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Introduction

The best that most of us can hope to
achieve in physics is simply to
misunderstand at a deeper level.

Wolfgang Pauli

The Standard Model, elaborated over the last decades, is one of the most accurate
theories of nature ever built. It passed successfully a number of tests until the recent
discovery of a particle with all the expected properties of the Higgs boson, which closes
a chapter of particle physics. In spite of this, several issues remain, that point towards
new physics beyond the Standard Model. For instance, we know little about the nature
of the largest part of the energy content of the Universe, apart from the fact that it
cannot be made of known particles. The reason why the Higgs boson mass is so small
seems rather arbitrary. The origin of matter itself is a nontrivial question of both
particle physics and cosmology. However, no clear indication on the nature of the new
physics that could solve these issues has been uncovered so far.

The lepton sector may provide this missing piece of information. On one hand,
in spite of their ubiquity, neutrinos and their properties are still little known. The
origin of their mass and the question of their nature, Dirac or Majorana, could give
the first hint about new physics. Great effort is being deployed to test and measure
the properties of neutrinos, which gives encouraging prospects. On the other hand,
flavour violation in processes involving charged lepton could be a powerful tool to look
at deviations from the Standard Model with a great sensitivity.

The first part of this thesis is dedicated to an introduction to these topics. In
chapter 1, we give a quick review of the Standard Model, both historical and technical,
and at the same time introduce notations. We also discuss broadly the main challenges
of physics beyond the Standard Model. Chapter 2 focuses more precisely on the lepton
sector. In particular, we introduce the problem of neutrino masses and mention one
of the most promising solutions, the seesaw mechanism. We also discuss the topic
of flavour violation in the sector of charged lepton, and its potential links with new
physics.

Chapter 3 approaches the problem of the matter-antimatter asymmetry of the
Universe: the existence of the matter structures in our universe requires an asymmetry
between baryons and antibaryons. Baryogenesis through leptogenesis is an elegant
solution to this problem, that connects this issue with that of neutrino masses through



2 INTRODUCTION

the seesaw mechanism, and provides therefore an interesting link between high energy
and low energy physics. After introducing the main ideas of leptogenesis, we discuss the
case of leptogenesis with a scalar triplet. We present a flavour-covariant formalism to
treat Boltzmann equations in the regime where lepton flavours are undistinguishable,
and show that flavour effects may have a significant impact. We apply this formalism
to a particular model, in which the lepton asymmetry is directly related to neutrino
parameters.

In the last part of this thesis, we are interested in some supersymmetric models.
Supersymmetry may be advocated for several different reasons. It is the most general
space-time symmetry that can be built, it provides a solution to the hierarchy problem,
and it leads to the unification of the gauge coupling constants with a troubling preci-
sion. In chapter 4, after introducing supersymmetry, we discuss a model in which the
fermionic partner of a pseudo-Goldstone boson plays the role of a sterile neutrino, that
could explain experimental anomalies in the neutrino sector. Finally, in chapter 5, we
study supersymmetry breaking and its mediation. If supersymmetry is indeed realized
in nature, it is necessarily broken, because otherwise it would have been discovered
long ago. Gauge mediated supersymmetry breaking is an elegant and predictive op-
tion but is in tension with the measured value of the Higgs boson mass. Extended
gauge mediation can overcome this issue and lead to an interesting phenomenology. In
particular, we study how the seesaw mechanism can fit in models of extended gauge
mediation and lead to predictions for flavour-changing observables.

The most technical points, such as the derivation of flavoured Boltzmann equations
through the closed time-path formalism will be displayed in the appendix.



Chapter 1
A review of the Standard Model

Qui serait assez insensé pour mourir
sans avoir fait au moins le tour de sa
prison ?

L’(Buvre au noir
Marguerite Yourcenar

More than eighty years separate the formulation of the Dirac equation, which gave
the first relativistic and quantum description of the electron and lead to the theoriza-
tion of the positron, from the discovery of the Higgs boson at the LHC, that was the
achievement of two decades of extensive searches. In between, our understanding of
particle physics has improved step by step, thanks to contributions of several gener-
ations of physicists, to form the picture that we know today, the Standard Model.
This justifies the words of Sheldon Glashow, for whom the Standard Model of particle
physics is “a tapestry made by many artisans working together”.

1.1 Historical overview

The early steps

In 1928, Paul Dirac achieved his goal of including special relativity in a quantum
mechanical equation describing the electron. The result was the Dirac equation [1]

iy 0 —map =0 . (1.1.1)

The solutions to this equation have four degrees of freedom, twice as many as expected
for a spin-1/2 particle like the electron. In particular, Dirac was puzzled by the pos-
sibility of negative-energy solutions, which he thought should not be simply ignored.
At first, he assumed that there was a “sea of negative energy states”, which had to be
completely filled in order to prevent an electron from jumping from a positive energy
to a negative energy state. Then, he raised the possibility of the proton being a hole
in the sea of negative-energy electrons [2], but this was not consistent with the proton
being about 2000 times as heavy as the electron. Finally, in 1931, Dirac predicted the
existence of a new particle, the positron, having the same mass as the electron but

3
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with an opposite electric charge [3]. He also postulated that a positron and an electron
colliding would annihilate. After first experimental evidence observed by Dmitri Sko-
beltsyn and Chung-Yao Chao, the positron was formally discovered in 1932 by Carl
D. Anderson [4]. This was the first proof of the existence of antiparticles.

At the same time, the spectrum of the electron and the nucleus emitted in beta
decay had been firmly established to be continuous [5], which was inconsistent with
this phenomenon being a two-body decay of the form

42X = 24X ve (1.1.2)

for which the center-of-mass energy of the final state particles should be uniquely
determined. Either the conservation of energy was violated in beta decay, or this
phenomenon was not fully understood. Another issue was the conservation of spin,
which is not satisfied by eq. (1.1.2). This lead Wolfgang Pauli to postulate the existence
of an invisible particle emitted along with the electron and the final nucleus in beta
decay, which should have spin 1/2. Such a particle restored the conservation of both
spin and energy. He exposed this idea in a letter to Lise Meitner, Hans Geiger and
other “radioactive people”, and named this hypothetical fermion “neutron”. In 1932,
when the neutron, as we know it today, was discovered by Chadwick, Pauli’s particle
was renamed “neutrino”. Despite Pauli’s pessimism regarding the detection of the
neutrino, it was finally observed in 1956 by Reines and Cowan [6].

In 1933, Enrico Fermi included the neutrino in the first theory aiming to describe
beta decay. In Fermi’s theory, the beta decay is the result of a four-fermion contact
interaction, of the form

Lfermi = ?/g (13'7“ n) (é,-),ﬂ 7/) s (113)

where p and n are respectively the proton and the neutron, and Gy = 1,116637 GeV?
is known as the Fermi constant. Fermi’s paper was refused by Nature for being too
speculative, so that it was initially only issued in Italian and German [7, 8]. In addition
to beta decay, this theory also predicted scatterings such as

p+te—>n+v, (1.1.4)

and gave remarkably precise results. However, the cross section of this process growing
like the center-of-mass energy squared raised doubt about the validity of Fermi’s theory
up to arbitrary energies.

In 1935, Hideki Yukawa built a theory of strong interactions, in which the cohesion
of protons and neutrons in atomic nuclei is ensured by the exchange of scalar particles,
the pions [9]. With this explanation for strong interactions, a full picture of particle
physics seemed at hand. In the late 40’s and the early 50’s, the pions were discovered,
confirming the prediction of Yukawa. Charged pions were discovered first in 1947
[10, 11], and the neutral pion three years later [12].

However, the unexpected discovery of the muon in 1937 [13, 14] raised new ques-
tions. This particle, with the same electric charge as the electron but 200 times heavier,
was first mistaken with one of Yukawa’s pions, until it was established that it did not
interact strongly. This new state, that was just a heavy copy of the electron, and whose
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existence was not required in our understanding of nature, seemed incongruous. It is
only in the 1960’s, with the electroweak unification, that the muon found naturally its
place, along with the electron and the associated neutrinos, in the lepton sector.

Quantum electrodynamics

The first completed piece in the formulation of what was going to be the Standard
Model of particle physics was Quantum Electrodynamics (QED). In the 1920’s, Dirac
had been the first to formulate a theory describing the interaction between radiation
and matter. He had also introduced annihilation and creation operators to deal with
particles. Progress was carried out in the following year, so that the formulation of
a complete theory describing electrons and photons seemed only a matter of time. A
major obstacle was however reported, first by Robert Oppenheimer in 1930 [15], then
by Felix Bloch and Arnold Nordsieck in 1937 [16] and by Victor Weisskopf in 1939
[17]. They showed that the computations performed were reliable only at first order
in perturbation theory, while at higher order, infinities appeared. What is now a well-
known feature of quantum field theories was thought to make no physical sense at the
time. This raised concern about a possible incompatibility of special relativity and
quantum mechanics.

A way out began to emerge in 1947, when Hans Bethe tried to compute the Lamb
shift of a hydrogen atom [18]. He was the first to apply the idea of renormalization,
suggested by Hans Kramers, to solve the problem. With his method, he obtained a
remarkable agreement with the measured shift of the levels of a hydrogen atom. His
computation was non-relativistic, but this new way of absorbing infinities was later
extended to a relativistic framework. The modern formulation of Quantum Electrody-
namics was elaborated in the late 1940’s by Sin-Itiro Tomonaga [19], Julian Schwinger
[20, 21], Freeman Dyson [22, 23] and Richard Feynman [24-26]. At the same time,
Feynman introduced a new powerful tool to deal with perturbation theory, the Feyn-
man diagrams.

The resulting theory is renown for its precision: QED gave extremely accurate
predictions of physical quantities. It also provided a blueprint for the elaboration of
every subsequent quantum field theory.

The electroweak unification

Some thirty years after Fermi’s first theory of weak interactions, a big step further was
accomplished in the 1960’s. In 1961, Glashow proposed the first model of electroweak
unification, based on the gauge group SU(2) x U(1) [27]. In 1964, Abdus Salam and
John Clive Ward [28] used the same symmetry group to build a model describing
electrons and muons. Unfortunately, gauge theories seemed to require massless vector
bosons, whereas the weak interaction is so short-ranged that it has to be carried by very
massive particles. The mechanism of spontaneous symmetry breaking, elaborated by
Robert Brout, Francois Englert [29], Peter Higgs [30], Gerald Guralnik, Carl Richard
Hagen, and Tom Kibble [31] brought the solution to this puzzle by explaining how
gauge bosons can become massive. In 1967, Salam [32] and Weinberg [33] had inde-
pendently the idea of incorporating this mechanism in Glashow’s model of electroweak
unification. Finally, Gerard 't Hooft demonstrated in 1971 the renormalizability of
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a spontaneously broken gauge theory with operators of mass dimension four or less,
under the condition that the theory is anomaly-free [34]. This was the last step in
proving the theoretical consistency of this model.

The resulting theory of electroweak interactions contains a massless gauge boson
which is the photon, and three massive ones. Two of them, W and W, are electrically
charged and allow to reformulate Fermi’s theory in terms of the exchange of a massive
particle. The Fermi constant is then understood as

V2§

Gp = — 1.1.5

g being the true fundamental coupling of the theory and My, the mass of the charged
gauge bosons. The third one, Z°, is neutral and gives rise to a new interaction that was
not predicted by Fermi. The observation of neutral currents, followed by the formal
discovery of these gauge bosons in 1983 [35-38| confirmed further the validity of the
electroweak theory. Until recently, only one piece was missing to this theory, the Higgs
boson predicted by the mechanism of spontaneous symmetry breaking.

The quark sector

Before the discovery of pions, the only known hadrons were the proton and the neutron.
In the 1950’s, thanks to the invention of bubble chambers, an increasing number of
hadrons were observed. They were first classified by charge and isospin, then also
by strangeness when the first “strange” particles were detected. This classification
lead to an intriguing pattern, the eightfold way, highlighted by Murray Gell-Mann
[39] and Yuval Ne’eman [40]. They both discovered that the mesons and the spin-1/2
baryons could be arranged into octets while the spin-3/2 baryons could almost fit into
a decuplet to which one particle was missing. This lead Gell-Mann and Ne’eman to
predict the existence of a new spin-3/2 resonance. This new state, ™, was discovered
three years later and completed this picture.

In 1964, Gell-Mann [41] and George Zweig [42, 43] independently found that
hadrons could be thought of as made of smaller fermions with 3 flavours (up, down
and strange), related by a SU(3) flavour symmetry, which would explain this pattern.
Gell-Mann coined the term “quark”, found in James Joyce’s novel Finnegans Wake, to
label these particles, which he himself considered at first only as mathematical enti-
ties introduced for convenience, not as physical particles, in the sense that free quarks
could not be observed.

This raised a new problem, because some of the spin-3/2 baryons had to be com-
posed of three quarks of the same flavour with parallel spins, which should be forbid-
den by Pauli’s exclusion principle. In 1965, considering the 2~ hyperon composed of
three strange quarks, Nikolay Bogolyubov, Boris Struminsky and Albert Tavkhelidze
pointed out the necessity for an additional degree of freedom to solve this issue [44].
At the same time, considering a similar problem for the resonance A™", Moo-Young
Han with Yoichiro Nambu [45] and Oscar W. Greenberg [46] independently proposed
the existence of a new SU(3) gauge degree of freedom, called “color”. Consequently,
three kinds of quarks should interact with a color octet of gauge bosons called gluons.
Quarks and gluons were collectively labelled as partons.
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Because partons are confined inside hadrons, it was doubtful that strong interaction
could be described by a quantum field theory like QED. Instead, some physicists began
working on a different formulation, the S-matrix theory. However, James Bjorken
pointed out a characteristic feature of pointlike partons that could be revealed by deep
inelastic scatterings of electrons and muons on hadrons [47], and which was indeed
discovered in 1969 at SLAC [48, 49], entitling the quarks and gluons to the status of
physical particles. Consequently, the S-matrix theory was abandoned and a quantum
field theory of strong interaction, Quantum Chromodynamics (QCD), was developed.
In 1973, Gross and Wilczek [50] and Politzer [51] discovered a fundamental property
of Quantum Chromodynamics, asymptotic freedom, that makes it weakly coupled at
large momentum, and allows to perform perturbative calculations. This discovery was
a decisive argument in favour of the quantum field theory formulation.

At this point, only the up, down and strange quarks were known. However, a fourth
quark had been first predicted in 1964 by Bjorken and Glashow [52], and, in 1970,
Glashow, Iliopoulos and Maiani [53] proposed a mechanism to explain the suppression
of flavour-changing neutral currents in the quark sector, that required the existence
of this additional quark. The fourth quark, known as the charm, was discovered
in 1974 [54, 55]. In 1973, Makoto Kobayashi and Toshihide Maskawa proposed a
third generation of quarks because the observation of CP violation in kaon decay
was inconsistent with only two generations [56]. The discovery of the bottom quark
at Fermilab in 1977 [57] confirmed their intuition, and finally, the top quark was
discovered in 1995 [58, 59|, completing the third fermion generation.

