Galileons and Horndeski theories

2.1 Galileon theories

One of the most explored frameworks for infra-red modifications of gravity is the so-called galileon
theory [6], which distills and generalizes the interesting features of the DGP scenario [21] and emerges
in the decoupling limit of massive gravity [22].

Galileon theories can be seen as the effective theory of a Goldstone boson φ in Minkowski space,
that is invariant under a generalized shift symmetry,

φ(x) → φ(x) + bµx
µ + c, (3)

for the five arbitrary parameters bµ and c. Only in Minkowski can we arbitrarily choose a constant
vector field bµ and thus this is where galileon theories are naturally set. At lowest order in derivatives,
there exists a limited number of Lagrangian terms invariant under (3), with schematic form Ln ∼
(∂φ)2(∂2φ)n−2, where n ≤ 5 in four dimensions. Such operators are protected by the symmetry (3)
against quantum corrections [23, 24].

These theories can be most naturally formulated as [6]

Lgal,1
n+1 = (Aµ1...µnν1...νnφµ1

φν1)φµ2ν2 . . . φµnνn , (4)

where Aµ1...µnν1...νn is a tensor separately antisymmetric in the indices µ’s and ν’s and symmetric
under the exchange {µi} ↔ {νi}, e.g. Aµ1µ2ν1ν2 ∝ gµ1ν1gµ2ν2−gµ1ν2gµ2ν1 (see e.g. the nice review [25]
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for technical details). In the above expression and in the rest of this section, we use the shorthand
notation φµ ≡ ∇µφ, φµν ≡ ∇ν∇µφ for convenience. More explicitly, the galileon Lagrangians are
written as linear combinations of the five following Lagrangians:

Lgal,1
2 = X , (5)

Lgal,1
3 = X�φ− φµφ

µνφν , (6)

Lgal,1
4 = X

[

(�φ)2 − φµνφ
µν
]

− 2(φµφνφµν�φ− φµφµνφλφ
λν) , (7)

Lgal,1
5 = X

[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

(8)

− 3
[

(�φ)2φµφ
µνφν − 2�φφµφ

µνφνρφ
ρ − φµνφ

µνφρφ
ρλφλ + 2φµφ

µνφνρφ
ρλφλ

]

.

In flat space there exist alternative (in fact, infinite) versions of galileon Lagrangians, equivalent
up to total derivatives. A particularly compact and popular choice (called “form 3” in [25]) is

Lgal,3
2 = X , (9)

Lgal,3
3 =

3

2
X�φ , (10)

Lgal,3
4 = 2X

[

(�φ)2 − φµνφ
µν
]

, (11)

Lgal,3
5 =

5

2
X
[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

, (12)

where we have chosen the normalization factors in order to be consistent with the original expres-
sions (5)-(8).

2.2 Coupling to gravity and Horndeski theories

By going from (5)-(8) to (9)-(12) we have exchanged the order of partial derivatives, which can be
consistently done in flat space. But in general curved spaces, while doing so for L4 and L5 we have
to pay a commutator proportional to the curvature. Indeed, by taking f as a general function of X,
we find that the two main blocks of terms appearing in Lgal,1

4 and Lgal,1
5 are related by, respectively,

f
[

(�φ)2 − φµνφ
µν
]

= −2fX(φµφνφµν�φ− φµφµνφλφ
λν) + f (4)Rµνφµφν + boundary terms , (13)

and

f
[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

=

− 2fX
[

(�φ)2φµφ
µνφν − 2�φφµφ

µνφνρφ
ρ − φµνφ

µνφρφ
ρλφλ + 2φµφ

µνφνρφ
ρλφλ

]

− 2Xf
(

(4)Rµσρνφ
µφρσφν + (4)Rµνφσφ

µσφν − (4)Rµνφ
µφν�φ

)

+ boundary terms .

(14)

This also means that the different versions of the galileon Lagrangians, which are all equivalent in
flat space, correspond to genuinely different theories once minimally coupled to gravity by trading
ordinary derivatives for covariant derivatives. Of course, as realized in [7], the minimally coupled
versions of galileons L4 and L5 bring higher (third order) derivatives into the equations of motion.
For example, by varyingX(�φ)2 with respect to φ, one ends up with terms containing two derivatives
hitting on a Christoffel symbol, i.e., three derivatives of the metric. In order to get rid of such higher
derivatives, the authors of [7] added to Lgal,1

4 and Lgal,1
5 suitable gravitational “counterterms” and thus

“re-discovered” Horndeski theories [10], which can be described by an arbitrary linear combination
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of the Lagrangians

LH
2 [G2] ≡ G2(φ,X) , (15)

LH
3 [G3] ≡ G3(φ,X)�φ , (16)

LH
4 [G4] ≡ G4(φ,X) (4)R− 2G4X(φ,X)(�φ2 − φµνφµν) , (17)

LH
5 [G5] ≡ G5(φ,X) (4)Gµνφ

µν +
1

3
G5X(φ,X)(�φ3 − 3�φφµνφ

µν + 2φµνφ
µσφνσ) , (18)

following the presentation given in Ref. [9].

3 Beyond Horndeski: G3

As we have recently shown in [1], it turns out that it is possible to extend the Horndeski Lagrangians
presented above without encountering ghost-like Ostrogradski instabilities. In order to introduce
these theories, it is much simpler to use the so-called unitary gauge, where the uniform scalar field
(φ = const) hypersurfaces coincide with constant-time hypersurfaces. To do so, we assume that the
gradient of the scalar field, ∂µφ, is time-like. Using an ADM decomposition of the metric,

ds2 = −N2dt2 + hij(dx
i +N idt)(dxj +N jdt) , (19)

we write the Lagrangian density in terms of the intrinsic and extrinsic 3-d curvature tensors of the
spatial slices, respectively denoted Rij and Kij , their traces, R ≡ hijRij , K ≡ hijKij , as well as the
lapse function N . The theories presented in [1] are then given by the action

S =

∫

d4x
√−g(L2 + L3 + L4 + L5) , (20)

with

L2 ≡ A2(t,N) ,

L3 ≡ A3(t,N)K ,

L4 ≡ A4(t,N)
(

K2 −KijK
ij
)

+B4(t,N)R ,

L5 ≡ A5(t,N)
(

K3 − 3KKijK
ij + 2KijK

ikKj
k

)

+B5(t,N)Kij

(

Rij −
1

2
hijR

)

,

(21)

where Aa and Ba (a = 2, 3, 4, 5) are generic functions of t and N . Let us remind that, in terms of
ADM variables, the extrinsic curvature reads

Kij =
1

2N

(

ḣij −DiNj −DjNi

)

, (22)

where Di is the spatial covariant derivative. The combination K2 −KijK
ij in the third line is the

usual GR kinetic term. Indeed, when B4 = −A4 = 1/(16πG), while the other coefficients vanish, the
above action corresponds to the Einstein-Hilbert action up to boundary terms, as can be easily seen
upon using the Gauss-Codazzi relation (see eq. (132) in App. A). In this case the action becomes
fully 4-d diff invariant and there are no propagating scalar degrees of freedom.

We now rewrite the above Lagrangians in a manifestly covariant form, i.e. in terms of φ and
its spacetime derivatives. The dependence on t and N of the functions Aa and Ba will turn into a
dependence on φ and X ≡ gµν∂µφ∂νφ, since φ = φ0(t) and X = −φ̇20(t)/N2 in our ADM formulation.
We can then introduce the unit vector normal to the uniform φ hypersurfaces,

nµ ≡ − ∂µφ√
−X

, (23)
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and define the extrinsic curvature as

Kµν ≡ (gσµ + nσnµ)∇σnν . (24)

Using this expression and K ≡ ∇µn
µ, and denoting the derivation by a lower index, e.g. A2X ≡

∂A2/∂X, the above Lagrangians can be rewritten, after lengthy but straightforward manipulations
explicitly given in App. A, as [1]

L2 = LH
2 [A2] , (25)

L3 = LH
3 [C3 + 2XC3X ] + LH

2 [XC3φ] , (26)

L4 = LH
4 [B4] + LH

3 [C4 + 2XC4X ] + LH
2 [XC4φ]−

B4 +A4 − 2XB4X

X2
Lgal,1
4 , (27)

L5 = LH
5 [G5] + LH

4 [C5] + LH
3 [D5 + 2XD5X ] + LH

2 [XD5φ] +
XB5X + 3A5

3(−X)5/2
Lgal,1
5 , (28)

where Aa and Ba are now functions of φ and X, Aa = Aa(φ,X), Ba = Ba(φ,X), and C3, C4, C5,
D5 and G5 are defined as

C3 ≡
1

2

∫

A3(−X)−3/2 dX ,

C4 ≡ −
∫

B4φ(−X)−1/2 dX ,

C5 ≡ −1

4
X

∫

B5φ(−X)−3/2dX ,

D5 ≡ −
∫

C5φ(−X)−1/2 dX ,

G5 ≡ −
∫

B5X(−X)−1/2 dX .

(29)

If A4 and A5 are related to B4 and B5 by

A4 = −B4 + 2XB4X , A5 = −XB5X/3 , (30)

the last terms of both eqs. (27) and (28) vanish. In this case one is left only with the Horndeski
Lagrangians, which manifestly shows that eqs. (25)–(28) (and thus action (20)) contain Horndeski
theories. In general, the functions A4 and A5 are completely free, which means that our theories
contain two additional free functions with respect to the Horndeski ones.

It is straighforward to see that the minimally coupled versions of the original galileons proposed
in [6], (5)–(8), are contained in eqs. (25)–(28) by the choice of functionsB4 = 0, B5 = 0, A2 = X, A3 =

3X/2, A4 = −X2 and A5 = (−X)5/2. As a corollary, Lgal,1
4 and Lgal,1

5 are already healthy without the
need of additional gravitational counterterms. In other words, the straightforward covariantization of
galileons, i.e. substituting ordinary derivatives with covariant derivatives, is a viable covariantization.
It should be noted, however, that galileon symmetry remains broken by terms proportional to the
curvature, regardless of the chosen covariantization procedure.

Finally, before concluding this section, let us briefly comment on the decoupling limit of eqs. (25)–
(28). In Ref. [26], the decoupling limit of Horndeski theories has been studied by expanding the metric
gµν around Minkowski and the scalar field φ around a constant background value. In doing so, the
following scaling of the functions Ga(φ,X) introduced in eqs. (15)–(18) was assumed [27],

G2 ∼ Λ3
3MPl , G3 ∼MPl , G4 ∼M2

Pl , G5 ∼ Λ−3
3 M2

Pl , (31)

where Λ3 is a mass scale which may be associated to the current accelerated expansion of the universe
(in which case Λ3

3 ∼MPlH
2
0 ) andMPl is the Planck mass. The decoupling limit is defined asMPl → ∞
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while Λ3 remains constant. It is easy to see that taking this limit in eqs. (25)–(28) leads to the same
decoupling limit found in [26] for Horndeski, but with different dimensionless parameters. This is
clearly the case for eqs. (25) and (26), because they are equivalent to the Horndeski Lagrangians LH

2

and LH
3 . Equations (27) and (28) contain non-Horndeski pieces, respectively Lgal,1

4 and Lgal,1
5 . By

expanding these terms in scalar field and metric perturbations, the only contributions that do not
vanish in the decoupling limit are galileons, i.e.,

− B4 +A4 − 2XB4X

X2
Lgal,1
4 ∼ Λ−6

3 Lgal,1
4 ,

XB5X + 3A5

3(−X)5/2
Lgal,1
5 ∼ Λ−9

3 Lgal,1
5 , (32)

where the functions (B4 +A4 − 2XB4X)/X2 and (XB5X/3 +A5)/(−X)5/2 are evaluated on the
background. In conclusion, operators leading to higher-derivative equations of motion in eqs. (27)
and (28) are also higher order in the decoupling limit.

4 Hamiltonian analysis

As discussed in the introduction, theories that contain higher-order time derivatives often lead to
lethal Ostrogradski instabilities. The presence of higher derivatives manifests itself in the form of
extra degrees of freedom that behave like ghosts (i.e. negative energy states). For instance, the
dynamics of a system with a nondegenerate Lagrangian of the form L(q, q̇, q̈) is described by a 4-
dimensional phase space, corresponding to two degrees of freedom, one of which behaves like a ghost
(see e.g. [5]).

In the ADM formulation, our Lagrangian (21) depends on the dynamical quantities hij and their
“velocities” Kij : in this sense, it is already evident that the Lagrangian does not contain higher-
order time derivatives and that Ostrogradski instabilities should not be there. In order to confirm
this intuition, we now perform the Hamiltonian analysis for the Lagrangian (21) and show that
the number of degrees of freedom remains three—i.e. two tensor modes and one scalar mode, thus
excluding the appearance of dangerous extra degrees of freedom. The present analysis details that
of [1] and confirms its conclusions.

The phase space of our theory is described by the variables hij , N , N i and their conjugate
momenta, given respectively by

πij ≡ ∂L
∂ḣij

=

√
h

2

[(

A3 + 2A4K + 3A5(K
2 −KlmK

lm)
)

hij

−2(A4 + 3A5K)Kij + 6A5K
i
lK

lj +B5

(

Rij − 1

2
Rhij

)]

,

(33)

and

πN ≡ ∂L
∂Ṅ

= 0 πi ≡
∂L
∂Ṅ i

= 0 . (34)

The absence of time derivatives of the lapse N and the shift N i in the action implies that their
conjugate momenta automatically vanish. The relations πN = 0 and πi = 0 can thus be seen as
restrictions of the initial 20-dimensional phase space, corresponding to so-called primary constraints.
So far, the situation is quite similar to that of pure general relativity.

The canonical Hamiltonian is then obtained via the Legendre transform of the Lagrangian,

H ≡
∫

d3~x
[

πijḣij − L
]

. (35)

The Hamiltonian is expressed in terms of the canonical variables, which means that, in principle, one
must invert the relation in (33) to obtain ḣij as a function of πij . Because of the presence of primary
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constraints, the time evolution is governed by the extended Hamiltonian,

H̃ = H +

∫

d3~x
[

λN πN + λi πi
]

, (36)

where λN and λi play the role of Lagrange multipliers. For any function F defined on the phase
space, its time evolution is given by

d

dt
F =

∂F

∂t
+

{

F, H̃
}

. (37)

The Poisson bracket in the above formula is defined, as usual, by the expression

{F,G} ≡
∑

A

∫

d3~x

(

δF

δφA(~x)

δG

δπA(~x)
− δF

δπA(~x)

δG

δφA(~x)

)

, (38)

where we use the collective notation φA = (hij , N,N
i) and πA = (πij , πN , πi).

4.1 Lagrangians up to L4

It is straightforward to apply the procedure outlined above to our Lagrangians up to L4, because the
expression (33) for πij is linear in Kij and can be easily inverted. Including L5 is more involved, as
(33) is quadratic in Kij and we briefly discuss the procedure in the next subsection.

Therefore, assuming that L5 is absent, i.e. A5 = B5 = 0, one can immediately invert (33) to find

Kij = − 1

A4

√
h

(

πij −
1

2
πhij

)

− A3

4A4
hij . (39)

Using (22), it is then straightforward to express ḣij as a function of πij and to substitute the result
in (35). Using integrations by parts to get rid of the derivatives of the shift, one finds that the
Hamiltonian can be written in the form

H =

∫

d3~x
[

NH0(N) +N iHi

]

, (40)

with

H0 ≡− 1√
hA4

(

πijπ
ij − 1

2
π2

)

− A3

2A4
π +

√
h

(

3A3
2

8A4
−A2

)

−
√
hB4R , (41)

Hi ≡− 2Djπ
j
i . (42)

As mentioned in the previous section, by specializing the above expressions to the case B4 = −A4 =
1/(16πG) and A2 = A3 = 0 one recovers the usual general relativity Hamiltonian. In the general
case, however, the Aa and Ba are functions of N , so that H0 now depends on N , in contrast with
general relativity. This difference plays a crucial role, as we will see below.

Let us now consider the time evolution of the primary constraints. Imposing that they are
conserved in time leads to the so-called secondary constraints. For the first constraint, πN ≈ 0, one
finds

π̇N =
{

πN , H̃
}

≈
{

πN ,H
}

= − ∂

∂N
(NH0) , (43)

where the symbol ≈ denotes equality in a “weak” sense, i.e. restricted to the constrained phase space.
Thus, the above equation yields the secondary constraint,

H̃0 ≡ H0 +N
∂H0

∂N
≈ 0 . (44)
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Note that, in general relativity, H0 is independent of N , thus leading to the familiar Hamiltonian
constraint H̃0 = H0 ≈ 0. Similarly, using

π̇i =
{

πi, H̃
}

≈
{

πi,H
}

= −Hi , (45)

the conservation in time of the three primary constraints πi ≈ 0 gives the secondary constraints

Hi ≈ 0 . (46)

These constraints are exactly the same as in pure general relativity, where they are associated with
the invariance under spatial diffeomorphims.

Let us now compute the Poisson brackets of the constraints. We start with the constraints
Hi, for which the treatment is very similar to general relativity. It is convenient to introduce the
“momentum” function

Mf ≡
∫

d3~x f i(~x)Hi(~x) , (47)

where the f i are three arbitrary functions of space. By reproducing the general relativity calculations
(see e.g. the appendix of [28]), one finds

{Mf ,Mg} = Mh, hi ≡ fkDkg
i − gkDkf

i . (48)

It is also straightforward to check that

{Mf ,Tg} = −
∫

d3~x g Di(T f i) =
∫

d3~x T f iDig , (49)

with

Tg ≡
∫

d3~x g(~x)T (~x) , (50)

where g is an arbitrary function of space and T is any combination of the Hamiltonian that depends
on πij and hij , but not on N . So T can be any of the following expressions,

T1 =
1√
h

(

πijπ
ij − 1

2
π2

)

, T2 = π , T3 =
√
h , T4 =

√
hR , (51)

or any linear combination of these with coefficients independent of N . In particular, (49) implies
that in general relativity, where the constraint H0 does not depend on N , the Poisson bracket of Mf

with H0 weakly vanishes.
If the combination T is now multiplied by a function of N ,

T̃ = F(N)T , (52)

one immediately deduces from (49) that

{

Mf , T̃g
}

= −
∫

d3~x gF Di(T f i) , (53)

and T̃ cannot appear after integration by parts. However, by introducing the slightly modified
constraints2

H̃i ≡ Hi + πN∂iN, (54)

2Note that its form is similar to the total momentum constraint that would arise in general relativity with a scalar
field.
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one obtains

{

M̃f , T̃g
}

=
{

Mf , T̃g
}

−
∫

d3~x g
∂F
∂N

T f iDiN = −
∫

d3~x gDi(T̃ f i) =
∫

d3~x T̃ f iDig , (55)

where now T̃ appears explicitly.
This treatment also applies to any linear combination of T̃ terms. In particular, it applies to H0,

since this is given by a linear combination of Ta with coefficients that depend on time and N , and as
a consequence it applies to H̃0 defined in eq. (44). Thus, from the above analysis one concludes that
the Poisson brackets of the constraints H̃i with H̃0 vanish weakly, i.e.