The end of the quest?

In 2012, the collaborations Atlas [60] and CMS [61] from the LHC announced the
discovery of a new particle that presents the expected properties of the Higgs boson,
with a mass

my, = 125.6 + 0.3 GeV . (1.1.6)

Moreover, until now, no significant deviation from what is predicted by the Standard
Model has been observed. This particle was the last missing piece of the theory, and
its discovery puts an end to the construction of the Standard Model. However, some
remaining interrogations, which will be reviewed in section 1.3, motivate the search for
physics beyond the Standard Model.

1.2 The framework

1.2.1 The gauge theory

When studying the Standard Model, it is crucial to separate the right- and left-handed
components of the fermions, defined according to

Yp==14+v)Yv=Prv, Yr==-1—-)Y=Pry, (1.2.1)

N | =
N | —
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and the Dirac field is given in terms of its chiral components by ¢ = ¥, + 9. The
discrete symmetries C, P and T act on fermion fields in the following way. Charge
conjugation C exchanges particles and antiparticles of the same chirality, for instance

CyrC =95 | (1.2.2)
whereas parity flips the chirality of a field,

PP =g, (1.2.3)

and T reverses time. C, P and T can be broken, but the symmetry CPT is always
preserved. Since the Standard Model is a chiral theory with right- and left-handed
fields transforming under different representations of the gauge group, the most rele-
vant symmetry between particles and antiparticles is CP, which exchanges for instance
left-handed particles transforming under a given representation and right-handed an-
tiparticles transforming under the conjugate representation,

(CP)vr (CP™Y) =4k = (Y1) . (1.2.4)

Note that for a gauge theory based on SU(2), a representation and its conjugate are
always identical, therefore CP-conjugate fermions transform under the same represen-
tation. A CP transformation can be represented by mean of the matrix C' expressed
in terms of Dirac matrices by C' = i7%v2,

U =Cvf , Wi =Cip . (1.2.5)

The Standard Model is based on the gauge group SU(3).xSU(2)xU(1)y. SU(3).
describes the strong interactions, whereas SU(2)r, x U(1)y provides the framework for
the electroweak interaction. We will label the SU(3), SU(2) and U(1) field strengths
as Gy, Wy, and By, respectively. The corresponding couplings are referred to as gs,
g and ¢’ respectively.

Fermions fall into irreducible representations of this group, and are divided in two
types. Quarks are SU(3) triplets and therefore sensitive to strong interactions, whereas
leptons are SU(3) singlets and interact only through electroweak interactions.

Another division occurs, based on chirality. Left-handed fermions are gathered in
SU(2) doublets, whereas right-handed fermions are singlets with respect to this group.
As announced previously, things are reversed when considering antiparticles, because
right-handed antiparticles belong to SU(2) doublets, like for instance

c_ [€r
= <y§%> : (1.2.6)

while left-handed antiparticles are SU(2) singlets. Each fermion generation contains
a doublet of left-handed quarks including an up-type quark and a down-type quark, a
doublet of left-handed leptons including a charged lepton a neutrino, right-handed up-
and down-type quarks and a right-handed charged lepton. There is no right-handed
neutrino since it would be a gauge singlet without any interaction, and therefore its
presence is unnecessary at least as long as we neglect neutrino masses. This field
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Quarks | Q; = (32) (3,2, +1/6) 1/3 ] 0
URi (3,1, +2/3) 1/3 | 0
dp; (3,1, —1/3) 1/3 | 0
Leptons | £, = (:iz) (1,2, —1/2) 0 |1
€Ra (1,1, — 1) 0 |1

Table 1.1: Fermionic content of the Standard Model.

content is summarized in table 1.1.
Before the spontaneous breaking of the electroweak symmetry, the gauge-invariant
Lagrangian for the fermions and gauge fields is

Ltermions = Z i (QleQz + aRilDui + JRzldez> + Z { (Zamga + éRameRa> )

i=1,2,3 a=e,u,T
(1.2.7)
1 uv 1 a uv 1 a puv
ﬁgauge == _ZBMVB - ZW'LLVWCL - ZGP«VGC" , (128)

It does not contain any mass term, because gauge boson masses would break gauge
invariance, while for fermions, mass terms have the form

—L = ml;’tﬁ = mIZR'LﬁL + ml/_JL’lﬁR . (1.2.9)

Since right- and left-handed fermions belong to different representations of SU(2), such
a mass term would also violate SU(2) gauge invariance. In the absence of fermion
mass terms, the Lagrangian possesses an additional global symmetry SU(3)?, which
corresponds to the transformations

fi — (Vf)ljf]7 f = QvuRvdeé) €R . (1210)

However, to be a viable theory of nature, the Standard Model must account for the
masses of the fermions and the gauge bosons of the weak interaction.

1.2.2 The Higgs mechanism and its consequences

This discrepancy is solved by the spontaneous breaking of SU(2)gw x U(1)y to the
U(1)gar subgroup describing electromagnetism. This spontaneous breaking is trig-
gered by the Higgs field, which is an SU(2)gw doublet with hypercharge Y = +1/2,

H = (gﬁ) : (1.2.11)

The Higgs field participates in the Lagrangian through the following terms
Liiges = (D, H)' (D*H) — V(H) (1.2.12)
Lvucawa = = I (V@i ury + yQiH dry) — > yslaH eng +he. ,  (1.2.13)

i,j a,B
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where we defined H = ioo H*. Up to this point, gauge invariance is preserved by every
term appearing in the Lagrangian.

The scalar potential responsible for the spontaneous breaking of SU(2)r, x U(1)y
is

V(H) = 2H H + ) (HTH)2 . (1.2.14)

A should be positive, otherwise the potential is unbounded from below, which means
that there is no stable vacuum. When p? is positive, there is a single minimum in
H =0, and the gauge symmetry is unbroken. When p? is negative, the minima of the
potential are defined by

i —

H'H=—. 1.2.15
5% ( )

There is an infinite number of degenerated vacua, defined as minima of the scalar

potential. Therefore, the Higgs fields acquires a vacuum expectation value (v.e.v.),

which we can choose to be

(H) = (2) L o= (H") = ,/_2“2. (1.2.16)

Because H is charged under SU(2) x U(1), this vacuum expectation value breaks
spontaneously the electroweak symmetry and the kinetic term of the Higgs field gives
rise to the gauge boson masses. Using the explicit expression of the covariant derivative

/
DMH = <aﬂ —igWhry — z’%B”) H (1.2.17)
and replacing H with its vacuum expectation value in the kinetic term of eq. (1.2.12)
yields

2
v
5»Cgauge = Z

9 (ijlﬂ + W3W2“) - (—gW;j’ + g’BMﬂ . (1.2.18)

The physical states W and W~ correspond to the combinations

14 51172
Wi:W#:I:ZWu'

1.2.19
iy 7 ( )
Consequently, W and W~ are conjugate fields with the squared mass
2,2
M2, = % . (1.2.20)

The two electrically neutral gauge bosons W3 and B mix through the squared mass

2,2 ’,.2 3
e gv/4 —gg'vt/A\ (W)
( 12 B#) <_gg/v2/4 9/27)2/4 B/L . (1221)

matrix
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Diagonalizing this matrix, we get the massive gauge boson Z° and its mass,

Z) = cos W —sin Oy B, , (1.2.22)
2 2
Mz =19 J;g v? (1.2.23)

where we introduced the Weinberg angle, defined by

/

g g

The masses of the W and Z° boson are therefore related by My = My cos6y. The
fourth gauge boson, which we identify as the photon, corresponds to the unbroken
subgroup of electromagnetism U(1)gys. It remains massless, and is given in terms of
the original fields by

cos Oy = sin Oy = (1.2.24)

A, =sin OWW!‘? +cosw B, . (1.2.25)

The charged bosons W and W~ couple to left-handed fermions with a coupling
constant g, whereas the coupling of the photon to a field with weak isospin T3 and
hypercharge Y is (T3 +Y) x gg'/+/g*> + ¢'?, so we can identify the electromagnetic
coupling constant e and the electric charge ) of the field as respectively

99

Finally, the coupling of the neutral boson Z° to a field with weak isospin T3 and
hypercharge Y is

e= Q=T3+Y . (1.2.26)

gcosbyTs — ¢ sinfy Y = (T3 — sin? HWQ> ) (1.2.27)

cos Oy

Electroweak interactions can be described as interactions of the W and Z° bosons
and the photon with charged and neutral currents

Lueak = Wy jho +hec) + Z, jKe + Ap dim (1.2.28)

where the charged current involves only left-handed fields, so that interactions involving
the W* bosons violate maximally parity,

Jec = —\% {ZULW“dLi +> VLa’Y“GLa} , (1.2.29)
% «

whereas the neutral current coupling to the Z° boson involves both left- and right-
handed fields, but still violates parity. The neutral current is given by!

. g _1
ne = {Z <Ui27u( —CA75)Uz+d W (CV—CA’Y5)d)

cos

+ (ea Yy — c4vs) ea + ﬂLa'y“vLa>} : (1.2.30)
[0
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Field cy cA
u; 1/2 —4/3sin63, | 1/2
di | —1/2+2/3sin63, | —1/2
Ca —1/2+2sin63, | —1/2

Table 1.2: Axial and vector couplings of the Standard Model fermions.

The ¢y and ¢y coefficients are respectively the vector and axial couplings of the
fermions which are specified in table 1.2. The electromagnetic interaction preserves
parity because left- and right-handed components have the same electric charge, and
the associated current is

2 1-
Jem = {Z (sﬁi’y“m - 3dw“di) -3 éav“ea} . (1.2.31)

The Yukawa couplings give rise to the fermion masses: after the electroweak sym-
metry breaking, replacing H with its vacuum expectation value in the Yukawa cou-
plings of eq. (1.2.13), we get the fermion mass terms

Loinass = — Z (m%ﬁLiuRj + mgngide) — Z ygﬁéLaem +he., (1.2.32)
i,j=1,2,3 a,B=e,u,T
with mfj = yifj v. If we want the charged currents of eq. (1.2.29) to keep a diagonal

form in flavour space, it is possible to diagonalize simultaneously the mass matrices of
the charged leptons and of one type of quark, for instance the up-type one. To achieve
this we perform the following rotations,

f—=Vif, (1.2.33)

where the Vy are unitary matrices. Alternatively, we can choose to diagonalize simul-
taneously the three mass matrices. Then, in a basis where the three matrices m*, m?
and m® are diagonal, the charged current involving the quarks takes the form

Jec,q = —% > L (VJVd)ij i - (1.2.34)

ViiVy = Vogar is known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix [56]. It
governs the transitions between quarks of different generations, like for instance the
bottom quark decay

b—=c+ W™, (1.2.35)

where the W™ subsequently decays, for instance into an antineutrino and a charged
lepton. As long as neutrinos are supposed massless, there is no flavour-changing process
in the lepton sector. Things will change when we introduce neutrino masses, which

! Here, unless specified otherwise, we refer to Dirac spinors including both left- and right-handed
components, for instance u; = ur; + UR;.
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will involve the equivalent of the CKM matrix for the lepton sector, the Pontecorvo-
Maki-Nakagawa-Sakato (PMNS) matrix.

The global symmetry SU(3)° defined by eq. (1.2.10) is broken by the fermion mass
terms. What remains is an accidental symmetry U(1)p x U(1)r, x U(1)r, x U(1)L,.
U(1)p corresponds to baryon number, and the U(1)r,, to the flavoured lepton numbers.
Quarks have a baryon number B = 1/3 (B = —1/3 for antiquark), while the leptons
of flavour a have a lepton number Lg = 43 (Lg = —dqp for antileptons of flavour
a). Neglecting neutrino masses, the Standard Model Lagrangian is invariant under the
transformations

(Qi, uri, dri) = €573 (Qi, wi, di) (1.2.36)
(b eRa) — €000 (£, eRa) - (1.2.37)

After the introduction of neutrino masses, the three lepton numbers are not conserved
anymore.

1.3 Unanswered questions

The Standard Model proved to be an incredibly accurate description of nature. How-
ever, a few issues remain, which are not resolved in this framework. Some of these
issues, such as Dark Matter and Dark Energy, are based on observation, and are there-
fore compelling evidence that the Standard Model cannot be the ultimate theory of
Nature. Some other, like the hierarchy problem, are rather unsatisfying features which
do not make the theory inconsistent but suggest to look for a bigger picture.

The invisible energy content of the Universe

In 1933, Fritz Zwicky was the first to notice a discrepancy between the motion of
galaxies in the Coma cluster and the visible amount of matter [62]. He suggested the
existence of Dark Matter to solve this inconsistency. Later, Vera Rubin observed a
similar effect when looking at the motion of stars in the Andromeda galaxy [63]. Her
measurement was the first conclusive evidence of the existence of Dark Matter. Further
evidence was provided by the Cosmic Microwave background. Indeed, anisotropies in
the CMB are due to acoustic oscillations of the primordial plasma, and the shape of
their spectrum can be related to the amount of dark matter [64]. This new, invisible
kind of matter should represent around 80% of the total amount of matter in the
Universe, but despite being the most widely accepted explanation, its nature remains
a mystery. Several hypotheses have already been excluded and today, the only certainty
is that Dark Matter is not made of Standard Model particles. Among the possibilities
which are still being explored, Dark Matter could be made of a new, heavy species
of sterile neutrinos, or of Weakly Interacting Massive Particles (WIMPS) [65], which
could for instance arise in supersymmetry.

Another puzzle concerning the energy content of the Universe was raised at the end
of the 90’s, when it was found that the expansion of the Universe is accelerating instead
of decelerating [66], as could be reasonably expected because of gravity attracting
the galaxies to one another. This discovery resurrected the cosmological constant
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introduced in 1917 by Einstein, who at the time wanted to model a static universe
[67]. However, the cosmological constant is a rather ad hoc solution. Instead, some
theories suggest that this acceleration is due to a new kind of field which behaves like
a fluid with negative pressure, called Dark Energy, which counterbalances the effect of
gravity.

Ordinary matter represents only about 5% of the energy content of the universe,
whereas Dark Matter represents around 25%, and Dark Energy nearly 70%. In the
end, more than 95% of the energy content of the Universe is not described by the
Standard Model.

The Hierarchy Problem

Figure 1.1: Quantum corrections to the Higgs mass coming from a top quark loop
(left), and from a stop loop in supersymmetry (right).

Another issue, which is essentially theoretical, is the hierarchy problem [68-72]. A
scalar field like the Higgs boson receives corrections to its squared mass coming from
diagrams like those displayed in fig. 1.1. Using cutoff regularization to compute these
corrections, they grow like A2, A being the cutoff of the theory. For instance in the
Standard Model, the main correction comes from the coupling with the top quark, and
is of the order

Sm2 ~ ey (1.3.1)
8w

This can be a problem if the cutoff is very large. For instance, if it is the Planck scale
Mp = 2.4 x 10" GeV, the squared mass of the Higgs boson receives huge corrections
(the abovementioned term is of the order of 103> GeV?). In this case, the smallness of
the physical mass my ~ 126 GeV has to involve a miraculous cancellation between the
bare mass parameter appearing in the Lagrangian and the quantum corrections. Even
if one dismissed the physical meaning of cutoff regularization and used dimensional
regularization instead to get rid of the leading correction above, new physics at a heavy
scale would bring back the problem. For instance, any new scalar with a mass M that
couples to the Higgs boson with a coupling —\(HTH)(S'S) generates a correction to
the Higgs squared mass given by

A M?
— M?1log L (1.3.2)

dms ~
h™ 16
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where 4 is the renormalization scale. The leading correction goes now like M? and
a fine tuning is again needed to recover the physical Higgs mass. To summarize, the
Higgs boson mass is very sensitive to the highest scale in the theory. As a consequence,
the hierarchy problem appears as soon as there is new physics beyond the Standard
Model, unless this new physics takes a very peculiar form.

There are essentially two type of solutions to the Hierarchy Problem. One solution
is to assume that the Higgs boson is not a fundamental scalar, but rather a composite
particle, just like the pion in QCD. Hence, the cutoff is lowered to the scale A at which
the fundamental components of the Higgs boson appear as free particles, which is
somehow the equivalent of the confinement scale Agcp in Quantum Chromodynamics.

Since a fermion loop gives a negative correction to the Higgs squared mass, and
a scalar loop a positive one, another possibility is to counterbalance the negative
contributions of the fermions with positive contributions coming from scalars. This is
possible if a new symmetry ensures that each fermion is associated to a boson that
couples to the Higgs field in the same way, and vice versa. This idea is realized by
supersymmetry, in which particles fit in supermultiplets, each one containing the same
number of bosonic and fermionic degrees of freedom, which ensures the cancellation
of all the divergent contributions to the Higgs boson mass. Supersymmetry will be
introduced in 4.1.

The strong CP problem

Another fine-tuning issue is the so-called Strong CP problem. It stems from the fact
that in principle, nothing forbids the following CP-violating term in the QCD La-
grangian,

2
9599cD
Loy = %e” rrGe,G, . (1.3.3)

This term is a total derivative, but its contribution does not vanish because of instanton
field configurations which are characteristic of non-abelian Yang-Mills theories. If at
least one species of quark ¢ was massless, it would be possible to render this CP
violation unphysical, by mean of the axial rotation

q— e©%q . (1.3.4)
The associated chiral current is defined as
75 = a7 - (1.3.5)
Because of the chiral anomaly, this rotation modifies the Lagrangian by
6L = ©0,5t = —gz—ge“”p”GayG“ , (1.3.6)
3972 pv ™ po

which makes it possible to bring the CP violation to zero without any physical con-
sequence, by simply choosing © = Ogcp/2 in eq. (1.3.4). However, all quarks are
massive, and the chiral transformation (1.3.4) for a quark of mass m gives an addi-
tional shift to the Lagrangian

920

0L = it = — 5 5

PG, G, — 210Omaysq (1.3.7)
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so that it is only possible to transfer the CP violation from the gauge Lagrangian to the
quark mass matrix or conversely. Thus, CP should be violated by strong interactions,
but it is not the case. More precisely, the experimental bound on ©¢g¢cp is [73]

©qep| 10710 (1.3.8)

The Standard Model does not give any reason why this angle is so small. Again, this
does not make the theory inconsistent, but is rather an inelegant feature.

A solution to this problem was proposed in 1977 by Roberto Peccei and Helen
Quinn [74, 75]. The idea is to replace the constant angle ©gcp with a dynamical
field. This field has a potential which is minimal for ©gcp = 0, which means that the
vacuum of the theory preserves CP. It requires the introduction of a new scalar particle
called the axion. Axions can also play the role of Dark Matter candidate, giving an
additional motivation to their search.

Nonzero neutrino masses

Among the remaining issues, the problem of neutrino masses comes from the fact that
the Standard Model does not contain right-handed neutrinos, since for a long time
they were not required to explain the phenomenology. This implies that neutrinos
are massless, but the phenomenon of neutrino oscillation proves the opposite. To this
day, neutrino masses are the only evidence for new physics that can be tested in lab
experiments. This issue and possible solutions will be discussed in section 2.1.

The matter-antimatter asymmetry

Finally, the fact that our Universe seems to contain only matter and no antimatter is a
nontrivial issue. If the discrete symmetry CP, that relates particles and antiparticles,
is exact, a universe with an equal amount of matter and antimatter would not contain
any structure such as stars and galaxies. This is because every particle would annihilate
with its antiparticle, leaving a much smaller amount of matter than what is observed,
and an equal amount of antimatter. At some point in the early universe, there must
have been an imbalance between particles and antiparticles, but the question remains
whether this asymmetry is just the result of the initial conditions or of a dynamical
physical process. Thus, the visible energy content of the universe is actually also an
issue. This will be addressed in more detail in chapter 3.



Chapter 2

The lepton sector

2.1 Neutrino masses

At this stage, one thing distinguishes neutrinos from the other fermions. Indeed, the
Standard Model does not contain right-handed neutrinos, therefore neutrinos should
be massless. However, the experimental observation of neutrino oscillations proves that
they have tiny masses. The existence of neutrino masses raises a new question: are
neutrinos Dirac particles, like the other fermions of the Standard Model, or Majorana
particles, with a mass term mixing neutrinos and antineutrinos?

2.1.1 Neutrino oscillations and their interpretation

First predicted by Bruno Pontecorvo in 1957 [76], neutrino oscillations have been
observed since then by several experiments looking for disappearance of neutrinos of
a given flavour, or for the appearance of a new flavour in a neutrino beam.

Principle

The explanation for oscillations rely on neutrinos being massive particles [77]. Neutri-
nos are produced in flavour eigenstates v., v, or v, by weak interactions such as the
muon decay p — e+ ve +1,. If these flavour eigenstates do not coincide with the mass
eigenstates vq, o and vs, the propagation will induce oscillations.

To introduce the phenomenon of oscillations, it is convenient to study a simplified
case where there are only two flavours, v, and v, related by a rotation

<Ve> _ ( cqs@ sm€> <V1> 7 (2.1.1)
vy, —sinf@ cosf /] \ 1y
Let us consider a neutrino of flavour e produced at a time ¢t =0

|Ue(0)) = cos @ |v1(0)) + sin 6 |12(0)) (2.1.2)

For simplicity, we consider plane waves with momentum p. A correct description should
involve wave packets, but plane waves allow to grasp the main idea while being much

17
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simpler to study. The states v; and 1o are energy eigenstates, therefore their evolution
over time is given by

(1)) = e it |1;(0)) (2.1.3)

with B; = \/p2+m? ~ p+ m?/(2p). At a distance L = ct from the source, the
probability of transition to the state v, is

Pou(L) = |(vulve(£))[?

. . 2
= (= sin 0 (1] + cos 0 (va]) (cos e~ 1" [uy) + sin e~ 2! \y2>)\
Am2. L
s 2 s 2 21
= 2 i) el
sin Gsm( iE )
L

— sin® 20 sin® (Lo> , (2.1.4)

where Am?j = mz2 — m? is the squared mass difference, £ = p is the beam energy, and

the characteristic oscillation scale Lg is

A E

Ly=—.
0 Am%l

(2.1.5)

Thus, the observation of neutrino oscillations allows to determine the squared mass
splitting Am?j. Very far from the source (L > Lg), the transition probability can be
averaged,

1
P.,(L) — 5sm2 20 . (2.1.6)

This result generalizes to any number n of flavours related by a unitary mixing
matrix U,

Vo) = Ul; Vi) - (2.1.7)

Note that the relation between the operators is v, = Uy; v;, but |v,) is created by the
creation operator v, = U, ;. The probability of transition from flavour a to flavour

B is

n 2 n
Pag(L) = |3 Uaille ) = 37 UniUUsUpge "M @P 0 (2.18)
i=1 i,j=1
Parametrization

Let us start with general considerations. The mass terms of n Dirac fermions ¢, =
VLo + YRro appear in the Lagrangian as

Lbirac = —VraMagtbrs + hoc. . (2.1.9)
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In the case of Majorana fermions, i.e. satisfying the Majorana condition ; = C’d_JZT
[78], where C' is the charge conjugation matrix, this turns into

1 T
H Tran. _— . . . . .
EM&JO ana Q@ZJZ acjwaﬂu)Lﬁ h.c (2 1 10)

We bring the mass matrix to a diagonal form by mean of a unitary transformation

wa = aiwi ) (2111)

so that the mass terms can be rewritten as

EDirac = _&Ra UazMzUEz ¢L,8 +h.c. ; (2112)

1 * *
Liajorana = —waac UsiM;UL; ¥rp + hee. . (2.1.13)

A nxn unitary matrix has generally n? parameters, including n(n—1)/2 mixing angles
and n(n + 1)/2 phases. However, in the case of Dirac fermions, 2n — 1 phases can be
eliminated in redefinitions of the fields,

VLo — €Lty
{ oo T et (2.1.14)

There are a priori 2n such possible rephasings, but we can see from eq. (2.1.12) that
choosing the same value for all the phases ¢, and ¢r, has no effect, therefore only
2n — 1 phases can be eliminated. In the case of Majorana fermions, there are only n
possible rephasings, one for each ¥, so n phases can be eliminated and there remains
n(n — 1)/2 physical phases.

Thus, if neutrinos are Dirac fermions. the PMNS matrix should include three
mixing angles and one phase. The standard parametrization is the following,

c12€13 512€13 s1ze”"
_ i i
U = | —s12c23 — c12513523€"° 12023 — S12513523€" c13823 | (2.1.15)
i i
512823 — €12513C23€"°  —C12523 — S12513C23€"  C13C23

where ¢;; = cosb;;, s;j = sinf;; and 0 is the CP-violating phase, referred to as the
Dirac phase to distinguish it from those arising when neutrinos are Majorana fermions.

When neutrinos are Majorana fermions, two new physical phases are present, which
can be parametrized by multiplying the previous matrix by a matrix of phases, for
instance

c12€13 512€13 s13e%0 e? 0 0
_ i i
U = | —s12c23 — c12513523€"  C12C23 — S12513523€" ci3s23 | x [ 0 1 0
5 s .
512823 — €12513C23€"°  —C12523 — $12513C23€"  C13C23 0 0 €7
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Experimental measurements

The mixing angles of the PMNS matrix', as well as the squared mass differences, have
been measured by a wide range of experiments looking for appearance or disappearance
of flavours in neutrino beams coming from the Sun, the atmosphere or nuclear reactors.
A remaining uncertainty is the ordering of neutrino masses. The squared mass splitting
Am3, is always positive, whereas Am3; can be positive or negative. A positive value
for Am3; gives the mass ordering m,; < m,o < mys, also called Normal Hierarchy
(NH), whereas a negative value gives my3 < my,q < m,q, referred to as the Inverted
Hierarchy (IH). The solar and atmospheric mass m, g, and my ., are often defined as

Mysun = \/m%l ) Myatm = |Am§1| . (2117)

Let us review briefly some of the key experiments that measured the oscillation
parameters of neutrinos.

(i) The first evidence of neutrino oscillations was found in 1998 by Super-Kamiokande
[79]. The Super-Kamiokande experiment, looking for up-going atmospheric muon
neutrinos, found missing events in v, — v,. The survival probability in this con-
figuration can be approximated by

2
P, sy, ~ sin® 2053 sin? (AZ%?L> . (2.1.18)
MINOS [80-84] also looked for the disappearance of muon neutrinos, but in a
beam produced by an accelerator. These two kinds of experiments are comple-
mentary, since atmospheric neutrino experiments give the most precise measure-
ment of the mixing angle A3, whereas accelerator neutrino experiments allow to
measure the splitting Am3, with a greater precision.

(ii) The CHOOZ experiment [85], looking at a beam of antineutrinos produced by a
nuclear reactor, did not detect disappearance in v, — v.. For this experiment,
the probability of survival can be approximated by

Am3, L
Py, =~ 1 — sin? 203 sin? [ 20812 ) (2.1.19)
4F
and therefore CHOOZ was able to set an upper bound on 6;3. The angle 613,
which until recently was thought to be very small, was finally measured by the

experiments Daya Bay [86] and Double Chooz [87]. The measured value differs
significantly enough from zero,

sin? 2613 ~ 0.1 . (2.1.20)

(iii) For solar neutrino experiments, both vacuum and matter oscillations play a role.
Given that L > 4E/Am3,, the survival probability can be approximated by

More precisely, the parameters measured are the sin? 26;;.
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Parameter Experimental value
Am?, (7.59 4 0.185) x 1077 eV?
Am3, (2.47 £0.07) x 1073 eV? for Normal Hierarchy (NH)

Am3, (—2.43 +O‘042) x 1073 eV? for Inverted Hierarchy (IH)

—0.065
sin® 019 0.30 £0.013
+0.037
. 9 0.41 for the first octant
sin® G953 —0.025
0.59 +0.022 for the second octant
sin? 613 0.023 + 0.0023
66"
0 300 +
—138

Table 2.1: Physical parameters responsible for neutrino oscillations. Values are taken
from ref. [95].

the following formula as long as the interaction of neutrinos with matter can be
neglected,

1
P, ., ~1— 5sin2 2015 . (2.1.21)

In the opposite case (relevant for SNO [88] and Super-Kamiokande [89]), the
MSW effect describing oscillations of neutrinos in matter [90, 91] should be taken
into account, which gives

pmatter  ¢in2 9,5 . (2.1.22)

Ve—rVe

KamLAND [92-94] studied disappearance of electron antineutrinos produced in
surrounding nuclear reactors

Am3, L
Py, 5, ~ Clg (1 — sin? 26}, sin® Tél ) (2.1.23)

Together, these experiments gave measurements of the mixing angle #12 and the
square mass splitting Am3;.

The measured values of the parameters are summarized in table 2.1. The Dirac
phase ¢ is still unknown, as is the absolute scale of neutrino masses, defined for in-
stance by the mass of the lightest neutrino, which cannot be determined by oscillation
experiments. Cosmology, on the other hand, gives an upper bound on the sum of
neutrino masses.

We should signal that one experimental observation could allow us to discriminate
between Dirac and Majorana neutrinos without any ambiguity. Some unstable nuclei
experience double beta decay. If neutrinos are Dirac fermions, double beta decay is
just a superposition of two simultaneous ordinary beta decays [96], i.e.

IN = ;AN +2e” +27, . (2.1.24)
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Figure 2.1: Neutrinoless double beta decay. The cross denotes a Majorana mass inser-
tion.