{

H̃i, H̃0

}

≈ 0 . (56)

Using eq. (48) and the fact that Hi does not depend on N , πN , N i or πi, it is also immediate to
verify that

{

H̃i, H̃j

}

≈ 0 ,
{

H̃i, πN
}

≈ 0,
{

H̃i, πj
}

≈ 0 . (57)

Therefore, the Poisson brackets of the three constraints H̃i with all the other constraints vanish
weakly. The same is true for the three primary constraints πi ≈ 0. Consequently, these six constraints,
associated with the 3-dimensional diffeomorphism invariance, are first-class constraints.

The remaining constraints, H̃0 and πN ≈ 0, satisfy the relations

{

πN (x), πN (y)
}

= 0,
{

H̃0, πN
}

=
∂H̃0

∂N
= 2

∂H0

∂N
+
∂2H0

∂N2
. (58)

Provided that the derivative of H̃0 with respect to N does not vanish, this shows that these two
constraints are of the second-class type, in contrast with general relativity.

It is also useful to check that no additional constraint arises from the time evolution of the
secondary constraints. Indeed, since

d

dt
H̃0 =

∂H̃0

∂t
+

{

H̃0,H
}

+ λN
∂H̃0

∂N
, (59)

imposing the conservation of H̃0 simply fixes the Lagrange multiplier λN without generating any
new constraint, provided ∂H0/∂N does not vanish, which is assumed here. As for the momentum
constraints, we simply have

d

dt
H̃i =

{

H̃i,H
}

≈ 0 , (60)

because the brackets of H̃i with all the elements in H vanish weakly, according to (55) and the first
relation in (57).

In conclusion, we find that the dynamical system is, in general, characterized by a 20-dimensional
phase space with six first-class constraints and two second-class constraints. Each first-class con-
straint eliminates two canonical variables and each second-class constraint eliminates one canonical
variable. In total, 14 canonical variables can be eliminated, which corresponds to a 6-dimensional
physical phase space, i.e. three degrees of freedom. The difference with general relativity, where all
eight constraints are first-class thus leaving only two physical degrees of freedom, is due to the pres-
ence of a preferred slicing defined by the scalar field, which breaks the full spacetime diffeomorphism
invariance.

Let us briefly discuss a special case where the second Poisson bracket in (58) vanishes weakly,
which happens when the whole N dependence factorizes in H0. Let us illustrate this case by consid-
ering the Lagrangian L4 with

B4 = − 1

A4
. (61)
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In this case

H0 = B4

[ 1

2
√
h

(

2πijπ
ij − π2

)

−
√
hR

]

(62)

and

H̃0 =

(

B4 +
∂B4

∂N

)

[ 1

2
√
h

(

2πijπ
ij − π2

)

−
√
hR

]

. (63)

One then notices that the system is equivalent to general relativity, up to the redefinition of a new
lapse function Ñ ≡ NB4.

Finally, let us make a few considerations on the restriction to the unitary gauge which is at the
basis of the Hamiltonian analysis of this section. An explicit Hamiltonian analysis without fixing
unitary gauge seems to be a very tedious task in view of the complicated expressions of our theories in
the covariant form, eqs. (25)-(28). Indeed, resorting to the unitary gauge has the huge advantage to
hide the scalar degree of freedom in the metric and to enormously simplify the analysis. Thus, the full
Hamiltonian treatment in an arbitrary gauge is beyond the scope of the present work. Fortunately, in
Sec. 6 we present a completely different approach, which shows that the higher-order time derivatives
in the equations of motion can be eliminated by using constraints that follow from these equations.
This other approach is valid in any gauge and it confirms that no additional degree of freedom is
necessary to describe higher-order time derivatives.

4.2 Including the Lagrangian L5

The inclusion of L5 makes the Hamiltonian analysis more involved, the main subtlety in this case
being inverting eq. (33) in order to obtain Kij as a function of πij . However, this technical difficulty
does not impair the basic counting of degrees of freedom, which is the main target of our Hamiltonian
analysis.

In the case when only A5 is considered, from the last line of (21) we obtain

πij =
3
√
hA5

2

[

(K2 −KmnK
mn)hij + 2(Ki

lK
lj −KKij)

]

. (64)

Inverting the above equation is technically more involved and because Kij is essentially a “square
root” of πij there is generally more than one branches of solutions. However, the inversion problem
is well-defined locally around some non-singular chosen value of Kij . It is worth mentioning how
the problem can be tackled in practice with a systematic series expansion around, for instance, a
spatially flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) configuration,

(K0)
j
i = Hδji , (π0)

j
i = 3

√
hA5H

2δji . (65)

We can then fix whatever value of the conjugate momentum through the new “shifted” variable π̂ j
i ,

π j
i ≡ (π0)

j
i +

3

2

√
hA5 π̂

j
i , (66)

write a formal power expansion for K j
i ,

K j
i = (K0)

j
i + (K1)

j
i + (K2)

j
i + . . . (67)

and solve (64) order by order. By doing this, we obtain the recursive relations

(K1)
j
i = − 1

2H

(

π̂ j
i − π̂

2
δji

)

, (68)

(K2)
j
i =

1

4H

[

(

(K1)
2 − (K1)

n
m (K1)

m
n

)

δji + 4
(

(K1)
l
i (K1)

j
l − (K1)(K1)

j
i

)]

, . . . , (69)
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where (Ka) ≡ (Ka)
i
i .

A completely analogous procedure applies to other cases, such as when the full battery of terms
is present, as in eq. (33). In this case, the easily invertible part (L2-L4) can be used as the zeroth
order piece and one can make a formal Taylor expansion in A5.

4.3 Generalizations

Although we have focused our discussion on a specific class of theories, which represent a natural
extension of Horndeski theories from the ADM point of view, similar conclusions can be drawn for
a much wider class of models. Essentially, the basic ingredients that lead us to exclude the presence
of unwanted additional degrees of freedom can be formulated in unitary gauge as

1. unbroken spatial diffeomorphism (producing three first-class momentum constraints as in gen-
eral relativity);

2. absence of time derivatives of the lapse function N (which makes the Hamiltonian constraint
an algebraic equation for N);

3. absence of time derivatives of the extrinsic curvature Kij (which prevents that the Lagrangian
depends on the “accelerations”, i.e. the second time derivatives of hij).

Such an approach has already been used in the past to study, for instance, the behavior of specific
models of Horava’s gravity [29]. In analogy with Horava’s gravity, one could consider various combi-
nations of the intrinsic curvature tensor and its spatial derivatives, as well as various combinations
of the extrinsic curvature tensor, as recently discussed in [30]. Note, however, that these theories do
not generically have the same decoupling limit as Horndeski, as it is the case for G3 theories (see
discussion at the end of Sec. 3).

5 Linear theory and coupling with matter

The Hamiltonian analysis excludes the presence of extra degrees of freedom. However, one still needs
to check that the remaining scalar and tensor degrees of freedom are not themselves ghosts. In this
section we compute the quadratic action for the perturbations of the propagating degrees of freedom
and derive the conditions for which the kinetic terms have the right signs. We then add matter fields
minimally coupled to gravity and study the phenomenology on small scales. We first perform this
analysis in unitary gauge and then in Newtonian gauge.

5.1 Unitary gauge

Let us expand action (20) around a spatially flat FLRW metric following the general procedure
developed in [11, 31] (see also [32]). We use the ζ-gauge and write the spatial metric as

hij = a2(t)e2ζ(δij + γij) , γii = 0 = ∂iγij , (70)

and we split the shift as
N i = ∂iψ +N i

V , ∂iN
i
V = 0 . (71)

Moreover, it is convenient to express the dependence of the second-order action on the function Aa

and Ba introduced in the Lagrangians (21) in terms of the following functions evaluated on the
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background,3

M2 ≡ −2(A4 + 3HA5) ,

αK ≡ −2A′
2 +A′′

2 + 3H(2A′
3 +A′′

3) + 6H2(2A′
4 +A′′

4) + 6H3(2A′
5 +A′′

5)

2H2(A4 + 3HA5)
,

αB ≡ −A
′
3 + 4HA′

4 + 6H2A′
5

4H(A4 + 3HA5)
,

αT ≡ − B4 + Ḃ5/2

A4 + 3HA5
− 1 ,

αH ≡ −B4 +B′
4 −HB′

5/2

A4 + 3HA5
− 1 ,

(72)

where a prime denotes a derivative with respect to N and a dot a derivative with respect to t. We
discuss in Appendix B how these functions are related to the general formalism of Ref. [11].

Higher (spatial) derivative terms proportional to (∂2ψ)2, which are contained in quadratic prod-
ucts of the extrinsic curvature, cancel from the action up to a total derivative because of the particular
combinations in which these products appear in eq. (21). By varying the quadratic action with respect
to N i, one obtains the momentum constraints, whose solution is N i

V = 0 and

N = 1 +
1

1 + αB

ζ̇

H
. (73)

After substitution of this equation into the quadratic action, all the terms containing ψ drop out,
up to total derivatives [31]. For this reason, we do not need the Hamiltonian constraint, obtained by
varying the action with respect to N , to solve for ψ. After some manipulations the quadratic action
becomes [11, 31, 14]

S(2) =
1

2

∫

d4x a3
[

Lζ̇ζ̇ ζ̇
2 + L∂ζ∂ζ

(∂iζ)
2

a2
+
M2

4
γ̇2ij −

M2

4
(1 + αT )

(∂kγij)
2

a2

]

, (74)

where

Lζ̇ζ̇ ≡M2αK + 6α2
B

(1 + αB)2
, (75)

L∂ζ∂ζ ≡ 2M2(1 + αT )−
2

a

d

dt

[

aM2(1 + αH)

H(1 + αB)

]

. (76)

As expected from the previous Hamiltonian analysis, the quadratic Lagrangian (74) does not contain
higher-order time derivatives. As a consequence of the particular combination of extrinsic curvature
in eq. (21), neither does it contain higher space derivatives.

The condition required to ensure that the propagating degrees of freedom are not ghost-like is
that their time kinetic terms are positive, Lζ̇ζ̇ > 0 and M2 > 0. Moreover, gradient instabilities are
avoided when the speed of sound of the scalar and tensor propagating degrees of freedom,

c2s ≡ −L∂ζ∂ζ

Lζ̇ζ̇

, c2
T
≡ 1 + αT , (77)

are also positive, c2s > 0 and c2
T
> 0.

3The first four functions in eq. (72) have been introduced by Bellini and Sawicki in Ref. [14], where they consider
linear perturbations in Horndeski theories, with the difference αhere

B = −αthere

B /2, which simplifies further the equations.
In particular, M2, αK , αB and αT respectively parameterize the effective Planck mass, a modification of the scalar
kinetic term [34, 35], a kinetic mixing between the scalar and the metric (the so-called braiding) [36, 37, 38, 39] and a
tensor speed excess. As stressed in such a reference and also shown in Appendix B, these functions are just a convenient
basis of the parameters previously introduced in the context of the so-called Effective Field Theory of Dark Energy in
Refs. [15, 16, 11, 17] (see [31, 33] for reviews). Here we adopt this parameterization because it simplifies the notation.
We also introduce a new function, αH , which parametrizes the deviation from Horndeski theories [11, 1].
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5.2 Adding matter: P (σ, Y )

To study our theories in the presence of matter fields minimally coupled to gravity, we add to action
(20) a k-essence type action describing a matter scalar field σ (not to be confused with the dark
energy field φ),

Sm =

∫

d4x
√−g P (Y, σ) , Y ≡ gµν∂µσ∂νσ , (78)

with sound speed c2m ≡ PY /(PY − 2σ̇20PY Y ).
We can then expand at second order these actions and repeat the procedure discussed earlier. To

describe matter fluctuations it is convenient to use the gauge-invariant variable Qσ ≡ δσ− (σ̇0/H)ζ.
After substitution of the momentum constraints, the final action expressed in terms of ζ and Qσ

reads

S(2) =

∫

d4xa3
[

1

2

(

L̃ζ̇ ζ̇ ζ̇
2 + L̃∂ζ∂ζ

(∂iζ)
2

a2

)

− PY

c2m

(

Q̇2
σ − c2m

(∂iQσ)
2

a2

)

− 2σ̇0PY

Hc2m(1 + αB)

(

αB ζ̇Q̇σ − c2m(αB − αH)
∂iζ∂iQσ

a2

)

+m2
ζζ

2 +m2
σQ

2
σ +m2

cζQσ + λζ̇Qσ

]

, (79)

with the new coefficients for the kinetic and gradient terms of ζ

L̃ζ̇ζ̇ = Lζ̇ ζ̇ +
ρm + pm
H2c2m

(

αB

1 + αB

)2

, (80)

L̃∂ζ∂ζ = L∂ζ∂ζ −
ρm + pm
H2

(

1− 2(1 + αH)

1 + αB

)

, (81)

where we have used 2σ̇20PY = −(ρm + pm). The second line contains two derivative couplings
between ζ and Qσ while the third line contains non-derivative terms, which are irrelevant for the
present discussion.

The kinetic matrix for (ζ,Qσ) reads

M =
1

2

(

L̃ζ̇ζ̇ω
2 + L̃∂ζ∂ζk

2 A
[

αBω
2 − c2m(αB − αH)k2

]

A
[

αBω
2 − c2m(αB − αH)k2

]

−2PY c
−2
m (ω2 − c2mk

2)

)

, A = − 2σ̇0PY

Hc2m(1 + αB)
.

(82)
Requiring that its determinant vanishes yields the dispersion relation

(ω2 − c2mk
2)(ω2 − c̃2sk

2) = (c2s − c̃2s)

(

αH

1 + αH

)2

ω2k2 , (83)

with

c̃2s ≡ c2s −
ρm + pm
H2M2

(1 + αH)2

αK + 6α2
B

. (84)

From this equation one derives the two dispersion relations ω2 = c2±k
2. For Horndeski theories

(αH = 0), the matter sound speed is unchanged, despite the presence of couplings in the action
between the time and space derivative of ζ and Qσ, i.e. the non- vanishing of the non-diagonal terms
in the kinetic matrix. Indeed, these couplings are precisely proportional to ω2 − c2mk

2 and give the
standard dispersion relation for matter. However, this is no longer true with our non-Horndeski
extensions, where αH 6= 0.
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5.3 Newtonian gauge

We now study linear perturbations for our theories in the presence of a more general type of matter
by considering a gauge often employed in the study of cosmological perturbations: the Newtonian
gauge, where the metric reads

ds2 = −(1 + 2Φ)dt2 + a2(1− 2Ψ)d~x2 , (85)

taking into account only scalar perturbations.
Let us directly expand the action for the sum of the Lagrangians (25)–(28) up to quadratic order

around the background field solution φ0(t) = t, i.e.,

φ = t+ π(t, ~x) , (86)

where π describes the scalar field perturbation.4 The quadratic action for linear perturbations is
given by

S =

∫

d4xa3M2

{

1

2
H2αK π̇

2 +

[

Ḣ +
1

2M2

(

ρm + pm + 2(M2HαB)
· − 2(HM2αH)·

)

+H2(αB − αM )

+H2(αT − αH)

]

(∇π)2
a2

− 3Ψ̇2 + (1 + αT )
(∇Ψ)2

a2
+ 2H(αB − αH)∇Φ∇π

− 2H(αM − αT )
∇Ψ∇π
a2

+ 6HαB π̇Ψ̇ +H2(6αB − αK)Φπ̇ − 2(1 + αH)
∇Φ∇Ψ

a2

− 6H(1 + αB)Ψ̇Φ +H2

(

1

2
αK − 3(1 + 2αB)

)

Φ2 + 2αH
∇π̇∇Ψ

a2
+ . . .

}

,

(87)

where we have used the background equations to rewrite the coefficient of (∇π)2. We have written
explicitly all the terms that are quadratic in derivatives, as well as other terms involving Φ without
derivatives because they also contribute to the kinetic limit as we will see below. The ellipses in
the last line stand for all the other terms, irrelevant for the present discussion. As expected from
the Lagrangians (27) and (28), the quadratic action in the Newtonian gauge contains a higher order
derivative term, ∇π̇∇Ψ, which is proportional to the non-Horndeski coefficient αH . This term
generates higher order (one time- and two spatial-) derivative terms in the equations of motion, as
discussed in detail in Ref. [11].

It is possible to find a redefinition of the metric perturbations that de-mixes the new metric
variables from the scalar field π and removes the higher derivative term from the gravitational action.
In Brans-Dicke theories such de-mixed variables are usually referred to as Einstein-frame quantities.
In our much more general framework they are explicitly given by

ΦE ≡ 1 + αH

1 + αT
Φ+

(

1 + αM

1 + αT
− 1 + αB

1 + αH

)

Hπ − αH

1 + αT
π̇ ,

ΨE ≡ Ψ+
αH − αB

1 + αH
Hπ .

(88)

Using this change of variables into the quadratic action, one ends up with

S =

∫

d4xa3M2

{

H2Lζ̇ζ̇

2M2

(

1 + αB

1 + αH

)2 (

π̇2 − c̃2s
(∇π)2
a2

)

− 3Ψ̇2
E +

1 + αT

a2
[

(∇ΨE)
2 − 2∇ΦE∇ΨE

]

+ · · ·
}

,

(89)

4Assuming a monotonic φ0 = φ0(t), one can always make a field redefinition of φ and choose the background
solution φ0 = t.
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whose first line corresponds to the action of a minimally coupled scalar field. In particular, the term
proportional to π̇ in the definition of ΦE entails the removal of the higher derivative term ∇π̇∇Ψ.

Let us now consider matter. Since it is minimally coupled to the original metric, i.e.

Lint ≡
1

2
δgµνδT

µν = −(Φδρm + 3Ψδpm) , (90)

it becomes coupled to π after the field redefinition (88). When αH = 0, matter is coupled to
the gravitational sector with standard terms, ΦEδρm and ΨEδpm, as well as to π via fifth-force
terms, πδρm and πδpm. These couplings can be neglected on scales smaller than the matter sound
horizon, i.e. for k ≫ Ha/cm, where cm is the matter sound speed. However, in the non-Horndeski
case (αH 6= 0), the interaction Lagrangian (90) contains a new coupling proportional to the time
derivative of the scalar π,

Lint ⊃ − αH

1 + αH
π̇δρm , (91)

which cannot be neglected on scales smaller than the sound horizon. Indeed, on these scales, the
propagation equations for the density contrast δρm and field perturbation π become

δ̈ρm − c2m
∇2δρm
a2

− (ρm + pm)
αH

1 + αH

∇2π̇

a2
≈ 0 , (92)

π̈ − c̃2s
∇2π

a2
− 1

H2Lζ̇ζ̇

αH(1 + αH)

(1 + αB)2
δ̇ρm ≈ 0 , (93)

where the symbol ≈ stands for an equality in the kinetic limit. One can check that the propagation
equation is given also in this case by eq. (83). In contrast to the standard Jeans lore, the gravitational
scalar mode π cannot be decoupled from matter by going at sufficiently short distances. The presence
of the scalar field perturbations impacts the propagation of matter fluctuations, by changing their
sound speed.