If neutrinos are Majorana fermions, there is another possibility which is neutrinoless
double beta decay [97],

AN — AN +2e . (2.1.25)

The principle of this phenomenon is shown in fig. 2.1. Neutrinoless double beta decay
clearly violates lepton number by two units and is a characteristic signature of Majo-
rana neutrinos. More interestingly, its rate is related to the entry m,,. of the neutrino
mass matrix, also called in this context mgg: the inverse half-life of the isotope is
proportional to [my..|?,

—1
() o< T oc fmuec* - (2.1.26)

The observation of neutrinoless double beta decay would therefore be an unambiguous
proof that neutrinos are Majorana fermions, and would give us access to an entry of
the mass matrix which is related in some sense to the absolute neutrino mass scale
(although not in a simple way). The current best bound on the half-life, given by the
KamLAND-Zen experiment [98], is

TY}y > 3.4 % 10% years , (2.1.27)
which in turns gives the following upper bound on the matrix element
|Myee| < (120 — 250) meV . (2.1.28)

Unfortunately, the opposite is not true. The non-observation of neutrinoless double
beta decay does not necessarily mean that neutrinos are Dirac fermions, they could
be instead Majorana fermions but with a vanishingly small matrix element |m,.|. In
fact, no experiment could tell us for sure that neutrinos are Dirac particles.

Anomalies

Some neutrino experiments reported results that are in tension with theoretical predic-
tions. These anomalies could point towards a more complex neutrino sector, including



2.1.

NEUTRINO MASSES 23

more than the three neutrinos of Standard Model. Indeed, one of the possible expla-
nations is the existence of additional species of neutrinos. If this is the case, these
new species cannot interact through weak interactions, because otherwise the Z boson
would have new decay channels of the kind Z° — v, and its width would be larger
than what is measured. Such light particles that do not interact weakly are referred
to as sterile neutrinos. Here is a short review of these anomalies.

(i)

(iii)

The LSND experiment looked for v, — v, transitions [99], while MiniBooNE
looked for both v, — v, and v, — v, [100-103]. The results of LSND indicate
an excess of events that cannot be satisfactorily explained. The antineutrino data
from MiniBooNE is compatible with LSND, but the neutrino data do not exhibit
the same excess. If v, appearance was due to a new oscillation, the new squared
mass splitting and mixing angle should satisfy Am? <1 eV? and sin? 26 ~ 1072
[104].

The GALLEX and SAGE experiments use gallium to detect solar neutrinos,
thanks to the following reaction,

ve+1Ga =™ Ge+e . (2.1.29)

These experiments were calibrated with radioactive sources. The results ob-
tained with these sources and the theoretical predictions are in disagreement:
the number of events is smaller than expected. For instance, the two GALLEX
experiments found the following ratio [105],

r=0.882+£0.078 . (2.1.30)

This is known as the “Gallium anomaly” [106, 107]. This disappearance of 7,
could be explained by a new oscillation, with a squared mass splitting Am? > 1
eV2. For instance, ref [107] gives a best-fit point at Am? = 2.24 eV

After a recalculation of the 7, flux from reactors [108-110], it appears that all
short baseline experiments detecting reactor neutrinos seem to have measured
less events than expected. This is known as the “reactor anomaly”. Again, the
disappearance of 7, could be explained by a new oscillation, with a squared mass
splitting Am? around 1 eV2. However, it was recently noticed that the shape of
the spectra measured at Daya Bay [86], RENO [111] and Double CHOOZ [87]
are not consistent with predictions [112]. This could be unrelated to the reactor
anomaly, but it could also mean that both inconsistencies are due to little-known
effects coming from reactor physics. Thus, new experiments would be needed to
conclude on the origin of the anomaly.

The interpretation of the LSND/MiniBooNE results in terms of sterile neutrinos
is in tension with other experimental data [104]. On the other hand, light sterile
neutrinos could still be an explanation for the Gallium and reactor anomalies. Such
particles would also play a role in cosmology, because if they were thermalized in the
early universe, they would contribute to the effective number of neutrinos Neg and to
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the sum of neutrino masses, which are constrained by the Planck experiment [113],

Neg = 3.15+£0.23 (2.1.31)
> m, <0.23 eV . (2.1.32)

Such results are consistent with the existence of three neutrino family, and the expla-
nation of neutrino anomalies in terms of sterile neutrinos could be in tension with the
ACDM model of cosmology.

2.1.2 The theoretical puzzle

Until now, we have been reviewing the phenomenology of neutrino oscillations without
paying attention to the problems raised by nonzero neutrino masses. Indeed, neutrino
masses lead to two questions: how are they generated, and why are they so tiny in
comparison with the other fermions? Another issue, which is related to the previous
ones, is to know whether neutrinos are Dirac or Majorana particles.

Dirac or Majorana?

At first sight, it seems that it is possible to answer the first question without bringing
significant modifications to the Standard Model. Indeed, a first guess would be to
introduce precisely what is needed to write Dirac mass terms, i.e. three right-handed
neutrinos

LDirac = _m25 VraVLg + h.c. . (2133)

This mass term can be generated after the electroweak symmetry breaking just like
those of the other fermions. More fundamentally, it derives from the SU(2)-invariant
Yukawa coupling

Lyukawa = —Yig VraH 0205 + h.c. (2.1.34)
The neutrino mass matrix is related to the Yukawa coupling and the Higgs v.e.v. by
Mep = Yag¥ - (2.1.35)

This solution appears clearly as the most simple choice, since it reproduces exactly
the same pattern as for the other fermions. Right-handed neutrinos being Standard
Model singlets, they are sterile and therefore their introduction does bring any new
phenomenology. However, this solution does not answer our second question. The
smallness of neutrino masses just follows from the smallness of the Yukawa coupling
Yap» that has to be at least five order of magnitude smaller than for instance the electron
Yukawa y., without further explanation. Moreover, since right-handed neutrinos are
Standard Model singlets, nothing forbids in principle the following Majorana mass
term,

1
Lilajorana = ~5MRag Ve Cvrg + h.c. (2.1.36)
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where C' is the charge conjugation matrix and right-handed neutrinos satisfy the Majo-
rana condition v = Cﬂlg. Contrary to the usual fermion mass terms in the Standard
Model, this one is in no way related to the electroweak symmetry breaking, which
means that it could be arbitrarily large. In particular, it could be much larger than
the electroweak symmetry breaking scale. Another feature of this mass term is that
it necessarily breaks lepton number: if we want the Yukawa couplings of neutrinos
to conserve lepton number, we should give a lepton number L = +1 to right-handed
neutrinos, but then the Majorana mass term has a lepton number L = +2, breaking
lepton number by two units. The seesaw mechanism of type I, imagined by Peter
Minkowski [114], exploits precisely this idea.

Alternatively, left-handed neutrinos being the only electrically neutral fermions in
the Standard Model, they could also be Majorana particles, satisfying the condition
vy = CD%. Their low-energy mass term would be

1
EMajorana = *Em,/aﬁ I/EQCVLﬂ +h.ec.. (2.1.37)

Again, this mass term clearly violates the global lepton number, but this is not a
problem since lepton number is only an accidental symmetry of the Standard Model.
However, since left-handed neutrinos belong to SU(2) doublets, this mass term is not
gauge-invariant, and therefore can only be valid in the low energy effective theory,
where the electroweak symmetry is broken. Trying to make it invariant at higher
energies, where the electroweak symmetry is restored, is a problem similar to explaining
for instance how the electron mass can be consistent with the fact that the left- and
right-handed electron belong to different representations. For the electron, this was
solved by the Higgs mechanism and the introduction of Yukawa couplings. However,
the solution is not so simple here, since it is impossible to write a Yukawa coupling able
to generate the Majorana mass of eq. (2.1.37). It turns out that the lowest-dimensional
operator involving only Standard Model fields that can give rise to this mass term is
the Weinberg operator [115],
1 Rag , T . T.
ﬁWeinberg = iT(galagH)C(H 10255) . (2.1.38)
This operator has dimension 5 and is suppressed by the scale A at which it should
be generated by new physics. This would explain why neutrino masses are so small,
namely because they scale like v2/A, with v << A. On the other hand, the origin of
this operator still requires an explanation.
Finally, focusing for the moment on the low energy theory, the most general mass
term for neutrinos, involving both the three Standard Model left-handed neutrinos and
n right-handed neutrinos, is

_ 1 1
Lonix = _miDB VRiVLB — §m£/3 VEQCVLB — §m£ I/}giCI/Rj +h.c., (2.1.39)

where the subscripts a and 8 run over the three flavours e, u and 7, and the subscripts

i and j run over right-handed neutrinos. We can rewrite this as a single (3+n) x (3+n)
Majorana mass matrix

1
Lomix = —gmAB VATCVJ'B +h.c., (2.1.40)
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where the indices A and B run from 1 to 3 +n and

Ve
14
1
T
, Vr mb (mD)
vy = ,7%“ , MAB = 5 - (2.1.41)
. m m
17T

Let us review some limiting cases.
(i) If m* = m® = 0, we recover our first option, with purely Dirac neutrinos.

(ii) If m? = 0, the Standard Model neutrinos are Majorana particles. In this case, the
presence of right-handed neutrinos, if they exist, is physically irrelevant because
they do not interact at all with the Standard Model, not even through their mass
term. If the Dirac mass term is small but non-vanishing, mass eigenstates are
mixtures of active and sterile neutrinos.

(iii) Finally, m* = 0 and m” < m® leads to the seesaw mechanism of type I.

The seesaw mechanism of type I

In this scenario, the smallness of neutrino masses is related to the magnitude of the
Majorana mass of right-handed neutrinos, without requiring a significant suppression
of the Yukawa coupling. From now on, we label the heavy Majorana neutrinos N; to
distinguish them from the Standard Model neutrinos. There could be in principle an
arbitrary number of these particles, but, as we will see, at least two of them are needed
to match the observations on neutrino oscillations. Let us call n the number of Majo-
rana neutrinos. Assuming that their mass matrix is diagonal, i.e. M = diag(M;,...,M,)
(it is always possible to perform a change of basis to recover this situation), the seesaw
Lagrangian reads

- 1
Locesaw 1 = — Yo NilLioo H — 5 Mi NI'CN; +he., (2.1.42)
which, after the electroweak symmetry breaking, becomes
D 1 T
Lscesaw I = —myg, Nivo — §Mz N; CN; + h.c., (2143)

where mz% = y;3 0. We recover the Lagrangian of eq. (2.1.39) in the situation m”* = 0.
Again, it is possible to rewrite this as a single (3 + n) x (3 +n) Majorana mass

1
Locesaw 1 = _imAB VATCV,B +h.c., (2.1.44)
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where
Ve
Vi
vy T
| N7 0 (mP)
Va = y MAB = (2.1.45)
mP M
NT

n

Bringing this matrix to a block diagonal form, it turns out that there are n heavy
mass eigenstates, which are approximately the heavy neutrinos N; with masses M;,
and three light states corresponding to the three Standard Model neutrinos, with a
3 x 3 Majorana mass matrix

my ~ (mD)T M™tmP . (2.1.46)

Neutrino oscillation experiments prove that at least two of the Standard Model neutri-
nos are massive, which implies that the mass matrix m, should have at least rank 2, for
which at least two heavy neutrinos are required. In the most commonly studied case,
there are exactly three heavy neutrinos: this is the minimal content needed to give
nonzero masses to the three Standard Model neutrinos, and moreover, in some Grand
Unified Theories, there is a right-handed neutrino included in each fermion generation.

H~ +H
AN N; Ve

v

yi Qv

la

Figure 2.2: Diagram giving rise to the Weinberg operator in the type I seesaw. The
cross denotes a chirality flip due to a mass insertion.

Another way to look at the seesaw mechanism is to study the effective theory
obtained by integrating out the heavy right-handed neutrinos. First, let us consider
the diagram of fig. 2.2. At low energy, after integrating out the right-handed neutrinos,
this generates precisely the Weinberg operator

1 Yin¥is

LiWeinberg = 3 Z o, ((Lioo H)C(H  iogls) . (2.1.47)

This allows us to recover the result obtained by diagonalizing the (3 4+ n) x (3 + n)
mass matrix

YiaYis
Myag =D %;BUQ . (2.1.48)

i
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If we want the coupling y7, to be of order 1, and for hierarchical neutrinos (m,; <
My ~ Mgun, My3 ~ Matm), the right-handed neutrinos should have masses of the
order of 10'® GeV, which is not very far from the GUT scale. This can be an additional
motivation for implementing this scenario in a grand unified framework. Of course, this
is not strictly required and, even with lighter right-handed neutrinos, we can recover
the right order of magnitude without extremely small values for y”.

Figure 2.3: Diagram giving rise to the dimension 6 operator in the type I seesaw.

In addition to the Weinberg operator, the type I seesaw gives rise to a unique
dimension 6 operator, which comes from the diagram displayed in fig. 2.3 [116],

Cosg =S W) Yis G o I(H icyt 2.1.49

d:6_ZT(O‘202 ) ( 202/3)7 ( )
i i

which, after the electroweak symmetry breaking, is nothing but a correction to the

kinetic term of the neutrinos, which becomes

EV, kin = iﬂLa (5aﬁ + fgﬁ) aVLﬁ 5 (2150)
2 v \k , U
N U (Yin)" vis
) 7

To normalize canonically the kinetic term of neutrinos, we have to do the following
rescaling (given at the order M~2),

1
Via — Vg ~ (505 + 26{;[5) VL3 (2.1.52)

Because of this, the charged current involving leptons becomes
. _ 1 . 1
]gc,f = ZVLOL <6Ocﬂ — 26;;\[5) ’7“6[/5 = ZVLani (5aﬁ — 2€gﬂ> ’}/MeLB s (2153)
a,f3 a, i

which means that the PMNS matrix is replaced with a non-unitary mixing matrix,

N = <1 — ;EN> U. (2.1.54)

Because of this non-unitarity (NNT =1 — ¥, NTN = 1 — UTeNU), there are now
flavour-changing neutral currents in the neutrino sector,

iR, = D VL (NTNL]. Yo (2.1.55)
«
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However, these effects are generally very suppressed because they arise only at the
order O(1/M?), therefore they lead to observable effects only for low-scale seesaw,
with right-handed neutrinos not too far from the TeV scale. Such a low scale for
right-handed neutrinos brings back the issue of explaining the smallness of neutrino
masses.

Type II seesaw

Pursuing the idea of Majorana neutrinos, another possible strategy is to look for models
able to generate the Weinberg operator. This is indeed the lowest-dimensional operator
that generates a coupling of neutrinos to the vacuum expectation value of the Higgs
field, and therefore the simplest way to give a Majorana mass to neutrinos. In addition
to the type I seesaw, two extensions of the Standard Model are able to generate this
operator at tree-level with a simple additional content. The type II seesaw [117-120]
relies on the introduction of a scalar electroweak triplet A with hypercharge ¥ = 1.
Unless mentioned otherwise, we use the following parametrization for A,

A= (Al/oﬂ _ﬁ:;ﬂ) . (2.1.56)

Besides its kinetic term, it gives the following contribution to the Lagrangian,
1 . .
['seesaw I = —5 (faﬁggCZO'QAg/B + MHTZO'QATH + h.C.)
— MXtr(ATA) =6V (A H) (2.1.57)

where we separated the terms which are directly involved in the generation of neutrino
masses from the others, which are gathered in the additional scalar potential V. §V
can in principle contain the following couplings,

SV (A, H) = % [tr(ATA)r + A HTH tr(ATA)
(M RipR) Xi7 A T,}
+Zl{ 5 (RTA)" + s (AITA) (Hiout) ¢ (2.1.58)

where the T; are the dimension-3 representations of the SU(3) generators, and we used
the notation

Ay (AT + A% /V2
A=|ay| =|iatt—a%/v2] . (2.1.59)
As AT

In this framework, the Weinberg operator comes from the diagram of fig. 2.4. It
can be expressed in terms of the parameters as

1
*Mfcf (LaioeH)C(H io2lp) (2.1.60)
1 M2

«

EWeinberg =
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Figure 2.4: Diagram giving rise to the Weinberg operator in the type II seesaw.

giving for the neutrino mass matrix (after reabsorbing a minus sign with the phases)

1 v?