6 Field redefinitions

This section is devoted to exploring some mathematical properties of the class of theories that we are
proposing and to confirm their soundness for subclasses of these theories. The approach discussed
in this section does not rely on the ADM formulation and we do not need to assume ∇µφ being
timelike, in contrast with our Hamiltonian analysis.

First, we analyse disformal transformations and focus on a specific class of disformal transforma-
tions that act as a “morphism” on our theories, in the same way in which conformal transformations
preserve the basic structure of Brans-Dicke theories. Next, we show how to relate, by means of such
disformal transformations, subsets of our theories—i.e. L4 and L5, separately studied in Secs. 6.2
and 6.3, respectively—into Horndeski ones. As these disformal transformations conserve the number
of degrees of freedom, this is yet another proof that our theories do not contain ghosts, even if they
contain higher derivatives. In the cases in which the mapping with Horndeski is possible, we further
clarify this issue in Sec. 6.5, by showing that naively higher-derivative equations can be reduced to
second-order ones. In passing, we also verify in Sec. 6.4 that the presence of matter does not spoil
the soundness of the theory.

6.1 Disformal transformations

In this section we compute the transformation properties of our theories under disformal transfor-
mations. More precisely, we consider a field redefinition of the metric tensor made of a conformal
transformation and of a further lightcone structure-changing piece [19],

gµν → ḡµν = Ω2(φ,X) gµν + Γ(φ,X) ∂µφ∂νφ . (94)
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For convenience, we directly work in unitary gauge even though the same results can be reached using
a covariant approach (see e.g. [40, 18]). As we shall see, the use of the unitary gauge considerably
simplifies the calculations.

In this gauge, the dependence of Ω and Γ on φ and X translates into an explicit dependence on
the time variable t and on the lapse function N . Moreover, we choose time to coincide with φ, so
that ∂µφ = δ0µ and eq. (94) reads, in ADM components,

N̄ i = N i , h̄ij = Ω2(t,N)hij , N̄2 = Ω2(t,N)N2 − Γ (t,N) . (95)

Thus, the volume element is transformed accordingly,
√−ḡ =

√−gΩ3
√

Ω2 − Γ/N2 . (96)

In order to find how the three-dimensional Ricci scalars, R and R̄, are related to each other,
we can apply the standard formulae to the conformal transformations of the 3-d metric (95) (see
e.g. [41]),

R̄ = Ω−2
[

R− 4D2 lnΩ− 2∂i(lnΩ)∂
i(lnΩ)

]

. (97)

Moreover, using the definition of the extrinsic curvature, eq. (22), one finds

K̄j
i =

N

N̄

[

Kj
i − Ng0µ∂µ ln Ω δ

j
i

]

. (98)

As in unitary gauge Ω depends on the spatial coordinates only through N , it makes a lot of
difference whether or not Ω depends on N . If it does, the transformation (95) generates derivatives
of N explicitly in the action, therefore changing the structure of action (20). Thus, transformations
with Ω dependent on N do not preserve the G3 form of the Lagrangian. On the contrary, if Ω is
independent of N , eq. (95) is just an overall (spatial) coordinate-independent rescaling from the 3-
dimensional point of view and the structure of our theory does not change after the field redefinition.

Thus, let us consider an N independent conformal factor, Ω = Ω(t). Explicitly, starting from the
action (20) written in terms of the barred metric quantities with coefficients Āa and B̄a, and making
the substitution (95) with Ω = Ω(t), one ends up with an action in terms of the unbarred quantities.
Remarkably, this new action shares the same structure (20), up to a reshuffling of the coefficients:

A2 =
Ω3N̄

N

[

Ā2 + 3
d ln Ω

dt̄
Ā3 + 6

(

d ln Ω

dt̄

)2

Ā4 + 6

(

d ln Ω

dt̄

)3

Ā5

]

,

A3 = Ω3

[

Ā3 + 4
d ln Ω

dt̄
Ā4 + 6

(

d ln Ω

dt̄

)2

Ā5

]

,

A4 =
Ω3N

N̄

[

Ā4 + 3
d ln Ω

dt̄
Ā5

]

,

A5 =
Ω3N2

N̄2
Ā5 ,

B4 =
ΩN̄

N

[

B̄4 −
1

2

d ln Ω

dt̄
B̄5

]

,

B5 = ΩB̄5 ,

(99)

where dt̄ ≡ N̄dt. One notes that, in this disformal transformation, a Lagrangian of a given order
generally contributes also to the lower-order Lagrangians. For instance, the transformation of L4

contains also L3 and L2 pieces. Only when Ω = const. does this mixing not occur.
Although we have worked specifically in the unitary gauge, it is straightforward to perform the

same analysis covariantly, directly with the 4-dimensional transformation

gµν → ḡµν = Ω2(φ) gµν + Γ(φ,X) ∂µφ∂νφ . (100)
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One then obtains relations between the coefficients Aa(φ,X), Ba(φ,X) and Āa(φ, X̄), B̄a(φ, X̄),
which are essentially the above relations (99) with the correspondence N = 1/

√
−X and N̄ =

1/
√
−X̄. The relation between X and X̄ can be computed by contracting the inverse metric,

ḡµν = Ω−2

(

gµν − Γ

ΓX +Ω2
∂µφ∂νφ

)

, (101)

with ∂µφ∂νφ. This gives

X̄ =
X

ΓX +Ω2
, X =

Ω2X̄

1− ΓX̄
. (102)

We also have √−g√−ḡ =

√
1− X̄Γ

Ω4
=

1

Ω3
√
ΓX +Ω2

, (103)

which implies in particular that, in unitary gauge,

N

N̄
=

√
1− X̄Γ

Ω
=

1√
ΓX +Ω2

, (104)

which can be substituted in eq. (99).

6.2 Link between L4 and Horndeski

The disformal transformations discussed in the previous subsection can be used to relate Horndeski
theories with our general Lagrangians.

First, let us start from a Horndeski Lagrangian LH
4 expressed in terms of the metric ḡµν , with

coefficients Ā4(φ, X̄) and B̄4(φ, X̄) satisfying the Horndeski condition (see eq. (30))

Ā4 = −B̄4 + 2X̄B̄4X̄ . (105)

Substituting in this Lagrangian the expression

ḡµν = gµν + Γ4(φ,X) ∂µφ∂νφ , (106)

leads to a G3 Lagrangian, now expressed in terms of the metric gµν and X, with coefficients A4(φ,X)
and B4(φ,X). According to the results of the previous subsection, specialized to the case Ω = 1, the
link between the old and new coefficients is given by the relations

Ā4(φ, X̄) = A4(φ,X)
√

1 +XΓ4 , A4(φ,X) = Ā4(φ, X̄)
√

1− X̄Γ4 (107)

and

B̄4(φ, X̄) =
B4(φ,X)√
1 +XΓ4

, B4(φ,X) =
B̄4(φ, X̄)
√

1− X̄Γ4

, (108)

with

X̄ =
X

1 + Γ4X
, X =

X̄

1− Γ4X̄
. (109)

The Horndeski condition (105) on the coefficients Ā4 and B̄4 implies the following relation between
Γ4 and the new coefficients A4 and B4:

Γ4X =
A4 +B4 − 2XB4X

X2A4
. (110)

It is thus clear that the new Lagrangian, expressed in terms of the metric gµν , is not of the Horndeski
type unless Γ4 is independent ofX. This is consistent with the findings of Ref. [40] that the Horndeski
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form of the Lagrangian is preserved under a restricted version of (100), in which the disformal function
Γ, like Ω, does not depend on X.

Conversely, if we start with a G3 Lagrangian without L5 terms, but otherwise with arbitrary
functions A4(φ,X) and B4(φ,X), one can always rewrite it as a Horndeski Lagrangian LH

4 , provided
that the transformation function Γ4 is a solution of the differential equation (110). Note that the
field redefinition (106) is well-defined, in the sense that it leaves invariant the number of degrees of
freedom (see other examples in [20]). Indeed, one can express gµν in terms of ḡµν and φ without
introducing additional degrees of freedom. As the set of fields (ḡµν , φ) obeys the Horndeski equations
of motion, it describes three degrees of freedom. By the field transformation (106), also (gµν , φ)
obeying the equations of motion derived from the G3 Lagrangian L4 describe the same number of
degrees of freedom, i.e. three. This essentially confirms the Hamiltonian analysis of Sec. 4 which
excludes the presence of more than three degrees of freedom in G3 theories. As expected, the field
redefinition (106) partly de-mixes the metric and scalar field kinetic mixing presented in Sec. (5).
In Newtonian gauge, this corresponds to removing the higher-derivative coupling 2αH∇π̇∇Ψ from
action (87), as explicitly shown in Appendix C.

6.3 Link between L5 and Horndeski

The same procedure described above applies to L5 Lagrangians along similar lines. Namely, one can
always relate a G3 Lagrangian with arbitrary A5 and B5, but with A4 = B4 = 0, to a Horndeski
Lagrangian of the type LH

5 , provided the two metrics are related by

ḡµν = gµν + Γ5(φ,X) ∂µφ∂νφ , (111)

with Γ5 satisfying the condition

Γ5X =
3A5 +XB5X

3X2A5
. (112)

Analogously to the above discussion, this follows from requiring that Ā5 and B̄5, given by (see
eq. (99))

Ā5(φ, X̄) = A5(φ,X)(1 +XΓ5) , B̄5(φ, X̄) = B5(φ,X) , (113)

satisfy Horndeski condition (see eq. (30)),

Ā5 = −X̄B̄5X̄/3 . (114)

However, one cannot in general re-express an arbitrary G3 Lagrangian as a Horndeski Lagrangian
via a disformal transformation, because the would-be transformation coefficient Γ cannot satisfy
simultaneously the two differential equations (110) and (112).

6.4 Coupling to matter

When the G3 Lagrangian can be re-expressed as a Horndeski Lagrangian, i.e. in either of the two
cases discussed above, the coupling between matter and the gravitational sector, now described by
ḡµν and φ, becomes more complicated since the matter Lagrangian depends on the combination

gµν = ḡµν − Γ(φ, X̄)∂µφ∂νφ, (115)

or its inverse,

gµν = ḡµν +
Γ(φ, X̄)

1− Γ(φ, X̄)X̄
ḡρµḡσν∂ρφ∂σφ . (116)

Let us illustrate this with the simple example of an ordinary matter scalar field, minimally coupled
to the metric gµν . Its action, which intially reads

Smat =

∫

d4x
√−g

[

−1

2
gµν∂µσ∂νσ − V (σ)

]

, (117)
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becomes, when expressed in terms of ḡµν and φ,

Smat =

∫

d4x
√−ḡ

√

1− ΓX̄

[

−1

2
ḡµν∂µσ∂νσ − Γ

2(1− ΓX̄)
(ḡµν∂µσ∂νφ)

2 − V (σ)

]

. (118)

The equation of motion for σ is obtained by varying this action with respect to σ. Since each field
is at most derived once in the action, the equation of motion for σ will be second order. The same
conclusion holds with the matter contribution to the equation of motion of φ. Therefore, the presence
of a matter scalar field does not introduce higher-order derivative terms in the equations of motion.

6.5 Equations of motion

Using a disformal transformation, we provide a new example of naively higher-derivative equations
of motion which can be reduced to second-order ones. We consider a subclass of G3 theories that
can be mapped into Horndeski (where they appear with the metric ḡµν) and are minimally coupled
to matter with their usual metric gµν . The associated action can thus be written in the form

S =

∫

d4x
√−ḡ LH [ḡµν , φ] +

∫

d4x
√−g Lm[gµν ] , (119)

with
ḡµν = gµν + Γ(φ,X) ∂µφ∂νφ . (120)

Since the theory, written in terms of gµν , is not of the Horndeski type, one expects to find higher
derivatives in the equations of motion. We show below how to reduce such a system of equations to
a second order system.

The variation of the action (119) yields

δS =

∫

d4x
√−ḡ

[

Oµν
H δḡµν + SH δφ

]

+
1

2

∫

d4x
√−g T µν

m δgµν , (121)

with
δḡµν = δgµν + ΓX∂µφ∂νφδX + Γφ ∂µφ∂νφ δφ+ 2Γ∂(µφ∇ν)δφ (122)

and
δX = −∂µφ∂νφδgµν + 2∂µφ∇µδφ . (123)

The operators Oµν
H and SH , when expressed in terms of ḡµν and φ, contain only second order deriva-

tives since they come from a Horndeski Lagrangian. Variation of the action with respect to the
metric gµν gives the equations of motion

Oµν
H −Oαβ

H ∂αφ∂βφΓX∂
µφ∂νφ+

1

2
ΞT µν

m = 0 , (124)

where

Ξ ≡
√−g√−ḡ =

1√
1 + ΓX

, (125)

and we used eq. (103) for the second equality. Variation with respect to φ gives the scalar equation
of motion:

2∇µ

[

Oαβ
H ∂αφ∂βφΓX∂

µφ+Oµν
H ∂νφΓ

]

−Oαβ
H ∂αφ∂βφΓφ − SH = 0 . (126)

Contracting (124) with ∂µφ∂νφ yields

Oαβ
H ∂αφ∂βφ = −ΞTαβ

m ∂αφ∂βφ

2(1−X2ΓX)
. (127)
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Substituting back in (124) gives the equation of motion for gµν ,

Oµν
H = −ΞTαβ

m ∂αφ∂βφ

2(1−X2ΓX)
ΓX∂

µφ∂νφ− 1

2
ΞT µν

m , (128)

which is second order with respect to gµν . However, it also contains third order derivatives of φ since
Oµν

H is second order in ḡµν , which itself depends on the gradient of φ. By taking the trace of (128),
one can find a relation expressing the third time derivative of φ in terms of at most second-order
time derivatives. In this way, the equations of motion (128) are effectively second order in time
derivatives. Finally, substituting equation (128) in the scalar equation (126), one gets

∇µ

[

ΞΓX
(1 + ΓX)Tαβ∂αφ∂βφ

1−X2ΓX
∂µφ+ ΞΓT µν∂νφ

]

− 1

2
ΞΓφ

Tαβ∂αφ∂βφ

1−X2ΓX
+ SH = 0 , (129)

which is manifestly second order. This procedure extends that given in [18] and illustrates how
equations of motion that at first view look higher order can in fact be only second order.

7 Conclusions

Since its original appearance in [6], the galileon mechanism has proved an essential tool for modified
gravity. Several concrete modified gravity proposals happen to have galileons as their basic skeleton
and reduce to galileons in the appropriate decoupling limit. This leads to the possibility of classifying
modified gravity scenarios according to the different inequivalent ways in which the galileons can be
consistently coupled to gravity, or “covariantized”. For instance, massive gravity models can be seen
as non-minimal covariantizations of the galileon [22], because they involve other degrees of freedom
than simply the metric and the scalar field. If we insist on having the minimal number of degrees of
freedom and equations of motion strictly of second order in derivatives, we end up in the realm of
Horndeski—or generalized galileons, G2 theories [10, 9].

In this paper we have studied in details the scalar-tensor theories proposed in [1], called here G3.
This class of theories, presented in Sec. 3, covariantizes the galileons in a minimal way, i.e. without
introducing any other degree of freedom than the metric and a scalar field. However, they extend
Horndeski in containing two more free functions. They can display equations of motion with deriva-
tives higher than second order in some gauges, but such higher derivatives are in fact harmless, in
the sense that they do not bring in unwanted extra degrees of freedom, as we have shown with a
detailed Hamiltonian analysis in Sec. 4. It turns out that the direct covariantization of the original
galileons proposed in [6], obtained by simply substituting ordinary derivatives with covariant ones,
belongs to our class of theories. As such, original galileons are “ready to go” without the need of the
gravitational counterterms prescribed in [7]. Contrarily to what was previously thought, their simple
minimally coupled versions are free of ghosts instabilities.

Despite the aspects of “minimality” just discussed, the covariant form of G3 theories is mathemat-
ically challenging, due to the high number of derivatives and complexity of the equations involved.
We have highlighted a few “handles” to manage their basic properties. First of all, the unitary gauge
formulation based on a 3 + 1 ADM decomposition, eq. (21), is particularly compact and reveals the
basic healthy structure of the dynamical system that we are considering. Indeed, the expressions (21)
only contain “velocities”, i.e., first time derivatives of the dynamical variables.

Important insights about scalar-tensor theories can also be given by field transformations. The
simplest well-known example is constituted by Brans-Dicke theories, that maintain their basic form
under a conformal rescaling of the metric tensor that depends only on the scalar field. On the other
hand, the structure of our G3 theories is invariant under disformal transformations, as we discussed
in some detail in Sec. 6. In particular, disformal transformations with the conformal factor depending
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on the scalar field only, and the disformal one depending on both φ and X,

g̃µν = Ω2(φ)gµν + Γ(φ,X)∂µφ∂νφ , (130)

are the most general class of transformations that preserve the basic G3 structure. This is analogous
to the role played by disformal transformations with Γ = Γ(φ) for Horndeski theories, which leave
them invariant [40]. We have showed that by applying eq. (130) to a Horndeski theory we end up
in G3—another way of proving the soundness of the corresponding G3 theory—but that, conversely,
not all G3 theories can be reduced to the Horndeski form by using (130).