The simple proportionality relation between the neutrino mass matrix and the coupling
matrix f is a distinctive feature of this model, unlike in the type I seesaw where the
knowledge of the neutrino mass matrix would not give much information about the
Yukawa coupling.

Integrating out the triplet also gives rise to an effective dimension-4 operator that
generates a correction to the quartic Higgs coupling,

2
5oy = P gty (2.1.62)

as well as three dimension-6 operators [121, 122], summarized in

Los = if ‘;\Z‘? (€ Cioaity) . (Ts5ioaClT) — 2(\s + M)K}E(HTH )?
i (i) (0, ) (itom) 210

with H = iocgH*. Contrary to the type I seesaw, there is no deviation from unitarity
in the lepton mixing matrix, but the first term in eq. (2.1.63) contributes to lepton
flavour violation in the charged sector.

Type III seesaw

The third way to generate the Weinberg operator at tree-level is to add fermionic
triplets ¥; with hypercharge Y = 0, which are self-conjugate [123]. The type III
seesaw, as it is known, is by many aspects very similar to the type I. The Lagrangian
is

> N 1 - -
Leesaw 111 = —Yi, Si.(HFly) — iMi (FC).% +he. (2.1.64)
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with f)l defined as

L (G +E)/V2
5= s -29)/v2 | . (2.1.65)
=7

Like for the type I seesaw, at least two fermionic triplets are needed to explain the
phenomenology of neutrino oscillations. The Weinberg operator is generated in a way

H~ +H

la

Figure 2.5: Diagram giving rise to the Weinberg operator in the type III seesaw.

which is very similar to the type I seesaw (see fig. 2.5), as is its expression in terms of
the parameters,

¥, 2
1 YiaY; ) .
Loveinbers = 5 >~ (i H)O(H i) (2.1.66)
i 7

while differences appear only in higher order corrections.
Like the type I seesaw, the type III gives rise to a unique dimension 6 operator,
which is again very similar to the one of eq. (2.1.49) [122],

W) Y5~ T
Li—g = ZT(EQZJQH ) ID(H" ioolp) . (2.1.67)

i
The only difference is that this time, it involves a covariant derivative, which, after
the electroweak symmetry breaking, gives corrections to the kinetic terms of both
neutrinos and charged leptons,

Lo kin = VLo <5aﬁ + EEg) aVLﬁ + 1€1a ((5@5 + 2625) @eLg , (2.1.68)

as well as to their couplings to the SU(2)r, bosons,

Low = azﬁ: {\55 [ﬂLa (5a5 + 2625> W+€Lﬁ + h.c.]

_ %éLa (ap + 4€35) W%LB} +>° %ﬂLaW?’uLa . (2.1.69)
e

Now, to normalize canonically the kinetic terms of left-handed leptons, we have to do
the following rescalings,

1
Via — Vig ™ (5a5 + 2@%) VLB (2.1.70)

eLa — €1a = (as + € €15 (2.1.71)
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The main consequences of this are again the non-unitarity of the lepton mixing matrix,
which is now given in terms of the PMNS matrix by

1
N = (1 + 2?) U, (2.1.72)

and the apparition of flavour-changing neutral currents for both neutrinos and charged
leptons,

JNe,e = Z VLi [(NTN)l] Yur; + Z €La [(NNT)? Yerg . (2.1.73)
i, ij a,f af

Again, these effects are generally too small to be observable, unless the fermionic triplet
are relatively light.

2.2 Charged lepton flavour violation

Because of nonzero neutrino masses and neutrino oscillations, the family lepton num-
bers are actually violated. However, this violation is undetectable in the Standard
Model minimally extended to accommodate neutrino masses. If they were observed,
flavour-violating processes involving charged leptons would therefore offer an unmis-
takable proof of the existence of new physics.

2.2.1 The Glashow-lliopoulos-Maiani mechanism

The Glashow-Iliopoulos-Maiani (GIM) mechanism [53] was first introduced in 1970 to
explain the absence of flavour-changing neutral currents in the quark sector. At the
time, only the up, down and strange quarks had been discovered. With this particle
content, the charged current involving quarks reads

jhe = ——=ugy" (cosfedy +sinfesy) (2.2.1)

V2
where 6¢c is the Cabibbo angle. Problems arise when trying to include these three
quarks in the gauge theory for the electroweak interaction based on SU(2) x U(1).

Gathering left-handed quarks in an SU(2) multiplet ¢} = (uf,d%,s?), the charged
current can be rewritten as®

, g _
Jec = —EQL’Y“TWL ; (2.2.2)
with
0 cosf sind
Tt=10 0 0 | . (2.2.3)
0 0 0

?We follow here the original reasoning as summarized in ref. [124].
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T can be interpreted as a raising operator for SU(2), while the corresponding lowering
operator is T~ = (TF). These can also be expressed in terms of the SU(2) generators
as

TH=Ty+iTy, T =T —ily. (2.2.4)

Consequently, the third generator is given by

. 1 0 0
ng%[Tl,Tg]:§ 0 —cos’f  —cosfsinf | . (2.2.5)
0 —cosfsinfd  —sin%0

The Z° boson couples to a neutral current which is a combination of the (Havour-
conserving) electromagnetic current and the current associated to T3,

g _
JE = ——=qy"T3qr , 2.2.6
3 5 s (2.2.6)
and therefore its interactions should violate flavour at tree-level, in contradiction with
the experimental data. The solution was to introduce a fourth quark, the charm, that
couples to the orthogonal combination — sin dy, +cos 0sr,. On can enlarge the previous
reasoning to include the fourth quark, with qin = (uf, cf d%, SF‘LF) and

0 0O cosf sinb
0 0 —sinf cosb

Tt = 00 0 0 (2.2.7)
0 0 0 0

This leads to

O2x2  —1laxo

Ty = (12“ 022 ) : (2.2.8)

so that there is no flavour-changing neutral current anymore.

The GIM mechanism can also be applied to the lepton sector. First, we consider
the minimal extension of the Standard Model with Dirac neutrinos. The leptonic part
of the charged current of eq. (1.2.29) can be written as

Jo.e = > vraVera =Y vLiUiiv"era (2.2.9)
(0%

a,t

which means that the family lepton numbers are violated. The neutral current involv-
ing neutrinos remains diagonal

jll\LTC,V = Z DLiU;anj'}/HVLj = ZDLZ"Y“VLZ' , (2.2.10)
i, J, {

because the unitarity of the PMNS matrix implies that U};U,; = d;;, and so there is
no flavour-changing neutral current. This means that charged lepton flavour violation
can happen at higher order. Indeed, nothing forbids processes such as u* — e* + or
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Figure 2.6: One-loop contributions to the radiative decay u — e7v in the Standard
Model with Dirac neutrinos.

ut — et + et + e, For instance, the former comes from the diagrams displayed in
fig. 2.6. However, the rate and branching ratio for this process are given by [125, 126]

G my?
D(u—ey) = 1023 [ EM‘Z i ezMV;

2

2
] : (2.2.11)

2
my;

ER (2.2.12)

Br(u — ey) = aEM‘Z iU

Both are extremely suppressed due to the smallness of neutrino masses. More precisely,
the branching ratio for the muon decaying into an electron and a photon is of the order
of 107%4, and therefore far beyond the experimental reach, which makes this kind of
process very interesting in the quest for new physics. Indeed, its observation would be
a very clear indication of new physics.

This is true in general for flavour-violating processes involving charged leptons. In
the Standard Model plus massive Dirac neutrinos, since lepton flavour is only broken
by neutrino masses which are very small, these processes are effectively unobservable.
Some of the flavour-changing processes involving charged leptons (namely the radiative
decays and three-body decays) as well as the experimental bounds on their branching
ratios are listed in table 2.2.

2.2.2 New physics and charged lepton flavour violation
The seesaw mechanism

The heavy fields involved in type II and type III seesaw, which are charged, can
contribute to charged lepton flavour violation, under the condition that their mass
scale is low enough. On the other hand, type I seesaw does not bring any significant
contribution to these processes.

The type II seesaw mechanism gives a tree-level contribution to the 3-body decays
T — e;e/gef; and u — e"e”e™, while the radiative decays such as = — e~y arise only
from loop-diagrams involving a charged scalar A~ or A™~. These new contributions
to lepton-flavour violating processes, displayed in fig. 2.7, are in general suppressed
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Process Bound on Br at 90% CL [73]
T — pry 4.4 x107°%
T = ey 3.3x107%
w— ey 5.7 x 10713
T =t 2.1 x1078
TT = e put 2.7x 1078
T = et 1.7 x 1078
T e e put 1.5 x 1078
T = pu e et 1.8 x 1078
TT —e e em 2.7 x 1078
Iw—e e et 1.0 x 10712

Table 2.2: Some flavour-changing processes involving charged leptons and the current
bounds on their branching ratios.

— fl,(’, _ fl()( E €+ ff*(}.
M > /\ “ et u > /\ <t > ¢
AN : /
o CE T
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Figure 2.7: Diagrams contributing to u= — e~ ete™ (left) and u= — e~y (right) in
the type II seesaw framework.

because of the very high scale of the triplet mass Ma, but can be sizeable for low-scale
seesaw.

We consider for instance the 3-body decay p~ — e~ e~ e™, which has one of the
most stringent bounds. Integrating out the triplet generates the effective four-fermion
operator,

N lfozﬁff%

L =
4F 4 Mi

(hcats) . (tsoCth) (2.2.13)

which gives a direct contribution to this process. The corresponding decay width can
be expressed in terms of the coupling and the triplet mass,

. My | feul” |feel?
I(p~ —eeeh)= 3072“7T5 G“M4 ee
A

(2.2.14)

Using I'), ~ T'(u~ — e~ v, 1), this gives for the corresponding branching ratio [122]

L(p~ —eeet) 1
D(p= — e vuie)  16MAG%

Br(p~ —eeet)~ |f€M\2 | feel? (2.2.15)
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If the couplings f,s are of order unity, the constraint on this branching ratio gives a
lower bound on the triplet mass,

Ma > 150 TeV . (2.2.16)

Of course, this bound gets relaxed if the couplings are smaller. Notice that, in particu-
lar, the expression of the neutrino mass matrix (2.1.61) gives a constraint on the factor
fap % /J,/MZ, which has to be small enough to reproduce the right order of magnitude
for myop. If the triplet is as light as 150 TeV and the couplings f,s are of order unity,
the effective coupling uu/Ma should be extremely suppressed, namely p/Ma < 1077,

The radiative decay g — ey involves a loop with a triplet and is therefore sup-
pressed by an additional factor. The branching ratio for this process is [122]

« 25

1 . |2
T7 % 256 < VAGE |2 fualin

Br(p — ey) = (2.2.17)

Considering again couplings of order unity, this process gives a less stringent bound
on the triplet mass because of the loop suppression,

Ma > 20TeV . (2.2.18)

More precisely, the two previous processes allow to derive bounds on | fyel|fee|/Ma or
1> fuafin| /Ma. Considering other contributions of the triplet to the processes listed
in table 2.2, similar constraints can be derived for the other entries of the coupling
matrix f. This was done in ref. [122]. For the high-scale seesaw models that we will
consider in chapter 3, with M > 10? GeV, those bounds are never reached.

The type III seesaw also gives contribution to lepton flavour-violating processes.
It generates flavour-changing neutral currents, as can be seen in eq. (2.1.73). As a
consequence, the decay of the Z° boson into charged leptons can violate flavour [122],

GpM3
1227

For the same reason, 3-body decays such as u~ — e e e’ arise at tree-level from
the exchange of a Z%. Finally, the radiative decays still involve a loop but get new
contributions from the flavour-violating couplings to the W bosons of eq. (2.1.69).

2
L(Z2° —eyef) = (NNTNNT)QA . (2.2.19)

Supersymmetry

In supersymmetric models, the main source of lepton flavour violation is the slepton
mixing. Indeed, the breaking of supersymmetry can induce squared mass matrices
for the superpartners of the left-handed lepton doublets, labelled ¢, = (ﬂa, é La), and
those of the right-handed leptons, labelled ég., as well as trilinear scalar couplings
between sleptons and the down-type Higgs, parametrized as follows,

ESHSY - _(m%)aﬁgagg - (mg)aﬁéRaé}r—w - Agﬁgaéide : (2-2-20)

The last term generates a contribution to the mixing between right- and left-handed
charged sleptons proportional to the v.e.v. of the down-type Higgs vg,

(MiR)ap = ASavd (2.2.21)
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These squared mass matrices are not necessarily diagonal in the basis of charged lepton
mass eigenstates, and can therefore contribute to the processes listed previously (2.2).
However, one can generally use the following parametrization for « # (3,

2 AC sug

s gep_ Haptd (2.2.22)
m é

sLL _ (mf)as sk _ (M
af m% ’ af

N

0

where the m2 are the average slepton masses, and the 552/ are small parameters.

Figure 2.8: One of the contributions of (left-handed) sleptons to u — e7y, with the
exchange of a photino 7 or a zino Z°. Right-handed sleptons give a similar contribution,

2 & m2.

with the replacement m 7

Radiative decays typically get contributions from diagrams such as the one of
fig. 2.8. There are other similar diagrams, that can be obtained from this one by
moving the photon vertex like in fig. 2.6. It is also possible to have sneutrinos in-
stead of charged sleptons €7, in the loop. The exact expression for the branching ratio
Br(u — evy) and other similar processes is rather complicated, but a good under-
standing can be obtained from the so-called mass insertion approximation [127, 128]:
using the parameters defined above, the main contribution to the decay u — ey gives
[129-133]

s

2 Z
G% m;

Br(p — ey) ~ tan® 3 . (2.2.23)

where tan 8 = v, /vy is the ratio of the v.e.v’s of the two Higgs doublets. Using
the bounds given in table 2.2, one can therefore constrain models of supersymmetry
breaking.
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Chapter 3

Leptogenesis

Au début, il n’y avait rien. Enfin, ni
plus ni moins de rien qu’ailleurs.

Proverbe Shadok

3.1 From baryogenesis to leptogenesis

The apparent symmetry between particles and antiparticles introduces a new puzzle,
which is the very existence of matter itself. If the discrete symmetry CP, that relates
particles and antiparticles, is exact, a universe containing initially an equal amount
of matter and antimatter would not contain any structure such as stars and galaxies.
This is because every particle would annihilate with its antiparticle, leaving essentially
radiation.

Thus, the simple existence of matter structures implies that the densities of particles
and antiparticles are not equal today. This imbalance is characterized by the Baryon
Asymmetry of the Universe, which is usually measured by the ratio of the density of
baryon number over the density of photons. Two independent estimations using CMB
data and Big Bang Nucleosynthesis agree on a value of the baryon-to-photon ratio
around 6 x 1071%. The most recent value was given by the Planck experiment [113],

R

(6.1040.06) x 1071 (68% C.L.) , (3.1.1)

Ny ny
where n; and nj are respectively the densities of baryons and antibaryons. We could
in principle define accordingly a Lepton Asymmetry of the Universe, but because
neutrinos and antineutrinos are very difficult to detect, this quantity could not be
measured.

To explain the origin of the Baryon Asymmetry, two possibilities come to mind. The
first one is to assume that this asymmetry was already part of the initial conditions of
the universe. This explanation is very simple but, besides being not fully satisfactory,
it is completely unverifiable. Moreover, if the universe underwent a phase of inflation
[134-136], for which there are strong motivations, it probably erased any pre-existing
asymmetry. Indeed, during this phase, the scale factor was multiplied by a huge
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number, typically €%, diluting dramatically any species of particles and therefore any
asymmetry.

The second possibility is that the Baryon Asymmetry was generated dynamically
after inflation, during a phase called baryogenesis. This possibility was first explored in
1967 by Andrei Sakharov, who derived the three necessary conditions for this scenario
[137].

1. The first condition is, for an obvious reason, the violation of baryon number: the
initial state of baryogenesis is fully symmetric, with n;, = nj, so it has necessarily
a vanishing baryon number, unlike the final state.

2. The second condition is the violation of C and CP. If C (resp. CP) was an exact
symmetry, the rate of any process involving particles labelled aq, ..., a, would
be equal to the rate of the equivalent process involving the corresponding C-
conjugate states (resp. CP-conjugate states), that carry opposite charges. Even
in presence of baryon number-violating processes, baryons would be created and
destroyed just as fast as antibaryons, thus no excess would ever be generated.

3. There must be a departure from thermal equilibrium because otherwise, CPT
imposes that processes increasing and decreasing baryon number compensate
each other. More formally, in equilibrium at the temperature T', the thermally
averaged baryon number satisfies

tr _Be_ﬂﬂ}

(B)p = o[ P

tr [(CPT) " (CPT)Be #¥|
_ tr [e=AH]

tr [(CPT)Be#H(CPT) |

- S . (3.1.2)

Since CPT is preserved, we should have [H, (CPT)~!] = 0, thus the previous
expression becomes

tr [(CPT)B(CPT) te %]
(B)r = [P : (3.1.3)

but, since CPT exchanges particles and antiparticles, CPT)B(CPT)™ ! = —B,
an so

tr {—Be_m‘]
(B)p = Twle P B (3.1.4)

which is necessarily vanishing. Thus, the emergence of a non-vanishing baryon
number can only happen out of equilibrium.
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3.1.1 Baryon number nonconservation in the Standard Model

At first, investigations were carried to check if Sakharov’s conditions can be satisfied
within the Standard Model. At least the second condition is satisfied in the Stan-
dard Model because CP is violated, as can be seen for instance in kaon mixing [138].
Baryon and lepton number are seemingly conserved, but they are only accidental sym-
metries. This conservation holds actually only at the perturbative level, while non-
perturbatively, baryon and lepton number are broken by the electroweak sphalerons
[139], in a way which is related to the anomalies of the associated currents.

Figure 3.1: Triangle diagram contributing to the anomaly, with leptons or quarks
circulating in the loop.

The B and L currents are defined respectively as

. 1 = _ -
ip = 3 > (Qz"Y“Qz‘ + uyHu; + di’Y“di) : (3.1.5)
=123
jf = Z (Zo/y“ﬁa + éa'y“ea> . (3.1.6)
a=e,[,T

They are classically conserved, but at the quantum level, because of the triangle anoma-
lies shown in fig. 3.1, their divergence is given in terms of the field operators by
. . N
8“]5 = 8"]5 = —327{2 elvre (—gZWﬁVWan +g’2B“VBp") , (3.1.7)

where Ny is the number of fermion generations. Therefore baryon and lepton number
are not conserved, but instead

d

S(B-L)=0, (3.1.8)
B dL 3 Nf vpo 2 a a 2 v T
dt:dt:/“gwe‘”’ (~o* Wi Wi + 9B ) (3:1.9)

The terms inside the parenthesis are total derivatives, but the integral does not vanish.
Indeed, for a non-abelian gauge theory, there are several different vacua corresponding
to different topological configurations of the gauge fields. These configurations are
indexed by an integer ncg, the Cherns-Simons number. For a transition between two
vacua [140],

ty 1
AB=AL=N; /t i / @’ o5 &7 (~g" Wi, W, )

= Ny Angg . (3.1.10)
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Since Ny = 3 in the Standard Model, each transition changes baryon and lepton
number by a multiple of three units, and more precisely satisfies AB/3 = AL, =
AL, = AL;. This process can be formally represented by an effective operator

a=e, 1, T

Ot [] QiQiQila - (3.1.11)

i=1,2,3

At zero temperature, the rate of these processes is exponentially suppressed, namely
I‘sphal X ei4ﬂ/aEW =0 (107165) s (3112)

and the probability of quantum tunneling is way too small to be of any relevance.
However, at nonzero temperature, because of thermal fluctuations, the energy barrier
can be crossed classically. More precisely, in a thermal bath at temperature T', the
space-time density of reaction is [141, 142]

Ysphal = 2603, T* . (3.1.13)

Sphalerons come in thermodynamic equilibrium between the temperatures T ~ 102
GeV and T ~ 10'2 GeV.

Sphalerons have two important implications for baryogenesis, as was shown by
Kuzmin, Rubakov and Shaposhnikov [143]. First, if B — L is conserved and zero, any
preexisting baryon asymmetry would have been erased by sphalerons when they were
in equilibrium. On the other hand, sphalerons could be themselves responsible for
the Baryon Asymmetry of the Universe, as it is the case in electroweak baryogenesis:
starting with a symmetric universe (B = L = 0), CP-violating sphalerons would
generate equal baryon and lepton numbers, giving B = L # 0 today. Of course,
because of Sakharov’s third condition, this could only happen at the electroweak phase
transition, when sphalerons go out of equilibrium. Moreover, in order to satisfy this
condition, the phase transition should be strongly first order.

However, it is unclear whether the amount of CP violation in the CKM matrix
is large enough to fully satisfy Sakharov’s second condition and anyway, the out-of-
equilibrium condition is not satisfied in the Standard Model. More precisely, with the
field content of the Standard Model, this condition would be fulfilled only if the Higgs
boson was lighter than about 45 GeV [144, 145], far from the 126 GeV of the particle
discovered at LHC.

Thus, baryogenesis requires new physics. The main options are the following.

(i) A possibility is to try to rehabilitate electroweak baryogenesis by introducing
new fields in order to bring the sphalerons out of equilibrium at the electroweak
phase transition [146-148]. This can happen for instance in the MSSM if one of
the stops is light enough (although the constraints on this scenario are becoming
stringent). Another possibility is the 2-Higgs-Doublet Model (2HDM).

(ii) In a class of models known as GUT baryogenesis [149-157], a baryon asymmetry
is generated at high temperature by the out-of-equilibrium decay of heavy bosons.
However, these models faced difficulties, such as the constraints on proton decay.
Moreover, in the simplest models, only B + L is violated, not B — L, therefore
the asymmetry is erased by electroweak sphalerons.
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(iii) Affleck-Dine baryogenesis [158, 159] takes place in a supersymmetric GUT. In
this scenario, scalar fields, which carry a non-vanishing baryon or lepton number
(e.g. squarks or sleptons), develop a vacuum expectation value in the early
universe, which breaks B — L. Later, the decay of the scalar fields generate a
nonzero B — L stored in quarks and leptons.

(iv) In a large variety of models, it is assumed that the dark matter density is also
due to an asymmetry between dark matter particles and antiparticles. It is then
natural to think that both the so-called asymmetric dark matter and the baryon
asymmetry are generated by a single mechanism, which can be related to other
models for generating an asymmetry [160-162]. In the end, the asymmetries in
the baryon sector and in the dark sector are comparable or even equal, which
explains simply why the energy densities of dark matter and ordinary matter are
of the same order of magnitude.

(v) In leptogenesis, a scenario imagined first by Masatake Fukugita and Tsutomu
Yanagida [163], the asymmetry is generated in the lepton sector before being
converted to a baryon asymmetry by the electroweak sphalerons. We are going
to investigate this last possibility in this chapter.

3.1.2 Neutrino masses and leptogenesis

In this class of scenarios, new physics at a high scale breaks B — L in the lepton sector,
generating a lepton asymmetry. After this new physics comes to a freeze-out, one is
left with a nonzero value of B — L, which will be conserved by any subsequent physical
process. Then, fast electroweak sphalerons transfer a part of this asymmetry to the
baryon sector. The equilibrium condition has been derived in ref. [164] and is defined
by

8Nj + 4(Ny +2)
22N; + 13(Ny +2)

C'sphaul = (3114)
Ny being the number of generations and Ny the number of Higgs doublets. The reason
why it is interesting to proceed through a violation of lepton number only in a first
place is because lepton number violation is at the root of the seesaw mechanism. Thus,
leptogenesis provides answers to two apparently unrelated issues, neutrino masses and
the Baryon Asymmetry of the Universe.

The general idea is simple: the seesaw mechanism requires the existence of a heavy
particle with couplings to lighter fields, which is therefore unstable. Moreover, one of
these couplings violates lepton number, so that the decay of the heavy particle is able
to generate a lepton asymmetry. Sakharov’s conditions are still required, but since
baryon number is automatically broken by sphalerons, the violation of baryon number
is replaced with a violation of lepton number.

3.1.3 The Standard scenario: leptogenesis with right-handed neutrinos

The “standard” leptogenesis scenario [163, 165] involves three heavy right-handed neu-
trinos, and relies on the Lagrangian of eq. (2.1.42). The Standard Model neutrinos
have a mass matrix which is given by the seesaw formula of eq. (2.1.48).
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A minimal realization

The right-handed neutrinos are assumed to be hierarchical, that is M; is much smaller
than My and Ms, so that N3 and No decay first, usually when the temperature of the
Universe is around T' ~ M3 and T ~ M> respectively, and when N; decays around
T ~ M, the two other species have already disappeared.

An interesting feature of right-handed neutrinos is that they are gauge singlets.
Contrary to other particles which are maintained close to thermodynamic equilibrium
by fast gauge interactions, their density is usually far from its equilibrium value, which
allows to satisfy Sakharov’s third condition. Besides, if there is no other interaction
that creates them have to be created and brought to their equilibrium density by
inverse decays like /H — N and /*H® — N. Because of this, and because of the
hierarchy between right-handed neutrinos, any asymmetry generated in the decay of
N3 and Ny would be erased to create Ny. Thus, it is possible to focus on the decay
of the lightest right-handed neutrino N7 only, starting from a time at which the two
other species have already decayed and the lepton asymmetry is vanishing.

13

Yip
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Figure 3.2: Diagrams involved in the violation of CP in the decay of N; at one loop. At
lowest order, the CP asymmetry comes from the interference of the tree-level diagram
with one of the two other.

The decay of N violates CP at the order of one loop, because of interferences
between the diagrams displayed in fig. 3.2. The CP asymmetry is defined as
(N1 — ¢H) —T'(Ny — (°H®)

en, = I . (3.1.15)
1

The computation gives

N, ! 3 M {FS <M> +FY (M)] : (3.1.16)

8 Py (v y D My My

where F'S and FV are kinematic functions coming from the self-energy correction and
the vertex correction respectively. For very hierarchical right-handed neutrinos with
M; <« My < Mg, this can be simplified,

~

3 ) {(yvym‘ﬁi] M,
EN, —

7ﬁi:2,3 (yyHu  M;

(3.1.17)
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The two first Sakharov conditions are satisfied, so that the success of leptogenesis
depends on the dynamics of the creation of the lepton asymmetry in the early Universe.
More precisely, we need to solve Boltzmann equations describing the evolution of the
density of right-handed neutrinos Yy, and the lepton asymmetry Ay = Y, — Ype. We
do not take care for the moment of spectator processes redistributing the asymmetry
in right-handed leptons and baryons, they will be mentioned in section 3.2.3. The
evolution is described by the following system of Boltzmann equations [165],

dYy YN N
sHz dzl =— <Yﬁ;} - 1) o' =95, (3.1.18)
SHZW =t <Y]$£1 -1 ’YDl - W ) (3119)

where S represents scatterings consuming right-handed neutrinos, like N1/ — Qst%,
and W is the washout of the lepton asymmetry due to inverse decays {H — Ni, and
scatterings like for instance {H — (H®.

This system relies on the so-called single flavour approximation, that is the com-
putation is performed as if there existed only one lepton flavour. At very high tem-
perature, this treatment is justified. Indeed, in the Standard Model, the three lepton
generations are distinguished only by their Yukawa couplings, as can be seen from egs.
(1.2.7) and (1.2.13). When the temperature of the Universe is above 102 GeV, ev-
ery interaction mediated by the lepton Yukawa couplings is out of equilibrium, which
means that the three lepton doublets are effectively undistinguishable. In the present
model, because of the hierarchy between the right-handed neutrinos, one can integrate
N5y and N3 out of the Lagrangian, and rewrite the couplings involving Ny,

—y¥  NitTiooH + h.c. — —y§ NyH.ly + h.c. , (3.1.20)

Ylal
lo=) I;Va cour = D (3.1.21)
a 0 P

It appears clearly that, at tree-level at least, N7 decays only to the final state o H (and
its CP-conjugate). This ensures that, at the order we are considering, no asymmetry
is generated in the two lepton combinations ¢ and f3- orthogonal to £y'. Thus, it
is enough to solve only one Boltzmann equation describing the asymmetry stored in
the flavour ¢3. When the temperature decreases, interactions mediated by the lepton
Yukawa couplings become faster and reach equilibrium, which means that we should
distinguish the asymmetries stored in the various flavours and therefore write several
Boltzmann equations to describe the evolution of the lepton asymmetries Ay, .

This dynamics generates an asymmetry which is stored in lepton doublets, then
transferred to the baryon sector by electroweak sphalerons. In the simplified case where
leptogenesis is over when sphalerons proceed, the final baryon asymmetry is

where we defined

"B _% x 7.04 x A (3.1.22)

Ty

! To be exact, this is only true as long as one can neglect the scatterings mediated by N and Ns
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where A{ is the lepton asymmetry left by the decay of Nj. The factor 12/37 is the
conversion factor due to sphalerons, and the factor 7.04 takes care of the fact that the
quantity on the left-hand side is normalized over the density of photon, whereas the
quantity on the left is normalized over the entropy density.