Finally, disformal transformations also help understanding another remarkable property of G3:
even when minimally coupled to ordinary matter, G3 exhibit a kinetic type coupling, leading to a
mixing of the dark energy and matter sound speeds, and thus to a modified Jeans phenomenon [1].
In linear perturbations theory, in order to isolate the scalar propagating degree of freedom, one is
implicitly de-mixing the scalar from the metric with a field redefinition. For Brans-Dicke theories this
can be done at full non-linear level by simply going to the Einstein-frame metric with a conformal
transformation. In our more general set of theories the mixing terms between the scalar and the met-
ric can be higher in derivatives, in which case they are weighted by the parameter αH , with which we
measure the departure from Horndeski. However, it is still possible to perform the de-mixing, at least
at the linear level in perturbation theory. As we show in App. C, part of the field redefinitions (88)
that bring us to this generalized Einstein frame corresponds to a disformal transformation of the
type discussed above. Because such transformations contain higher derivatives, it ends up mixing
matter with the scalar field at a higher order in derivatives, thus affecting the speed of sound of
both components. The phenomenology of G3, which includes this type of mixing, is an interesting
development of this work that we intend to pursue in the future.5

Note added: While finishing this paper, Ref. [43] appeared with an analysis and results similar
to those of our Sec. 4
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A Covariant theory

Let us give more details on how to go from the Lagrangians in eq. (21) to their covariant versions,
eqs. (25)–(28). A crucial relation needed for this calculation is

Kµν = − φµν√
−X

+ nµṅν + nν ṅµ − 1

2(−X)
nλ∇λXnµnν , (ṅµ ≡ nν ∇νnµ) , (131)

which follows from (23) and (24). As the covariantization of L2 is trivial we start from L3. To rewrite
K in terms of scalar field quantities we use the trace of eq. (131), K = −

(

�φ− φλ∇λX/2X
)

/
√
−X.

Integrating by parts the term proportional to ∇λX we obtain eq. (26).

5Besides dark energy, the other playground for these theories is inflation, as recently considered in [42].
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For L4 we replace the 3-d Ricci curvature R in terms of the 4-d one, (4)R, using the Gauss-Codazzi
relation,

(4)R = R−K2 +KµνK
µν + 2∇µ(Kn

µ − nρ∇ρn
µ) , (132)

after which L4 becomes

L4 = B4
(4)R+ (A4 +B4)(K

2 −KµνK
µν)− 2B4∇µ(Kn

µ − ṅµ) . (133)

Then, using eq. (131) and that ṅµ = h ν
µ ∇νX/(−2X), it is possible to express the quadratic combi-

nation of extrinsic curvatures as

K2 −KµνK
µν = −(�φ)2 − φµνφ

µν

X
− ∇µX(Knµ − ṅµ)

X
. (134)

After an integration by parts on the last term of eq. (133) we obtain

L4 = B4
(4)R− B4 +A4

X

[

(�φ)2 − φµνφ
µν
]

+ 2
B4 +A4 − 2XB4X

X2
(φµφνφµν�φ− φµφµνφλφ

λν)

+ (C4 + 2XC4X)�φ+XC4φ ,

where the last line comes from rewriting the term proportional to B4φ analogously to L3 above. This

equation can be rewritten as eq. (27) by using the definition of Lgal,1
4 in eq. (7) and eqs. (15)–(17).

The case of L5 is the most cumbersome. In addition to the relations (131) and (132), we will also
need the Gauss Codazzi relation

Rµν =
(

(4)Rµν

)

‖
+

(

nσnρ(4)Rµσνρ

)

‖
−KKµν +KµσK

σ
ν , (135)

where a symbol ‖ denotes the projection on the hypersurface of all tensor indices, e.g. (Vµ)‖ ≡ h ν
µ Vν .

For simplicity, let us treat the two parts of L5 separately. Using eq. (131) we can rewrite the term
proportional to A5 as

A5

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

=−A5(−X)−3/2
[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

+ 3A5(−X)−3/2

[

− 1

2
φρ∇ρX(K2 −KµνK

µν)− 2(−X)3/2(Kṅµṅ
µ −Kµν ṅ

µṅν)

]

.

(136)

As we did for L3, we define an auxiliary function, F5, satisfying F5

2X + F5X = A5(−X)−3/2 and
integrate by parts the last line so that up to boundary terms the above equation reads,

A5

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

=−A5(−X)−3/2
[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

− 3F5

√
−X

[

1

2

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

+Kµνnσnρ(4)Rµσνρ

− 3Knσnρ(4)Rσρ + ṅσnρ(4)Rσρ

]

+
X

2
F5φ(K

2 −KµνK
µν) .

(137)

Now we need to deal with the second part. Using the Gauss-Codazzi relations, eqs. (132) and
(135), this can be rewritten as

B5KµνG
µν = B5

[

Kµν
(4)Gµν +Kµνnσnρ

(4)Rµσνρ −Knσnρ
(4)Rσρ

+
1

2

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

]

.

(138)
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We can now replace Kµν
(4)Gµν using eq. (131) and again ṅµ = h ν

µ ∇νX/(−2X). Introducing a new

auxiliary function defined as G5 ≡ −
∫

B5X(−X)−1/2 dX, and integrating by parts, first on the φµν
term, then on the B5X term that appears, we finally obtain

B5KµνG
µν = G5φµν

(4)Gµν +

(

B5φ√
−X

+G5φ

)

φµφν
(4)Gµν

+B5

[

1

2

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

+Kµνnσnρ
(4)Rµσνρ −Knσnρ

(4)Rσρ + ṅµnν
(4)Rµν

]

.

(139)

We can now combine the two parts of L5, eqs. (137) and (139), and use the Gauss-Codazzi relation,

nµnν
(4)Gµν =

1

2

(

R+K2 −KµνK
µν
)

, (140)

to rewrite the term φµφν
(4)Gµν in eq. (139). To simplify this further, we rewrite the combination of

Riemann and Ricci that remains employing again eq. (137) which yields

L5 = G5φµν
(4)Gµν −A5(−X)−3/2

[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

+ (3A5 +XB5X)

[

1

2

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

+ (−X)−3/2(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ)

]

− X

2

(

G5φ +
B5φ√
−X

)

R− X

2
G5φ(K

2 −KµνK
µν) .

(141)

For the last step, we rewrite the cubic combination of extrinsic curvatures using eq. (131) and rewrite
the last line analogously to L4, which finally leads to

L5 = G5
(4)Gµνφ

µν − (−X)−3/2A5

[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

− XB5X + 3A5

(−X)5/2

[

(�φ)2φµφ
µνφν − 2�φφµφ

µνφνρφ
ρ − φµνφ

µνφρφ
ρλφλ + 2φµφ

µνφνρφ
ρλφλ

]

+C5
(4)R− 2C5X

[

(�φ)2 − φµνφµν
]

+ (D5 + 2XD5X )�φ+XD5φ ,

where, again, the last line comes from applying the method of L4 to the last line of eq (141). To

rewrite this expression as eq. (28) we use the definition of Lgal,1
5 , eq. (8), and eqs. (15)–(18).

B Connection to the building blocks of dark energy

The dynamics of cosmological perturbations around a FLRW background in the presence of dark
energy and modifications of gravity can be systematically studied using the Effective Field Theory of
Dark Energy, introduced in Refs. [37, 15, 16, 11, 17] in the case where dark energy can be described
by a single scalar degree of freedom. In particular, Ref. [11] proposed a minimal description of
dark energy and modified gravity encompassing all existing models in terms of quadratic Lagrangian
operators leading to at most two derivatives in the equations of motion, the so-called Building Blocks
of Dark Energy. In this section we would like to make the connection between these operators, the
unitary gauge Lagrangians in eq. (21) and the parametrisation introduced in Ref. [14].

As in [11], let us consider a Lagrangian which is a function ofN ,K, R, S and Y, where S ≡ KijK
ij

and Y ≡ KijR
ij , i.e.,

L = L(N,K,S, R,Y) , (142)
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such as eq. (21). To isolate linear perturbations, we focus on the quadratic action. This can be
expanded at second order in the perturbations around a flat FLRW metric, ds2 = −dt2 + a2(t)d~x2,
using that

√−g =
√
hN and that

√
h|0 = a3 on the background. Then, integrating by parts the term

linear in K and using the background equations of motion (the details of these calculations can be
found in [11]) the second-order action can be rewritten as

S2 ≡
∫

d4xδ2
(√−gL

)

=

∫

d4x
M2(t)

2

{

δ2

[√−g
(

(4)R− 6H2 + 2ρm/M
2 − 2

N

(

2Ḣ + (ρm + pm)/M2
)

)]

+ 2HαM (t)δ2
[
√
h(K − 2H)

]

+ αT (t) δ2
(
√
hR

)

+ a3H2αK(t) δN2 + 4a3HαB(t) δNδK + a3αH(t) δNR

}

,

(143)

where we have introduced the time-dependent quantities

M2 ≡ 2LS ,

αM ≡ L̇S

HLS
,

αK ≡ 2LN + LNN

2H2LS
,

αB ≡ 2HLSN + LKN

4HLS
,

αT ≡ LR + L̇Y/2 + 3HLY/3

LS
− 1 ,

αH ≡ LR + LNR + 3HLY/2 +HLNY

LS
− 1 ,

(144)

evaluated on the background. Notice that to remove the dependence of action (142) on Y and obtain
eq. (143) we have used the relation [11]

λ(t)Y =
λ(t)

2
RK +

λ̇(t)

2N
R , (145)

valid up to boundary terms.
For a constant M , the first line of action (143) describes second-order metric perturbations in

a ΛCDM universe. The parameters in eq. (144) appear naturally as the coefficients of the second-
order expansion of L beyond this standard case. This expansion makes it also clear that these are
the minimal number of parameters describing the dynamics once the background expansion history,
H(t), and the matter content, i.e. ρm(t0) and its equation of state, are given.

Not surprisingly, the first 5 of these parameters are the same as those proposed in Ref. [14]. The
last one is new and parameterizes a deviation from Horndeski theories. Using L = L2+L3+L4+L5,
in eq. (72) we have written these parameters in terms of the functions Ai and Bi appearing in the
Lagrangians (21).

In Ref. [11] we explicitly separated the operators affecting the perturbations from those fixed by
the background evolution, writing the action as

S =

∫

d4x
√−g

[

M2
∗

2
f(t)(4)R− Λ(t)− c(t)g00 +

M4
2 (t)

2
(δg00)2 − m3

3(t)

2
δKδg00

− m2
4(t)

(

δK2 − δKµ
ν δK

ν
µ

)

+
m̃2

4(t)

2
Rδg00

]

.

(146)

26



As explained in [15, 16, 11, 17], the functions c and Λ are fully specified by the background expansion
history. We are thus left with 6 free parameters in this action. As expected, there is a simple relation
between these parameters and those in eq. (144). Indeed, at second order the above action reduces
to eq. (143) with the following dictionary between the two notations,

M2 =M2
∗ f + 2m2

4 ,

αM =
2Ṁ

MH
,

αK =
2c+ 4M4

2

M2H2
,

αB =
M2

∗ ḟ −m3
3

2M2H
,

αT = −2m2
4

M2
,

αH =
2(m̃2

4 −m2
4)

M2
.

(147)

To see this, one can use g00 = −1/N2 and rewrite the term proportional to c up to second order as

− cg00 = − c

N
(1− δN)− c δN2 . (148)

The last term combines with the operator proportional to M4
2 . Moreover, one can rewrite the term

proportional to m2
4, up to boundary terms, as

m2
4

(

δK2 − δKµ
ν δK

ν
µ

)

= m2
4

(

(4)R−R− 6H2 + 4HK
)

+ 2(m2
4)
·K
N

= m2
4

(

(4)R−R
)

+
[

M2
∗ ḟ + 2(m2

4)
·]K
N

+M2
∗ ḟ δNδK +

M2
∗ f̈

N
+ 3HM2

∗ ḟ
δN

N
,

(149)

and use the background equations of motion for the last two terms.
Finally, it is also easy to make connection with the (slightly different) notation adopted in [44],

where the phenomenological aspects of dark energy were studied by using the formalism developed
in [15, 16, 11, 17, 31]. There, the time-dependent “Planck mass squared” M2

∗ f(t) was pulled out of
the action,

S =

∫

d4x
√−g M

2
∗ f(t)

2

[

(4)R − 2λ(t) − 2C(t)g00

+µ22(t)(δg
00)2 − µ3(t) δKδg

00 + ǫ4(t)
(

δKµ
ν δK

ν
µ − δK2

)

+
ǫ̃4(t)

2
Rδg00

]

,

(150)

so that the natural order of magnitude of the time-dependent coefficients (inside the square brackets
above) is the Hubble parameter to the appropriate power. This is also evident by the following
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dictionary

M2 =M2
∗ f (1 + ǫ4) ,

αM =
ǫ̇4

H(1 + ǫ4)
+
µ

H
,

αK =
2C + 4µ22
H2(1 + ǫ4)

,

αB =
µ− µ3

2H(1 + ǫ4)
,

αT = − ǫ4
1 + ǫ4

,

αH =
ǫ̃4 − ǫ4
1 + ǫ4

.

(151)

C Disformal transformation in Newtonian gauge

In this appendix we show that (part of) the change of variables introduced in Sec. 5.3 in order to de-
mix the metric Newtonian potentials and the scalar field can be understood in terms of a disformal
transformation. In particular, we restrict to the G3 Lagrangian L4 in eq. (21), given in terms of
the metric gµν , and we show that after the disformal transformation (106) with Γ = Γ4 satisfying
eq. (110), all the couplings proportional to αH disappear from action (87). To maintain the usual

background time-time component of the barred metric, ḡ
(0)
00 = −1, together with the field redefinition

(106) we also perform a time coordinate change,

t̄ =

∫

√

1− Γ0 dt− α , α ≡ Γ0√
1− Γ0

π , (152)

where Γ0 is the background value of Γ. The change t → t − α ensures that ḡ0i = g0i and that we
thus remain in Newtonian gauge (see eq. (85)). Using φ = t + π, the combination of eq. (106) and
the above time redefinition gives, up to linear order,

ḡ00 =
g00 + Γ(1 + 2π̇)

1− Γ0
− 2

dα

dt̄
, ḡ0i = g0i = 0 , ḡij = gij , (153)

where a dot always denotes the derivative with respect to t. Expanding Γ to linear order and defining
ḡ00 ≡ −(1 + 2Φ̄) and ḡij = a2(t̄)(1− 2Ψ̄)δij , we obtain, for the potentials in the barred frame,

Φ̄ =
(1− ΓX)Φ + ΓX π̇

1− Γ0
+

Γ̇0π

2(1− Γ0)2
, Ψ̄ = Ψ− Γ0

1− Γ0
Hπ . (154)

Since the time has been redefined according to eq. (152), π in the barred frame reads

π̄ =
1√

1− Γ0
π , (155)

where we have used π = −δt and π̄ = −δt̄.
We can rewrite the time dependent quantities Γ0, Γ̇0 and ΓX in terms of the quantities αi and ᾱi,

using the definitions of αi in eq. (72) together with the metric transformation (106) and eqs. (107)
and (108). This yields

1− Γ0 =
1 + αT

1 + ᾱT
, Γ̇0 =

1 + αT

1 + ᾱT
(αM − ᾱM ) , ΓX = −αH . (156)

28



Replacing these relations in the above equations and using H̄ = H/
√
1− Γ0 due to the time redefi-

nition, we obtain

Φ̄ =
1 + ᾱT

1 + αT
[(1 + αH)Φ + (αM − ᾱM )Hπ − αH π̇] ,

Ψ̄ = Ψ +
αT − ᾱT

1 + αT
Hπ ,

π̄ =
1 + ᾱT

1 + αT

H

H̄
π .

(157)

These are the field redefinitions in Netwonian gauge between the two frames. One can use these
relations, together with an expression for ᾱB and ᾱK as a function of the other quantities, to rewrite
action (87) in the barred frame, where all the couplings proportional to αH disappear. Here we
simply check, using the relations above and

ᾱB = −1 +
1 + αB

1 + αH

1 + αT

1 + ᾱT
, (158)

that ΦE and ΨE given in eq. (88) become, as expected,

ΦE =
1

1 + ᾱT
Φ̄ +

(

1 + ᾱM

1 + ᾱT
− 1− ᾱB

)

H̄π̄ ,

ΨE = Ψ̄− ᾱBH̄π̄ .

(159)
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Abstract

We review and extend a novel approach that we recently introduced , to describe general dark
energy or scalar-tensor models. Our approach relies on an Arnowitt-Deser-Misner (ADM) formu-
lation based on the hypersurfaces where the underlying scalar field is uniform. The advantage of
this approach is that it can describe in the same language and in a minimal way a vast number of
existing models, such as quintessence models, F (R) theories, scalar tensor theories, their Horn-
deski extensions and beyond. It also naturally includes Horava-Lifshitz theories. As summarized
in this review, our approach provides a unified treatment of the linear cosmological perturbations
about a Friedmann–Lemâıtre–Robertson–Walker (FLRW) universe, obtained by a systematic ex-
pansion of our general action up to quadratic order. This shows that the behaviour of these linear
perturbations is generically characterized by five time-dependent functions. We derive the full
equations of motion in the Newtonian gauge. In the Horndeski case, we obtainthe equation of
state for dark energy perturbations in terms of these functions. Our unifying description thus
provides the simplest and most systematic way to confront theoretical models with current and
future cosmological observations.
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1 Introduction

The discovery of the present cosmological acceleration, consistently confirmed by various cosmological
probes, has spurred an intense theoretical activity to account for this observational fact. Although
a cosmological constant is by far the simplest explanation for this acceleration, the huge fine-tuning
that seems required, at least from a current perspective, has motivated the exploration of alternative
models.

As a consequence, the dark energy landscape is now very similar to that of inflation, containing
a huge number of models with various motivations and various degrees of sophistication. In fact,
many of the inflationary models have been reconverted into dark energy models, and vice-versa. A
majority of models of dark energy, although not all of them, involve a scalar field, in an explicit or
implicit way. This scalar component can be simply added to standard gravity, like in quintessence
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models, or, more subtly, intertwined with gravity itself, like in scalar-tensor gravitational theories.
This illustrates the two ways to modify the dynamical equations in cosmology: either by adding a
new matter component or by modifying gravity itself.

In this paper we review and extend the approach introduced in [1] to describe in a unifying
and minimal way most existing dark energy or modified gravity models that contain a single scalar
degree of freedom. This approach was initially inspired by the so-called effective field theory (EFT)
formalism, pioneered in [2, 3] for inflation and in [4] for minimally coupled dark energy, and later
developed in the context of dark energy [5, 6, 7] (see also [8] for a recent review and e.g. [9, 10, 11,
12, 13] for applications of the EFT formalism1), but exploits more systematically the 3+1 spacetime
ADM decomposition by starting from a Lagrangian written only in terms of ADM quantities. This
leads to an almost automatic treatment of the equations of motion, both at the background and
perturbative levels. Our ADM approach is also at the core of several recent works [17, 18] and is very
useful for the theories beyond Horndeski that we proposed in [19, 20] (see also [21, 22, 23, 24, 25]).

In the present article, we give a slightly more general presentation of our formalism than that
given in [1], by parametrizing the dynamical equations with (background-dependent) functions that
are constructed directly from partial derivatives of the initial Lagrangian with respect to the ADM
tensors, rather than from partial derivatives with respect to a few scalar combinations of the ADM
tensors. This makes our formalism readily applicable to a larger class of models without further
preparation work, but the results are essentially the same. The results obtained in [1] and in [7] have
been reformulated in [26] by introducing dimensionless (time-dependent) functions that are combi-
nations of those that appear in the effective formalisms previously introduced, with the advantage of
clearly parametrizing deviations from General Relativity (GR). Here we will use this notation, up to
a minor redefinition and an extension to theories beyond Horndeski.