A difficulty when studying this scenario is that the Yukawa coupling matrix y* can-
not be expressed in a simple way in terms of the neutrino mass matrix. Moreover, the
combinations of Yukawa couplings that appear in the expression of the neutrino mass
matrix (2.1.48) and the CP asymmetry (3.1.16) are different. Thus, there is in general
a lot of arbitrariness in the parametrization, even though in some specific scenarios
[166—-171], it is possible to relate the CP asymmetry to lepton flavour observables or
to parameters of the PMNS matrix. In the general case, for hierarchical right-handed
neutrinos, it is possible to estimate the minimal value of the mass of N; that is needed
for a successful leptogenesis. Using the Casas-Ibarra parametrization [172],

y 1

™

(D]l\fRD}n/fUT) o (3.1.23)

v [re’

where Dy = diag (M1, Ma, Ms), D,,, = diag (my1, mys, my3) and R is an orthogonal
matrix RRT = RTR = 1, the CP asymmetry can be rewritten as
3 My, S (R%z) m?/z

= "= ~ 7 7t 3.1.24
N 16m v2 Y i |[Rig|Pmug ( )

This, in turn, gives the Davidson-Ibarra bound [173].

3 My m?
DI vatm
< = - ——ram 3.1.25
len | < 167 v2 myq + mys ( )
Since the maximal lepton asymmetry that can be generated in the decay of Ny is
AP~ eNlef,?O, where Y]‘f,?o is the equilibrium density of Ni before its decay, this
imposes that

12 np
X T7.04x P yp0 > 8 3.1.26
37 N~ TNy ( )
In order for this condition to be satisfied, N1 should have a mass greater than 10~ GeV
approximately. When the right-handed neutrinos are not hierarchical, this bound can
be relaxed [174]. In particular when N7 and Ny have very close masses, it is possible to
realize resonant leptogenesis [175, 176] which can give the correct baryon asymmetry
at a much lower scale. Alternative possibilities to lower the scale of leptogenesis were
investigated in ref. [177].

Beyond the single-flavour approximation

Let us now explore the flavour issue [178-182] in more details. Regarding flavour, there
are several temperature regimes, depending of Yukawa-mediated scatterings being in
equilibrium or not, as explained in section 3.1.3. When these scatterings are much
slower than the expansion of the Universe, they are out of equilibrium and can be
neglected.
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When the temperature of the Universe is above 102 GeV, every interaction me-
diated by the lepton Yukawa couplings is out of equilibrium, which means that the
three lepton doublets are effectively undistinguishable. As we explained previously, the
problem in this temperature range is generally studied in the single-flavour approxima-
tion. However, there are several situations in which it does not hold. This is the case
for instance close to the transition, when the tau Yukawa-mediated scatterings begin
to be fast but not enough to completely destroy the coherence of the combination £.
It is also the case when more than one right-handed neutrino is taken into account,
and in particular in resonant leptogenesis: unless the couplings of the two neutrinos
N7 and N, are aligned, it is not possible to define a single linear combination ¢y that
couples to both.

The consistent way to describe quantum undistinguishable particles in a general
way is the density matrix, which is simply a generalization of the ordinary particle
asymmetry given in terms of the field operator by

Ang=mnp—nspe=(:fTf:). (3.1.27)

This applies to leptogenesis in the following way. If it is not possible to perform the
same trick as in eq. (3.1.20), the lepton asymmetry should be described by a 3 x 3
density matrix in flavour space

(Ang)as = (: EL@; D, a,Be{euT}. (3.1.28)
The diagonal elements have the same physical interpretation as before, i.e.
(Ang)aa = N, — Nie, (3.1.29)

whereas the off-diagonal elements have no classical equivalent: they represent purely
quantum correlations between the various flavours. Since we work with densities nor-
malized over the entropy density, we define

(Ad)as = §<: ey . (3.1.30)

Under a unitary rotation in flavour space ¢, — ¢, = Vi {,, this object transforms
covariantly as

(3.1.31)

v

(De)ap = (A))i; = (VANVT)

In particular, the trace of the matrix, which describes the total asymmetry stored in
the lepton doublets, is unaffected by this change of basis. In fact, the single flavour ap-
proximation could be rephrased in the density matrix formalism: the basis (¢, Ef, ly)
is the one in which, because of the structure of the interactions, the entries (Ag);j,
for i, 7 # 0, remain zero. The off-diagonal entries (Ay)oi, (Ag)io are actually nonzero
but do not participate in the equation for (Ay)gp, therefore it is sufficient to solve the
latter to obtain the total lepton asymmetry. In another basis, this would no longer be
true, but the final result of the computation performed in the density matrix formalism
would be the same. In fact, picking the basis (£o, £1,¢3) is just a convenient choice to
carry out the computation.
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The derivation of the flavour-covariant transport equation for the density matrix
is not as straightforward as that of usual Boltzmann equations. In the context of
leptogenesis with right-handed neutrinos, it was performed in ref. [180] in a semi-
classical approach, and a quantum treatment of the density matrix formalism was
introduced in refs. [183, 184]. This formalism was also applied to resonant leptogenesis,
where it can also be used to describe the oscillation of quasi-degenerate right-handed
neutrinos [185, 186]. In section 3.2.3, we will apply this formalism to scalar triplet
leptogenesis.

As the temperature drops, Yukawa-mediated interactions become faster. Below
10'2 GeV, the interactions mediated by the tau Yukawa coupling become fast enough
to reach thermodynamic equilibrium, which allows to distinguish the tau doublets from
the two others. In this case, a general description should involve a 2 x 2 density matrix
and a separate tau asymmetry Ay .

Finally, when the temperature reaches 109 GeV, interactions mediated by the muon
Yukawa coupling reach equilibrium as well. From this moment, the three lepton flavour
become distinguishable, even though the electron Yukawa-mediated interactions do not
reach equilibrium until the temperature drops below 10° GeV.

Towards an exhaustive treatment

In addition to lepton flavour, an exhaustive study of thermal leptogenesis would require
to take into account several effects, which have generally been studied apart from one
another in the context of leptogenesis with right-handed neutrinos.

(i) The fact that leptogenesis takes place at a temperature T' ~ M; means that
quantities computed in zero-temperature quantum field theory should in principle
be corrected by including finite-temperature effects [187]. They are for instance
corrections to the couplings, to the propagator of massless fields and to the CP
asymmetry. Altogether, these effects can affect the result by O(1) corrections. To
a good approximation, corrections to the couplings are given by zero-temperature
renormalization at the scale A ~ 27T, which we took into account in our study
of leptogenesis with a scalar triplet.

(ii) Several Standard Model processes can affect the creation of the baryon asym-
metry. They include scatterings mediated by the Yukawa couplings of quarks
and leptons, electroweak sphalerons which redistribute the asymmetry between
leptons and quarks and QCD sphalerons. They are generally referred to as spec-
tator processes, because they do not directly modify B — L. Nevertheless, they
intervene indirectly in the dynamics and can modify the results substantially.
These processes were investigated in refs. [188-190]. We incorporated them in
leptogenesis with a scalar triplet by the mean of chemical equilibriums.

(iii) A new approach, based on Kadanoff-Baym equations in the closed time-path
formalism, allows to derive a quantum formulation of leptogenesis. This features
novelties such as non-markovian memory effects [191-194] and finite densities
effects [195, 196]. It also allows to derive flavour-covariant equations for the
density matrix in a natural way [183-186]. However a fully quantum treatment
of leptogenesis with right-handed neutrinos is still work in progress [197, 198].
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3.2 Leptogenesis with a scalar triplet: a general approach

The type II seesaw is one possible alternative to generate neutrino masses. Like the
type I seesaw, it allows to implement leptogenesis [199-204]. Indeed, the decay of the
scalar triplet violates lepton number by two units, which matches at least the second
Sakharov’s condition. In this section, we study a general scenario of leptogenesis with
a scalar triplet, before turning to a more specific model in the next one.

3.2.1 The setup

The present scenario is described by the Lagrangian of eq. (2.1.57). The scalar triplet
A has two decay channels: A — ¢°/¢ and A — HH. To simplify notations, we define
the effective couplings \y = /tr(ff1) and Ay = |u|/Ma. The tree-level width and
branching ratios of A are given by

o luA 2 2
I'a = Eo ()\g + >‘H) , (3.2.1)
A‘%
By = ——**—+ 3.2.2
CTTN (822)
My
By = . (3.2.3)
A7+ Ay

Unfortunately, CP is not violated by these decays, or at least not at a sufficiently
low order [205, 199]. Solving this problem requires the introduction of new states
and interactions, which typically generate new contributions to neutrino masses. For
instance, the presence of right-handed neutrinos in addition to the scalar triplet may be
motivated by a left-right symmetry [120] or by a SO(10) grand unified theory [117, 118].
Thus, the simple proportionality relation between the neutrino mass matrix and the
coupling matrix f, highlighted in 2.1.2, breaks down. Nevertheless, it is still a viable
option. In order to keep this study as general as possible, we will simply assume that
the additional states, whatever they are, are much heavier than the scalar triplet, and
that their main contribution at the triplet mass scale is summarized by an effective
operator, which is nothing else than the Weinberg operator (2.1.38) [203],

1
Lo = _Q%wgwgmcw%zeﬁ) . (3.2.4)

Like before, we define the effective coupling A\, = {/ tr(kk'). As a consequence of this
new term, the neutrino mass matrix is the sum of two independent contributions,

1 v2 1 v2
Myap = §Mfa6M72 T oRap - (3.2.5)

Before going on, it should also be noticed that another effective operator is possible,

10apys (1 = ~ L. T
Loaa = = 55" ((hCio28ts) . (£,5i0:CTF ) (3.2.6)
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It appears at least if the additional heavy state is another scalar triplet (see eq. (2.1.63)
for instance). In this case, labelling M) and f&ﬂ the mass and the coupling to leptons
of this heavier scalar, the new coupling reads explicitly

TNaB~s - f(/)zﬂf'lyg 3.9.7
A2 - M/AZ : ()

We will disregard this contribution because it is suppressed by an additional power of
the high scale, even though it could still be relevant for particular configurations of
the parameters®. If the additional heavy state is a heavy neutrino or a fermion triplet,
this contribution does not exist at this order so it can safely be disregarded.

Figure 3.3: Diagrams responsible for the violation of CP in the decay of A at one loop.

Let us consider now the decay of A. At the 1-loop order, this decay violates CP
because of the interference between the two processes displayed in fig. 3.3. The overall
CP asymmetry is defined as

T(A® 5 £0) — T(A — £2¢)
Iac +T'A

A =2 , (3.2.8)

with a factor 2 accounting for the fact that each decay produces two leptons. Com-
puting this quantity, one obtains [203]

A 1 %[,u*tl"(fm)} _ Mp BZBHW7 (3.2.9)
ma

T RIA N 4L am?

where ma and m,, are the two contributions to the neutrino mass matrix of eq. (3.2.5),

1 v2 1 v2
aff — Mo y k)aB — ZRaB 7 - 2.1
(ma)ag = S1f AL (Mi)ap = 5 hapy (3.2.10)

and ma = tr(mTAmA).

2For instance, if the coupling of the heavier scalar to the Higgs is very suppressed while its coupling
to leptons is sizeable, the dimension-6 operator will not be negligible in comparison with the dimension-
5 one.
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3.2.2 A simplified model

At this stage, it is instructive to write down a minimal set of Boltzmann equations, ne-
glecting all the subtleties such as flavour effects or spectator processes. In other words,
we study a toy model which contains scalar triplets, Higgs doublets and a single species
of leptons. Leaving aside for now the effect of sphalerons, these fields communicate
with the rest of the universe only through perturbative electroweak interactions.

First, like in leptogenesis with right-handed neutrinos, there is an equation describ-
ing the evolution of the total density of the triplets YA = YA + Yac [203],

2
d¥a YA A N
H = | = -1 -9 1
P (22‘1 )”’ [(22‘1

The novelty with respect to the scenario with right-handed neutrinos is that the triplets
are sensitive to electroweak interactions, which has an important consequence. Indeed,
their density is maintained closed to its equilibrium value by fast gauge interactions,
which may seem contradictory with Sakharov’s third condition. These gauge interac-
tions are described by the second term in the right-hand side of eq. (3.2.11) with

4 . (3.2.11)

¥4 = v(AA® - WW, BB, HH®, f f°) . (3.2.12)

In particular, this term describes the annihilation of the triplets, which is in competi-
tion with their decay.

Then, since the triplet is not a self-conjugate state, it also stores an asymmetry
AA = YA — Yae. Thus, there should be a priori three Boltzmann equations, describing
the asymmetries stored in the leptons doublet Ay, the Higgs doublet Ay and the
triplets Ax. However, these equations are not independent because of the conservation
law

2AA —Ap+Ax =0, (3.2.13)

Using this relation, we can express one of the asymmetries as a function of the others,
for instance

Ay =ChA, (3.2.14)

with
A
ck=(1 =2), Ay=[7F). 3.2.15
H ( ) k (AA> ( )

Then, the two equations for Ay and A are given by [203],

dAy NN Ay AA\ A
st%:e (ZT_l Yp — 2By ﬁJFZT YD

AE Clkl{Ak 124 (H
—92 (}/;q + Yflq (2’YHCHC + ’)/chc) 5 (3216)

dA A A CEA
sHz—52 = <_2£l ~ Brreq + BH}fjeq’“> 75 . (3.2.17)
A )4 H
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Let us review the main effects. Annihilations, which produce a symmetric final state,
are generally in thermodynamic equilibrium and compete with the decays, which create
the lepton asymmetry. If the triplets annihilate much faster than they decay, no
asymmetry can be generated. Thus, this model requires the decay rate yp to be at
least comparable to v4. Again, this seems to be in contradiction with Sakharov’s third
condition because these fast reactions will quickly reach thermodynamic equilibrium.
However, one of the decay channels of the triplet can still be out of equilibrium if
the corresponding branching ratio is small enough, allowing to produce a sizeable
asymmetry.
To illustrate how this can work, we study an extreme case, in which

Y5 >4, (3.2.18)

whereas By is small enough to ensure that the decay channel A — ¢°¢¢ is out of
equilibrium, which implies By < By ~ 1. Because of eq. (3.2.18), the Boltzmann
equation for the triplet density can be approximated by.

d¥A <2A ) A
sHz = — —-1|7p . (3.2.19)
dz N

Then, assuming that the scattering rates are small, which is generally the case if the
couplings are not too large, and because By is tiny, the Boltzmann equation for the
lepton asymmetry can be approximated by

dAg A ZA A

Considering egs. (3.2.19) and (3.2.20), the solution is simply
Ag(z) ~ —é® (ZA(z) - zg) , (3.2.21)

where EOA is the triplet abundance before any asymmetry is generated. Since A is
sensitive to gauge interactions, it is initially produced thermally, so that E% is simply
given by thermodynamics,

45¢(3
EOA: 2( )
T2 Gy

(3.2.22)

where g, is the effective number of relativistic degrees of freedom in thermal equilib-
rium. Finally, at the end of leptogenesis the triplets have disappeared, which gives

Ap~ AR . (3.2.23)

The efficiency 7 is often defined as

=t (3.2.24)
EAE%
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In the case we are considering, n ~ 1, which is its maximal value given that triplets
are initially in thermal equilibrium. The resulting baryon asymmetry is

%‘j ~ % X 7.04 x 25 . (3.2.25)
A maximal efficiency 1 ~ 1 can similarly be obtained if By < By. Of course, this is
oversimplified. In particular, as can be seen from eq. (3.2.9), if one of the branching
ratios is negligible, the CP asymmetry becomes very small. In this minimal scenario,
successful leptogenesis requires an interplay between a large asymmetry, favoured by
By ~ By, and a sufficient efficiency. As we will see, the situation improves when flavour
effects are included, because the increase of the number of decay channels makes it
easier to find one which is out of equilibrium, without the requirement By < Bpy.