The advantage of a unified treatment of dark energy is multiple. First, it provides a global view
of the lanscape of theoretical models, by translating them in the same language. They thus become
easy to compare, with a clear identification of approximate or exact degeneracies between the models.
Moreover, a precise map also enables theorists to identify, beyond well-known regions, unchartered
territories that remain to be explored. A striking illustration of this is the recent realization that
theories beyond Horndeski could be free from Ostrogradski instabilities [19, 20]: these theories were
initially motivated by noticing that Horndeski theories correspond to a subset of all possibilities at
the level of linear perturbations [1].

Second, a unified treatment of theoretical models enormously simplifies the confrontation of
these with observational constraints. Instead of constraining separately each existing model in the
literature, one can simply constrain the parametrized functions of the general formalism and then
infer what this implies for each model. Our treatment reduces redundancies, ensuring that the
number of parametrized functions is minimal for a given set of assumptions (number of space or
time derivatives, etc.). One can also identify models that are confined to “subspaces” of the general
framework and devise optimized ways to rule them out by observations.

Our plan is the following. In Sec. 2, we introduce the central starting point of our formalism, a
generic Lagrangian written in the ADM formulation, and show how well-known models proposed in
the literature can be reformulated in this form. In Sec. 3 we rederive the main results obtained in
[1], but adopting a more general presentation than that given originally. Then, in Sec. 4 we focus
our attention on the evolution of cosmological perturbations and translate the results of the previous
section into the more familiar Newtonian gauge. Moreover, we derived the perturbed Einstein and
scalar field equations. In the case of Horndeski, we provide an expression for the equation of state of
dark energy perturbations and discuss its observational implications. In Appendix A we discuss the
long wavelength limit of the perturbation equations, in Appendix B we give the perturbation equa-
tions in the synchronous gauge, while in Appendix C we provide the definitions of several parameters

1Other general treatments of single degree of freedom dark energy, based on the equations of motion, can be found
in Refs. [14, 15, 16]. The advantage of an action formulation is, of course, that one can easily identify ghost instabilities.
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useful in the paper.

2 A unifying action

2.1 General action principle

In this section we review the approach introduced in [1]. Following [5], we assume the validity of
the weak equivalence principle and thus the existence of a metric gµν universally coupled to all
matter fields. The fundamental idea is then to start from a generic action that depends on the basic
geometric quantities that appear in an ADM decomposition of spacetime, with uniform scalar field
hypersurfaces as constant time hypersurfaces. The equations governing the background evolution and
the linear perturbations can then be obtained in a generic way, up to a few simplifying assumptions
(which can be easily relaxed) that are verified by most existing models.

2.1.1 Geometrical quantities

Our approach relies on the existence of a scalar field characterized by a time-like spacetime gradient,
which is a natural assumption in a cosmological context. As a consequence, the uniform scalar field
hypersurfaces correspond to space-like hypersurfaces and can be used for a 3+1 decomposition of
spacetime.

One can associate various geometrical quantities to these hypersurfaces, which will be useful in
order to build a generic variational principle. The most immediate geometrical quantities are the
future-oriented time-like unit vector normal to the hypersurfaces nµ, which satisfies gµνn

µnν = −1,
and the projection tensor on the hypersurfaces,

hµν ≡ gµν + nµnν . (1)

One can also introduce the intrinsic curvature of the hypersurfaces, described by the Ricci tensor
(which contains as much information as the Riemann tensor for three-dimensional manifolds)

Rµν , (2)

and the extrinsic curvature tensor
Kµ

ν ≡ hµρ∇ρnν . (3)

Other quantities can be derived by combining the above tensors, together with the covariant derivative
∇µ and the spacetime metric gµν . For example, one can define the “acceleration” vector field

aµ ≡ nλ∇λn
µ , (4)

which is tangent to the hypersurfaces (since nµa
µ = 0).

With the geometrical quantities introduced above, the dependence on the scalar field is implicit.
Since many dark energy models are given explicitly in terms of a scalar field φ, it is useful to write
down the correspondance between the various geometrical tensors and expressions of φ. The relation
between the unit vector nµ and the first derivative of φ is simply

nµ = − 1√
−X

∇µφ , X ≡ gρσ ∇ρφ∇σφ . (5)

The extrinsic curvature tensor is related to second derivatives of φ, according to the expression

Kµν = − 1√
−X

∇µ∇νφ+ nµaν + nνaµ +
1

2X
nµ nν n

λ∇λX , (6)

which can be derived by substituting (5) into (3).
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Finally, since the Lagrangian for gravitational theories often involves the four-dimensional curva-
ture, it is useful to recall the Gauss-Codazzi relation,

(4)R = KµνK
µν −K2 +R+ 2∇µ(Kn

µ − nρ∇ρn
µ) , (7)

which expresses the four-dimensional curvature (4)R in terms of the extrinsic curvature tensor and of
the intrinsic curvature. We will always denote the four-dimensional curvature with the superscript
(4) to distinguish it from the hypersurface intrinsic curvature.

2.1.2 ADM coordinates

So far, all geometrical quantities have been introduced intrinsically, without reference to any specific
coordinate system. However, since spacetime is endowed with a preferred slicing, defined by the
uniform scalar field hypersurfaces, it is convenient to use coordinate systems especially adapted to this
slicing, in other words so that constant time hypersurfaces coincide with the preferred hypersurfaces.

We thus express the four-dimensional metric in the ADM form

ds2 = −N2dt2 + hij
(

dxi +N idt
) (

dxj +N jdt
)

, (8)

where N is the lapse and N i the shift. In matricial form, the components of the metric and of its
inverse are given respectively by

gµν =

(

−N2 + hijN
iN j hijN

j

hijN
i hij

)

, gµν =

(

−1/N2 N j/N2

N i/N2 hij −N iN j/N2

)

. (9)

In ADM coordinates, we obtain

X = g00φ̇2(t) = − φ̇
2(t)

N2
, (10)

since the scalar field depends only on time, by construction. The components of the normal vector
are thus given by

n0 = −N , ni = 0 . (11)

The components of the extrinsic curvature tensor can be written as

Kij =
1

2N

(

ḣij −DiNj −DjNi

)

, (12)

where a dot stands for a time derivative with respect to t, and Di denotes the covariant derivative
associated with the three-dimensional spatial metric hij . Spatial indices are lowered and raised by
the spatial metric.

In the following, we will consider general gravitational actions which can be written in terms of
the geometrical quantities that we have introduced, expressed in ADM coordinates,

Sg =

∫

d4x
√−g L(N,Kij , Rij , hij ,Di; t) , (13)

with
√−g = N

√
h, where h is the determinant of hij . Note that, by construction, the above

action is automatically invariant under spatial diffeomorphisms, corresponding to a change of spatial
coordinates.

2.2 Examples

To make things concrete, let us illustrate our formalism by listing briefly the main scalar tensor
theories that have been studied in the context of dark energy and by presenting their explicit refor-
mulations in the general form (13).
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2.2.1 General relativity

Before introducing models with a scalar component, let us start by simply rewriting the action for
general relativity in the above ADM form. Starting from the Einstein-Hilbert action

SGR =

∫

d4x
√−g M

2
Pl

2
(4)R , (14)

and substituting the Gauss-Codazzi expression (7), one can get rid of the total derivative term and
express the action in terms of the extrinsic and intrinsic curvature terms only. Therefore, one easily
obtains a Lagrangian of the form (13) for General Relativity (GR), which reads

LGR =
M2

Pl

2

[

KijK
ij −K2 +R

]

. (15)

Note that, in contrast with the following examples that intrinsically contain a scalar degree of freedom,
the slicing of spacetime is arbitrary since there is no preferred family of spacelike hypersurfaces. This
means that the Lagrangian (15) contains an additional symmetry, leading to full four-dimensional
invariance, which is not directly manifest in the ADM form.

2.2.2 Quintessence and k-essence

The simplest way to extend gravity with a scalar component is to add to the Einstein-Hilbert action a
standard action for the scalar field, which consists of a kinetic term plus a potential. This corresponds
to quintessence models. The initial covariant action

S = SGR +

∫

d4x
√−g

(

−1

2
∂µφ∂

µφ− V (φ)

)

(16)

leads to the ADM Lagrangian

L = LGR + LQ , LQ(t,N) =
φ̇2(t)

2N2
− V (φ(t)) . (17)

In a similar way, one can describe k-essence theories [27, 28] by expressing their Lagrangian P (X,φ)
in terms of N and t:

Lk-essence(t,N) = P
[

− φ̇2(t)

2N2
, φ(t)

]

. (18)

2.2.3 F ((4)R) theories

Theories described by a Lagrangian consisting of a nonlinear function of the four-dimensional cur-
vature scalar (4)R are equivalent to a scalar-tensor theory. Indeed, it is easy to verify that the
Lagrangian

LF (R) = F (φ) + Fφ(φ)(
(4)R− φ) , (19)

is equivalent to the Lagrangian F ((4)R), as they lead to the same equations of motion (as long as
F(4)R(4)R 6= 0). Given this property, one can then use eq. (7) to rewrite the above Lagrangian, after
integration by parts, in the ADM form

LF (R) = Fφ(R+KµνK
µν −K2) + 2FφφK

√
−X + F (φ)− φFφ . (20)
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2.2.4 Horndeski theories

In the last few years, a lot of activity has been focussed on a large class of theories, known as
Hordenski theories [29], shown to be equivalent to Generalized Galileons [30] in [31]. Although their
Lagrangians contain up to second derivatives of a scalar field, these theories correspond to the most
general scalar-tensor theories that directly lead to at most second order equations of motion. As
such, they include all the examples introduced above. They can be written as an arbitrary linear
combination of the following Lagrangians:

LH
2 [G2] ≡ G2(φ,X) , (21)

LH
3 [G3] ≡ G3(φ,X)�φ , (22)

LH
4 [G4] ≡ G4(φ,X) (4)R− 2G4X (φ,X)

[

(�φ)2 − (∇µ∇νφ)(∇µ∇νφ)
]

, (23)

LH
5 [G5] ≡ G5(φ,X) (4)Gµν∇µ∇νφ+

1

3
G5X(φ,X)×

[

(�φ)3 − 3�φ (∇µ∇νφ)(∇µ∇νφ) + 2 (∇µ∇νφ)(∇σ∇νφ)(∇σ∇µφ)
]

. (24)

Rewriting these Lagrangians in the ADM form turns out to be significantly more involved than in the
previous examples. This calculation was undertaken in [1], where all the details are given explicitly.
The final result is that the above Lagrangians (21)–(24) yield, in the ADM form, combinations of
the following four Lagrangians

LH
2 = F2(φ,X) , (25)

LH
3 = F3(φ,X)K , (26)

LH
4 = F4(φ,X)R + (2XF4X − F4)(K

2 −KµνKµν) , (27)

LH
5 = F5(φ,X)GµνK

µν − 1

3
XF5X (K3 − 3KKµνK

µν + 2KµνK
µσKν

σ) . (28)

The functions Fa appearing here are related to the Ga in eqs. (21)–(24) through (see [1] for details)

F2 =G2 −
√
−X

∫

G3φ

2
√
−X

dX ,

F3 =−
∫

G3X

√
−X dX − 2

√
−XG4φ ,

F4 =G4 +
√
−X

∫

G5φ

4
√
−X

dX ,

F5 =−
∫

G5X

√
−X dX .

(29)

It is then straightforward to express the above Lagrangians in ADM coordinates (8).

2.2.5 Beyond Horndeski

Requiring equations of motion to be at most second order, which leads to Horndeski theories, has
long seemed to be a necessary requirement in order to avoid ghost-like instabilities, associated with
higher order time derivatives, also known as Ostrogradksi instabilities. However, it has been shown
in [19, 20] (see also [24] for similar analysis and conclusion and [21, 22, 25] for extensions) that an
action composed of the Lagrangians

L2 ≡ A2(t,N) ,

L3 ≡ A3(t,N)K ,

L4 ≡ A4(t,N)
(

K2 −KijK
ij
)

+B4(t,N)R ,

L5 ≡ A5(t,N)
(

K3 − 3KKijK
ij + 2KijK

ikKj
k

)

+B5(t,N)Kij

(

Rij −
1

2
hijR

)

,

(30)
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with arbitrary functions B4 and B5, i.e. without assuming B4 and B5 to depend on, respectively,
A4 and A5 (as implied by the Hordenski Lagrangians (27) and (28)),2 does not lead to Ostrogradski
instabilities, in contrast with previous expectations. This conclusion is based on a Hamiltonian
analysis of the Lagrangian (30), which applies to all configurations where the spacetime gradient of
the scalar field is timelike.

Interestingly, one can also map two subclasses of the general covariant Lagrangian, namely the
subclass without L4 and the subclass without L5, to Horndeski theories via a disformal transformation
of the metric (disformal transformations are discussed in section 3.4). Since L4 and L5 require distinct
disformal transformations to be related to Horndeski theories, such transformation cannot be applied
to the whole Lagrangian [20].

2.2.6 Hořava-Lifshitz theories

An interesting class of Lorentz-violating gravitational theories has been introduced by Hořava with
the goal of obtaining (power counting) renormalizability [32]. These theories, dubbed Hořava-Lifshitz
gravity, assume the existence of a preferred foliation of spacelike hypersurfaces. An ADM formula-
tion of these theories is thus very natural, even if a covariant description is also possible, via the
introduction of a scalar field, often called “khronon”, that describes the foliation. Several variants
of Hořava-Lifshitz gravity have been proposed in the literature. In particular, the so-called healthy
non-projectable extension has been shown to be free of instabitilities [33, 34]. All these theories
are describable by a Lagrangian of the form (13), which can be written as (see [35] for a general
discussion)

LHL =
M2

Pl

2

[

KijK
ij − λK2 + V(Rij , N

−1∂iN)
]

. (31)

Note that the dependence on N−1∂iN has been introduced in the healthy non-projectable extension
of Hořava-Lifshitz gravity. Since the Hořava-Lifshitz Lagrangian is already in an ADM form, it is
very natural to include these theories in our general approach, as discussed in [21] (see also [36]).

3 Cosmology: background equations and linear perturbations

In this section, we analyse from a general perspective the cosmological dynamics, for the background
and linear perturbations, simply starting from a generic Lagrangian of the form (13).

3.1 Background evolution

We first discuss the background equations by considering a spatially flat FLRW spacetime, endowed
with the metric

ds2 = −N̄2(t)dt2 + a2(t)δijdx
idxj . (32)

In this spacetime, the intrinsic curvature tensor of the constant time hypersurfaces vanishes, i.e.
Rij = 0, and the components of the extrinsic curvature tensor are given by

Ki
j = Hδij , H ≡ ȧ

N̄a
, (33)

where H is the Hubble parameter. Substituting into the Lagrangian L of (13), one thus obtains an
homogeneous Lagrangian, which is a function of N̄(t), a(t) and of time:

L̄(a, ȧ, N̄) ≡ L

[

Ki
j =

ȧ

N̄a
δij , R

i
j = 0, N = N̄(t)

]

. (34)

2The Lagrangians (30) describe Horndeski theories if the following relations hold: A4 = −B4 + 2XB4X and
A5 = −XB5X/3.
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The variation of the homogeneous action,

S̄g =

∫

dt d3xN̄a3L̄, (35)

leads to

δS̄g =

∫

dtd3x

{

a3
(

L̄+ N̄LN − 3HF
)

δN̄ + 3a2N̄

(

L̄− 3HF − Ḟ
N̄

)

δa

}

, (36)

where LN denotes the partial derivative ∂L/∂N |bgd, evaluated on the homogeneous background. We
have also introduced the coefficient F , which is defined from the derivative of the Lagrangian with
respect to the extrinsic curvature, evaluated on the background3

(

∂L

∂Kij

)

bgd

≡ F ḡij , (37)

where ḡij = a−2δij are the spatial components of the inverse background metric.
If we add some matter minimally coupled to the metric gµν , the variation of the corresponding

action with respect to the metric defines the energy-momentum tensor,

δSm =
1

2

∫

d4x
√−g T µν δgµν . (38)

In a FLRW spacetime, this reduces to

δS̄m =

∫

d4xN̄a3
(

−ρm
δN̄

N̄
+ 3pm

δa

a

)

. (39)

Consequently, variation of the total homogeneous action S̄ = S̄g+ S̄m with respect to N and a yields,
respectively, the first and second Friedmann equations in a very unusual form:

L̄+ N̄LN − 3HF = ρm (40)

and

L̄− 3HF − Ḟ
N̄

= −pm . (41)

These two equations also imply
Ḟ
N̄

+ N̄LN = ρm + pm . (42)

Although written in a very unusual form, it is easy to check that one recovers the usual Friedmann
equations when gravity is described by GR. Indeed, in this case,

∂LGR

∂Ki
j

=M2
Pl

(

Kj
i −Kδji

)

, (43)

which, after substituting Ki
j = Hδij , yields,

FGR = −2M2
PlH , (44)

whereas L̄GR = −3M2
PlH

2 and LN = 0.

3The present formulation of our approach is more general than that given explicitly in [1], where we assumed
that the Lagrangian L was a function of specific scalar combinations of the geometric tensors, namely of K ≡ Ki

i ,
S ≡ KijKij , R ≡ Ri

i and Z ≡ RijR
ij . The coefficient F was then related to the derivatives of L with respect to K

and S, i.e. F = LK + 2HLS. The definition (37) enables us to include automatically a dependence on other scalar
combinations, such as Ki

jK
j

kK
k
i which appears in L5.
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3.2 Quadratic action

In order to describe the dynamics of linear perturbations about the FLRW background solution, we
now expand the action up to quadratic order. The tensor Rij vanishes in the background and is thus
a perturbative quantity. It is useful to introduce the two other perturbative quantities (remembering
the definition of H in eq. (33))

δN ≡ N − N̄ , δKj
i ≡ Kj

i −Hδji . (45)

The expansion of the Lagrangian L up to quadratic order yields

L(N,Ki
j , R

i
j , . . . ) = L̄+ LNδN +

∂L

∂Ki
j

δKi
j +

∂L

∂Ri
j

δRi
j + L(2) + . . . , (46)

with the quadratic part given by

L(2) =
1

2
LNNδN

2 +
1

2

∂2L

∂Ki
j∂K

k
l

δKi
jδK

k
l +

1

2

∂2L

∂Ri
j∂R

k
l

δRi
jδR

k
l +

+
∂2L

∂Ki
j ∂R

k
l

δKi
jδR

k
l +

∂2L

∂N∂Ki
j

δNδKi
j +

∂2L

∂N∂Ri
j

δNδRi
j + . . . ,

(47)

where all the partial derivatives are evaluated on the FLRW background (without explicit notation,
as will be the case in the rest of this paper). The coefficient LNN denotes the second derivative of
the Lagrangian with respect to N . The dots in the two above equations correspond to other possible
terms which are not indicated explicitly to avoid too lengthy equations, but can be treated exactly
in the same way. This includes for instance the spatial derivatives of the curvature or of the lapse,
which appear in Horava-Lifshitz gravity.

The third term on the right hand side of (46) can be simplified as follows. Rewriting it as

∂L

∂Ki
j

δKi
j = FδK = F(K − 3H) , (48)

and noting that K = ∇µn
µ, one can use the integration by parts

∫

d4x
√−gFK = −

∫

d4x
√−g nµ∇µF = −

∫

d4x
√−g Ḟ

N
. (49)

This implies that the Lagrangian (46) can be replaced by the equivalent Lagrangian

Lnew = L̄− 3HF − Ḟ
N

+ LNδN +
∂L

∂Ri
j

δRi
j + L(2) . (50)

Let us now consider the quadratic part (47). Because of the background geometry, the coefficient
of the second term is necessarily of the form4

∂2L

∂Kj
i ∂K

l
k

= ÂK δij δ
k
l +AK

(

δil δ
k
j + δikδjl

)

, (51)

4This is equivalent to the definition below, expressed with covariant indices for the extrinsic curvature tensors,
which makes the symmetry under exchange of the indices more manifest:

∂2L

∂Kij ∂Kkl

≡ ÂK ḡij ḡkl +AK

(

ḡik ḡjl + ḡil ḡjk
)

.
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where we have introduced the (a priori time-dependent) coefficients ÂK and AK . Similarly, one can
write

∂2L

∂Rj
i ∂R

l
k

= ÂR δ
i
j δ

k
l +AR

(

δil δ
k
j + δikδjl

)

, (52)

and
∂2L

∂Kj
i ∂R

l
k

= Ĉ δij δkl + C
(

δil δ
k
j + δikδjl

)

. (53)

The mixed coefficients that appear on the second line of eq. (47) are proportional to δji and can be
written as

∂2L

∂N∂Ki
j

= B δji ,
∂2L

∂N∂Ri
j

= BR δ
j
i . (54)

Taking into account the term
√−g = N

√
h, it is straightforward to derive the quadratic part

of the full Lagrangian L ≡ √−g L, which is relevant to study linear perturbations. After some
cancellations due to the background equations of motion5, one finds

L2 = N̄G δ1Rδ
√
h+ a3

(

LN +
1

2
N̄LNN

)

δN2

+ N̄a3
[

Gδ2R+
1

2
ÂK δK2 + B δKδN + Ĉ δKδR + C δKi

j δR
j
i

+AK δK
i
j δK

j
i +AR δR

i
j δR

j
i +

1

2
ÂR δR

2 +

( G
N̄

+ BR

)

δNδR

]

+ . . . ,

(55)

where, in analogy with the definition (37) of F , we have introduced the coefficient G defined by

∂L

∂Ri
j

= G δji . (56)

We have also denoted as δ1R and δ2R, respectively, the first and second order terms of the curvature
R expressed in terms of the metric perturbations.

Note that the coefficients that enter here in the quadratic Lagrangian are more general than
those introduced explicitly in [1], where the Lagrangian L was considered as a function of N , K,
S = KijK

ij , R and Z ≡ RijR
ij. It is however straightforward to derive the relation between the

present coefficients in terms of our former notation6. The present definitions have the advantage to
automatically include cases with more complicated combinations involving the tensors Kij or Rij ,

such as Kj
iK

k
jK

i
k in the Lagrangian term L5 that appears in Horndeski theories and beyond.

The above quadratic expression can be further simplified, as shown in [1], by reexpressing δKi
j δR

j
i

in terms of the other terms, thanks to the identity

∫

d4x
√−g λ(t)RijK

ij =

∫

d4x
√−g

[

λ(t)

2
R K +

λ̇(t)

2N
R

]

. (57)

This implies the following replacement at quadratic order:

N̄a3C δKi
j δR

j
i → N̄a3

2

[(

Ċ
N̄

+HC
)(

δ2R+
δ
√
h

a3
δR

)

+ C δRδK +
HC
N̄

δNδR

]

. (58)

5If matter is present, one must also include in the quadratic Lagrangian the terms from the expansion of the matter
action with respect to the metric perturbations.

6The correspondence is given by ÂK = 4H2LSS + 4HLSK + LKK , AK = LS , B = 2HLSN + LKN , BR = LNR,
AR = LZ , G = LR, ÂR = LRR and Ĉ = 2HLSR + LKR.
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Consequently, the quadratic Lagrangian (55) is equivalent to the new one

Lnew
2 = N̄G∗ δ1Rδ

√
h+ a3

(

LN +
1

2
N̄LNN

)

δN2

+ N̄a3
[

G∗δ2R+
1

2
ÂK δK2 + B δKδN + C∗ δKδR

+AK δKi
j δK

j
i +AR δR

i
j δR

j
i +

1

2
ÂR δR2 +

(G∗

N̄
+ B∗

R

)

δNδR

]

+ . . . ,

(59)

with the “renormalized” coefficients 7

G∗ = G +
Ċ
2N̄

+HC ,

C∗ = Ĉ +
1

2
C ,

B∗
R = BR − Ċ

2N̄2
.

(60)

3.2.1 Tensor modes

Let us first investigate the tensor modes in the general quadratic Lagrangian (59). At linear order,
tensor modes correspond to the perturbations of the spatial metric

hij = a2(t) (δij + γij) , (61)

with γij traceless and divergence-free, γii = 0 = ∂iγij . Using

δKi
j =

1

2N̄
γ̇ij (62)

and

δ2R =
1

a2

(

γij∂2γij +
3

4
∂kγij∂

kγij − 1

2
∂kγij∂

jγik
)

, (63)

one finally obtains

S(2)
γ =

∫

d3xdt a3
[AK

4
γ̇2ij −

G∗

4a2
(∂kγij)

2

]

, (64)

where here and below we set N̄ = 1. We recover the standard GR result when AK = G∗ = M2
Pl/2.

By comparison, this suggests to define the effective Planck mass squared by

M2 ≡ 2AK > 0 , (65)

where the sign is required to avoid ghost instabilities, and write the action as

S(2)
γ =

∫

d3xdt a3
M2

8

[

γ̇2ij −
c2T
a2

(∂kγij)
2

]

. (66)

The square of the graviton propagation speed is given by

c2T ≡ 1 + αT =
G∗

AK
, (67)

7For a Lagrangian L which is a function of N , K, S = KijK
ij , R, Z ≡ RijR

ij and also of Y ≡ RijK
ij , the relation

between the coefficients defined in this paper and the derivatives of L with respect to the above quantities is unchanged
for ÂK , AK , B and AR (see footnote 6). The other coefficients, taking into account the dependence on Y , are given
by B

∗

R = L∗

NR ≡ LNR + HLNY − L̇Y /2, G∗ = L∗

R ≡ LR + L̇Y /2 + 3HLY /2, ÂR = LRR + H2LY Y + 2HLY R and
Ĉ
∗ = 2HLSR + LKR +HLKY + 2H2LSY + LY /2 with N̄ = 1 .
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where αT represents the deviation with respect to the GR result.
The graviton sector is thus characterized by the two coefficients AK and G∗, or equivalently byM

and αT . In practice, it is the time variation which can distinguish the effective Planck mass defined
here with respect to the standard Planck mass, so it is convenient, following [26], to introduce the
dimensionless parameter

αM ≡ 1

H

d

dt
lnM2 . (68)

With these definitions, the evolution equation for tensor modes is given by

γ̈ij +H(3 + αM )γ̇ij − (1 + αT )
∇2

a2
γij =

2

M2

(

Tij −
1

3
Tδij

)TT

, (69)

where (Tij − Tδij/3)
TT is the transverse-traceless projection of the anisotropic matter stress tensor.

3.2.2 Vector modes

Let us now study the behaviour of vector modes. In unitary gauge, these are parameterized by the
transverse components of the shift vector, i.e. N i = N i

V with ∂iN
i
V = 0. The second-order action for

vector modes then is

S
(2)
NV

=

∫

d3xdt
1

a

M2

8
(∂iN

V
j + ∂jN

V
i )2 . (70)

Including matter, variation of the action with respect to NV
i gives the transverse part of the momen-

tum constraint,
1

2
∇2NV

i =
a2

M2

(

T 0
i

)T
, (71)

where (T 0
i)
T is the transverse projection of the matter energy flux. For a perfect fluid, the con-

servation of the matter stress-energy tensor implies that (T 0
i)
T ∝ 1/a3; then the metric vector

perturbations scale as

N i
V ∝ 1

aM2
=

1

a1+αM
, (72)

where the last equality holds for a constant αM . It is interesting to note that the evolution of
the vector modes is modified when the gravitational effective mass M is time-dependent, i.e. when
αM 6= 0. Thus, in principle, measuring the time evolution of the vector and tensor perturbations
could determine αM and αT , independently of the scalar modes.

3.2.3 Scalar modes

Without loss of generality, in unitary gauge the scalar modes can be described by the metric pertur-
bations [37]

N = 1 + δN, N i = δij∂jψ, hij = a2(t)e2ζδij . (73)

Substituting

δ
√
h = 3a3ζ , δKi

j =
(

ζ̇ −HδN
)

δij −
1

a2
δik∂k∂jψ , (74)

and

δ1Rij = −δij∂2ζ − ∂i∂jζ , δ2R = − 2

a2
[

(∂ζ)2 − 4ζ∂2ζ
]

, (75)

into (59), one obtains a lengthy Lagrangian in terms of δN , ψ and ζ. Since the Lagrangian does not
depend on the time derivatives of the lapse and of the shift, the variation of the Lagrangian with
respect to δN and ψ yields two constraints, corresponding to the familiar Hamiltonian constraint
and (the scalar part of) the momentum constraint.

13



In the following, we will assume for simplicity the conditions

ÂK + 2AK = 0 , C∗ = 0 , 4ÂR + 3AR = 0 , (76)

which ensure that there are at most two spatial derivatives in the quadratic Lagrangian written in
terms of ζ only. This includes Horndeski theories as well as their extensions discussed in Section 2.2.5.

Provided conditions (76) are satisfied, one finds that the momentum constraint reduces to

δN =
4AK

B + 4HAK
ζ̇ =

ζ̇

H (1 + αB)
, (77)

where we have introduced the dimensionless quantity8

αB ≡ B
4HAK

, (78)

which expresses the deviation from the standard expression δN = ζ̇/H. When αB 6= 0, part of
the kinetic term of scalar fluctuations comes from the term δKδN in action (59), i.e. from kinetic
mixing between gravitational and scalar degrees of freedom [2, 3, 4]. This phenomenon has been
called kinetic braiding in [38, 39].

Substituting (77), the quadratic action for ζ is then given by

S(2) =
1

2

∫

d3xdt a3
[

Lζ̇ζ̇ ζ̇
2 + L∂ζ∂ζ

(∂iζ)
2

a2
+
M2

4
γ̇2ij −

M2

4
(1 + αT )

(∂kγij)
2

a2

]

, (79)

with

Lζ̇ ζ̇ ≡M2 α

(1 + αB)2
, α ≡ αK + 6α2

B , (80)

L∂ζ∂ζ ≡ 2M2

{

1 + αT − 1 + αH

1 + αB

(

1 + αM − Ḣ

H2

)

− 1

H

d

dt

(

1 + αH

1 + αB

)

}

, (81)

where we have introduced the dimensionless time-dependent functions

αK ≡ 2LN + LNN

2H2AK
, αH ≡ G∗ + B∗

R

AK
− 1 . (82)

Note that the coefficient of the kinetic term reduces to Lζ̇ ζ̇ = M2αK when αB = 0. In this case,

the kinetic coefficient for ζ is directly related to the coefficient of the term δN2 in the quadratic
Lagrangian (59), which represents the kinetic energy of the scalar field fluctuations. The parameter
αH is different from zero for theories that deviate from Horndeski theories [1, 19, 20]. In particular,
this includes theories that can be related to Horndeski theories via disformal transformations, as
shown in [20]. Indeed, starting from a Horndeski theory for a metric g̃µν related to gµν via a
disformal transformation that depends on X, the Lagrangian expressed in terms of gµν differs from
the standard Horndeski Lagrangian, which implies αH 6= 0.

Classical and quantum stability (absence of ghosts) requires the kinetic coefficient to be positive,

Lζ̇ ζ̇ > 0 =⇒ α = αK + 6α2
B > 0 . (83)

The sound speed (squared) of fluctuations can be simply computed by taking the ratio

c2s ≡ −L∂ζ∂ζ

Lζ̇ζ̇

. (84)

8Although we use the same symbol, our variable αB differs from that introduced in [26] by a factor −2. This
simplifies the subsequent equations.
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Eq. (86) M2 αM αK αB αT αH

Eq. (59) 2AK
1

H

d

dt
lnAK

2LN + LNN

2H2AK

B
4HAK

G∗

AK
− 1

G∗ + B∗
R

AK
− 1

Eq. (12) of [1] 2LS
1

H

d

dt
lnLS

2LN + LNN

2H2LS

2HLSN + LKN

4HLS

L∗
R

LS
− 1

L∗
R + L∗

NR

LS
− 1

Eq. (30) Eq. (87) M2
∗ f + 2m2

4

M2
∗ ḟ + 2(m2

4)
·

M2H

2c+ 4M4
2

M2H2

M2
∗ ḟ −m3

3

2M2H
−2m2

4

M2

2(m̃2
4 −m2

4)

M2

Table 1: In the first row, the parameters αi introduced in eqs. (67), (68), (78) and (82), i.e. the Lagrangian
coefficients of eq. (86). These parameters are written in terms of the Lagrangian coefficients of eq. (59), defined
in eqs. (51)–(54) (second row), of the coefficients introduced in [1], where the derivative of the Lagrangian L
with respect to N , K, S = KijK

ij , R, Z ≡ RijR
ij and Y ≡ RijK

ij (third row) and, finally, of the EFT
Lagrangian, action (87) (fourth row). All these quantities are understood to be evaluated on the background,
with N̄ = 1.

When adding matter to the dark energy Lagrangian, the kinetic and spatial gradient terms of the
scalar fluctuations acquire new contributions that modify the expression for the sound speed [19, 20].
The final expression for the sound speed, when matter is present, reads

c2s = −2
(1 + αB)

2

α

{

1 + αT − 1 + αH

1 + αB

(

1 + αM − Ḣ

H2

)

− 1

H

d

dt

(

1 + αH

1 + αB

)

}

− (1 + αH)2

α

ρm + pm
M2H2

.

(85)
In the simple case of k-essence field with a Lagrangian P (φ,X), where all αi coefficients vanish
except αK = (2X̄PX + 4X̄2PXX)/(M2H2), the above formula yields c2s = −2Ḣ/(αKH

2) − (ρm +
pm)/(αKM

2H2) and one recovers c2s = PX/(PX + 2X̄PXX) after using the Friedmann equation
Ḣ = −(2X̄PX + ρm + pm)/(2M

2).

3.3 Link with the building blocks of dark energy

In the previous subsection, we have focussed our attention on Lagrangians that satisfy the conditions
(76) in order to get propagation equations with no more than two (space) derivatives. At quadratic
order, the most general action of the form (59) that satisfies these conditions can be written in the
form

S(2) =

∫

d3xdta3
M2

2

[

δKijδK
ij − δK2 + (1 + αT )

(

R
δ
√
h

a3
+ δ2R

)

+ αKH
2δN2 + 4αBH δK δN + (1 + αH)RδN

]

,

(86)

where, for convenience, we summarize in Table 1 the definitions of the parameters αi introduced
in the previous subsection, in terms of the original coefficients defined in Sec. 3.2 (second row) and
those introduced explicitly in Ref. [1] (third row).

The action leading to the quadratic Lagrangian (86) can also be written in the standard EFT
form, with an explicit dependence on the four-dimensional scalar curvature, g00 and several quadratic
operators. This action reads [1]

S =

∫

d4x
√−g

[

M2
∗

2
f(t)(4)R− Λ(t)− c(t)g00 +

M4
2 (t)

2
(δg00)2 − m3

3(t)

2
δKδg00

− m2
4(t)

(

δK2 − δKµ
ν δK

ν
µ

)

+
m̃2

4(t)

2
Rδg00

]

.

(87)
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It leads to the background equations of motion [1]

c+ Λ = 3M2
∗ (fH

2 + ḟH)− ρm , (88)

Λ− c =M2
∗ (2fḢ + 3fH2 + 2ḟH + f̈) + pm , (89)

and to the quadratic action for the linear perturbations (86), where the relation between the co-
efficients αi and the seven parameters appearing in (87) is given in Table 1. The two background
equations of motion (88) and (89) imply that only five of the EFT parameters are independent, thus
setting the minimal number of functions parametrizing deviations from General Relativity [1].

3.4 Disformal transformations and dependence on Ṅ

In our discussion, we have assumed that the initial Lagrangian depends on N , but not on its time
derivative Ṅ . Allowing a dependence on Ṅ leads in general to an additional propagating degree of
freedom. However, this is not always the case, as illustrated by considering disformal transformations
of the metric, originally introduced in [40], of the form

gµν → g̃µν = Ω2(φ,X) gµν + Γ(φ,X) ∂µφ∂νφ . (90)

As shown in [41], Horneski theories are invariant under a restricted class of disformal transformations
where Ω and Γ depend on φ only, not on X. In [20], we showed explicitly that one could use disformal
transformations with an X-dependent function Γ to relate subclasses of theories beyond Horndeski to
Horndeski theories. A similar result for a disformal transformation of the Einstein-Hilbert Lagrangian
was previously obtained in [42].

In unitary gauge, Ω and Γ become functions of the time variable t and of the lapse function N .
By choosing time to coincide with φ, i.e. ∂µφ = δ0µ, the disformal transformation (90) corresponds,
in the ADM language, to the transformations [20]

Ñ i = N i , h̃ij = Ω2(t,N)hij , Ñ2 = Ω2(t,N)N2 − Γ (t,N) . (91)

Moreover, the relations between the old and new curvature tensors are given by

R̃ = Ω−2
[

R− 4D2 lnΩ− 2∂i(lnΩ)∂
i(lnΩ)

]

, (92)

and

K̃j
i =

N

Ñ

[

Kj
i − Ng0µ∂µ ln Ω δ

j
i

]

. (93)

The last relation can be expanded into

K̃j
i =

N

Ñ

[

Kj
i +

1

NΩ

(

Ωt +ΩN

(

Ṅ −N i∂iN
)

)

δji

]

. (94)

Consequently, a Lagrangian that depends initially on tilded quantities, will finally depend on Ṅ when
reexpressed in terms of untilded quantities. The quadratic Lagrangian will now depend on δṄ , in
addition to all the terms discussed previously. However, according to (74) and (94), one sees that
δṄ will always appear associated with ζ̇ in the combination

ζ̇ +
ΩN

ÑΩ
δṄ , (95)

which implies that the matrix of the kinetic coefficients is degenerate. Thus, one can introduce a
new degree of freedom

ζnew = ζ +
ΩN

ÑΩ
δN , (96)

which absorbs all time derivatives of δN . Contrarily to what could have been expected, the explicit
dependence on Ṅ does not lead, in this particular case, to an extra degree of freedom.
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4 Evolution of the cosmological perturbations

In this section we follow [1] and derive the evolution equations for linear scalar perturbations described
by the action (86), together with some matter field minimally coupled to the metric gµν . We first
restore the general covariance of the action and write it in a generic coordinate system. In order to
do so, we perform the time diffeomorphism [43, 2, 3]

t→ t+ π(t, ~x) , (97)

where π describes the fluctuations of the scalar degree of freedom. Under this time diffeomorphism,
any function of time f changes up to second order as

f → f + ḟπ +
1

2
f̈π2 +O(π3) , (98)

while the metric component g00 = −1/N2 exactly transforms as

g00 → g00 + 2g0µ∂µπ + gµν∂µπ∂νπ . (99)

For the other perturbed geometric quantities, we only need their change at linear order in π, i.e. [1]

δKij → δKij − Ḣπhij − ∂i∂jπ +O(π2) , (100)

δK → δK − 3Ḣπ − 1

a2
∂2π +O(π2) , (101)

Rij → Rij +H(∂i∂jπ + δij∂
2π) +O(π2) , (102)

R→ R+
4

a2
H∂2π +O(π2) . (103)

We stress that in the above expressions Kij and Rij respectively denote the extrinsic and intrinsic
curvature on hypersurfaces of constant time, even when we are not in unitary gauge. Therefore they
are not the same geometrical quantities before and after the change of time.

We can then expand the covariant action up to quadratic order, considering a linearly perturbed
FLRW metric. Varying the action with respect to the four scalar perturbations in the metric and
the scalar fluctuation π we obtain five scalar equations; see Ref. [1] for details on their derivations.
We turn to a discussion of these equations restricting to Newtonian gauge.

4.1 Perturbation equations in Newtonian gauge

We assume a perturbed FLRW metric in Newtonian gauge with only scalar perturbations, i.e.,

ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)δijdx
idxj . (104)

The metric perturbations Φ and Ψ and the scalar fluctuation π are related to the metric perturbations
in unitary gauge defined in eq. (73) by

Φ = δN + (a2ψ)· , Ψ = −ζ − a2Hψ , π = a2ψ . (105)

Moreover, in this gauge we decompose the total matter stress-energy tensor at linear order as

T 0
0 ≡ −(ρm + δρm) , (106)

T 0
i ≡ ∂iqm ≡ (ρm + pm)∂ivm = −a2T i

0 , (107)

T i
j ≡ (pm + δpm)δ

i
j +

(

∂i∂j −
1

3
δij∂

2

)

σm , (108)
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where δρm and δpm are the energy density and pressure perturbations, qm and vm are respectively
the 3-momentum and the 3-velocity potentials; σm is the anisotropic stress potential.

The Hamiltonian constraint ((00) component of the Einstein equation) is

6(1 + αB)HΨ̇ + (6− αK + 12αB)H
2Φ+ 2(1 + αH)

k2

a2
Ψ

+ (αK − 6αB)H
2π̇ + 6

[

(1 + αB)Ḣ +
ρm + pm
2M2

+
1

3

k2

a2
(αH − αB)

]

Hπ = −δρm
M2

,
(109)

while the momentum constraint ((0i) components of the Einstein equation) reads

2Ψ̇ + 2(1 + αB)HΦ− 2HαB π̇ +

(

2Ḣ +
ρm + pm
M2

)

π = −(ρm + pm)vm
M2

. (110)

The traceless part of the ij components of the Einstein equation gives

(1 + αH)Φ − (1 + αT )Ψ + (αM − αT )Hπ − αH π̇ = − σm
M2

, (111)

while the trace of the same components gives, using the equation above,

2Ψ̈ + 2(3 + αM )HΨ̇ + 2(1 + αB)HΦ̇

+ 2

[

Ḣ − ρm + pm
2M2

+ (αBH)· + (3 + αM )(1 + αB)H
2

]

Φ

− 2HαB π̈ + 2

[

Ḣ +
ρm + pm
2M2

− (αBH)· − (3 + αM )αBH
2

]

π̇

+ 2

[

(3 + αM )HḢ +
ṗm
2M2

+ Ḧ

]

π =
1

M2

(

δpm − 2

3

k2

a2
σm

)

.

(112)

The evolution equation for π reads

H2αK π̈ +
{[

H2(3 + αM ) + Ḣ
]

αK + (HαK)·
}

Hπ̇

+ 6

{(

Ḣ +
ρm + pm
2M2

)

Ḣ + ḢαB

[

H2(3 + αM ) + Ḣ
]

+H(ḢαB)
·
}

π

− 2
k2

a2

{

Ḣ +
ρm + pm
2M2

+H2 [1 + αB(1 + αM ) + αT − (1 + αH)(1 + αM )] + (H(αB − αH))·
}

π

+ 6HαBΨ̈ +H2(6αB − αK)Φ̇ + 6

[

Ḣ +
ρm + pm
2M2

+H2αB(3 + αM ) + (αBH)·
]

Ψ̇

+

[

6

(

Ḣ +
ρm + pm
2M2

)

+H2(6αB − αK)(3 + αM ) + 2(9αB − αK)Ḣ +H(6α̇B − α̇K)

]

HΦ

+ 2
k2

a2

{

αHΨ̇ + [H(αM + αH(1 + αM )− αT )− α̇H ] Ψ + (αH − αB)HΦ
}

= 0 .

(113)

These equations have been previously derived in [1] in terms of the effective field theory parameters.
Restricting to Horndeski theories (αH = 0), they have been also obtained in [7] and later reproduced
in [26], where the notation used here was introduced. Note that as a consequence of the parame-
terization where M2 is in factor of the full gravitational Lagrangian (79), matter quantities always
appear divided by a M2 factor. In Appendix A we discuss the long wavelength behaviour of these
equations for adiabatic initial conditions; in Appendix B we write these equations in synchronous
gauge and conformal time, which is the coordinate system usually employed in CMB codes.
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4.2 Fluid description

It is sometimes convenient to describe the dark energy, both in the background and perturbative
equations, as an effective fluid. In order to do so, we define the background energy density and
pressure for dark energy, respectively, as

ρD ≡ 3M2H2 − ρm , pD ≡ −M2(2Ḣ + 3H2)− pm . (114)

These are simply derived quantities that can be computed once the evolution of the expansion history,
the matter content and the effective Planck mass M are known. With these definitions, and using
the conservation of the background matter stress-energy tensor,

ρ̇m + 3H(ρm + pm) = 0 , (115)

the conservation of the background dark energy stress-energy tensor reads

ρ̇D = −3H(ρD + pD) + 3αMM
2H3 = 3H(ρm + pm) + 6M2H(Ḣ + αMH

2) . (116)

Another useful relation that one can use to express ṗD in terms of matter and geometry is

ṗD = −ṗm −M2
[

2Ḧ + 2HḢ(3 + αM ) + 3αMH
3
]

, (117)

which can be derived from the equations above.
Equations (109)–(112) can then be rewritten in the usual form,

k2

a2
Ψ+ 3H

(

Ψ̇ +HΦ
)

= − 1

2M2

∑

I

δρI , (118)

Ψ̇ +HΦ = − 1

2M2

∑

I

qI , (119)

Ψ− Φ =
1

M2

∑

I

σI , (120)

Ψ̈ +HΦ̇ + 2ḢΦ+ 3H
(

Ψ̇ +HΦ
)

=
1

2M2

∑

I

(

δpI −
2

3

k2

a2
σI

)

, (121)

where the sum is over the matter and the dark energy components. These equations implicitely
define the quantities δρD, qD, δpD and σD as the energy density perturbation, momentum, pres-
sure perturbation and anisotropic stress of the dark energy fluid. An explicit definition is given in
Newtonian gauge in Appendix A and in synchronous gauge in Appendix B.

With these definitions, one can verify that the evolution equation for π, eq. (113), is equivalent
to a conservation equation of the dark energy fluid quantities,

δρ̇D + 3H(δρD + δpD)− 3(ρD + pD)Ψ̇− k2

a2
qD = αMH

∑

I

δρI . (122)

The Euler equation,

q̇D + 3HqD + (ρD + pD)Φ + δpD − 2

3

k2

a2
σD = αMH

∑

I

qI , (123)

is identically satisfied by the definitions of qD, δpD and σD. Conservation of matter in the Jordan
frame implies a continuity and Euler equations for matter with vanishing right-hand side.

To close the system, one needs to provide an equation of state for dark energy or, at least, a
relation between δpD and σD in terms of δρD, qD and the other matter variables. In order to do
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so in the simpler case where αH = 0, we solve eqs. (109)–(111) for Ψ, Ψ̇ and π̇ and then we plug
these solutions in eqs. (118) and (119) to express π and Φ in terms of δρm, qm, σm, δρD and qD.
Φ̇ is obtained from the first derivative of (111). To obtain Ψ̈ and π̈ we use eqs. (112) and (113).
Combining all these solutions we can finally express σD and δpD in terms of the other fluid variables.
We obtain

δpD =
γ1γ2 + γ3α

2
Bk̃

2

γ1 + α2
B k̃

2
(δρD − 3HqD) +

γ1γ4 + γ5α
2
B k̃

2

γ1 + α2
B k̃

2
HqD

+ γ7(δρm − 3Hqm) +
γ1γ6 + 3γ7α

2
B k̃

2

γ1 + α2
B k̃

2
Hqm − 6α2

B

α
δpm , (124)

σD =
a2

2k2

[

γ1αT + γ8α
2
B k̃

2

γ1 + α2
Bk̃

2
(δρD − 3HqD) +

γ9k̃
2

γ1 + α2
B k̃

2
HqD

+ αT (δρm − 3Hqm) +
γ10k̃

2

γ1 + α2
B k̃

2
Hqm

]

, (125)

where we use the notation k̃ ≡ k/(aH) and we have introduced dimensionless coefficients γa, whose
expressions are explicitly given in Appendix C. These relations for δpD and σD are derived, to
our knowledge, for the first time and represent the most general description of dark energy in the
context of Horndeski theories. In particular, eqs. (124) and (125) extend the equations of state for
perturbations derived in Refs. [45, 10].

One can check that for adiabatic initial conditions, i.e.

π ≈ −(Ψ̇ +HΦ)/Ḣ , δρm ≈ ρ̇mπ , δpm ≈ ṗmπ , vm ≈ −π , (126)

where the symbol ≈ denotes equality in the long wavelength limit k̃ ≪ 1, the dark energy equation
of state satisfies

δρD ≈ −3H(ρD + pD)π δpD ≈ −ṗDπ ,
qD ≈ −(ρD + pD)π , σD ≈ −αTM

2Ψ− (αT − αM )M2Hπ ,
(127)

which is what expected from the equations of motion in Sec. 4.1, see discussion in Appendix A.
Going back to arbitrary scales, let us discuss two illustrative examples.

• αB = 0: there is no braiding and the kinetic term of scalar fluctuations depends on αK only,
α = αK . In this case eqs. (124) and (125) reduce to

δpD = c̃2s(δρD − 3HqD)−
[

ṗD + 3αMH
3M2

ρD + pD
+H(αT − αM )

(

1− 2M2

3(ρD + pD)

k2

a2

)]

qD

+
αT

3
δρtot −

αK

6
(αT − αM )Hqm , (128)

σD =− αTM
2Ψ+H(αT − αM )

M2

ρD + pD
qD , (129)

where we have used eqs. (118), (119) and c̃2s ≡ c2s − 2(αT − αM )/αK = (ρD + pD)/(αKH
2M2),

δρtot ≡ δρm + δρD. For αT = 0 = αM we recover the standard k-essence pressure perturbation
[44] and no anisotropic stress. For αT 6= 0 or αT − αM 6= 0, the dark energy anisotropic
stress is nonzero and simply given in terms of the total curvature Ψ and the dark energy
momentum qD. Note that the term containing k2 in the pressure perturbation δpD cancels
from the combination δpD − (2k2/3a2)σD, which appears as a source in the Euler equation and
in the evolution equation for Ψ.
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• α2
B ≫ αK : braiding dominates the time kinetic term, α ≃ 6α2

B . However, one needs αB . 1
to avoid gradient instabilities [4]. In this case, from the definition of γ1, eq. (184), we have
γ1 ≃ −3α2

BḢ/H
2 so that, if we concentrate on sub-horizon scales, k ≫ aH, eqs. (124) and

(125) reduce to

δpD =

(

c2s +
αT

3
+
ξ

3
− 2Ḣ + Ḧ/H − ξḢ

αB

a2

k2

)

(δρD − 3HqD)− (1 + ξ)HqD

− 3
Ḣa2

k2
ξHqm − (1 + ξ)

δρm
3

− δpm , (130)

σD = ξ
a2

k2

[

1

2
(δρD − 3HqD) +

3

2
HαBqtot

]

, (131)

where ξ ≡ (αT − αM )/αB and qtot ≡ qm + qD. As expected in this case [46], the behavior
of dark energy is very different from that of a perfect fluid. In particular, for k̃2 . γ2/γ3
the relation between pressure and density perturbations is scale dependent. For ξ 6= 0, the
anisotropic stress is nonzero and has a scale dependence that differs from the αB = 0 case
discussed above.

4.3 Interface with the observations

In Sec. 4.1 we have described the full set of evolution equations including the standard matter species
directly using the scalar fluctuation π. These equations can be solved in a modified Boltzmann code;
for instance, they have been recently implemented in a code in [47, 48]. Alternatively, in Sec. 4.2
we have rewritten these equations in terms of dark energy fluid quantities and we have provided the
full equations of state for Horndeski theories (αH = 0), eqs. (124) and (125). In this approach, the
equations of state fully encode the description of dark energy.

To discuss more easily the relation with late time observations we can use the Einstein equations
in the fluid form, eqs. (118)–(121), and rewrite these two equations as an evolution equation for
the gravitational potential Ψ and a relation between Ψ and Φ. For simplicity, we restrict again our
discussion to the case αH = 0. To do that we can first combine eqs. (118)–(120) to solve for Φ, δρD
and qD in terms of Ψ, Ψ̇, σD and the matter field. Moreover, we can use eq. (121) to express δpD as
a function of the other quantities. Using these relations, it is straighforward to show that eqs. (124)
and (125) are equivalent to a dynamical equation for the gravitational potential Ψ, sourced by the
matter fields,9

Ψ̈ +
β1β2 + β3α

2
B k̃

2

β1 + α2
B k̃

2
HΨ̇ +

β1β4 + β1β5 k̃
2 + c2sα

2
Bk̃

4

β1 + α2
B k̃

2
H2Ψ = − 1

2M2

[

β1β6 + β7α
2
B k̃

2

β1 + α2
B k̃

2
δρm

+
β1β8 + β9α

2
B k̃

2

β1 + α2
B k̃

2
Hqm +

β1β10 + β1β11 k̃
2 + 2

3α
2
Bk̃

4

β1 + α2
B k̃

2
H2σm − αK

α
δpm − 2Hσ̇m

]

,

(132)

where the dimensionless parameters βa are explicitly given in Appendix C, and a relation between Φ
and Ψ, involving Ψ̇ and the matter fields,

α2
B k̃

2

[

Φ−Ψ

(

1 + αT +
2γ9
ααB

)

+
σm
M2

]

+ β1

[

Φ−Ψ(1 + αT )
γ1
β1

+
σm
M2

]

=

γ9
H2M2

[αB

α
(δρm − 3Hqm) +HM2 Ψ̇ +H

αK

2α
qm −H2 σm

]

.

(133)

9An alternative derivation of eq. (132) is to combine eqs. (109)–(111) to solve for π, π̇ and Φ in terms of Ψ, Ψ̇ and
the matter field. We can then use the time derivative of (111) to solve for Φ̇ and the scalar field equation (113) to solve
for π̈. Using these solutions, it is possible to eliminate the scalar field fluctuations and derive (132) [26]. We can then
derive eq. (133) from (111).
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Combined with the evolution equations for matter, these equations form a close system. They
generalize those given in [26], which we recover for δpm = 0 = σm. Following [26], the parameter
β1 appears in eq. (132) to make explicit the existence of a transition scale in the dynamics, kB ≡
aHβ

1/2
1 /αB , which has been called braiding scale. Here we find that for αT 6= αM this scale is

different from the transition scale aHγ
1/2
1 /αB appearing in eqs. (124) and (125). In particular, β1 is

related to γ1 by
β1 = γ1 − γ9 , (134)

(see the explicit definition in terms of the αi in eq. (198)). Note that eq. (133) displays both scales.
Let us consider again the two limits discussed before (see also [26]).

• αB = 0: In this case most of the scale dependences go away. We are left with the simpler
expression

Ψ̈ + (4 + 2αM + 3Υ)HΨ̇ +

(

β4H
2 + c2s

k2

a2

)

Ψ =

− 1

2M2

[

c2s(δρm − 3Hqm) + (αM − αT + 3Υ)Hqm +

(

β10H
2 +

2k2

3a2

)

σm − δpm + 2Hσ̇m

]

.

(135)

Although both αM and αT can be nonzero here, the form of this equation is very similar to
that obtained in the standard k-essence case.

• α2
B ≫ αK : For simplicity we consider only the case αT = 0. Moreover, to avoid negative

gradient instabilities we require αB . O(1) [4]. However, no such a restriction is imposed on
αM , whose value can affect the braiding scale. Indeed, when α2

B ≫ αK , this is given by

k2B
a2

≃ 3(H2αM − Ḣ) . (136)

Considering modes with k ≫ kB , eq. (132) simplifies to

Ψ̈ + (3 + αM )HΨ̇ +

(

k2Bβ5
a2

+ c2s
k2

a2

)

Ψ ≃ − 1

2M2

(

k2Bβ6
k2

+ c2s +
1

3
− αM

3αB

)

δρm , (137)

where we have neglected relativistic terms on the right hand side of (132). The mass scale
k2Bβ5/a

2 corresponds to the so-called Compton mass. Depending on the value of β5, this scale
may be inside the horizon and induce a transition on the behaviour of the effective Newton
constant, which is considered a strong signal of modified gravity.

To make the link with observations without resorting to numerical calculations, one often relies
on the quasi static approximation, which corresponds to neglecting time derivatives with respect to
spatial ones on scales much below the sound horizon, i.e. for k ≫ aH/cs. In this regime, modifications
of gravity can be captured by two quantities, the effective Newton constant Geff , defined by

−k
2

a2
Φ = 4πGeffδρm , (138)

and the gravitational slip γ ≡ Ψ/Φ.
Both these quantities can be computed using eqs. (132) and (133). However, as discussed in [26]

this does not give the same result as neglecting time derivatives in eq. (113) and using eqs. (109)
and (111) to derive Geff and γ. The two procedures are consistent if k is much larger than the other
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scales, i.e. in the limit k → ∞. In this case we recover (compare for instance with the results of [1]
in the same limit)

8πGeff =
α c2s(1 + αT ) + 2 [αB(1 + αT ) + αT − αM ]2

α c2s
M−2 , (139)

γ =
α c2s + 2αB [αB(1 + αT ) + αT − αM ]

α c2s(1 + αT ) + 2 [αB(1 + αT ) + αT − αM ]2
, (140)

where we have expressed both quantities directly in terms of the functions αi (recall that α =
αK +6α2

B and αH is here set to zero), obtained from the derivatives of the initial ADM Lagrangian.

5 Conclusions

In this article, we have presented a very general approach to parametrize theoretically motivated
deviations from the ΛCDM standard model. This approach combines several advantages, both from
the theoretical and observational points of view. On the one hand, it provides a unified treatment of
theoretical models, using as a starting point a Lagrangian expressed in terms of ADM geometrical
quantities defined for a foliation of uniform scalar field hypersurfaces. On the other hand, it expresses
all the relevant information about the linear cosmological perturbations in terms of a minimal set
of five time-dependent functions, which can be constrained by observations. These five functions,
together with the background time evolution (and a constant parameter), are sufficient to fully
characterize the background and linear perturbations, within the large class of models we have
considered (corresponding to the conditions (76) to avoid a non trivial dispersion relation for the
scalar mode).

The link between these two endpoints, theoretical and observational, is direct since the five
functions correspond to combinations of the derivatives of the initial Lagrangian. One can thus
automatically derive the observational predictions for any existing or novel model by computing these
functions from the ADM Lagrangian. Conversely, one can use this approach in a model-independent
way by trying to constrain the five arbitrary functions (this requires some parametrization of these
free functions expressed for instance in terms of the redshift; see e.g. [11]) with observations. Of
course, since the bounds on parameters are less stringent as the number of parameters increases, it
would be interesting to analyse the data with a scale of increasing complexity, corresponding to the
number of free functions, thus covering the range from the simplest theory, i.e. ΛCDM, where all
functions are zero, to more and more general theories.
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A Superhorizon evolution

In this appendix we extend the arguments of [49, 50] and check that the Einstein equations of Sec. 4.1
satisfy the usual adiabatic solution on superhorizon scales. To this end, it is convenient to define the
quantities

P ≡M2(π̇ − Φ) , Q ≡M2(Ψ̇ +HΦ+ Ḣπ) , R ≡M2(Ψ +Hπ) , (141)
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(note that Q = Ṙ −H(P + αMR)) and rewrite the Einstein equations (109)–(112) respectively as

−2
k2

a2
[

(1 + αH)R− (1 + αB)M
2Hπ

]

−6H(1 + αB)Q−H2(αK − 6αB)P = δρm − ρ̇mπ , (142)

−2Q+ 2αBHP = (ρm + pm)(vm + π) , (143)

M2(Ψ −Φ) + αTR− αMHπ + αHP = σm , (144)

2Q̇+ 6HQ+ 2

(

ρm + pm
2M2

− 3αBH
2

)

P − 2(HαBP)· = δpm − ṗmπ − 2

3

k2

a2
σm . (145)

The evolution of π reads

(H2αKP)· + 6(HαBQ)· + 3H(αKH
2 − 2αBḢ)P + 36

(

Ḣ +
ρm + pm
2M2

+ 3H2αB

)

Q

+
k2

a2

{

2αHQ+ 2
[

HαH + (M2αH)·M−2 +HαM −HαT

]

R

− 2

[

Ḣ +
ρm + pm
2M2

+H2αB + (M2HαB)
·M−2

]

M2π − 2M2HαBΦ

}

= 0 .

(146)

Moreover, in terms of these quantites, the definitions of the fluid variables introduced in eqs. (118)–
(121) are given by

δρD ≡ 2
k2

a2
(

αHR− αBM
2Hπ

)

− 3H
[

(ρD + pD)π − 2αBQ
]

+H2(αK − 6αB)P , (147)

qD ≡ −2αBHP − (ρD + pD)π , (148)

σD ≡ αMM
2Hπ − αTR− αHP , (149)

δpD ≡
[

ṗD + αMHM
2(2Ḣ + 3H2)

]

π − 2αMHQ

+

(

ρD + pD
M2

+ 6αBH
2

)

P + 2
(

αBHP
)·

+
2

3

k2

a2
σD . (150)

Independently of the constituents of the Universe, the k = 0 mode of the field equations for scalar
fluctuations in Newtonian gauge is invariant under the coordinate transformation [49]

t→ t+ ǫ(t) , (151)

xi → xi(1− λ) , (152)

where ǫ is an arbitrary infinitesimal function of time and λ an arbitrary infinitesimal constant.
In particular, using these transformations one can start from an unperturbed FLRW solution and
generate a solution in Newtonian gauge with metric perturbations

Ψ = Hǫ− λ , Φ = −ǫ̇ , (153)

and, assuming the Universe filled by several fluids and scalar fields, with matter perturbations

δρX = −ρ̇Xǫ , δϕX = −ϕ̇Xǫ . (154)

Note that these solutions remain valid also if individual matter components are not separately con-
served [49], as in the case of dark energy components that are non-minimally coupled to gravity.

Let us check that this is solution of the above equations. For our dark energy and matter
components, eq. (154) becomes

δρm = −ρ̇mǫ , π = −ǫ . (155)
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This second equality, together with eq. (153), implies that P = 0 and Q = 0 from which it follows
that eqs. (142), (145) and the evolution equation for π, eq. (146), are satisfied for k = 0.

The remaining equations, i.e. (143) and (144), are automatically satisfied because they multiply
an overall factor of k and k2, respectively, that has been dropped here. However, for the solutions
(153) and (154) to be physical we must require that these equations are satisfied for finite k in the
k → 0 limit [49], which implies

vm = −π , (156)

and
(M2ǫ)· +HM2ǫ− σm =M2(1 + αT )λ , (157)

with solution

ǫ =
1

M2a

∫ t

a
[

M2(1 + αT )λ+ σm
]

dt′ . (158)

Equations (153) and (155), with the conditions (156) and (158) correspond to the well-known
super-horizon adiabatic solution. One can define the quantity ζ from the metric perturbation as

ζtot ≡ −Ψ+H
Ψ̇ +HΦ

Ḣ
, (159)

which is known to be conserved in the k → 0 limit for adiabatic perturbations [51]. Indeed, one
can replace the solutions (153) in its definition and check that in this limit it coincides with the
constant λ in eq. (152),

ζtot = λ = −RM−2 , k → 0 . (160)

We note that on super-Hubble scales and for adiabatic initial conditions, eq. (126), eqs. (132)-(133)
reduce to the conservation of the total comoving curvature perturbation, i.e., ζ̇tot ≈ 0.

B Evolution equations in synchronous gauge

For completeness, in this section we give the perturbation equations in synchronous gauge. In this
gauge, the perturbed FLRW metric including scalar perturbations reads

ds2 = −dt2 + a2(t)(δij + hij)dx
idxj , (161)

with

hij ≡
1

3
hδij +

(

kikj
k2

− 1

3
δij

)

(h+ 6η) . (162)

Using gauge transformations (see for instance [52]), we can express the variables in Newtonian gauge
into those in synchronous gauge, which yields

π(N) = π(S) + δt ,

Φ = δṫ ,

Ψ = η −Hδt ,

δρ(N)
m = δρ(S)m − 3H(ρm + pm)δt ,

δp(N)
m = δp(S)m + ṗmδt ,

v(N)
m = −θ

(S)
m

k2
− δt ,

(163)

with

δt ≡ a2

k2
(

ḣ+ 6η̇
)

, (164)
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and where we have introduced the divergence of the velocity, θ ≡ ~∇ · ~v, related to the velocity
potential, in Fourier space, by θ = −k2v. The anisotropic stress is gauge invariant.

We can now apply these gauge transformations to eqs. (109)–(112). We will use conformal time,
τ ≡

∫

dt/a, which is usually employed in numerical codes. Using this time, it is convenient to rescale
the scalar fluctuation π and the velocity divergence θ by the conformal factor and redefine

π → π/a , θ → θ/a . (165)

By denoting by a prime the derivative with respect to conformal time, the Einstein equations in
synchronous gauge read ((00) component)

2k2(1 + αH)η −H(1 + αB)h
′ −H2(6αB − αK)π′

+H
[

2k2(αH − αB) +H2(αK − 12αB) + 6H′αB

]

π = − a2

M2
[δρm − 3H(ρD + pD)π] ,

(166)

((0i) component)

η′ −HαBπ
′ −H2αBπ =

a2

2M2

[

(ρm + pm)θm/k
2 + (ρD + pD)π

]

, (167)

((ij)-traceless)

h′′ + 6η′′ +H(2 + αM )(h′ + 6η′)− 2k2(1 + αT )η − 2k2αHπ
′ − 2k2H (αH + αT − αM ) = −2k2

M2
σm ,

(168)

and ((ii)-trace)

h′′ +H(2 + αM )h′ − 2k2(1 + αT )η + 6αBπ
′′ + 2

[

3H2αB(3 + αM ) + (3αBH)′ − k2αH

]

π′
{

3H2[3αM + 2αB(2 + αM )] + 6αBH′ + 6(αBH)′ − 2k2(αH + αT − αM )
}

Hπ

=
a2

M2

[

−3(ρD + pD)(π
′ +Hπ)− 3p′Dπ − 3δpm − 2

k2

a2
σm

]

,

(169)

where

ρD + pD = −ρm − pm − 2
M2

a2
(

H′ −H2
)

, H ≡ a′

a
. (170)

The evolution equation for the scalar fluctuation reads

−H2αKπ
′′ −

[

H2αK(2 + αM ) +H′αK + (αKH)′
]

Hπ′

+ 2k2
{

H2
[

(αB − αH)αM + αT − αM

]

+ [(αB − αH)H]′ − a2

2M2
(ρD + pD)

}

π

+

{

H4[6αBαM − αK(1 + αM )]− 3H2H′[αK − 2αB(3− αM )]

− 6αBH′2 +H3(6α′
B − α′

K)− 6H(αBH′)′ − 3a2

2M2
(ρD + pD)(H2 −H′)

}

π

+HαBh
′′ − 2k2αHη

′ +

[

H2αB(1 + αM ) + (αBH)′ − a2

2M2
(ρD + pD)

]

h′

− 2k2
{

H[αM + αH(1 + αM )− αT ] + α′
H

}

η = 0 .

(171)
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Moreover, we can write these equations in terms of fluid quantities,

k2η − 1

2
Hh′ = − a2

2M2

∑

I

δρI , (172)

k2η′ =
a2

2M2

∑

I

(ρI + pI)θI , (173)

h′′ + 6η′′ + 2H(h′ + 6η′)− 2k2η = −2k2

M2

∑

I

σI , (174)

h′′ + 2Hh′ − 2k2η = − 3

M2

∑

I

(

δpI +
2

3

k2

a2
σI

)

, (175)

where we have defined

δρD ≡ M2

a2

{

2k2αHη −HαBh
′ +H2(αK − 6αB)π

′ +

[

− 2k2(αB − αH) + 6H′αB

+H2(αK − 12αB)− 3
a2

M2
(ρD + pD)

]

Hπ
}

, (176)

θD ≡ k2M2

a2(ρD + pD)

{

2HαBπ
′ +

[

2H2 +
a2

M2
(ρD + pD)

]

π

}

, (177)

σD ≡ −M
2

k2

[

k2ηαT − HαM

2

(

h′ + 6η′
)

+ k2αHπ
′ + k2 (αH + αT − αM )Hπ

]

, (178)

δpD ≡ 2

3

k2

a2
σSD +

M2

a2

{

− 2HαMη
′ + 2HαBπ

′′ +

[

2[H2αB(3 + αM ) + (αBH)′] +
a2

M2
(ρD + pD)

]

π′

+

[

H3 [3αM + 2αB(2 + αM )] + 2HH′αB + 2H(αBH)′ +
a2

M2

[

H(ρD + pD) + p′D
]

]

π

}

. (179)

The equation for π is equivalent to the continuity equation in conformal synchronous gauge, namely

δρ′D + 3H(δρD + δpD) + (ρD + pD)

(

θD +
h′

2

)

= HαM

∑

I

δρI , (180)

and the Euler equation

θ′D+H
[

1 +
p′D

H(ρD + pD)
+ αM

∑

I

ρI
ρD + pD

]

θD+
1

ρD + pD

(

δpD − 2

3

k2

a2
σD

)

= HαM

∑

I

ρI + pI
ρD + pD

θI ,

(181)
is an identity just as in the Newtonian gauge case.
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C Scale dependence and definitions of the parameters

We report here the two “equations of state” for the dark energy fluid, eqs. (124) and (125),

δpD =
γ1γ2 + γ3α

2
Bk̃

2

γ1 + α2
B k̃

2
(δρD − 3HqD) +

γ1γ4 + γ5α
2
B k̃

2

γ1 + α2
B k̃

2
HqD

+ γ7(δρm − 3Hqm) +
γ1γ6 + 3γ7α

2
B k̃

2

γ1 + α2
B k̃

2
Hqm − 6α2

B

α
δpm , (182)

σD =
a2

2k2

[

γ1αT + γ8α
2
B k̃

2

γ1 + α2
Bk̃

2
(δρD − 3HqD) +

γ9k̃
2

γ1 + α2
B k̃

2
HqD

+ αT (δρm − 3Hqm) +
γ10k̃

2

γ1 + α2
B k̃

2
Hqm

]

, (183)

and provide the definitions of the parameters γa, for which we have assumed αH = 0:

γ1 ≡ αK
ρD + pD
4H2M2

− 3α2
B

Ḣ

H2
, (184)

γ2 ≡ c2s +
αT

3
− 2

αB(2 + Γ) + (1 + αB)(αM − αT )

α
, (185)

γ3 ≡ c2s +
γ8
3
, (186)

γ4 ≡
1

ρD + pD

{

− ṗD/H + αM

[

ρD + pD − 3H2M2
]

+ 6
α2
B

α

[

(3 + αM + Γ)(ρm + pm)− ṗm/H
]

}

, (187)

γ5 ≡ −1− (6αB − αK)(αT − αM )

6α2
B

+
α2
B

Hα

(

αK

α2
B

)·
(188)

γ6 ≡ −6α2
B

2 + Γ

α
+
αKαM − 6α2

B

α
, (189)

γ7 ≡
αKαM − 6α2

B

3α
− (6αB − αK)(αT − αM )

3α
, (190)

γ8 ≡ αT +
αT − αM

αB
, (191)

γ9 ≡ α
αT − αM

2
, (192)

γ10 ≡ 3α2
B(αT − αM ) , (193)

where

γ1Γ ≡ αK

4H2M2

[

(3 + αM )(ρm + pm)− ṗm/H − α2
B(ρD + pD)

αKH

(

αK

α2
B

)·]
− α

Ḧ

2H3
, (194)

and

c2s = −
2(1 + αB)

[

Ḣ − (αM − αT )H
2 +H2αB(1 + αT )

]

+ 2Hα̇B + (ρm + pm)/M
2

H2α
. (195)

As explained in Sec. 4.3, the equations of state are equivalent to the dynamical equation for Ψ,
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eq. (132) and eq. (133),

Ψ̈ +
β1β2 + β3α

2
B k̃

2

β1 + α2
B k̃

2
HΨ̇ +

β1β4 + β1β5 k̃
2 + c2sα

2
B k̃

4

β1 + α2
B k̃

2
H2Ψ = − 1

2M2

[

β1β6 + β7α
2
B k̃

2

β1 + α2
B k̃

2
δρm

+
β1β8 + β9α

2
B k̃

2

β1 + α2
B k̃

2
Hqm +

β1β10 + β1β11 k̃
2 + 2

3α
2
B k̃

4

β1 + α2
B k̃

2
H2σm − αK

α
δpm − 2Hσ̇m

]

(196)

α2
B k̃

2

[

Φ−Ψ

(

1 + αT +
2γ9
ααB

)

+
σm
M2

]

+ β1

[

Φ−Ψ(1 + αT )
γ1
β1

+
σm
M2

]

=

γ9
H2M2

[αB

α
(δρm − 3Hqm) +HM2 Ψ̇ +H

αK

2α
qm −H2 σm

]

. (197)

Here the parameters βa, for which we have assumed again αH = 0, are:10

β1 ≡ γ1 − γ9 = −αK
ρm + pm
4H2M2

− 1

2
α

(

Ḣ

H2
+ αT − αM

)

, (198)

β2 ≡ 2(2 + αM ) + 3Υ , (199)

β3 ≡ 3 + αM +
α2
B

Hα

(

αK

α2
B

)·
, (200)

β4 ≡ (1 + αT )
[

2Ḣ/H2 + 3(1 + Υ) + αM

]

+ α̇T /H , (201)

β5 ≡ c2s −
2αB(β3 − β2)

α
+
α2
B

β1
(1 + αT )(β3 − β2) +

α2
Bβ4
β1

, (202)

β6 ≡ β7 − 2
αB(β3 − β2)

α
, (203)

β7 ≡ c2s + 2
α2
B(1 + αT ) + αB(αT − αM )

α
, (204)

β8 ≡ β9 −
(αK − 6αB)(β3 − β2)

α
, (205)

β9 ≡ −(1 + 3c2s + αT ) +
α2
B

Hα

(

αK

α2
B

)·
, (206)

β10 ≡ −6(1 + Υ)− 4Ḣ/H2 , (207)

β11 ≡
2

3
− 2

α2
B

β1

[

(2− αM ) + 2Ḣ/H2
]

− 2
α4
B

β1Hα

(

αK

α2
B

)·
, (208)

with

12β1H
3M2Υ ≡ 2αM2

{

[

Ḣ + (αT − αM )H2
]·
+ (3 + αM )H

[

Ḣ + (αT − αM )H2
]

}

+ αK ṗm − (ρm + pm)H(αK − 6αB)(αT − αM ) + 6(ρm + pm)
α4
B

α

(

αK

α2
B

)·
.

(209)
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