3.2.3 Introduction of flavour and spectator processes

Taking into account flavour effects and spectator processes — by spectator processes
we mean processes that do not directly affect B — L — requires us to split the prob-
lem in several temperature ranges and keep only the relevant processes in each one of
them, in order to simplify a problem otherwise tremendously difficult. For instance, we
consider spectator processes, which come from Standard Model physics, to be either
negligible or very fast, which is generally a good approximation except at transitions
between two temperature ranges. When they are very fast, their effect can be en-
coded in relations between chemical potentials, which can be translated in relations
between the asymmetries. Since the asymmetry stored in lepton doublets is affected
by both Yukawa-mediated interactions of the type ¢, +tr — e, + @3 and electroweak
sphalerons, it is more convenient to study the evolution of the B — L density, which
is unaffected by every Standard Model process. Then, since the washout terms due
to new physics are still functions of the lepton doublet asymmetry A,, we need to
express the latter as a function of the asymmetry stored in B — L, or more precisely
as a function of the asymmetries stored in the charges B/3 — L, just as we expressed
Ajr as a function of Ay and A previously.

The impact of Flavour

The relevant temperature range regarding flavour have been discussed in section 3.1.3.
Flavour effects in scalar triplet leptogenesis have been first investigated in refs. [206,
207]. Those papers focused mainly on the low-temperature regimes where the tau
Yukawa at least is in equilibrium. In particular, ref. [207] provided the correct flavour
structure of Boltzmann equations for temperatures lower than 10° GeV where all lepton
flavours can be treated as distinguishable states. However, both references disregarded
flavour effects at higher temperatures by making the assumption that, like in leptoge-
nesis with right-handed neutrinos, the problem could be reduced to one single flavour
in the high-temperature regime (7 > 10'2 GeV), and two flavours in the intermediate
regime (10'2GeV > T > 10° GeV) where the tau Yukawa is in equilibrium. This
approach gives a qualitative understanding of leptogenesis with a scalar triplet and
is a good approximation in some regions of parameter space, but it is not completely
correct because, as mentioned in 3.1.3 in the case of resonant leptogenesis, it is not
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possible to consistently define a single flavour that couples to the heavy state. Let us
discuss in more details the flavour structure in the three temperature ranges.

(i)

(iii)

Above 10'? GeV, the three lepton flavours are undistinguishable, but, because of
the structure of the coupling A¢¢ which is not linear in the lepton doublets, it
is in general not possible to find a basis (£, £1, f3) such that the triplet decays
only to {y, like it was done in 3.1.3 for the right-handed neutrino. This means
that the single flavour approximation is never accurate in this scenario, even
for temperatures larger than 10'? GeV. Instead, since the decay of the triplet
generates states which are mixtures of the three undistinguishable flavours, the
lepton asymmetry should be described by a 3 x 3 density matrix (Ay)qg.

In this high-temperature regime, it is convenient to define the B — L asymmetry
as a 3 x 3 density matrix as well as follows,

Oa
Aaﬁ = 75 Z (AQl + Aul + Adl) - (Af)aﬁ ) OJ,B S {G,IU,,T} ) (3226)
1=1,2,3

where Ag,, Ay, and Ay, are the asymmetries stored in the quarks. The mo-
tivations for this choice are the following: the diagonal elements of this matrix
describe the asymmetries stored in the charges B/3— L, while the trace gives the
total density of B — L. Moreover, this is also flavour-covariant: under a flavour
rotation, it transforms as in eq. (3.1.31). The reason why we do not include the
right-handed lepton asymmetry in this definition is because, in this regime, this
asymmetry is always zero since no interaction able to create it is fast enough.

Between 10'? and 10° GeV, fast interactions mediated by the tau Yukawa come
in equilibrium. These interactions will typically project the states created in the
decay of A on the tau direction or on the e — i space. As a consequence, the off-
diagonal elements (Ay)qr and (Ay)rq decay very quickly. Thus, the asymmetry
stored in the tau doublet can be described separately while the asymmetry stored
in the e— u space is still described by a 2 x 2 density matrix. Another consequence
is that, because of interactions such as £, +tr — Tr+Q3, a part of the asymmetry
stored in the tau doublets will be transferred to the right-handed tau.

In this regime, we split the B — L asymmetry into a 2 x 2 density matrix and a
separate asymmetry for B/3 — L,

a
Bap =00 3 (Agi+ A, +42) ~ (Adas . o BE{e,pn}.  (3227)

i—1.2,3
1
Ar=35 D> (Agi+Au +A80) =D = Ary . (3.2.28)
i=1,2,3

Below 10 GeV, the situation is simpler to apprehend, because we do not have
to deal with undistinguishable states as before, therefore we recover a situation
which is easier to understand intuitively, with three lepton doublet asymmetries
Ay,, Ay, and Ay, and the asymmetries in the B/3 — L, charges are given by

1
A== Ag, + Au, + Ag) — Ay, — A, 2.2

i=1,2,3
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Note that in this regime, we could still in principle work with a 3 x 3 density
matrix, but it would be diagonal. In this regime, our approach and those of refs.
[206, 207] agree.

In the present work, for a given triplet mass, we fix the flavour structure once and
for all based on which Yukawa-mediated scatterings are in equilibrium at T = Mx.
Concretely, this means that we work with a 3 x 3 density matrix for Ma > 102 GeV,
a 2 x 2 density matrix and a separate asymmetry for the tau for 109 < M < 102
GeV, and three number asymmetries for Ma < 10° GeV. A fully rigorous approach
would be to include explicitly Yukawa-mediated scatterings in Boltzmann equations. In
particular, in the context of leptogenesis with right-handed neutrinos, it was pointed
out in ref. [208] that, even when these scatterings are in equilibrium, they do not
necessarily affect the flavour structure of Boltzmann equation as long as they are slower
than inverse decays {H — N;. Ref. [207] adapted this discussion to leptogenesis
with a scalar triplets. To summarize, the flavour structure is in reality determined
by whichever process is faster. The difficulty comes from the fact that this changes
over time: for instance, inverse decays can be faster around T = Ma, but at later
times, Yukawa-mediated scatterings always dominate. In 3.2.4, we will see how our
simplifying approximation affects the results.

Spectator processes

We also have to include the various spectator processes. As already said, in each
temperature range, the fast reactions in equilibrium impose relations between the
chemical potentials and therefore between the asymmetries. These relations take the
form of a linear system of equations. In the end, every asymmetry can be expressed
as a function of the B — L asymmetry and the triplet asymmetry. Then, to write
Boltzmann equations, we will only need the explicit expression of the Ay’s and Apy,
which we will write formally as A, = CZfAk-

The relevant processes for the computation of chemical potentials in the context
of scalar triplet leptogenesis were exhaustively discussed in ref. [207] in a non-flavour-
covariant framework (see previous discussion). We adapted the expressions presented
in this work to our flavour-covariant formalism: in our case, the coefficients C¥ are
defined by the following relations.

(i) In the high-temperature range T > 10'? GeV, where both the lepton asymmetry
and the asymmetry in B — L are 3 x 3 matrices,

(Ap)ap = CL5A s + CaAA
A =CRAs+CHAA . (3.2.30)
(ii) In the intermediate range 10° GeV < T < 10'2 GeV, we define

(Aﬂ)a,@ = C;YZAW(S + C;,BAT + CﬁﬁAA ) (Oé, B, 7 5) € {6a :u}
Ap, = CPA s +CIA, +CEAA
Ag = CP A+ CHA, +CHAA (3.2.31)
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(iii) Finally, in the low temperature range 10 GeV > T, this reduces to
Ay, = CIA, +CRAA
Ap = ChHA, +CHAA . (3.2.32)
Let us review quickly the various effects which are relevant for the computation of

these coefficients. A reaction aj + ... + a, — b1 + ... + b, in equilibrium enforces the
equality on the chemical potentials of the a;’s and b}s

Pay + oo+ Pay — by — o — i, =0 . (3.2.33)

Using the relation between the chemical potential and the asymmetry

T3

ng—ny= 9f6 py  for a fermion , (3.2.34)
T3

ny —ng = ng,ub for a boson |, (3.2.35)

where g and g, are the numbers of degrees of freedom of each field, we can translate
eq. (3.2.33) in a condition on the asymmetries. First of all, the conservation of the
hypercharge is always valid and implies

D (g + 200 — pa)) — D (B + tren) + 2pm + 6pa = 0. (3.2.36)
i:1,2,3 =€, T

Then, the QCD and electroweak sphalerons, which come in equilibrium below 10'3 and
10'2 GeV respectively, enforce

Y. (2ug, — pu; — pa;) =0 (QCD), (3.2.37)
i=1,2,3
> Bugi+ > m, =0 (EW). (3.2.38)
1=1,2,3 a=e,,T

The various Yukawa-mediated scatterings translate into

pQ; — Hu; + 1 =0 (up-type quark) , (3.2.39)
pQ; — pd, — par =0 (down-type quark) , (3.2.40)
e, — te, — g =0 (charged lepton) . (3.2.41)

These reactions and the range in which they are relevant are summarized in table 3.1.
We can use all the previous constraints to compute the C' coefficients.

Boltzmann equations

The Boltzmann equation for the triplet density XA is unaffected by these new effects,
therefore eq. (3.2.11) remains valid in any temperature range. The B — L density
is affected only by interactions contained in the Lagrangian of eq. (2.1.57), so that
deriving the Boltzmann equation for the matrix A,g or for A, is not more difficult than
writing the Boltzmann equation for the lepton asymmetry when spectator processes
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Temperature range (GeV) SM reactions in equilibrium
T > 10" None
:10137 1015: Yt
(1012, 1013] + QCD sphalerons
[10%,10%] + yp + yr + yo + EW sphalerons
[10°,10] + Yu +Ys
T < 10° + Yu + Yd + Ye

Table 3.1: SM reactions in equilibrium depending on the temperature. y, stands for
scatterings mediated by the Yukawa coupling of particle a.

are neglected. The only subtlety is that only the part of the B — L density which
is stored in the lepton doublets is affected by the washout, so we should write the
right-hand side like before in terms of Ay and then make the substitution A, — Cf AV
For temperatures larger than 102 GeV, the Boltzmann equation for the B — L density
and the triplet asymmetry is given by

dAp NN ¢H
sHz=g " = ~<ap (zzq ! §rWas tubp ks (24)
dAA 1 D Aa  CHALY A
sH--—2 — _Z W - B — . 24
dz 2 o [ } " zef Yy P (3249

The terms W/ /? and W g are washout terms respectively due to inverse decays £¢ — A€
and lepton-Higgs scatterings £/ — H°H¢ and {H — ¢°H°. These terms where already
present in our simplified model eq. (3.2.16). The two last terms on the right-hand
side of eq. (3.2.42), labelled with a lower case w, are new, because they describe pure
flavour effects such as £,¢g — {,{s5, which do not modify the total lepton number,
and therefore satisfy tr[w] = 0. The source and washout terms come with opposite
sign with respect to eq. (3.2.16), because we consider now the evolution of the B — L
density.

The derivation of flavoured source and washout terms for the density matrix, using
the Closed Time-Path formalism (CTP), is described in Appendix A.4. For tempera-
tures larger than 10'2 GeV, the 3 x 3 matrix of CP asymmetry is

1 M (memly — maml)
A A KA AT )ap
B T 8ri 02 BB ma '

(3.2.44)

For the clarity of notations, we write the washout terms as functions of Ay and Ay, but
it should be remembered that, in order to give a closed form to Boltzmann equations,
these quantities are to be expressed as C’fAk and CI]"{Ak. The washout term due to
inverse decays is given in terms of Ay by

B 2B[ Ax 1

Was (F1Dassy + fyma (27A7F1+ £ A0+ AcfT) ] V5. (3.2.45)
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The term WC{H , describing scatterings between lepton doublets and Higgs doublets, is
given by the somewhat cumbersome expression

2 A 1
Wafl = 1 (ff )agyf;ﬂ T gy SN ENTUNET NI B]WAH
¢ (03
2 | Ag 1
+ R [or(fr1)] (f/'i )aBvreq qu + 4qu (2fAz,‘<aT + fHTAg +Aufr )aﬂ ’YZIH
2 i Apn 1 7
] eyt o 3 (260711 f A Aeft) o
2 H A T4 ; ; i
+ 2 (kK )aﬂﬁ + W (2/<¢A@ k' + kT A+ Aykk ) 5| e (3.2.46)
K L H Yi «@ |

where WA}p Vi and WZH are respectively the contributions of the triplet, the effective
operator of eq. (3.2.4) and the interference term to ¢/ — H°H¢ and /H — (*H®. More
precisely we define

Yerr = 275 e + 5. (3.2.47)

where the prime means that we subtracted the contribution of an on-shell intermediate
state, as it is explained in appendix A.2, and split v,z into these three contributions

Yerr = YVorr + 27k + Vi - (3.2.48)

A way to check the consistency of these two first washout terms is to make sure
that when taking the single flavour approximation, we recover the washout terms of
eq. (3.2.16). The two purely flavoured washout terms are given by

2 A2 tr(A,f £
wih = 3 Lqu (2l st + 118+ 2urfY) - W(ff%ﬁ] i (3.2.49)
1
el = LRI |2 [ yer (P10 8 =2 FAMTT + D111 ST), ]’m, (3.250)
where we defined
Vae = Z'W + Yo (3.2.51)
Yea = Via + VAt +7&nc (3.2.52)

the rates being summed over every flavour. Again, we can check that these two purely
flavoured washout processes vanish in the limit of a single flavour.

Another important check is that the equation obtained is covariant in flavour space,
as was explained in the introduction of 3.2.3. Under a unitary rotation ¢, — £, = V5 {4,
the density matrix and the couplings transform according to

Bas A= VAV, (A — (A1), = (VAVT),
faﬁ — fz] (VfVT)zg ) KaB — :‘i;j = (VK}VT)Z‘]' . (3253)
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which ensures that all the source and washout term are flavour covariant, namely that
they transform like the density matrix?,

Sap = S = (VSVT) . Wag o W= (vwvt) (3.2.54)

vy vy

When the temperature drops below 102 GeV, Boltzmann equations for the 2 x 2
density matrix and the 7 asymmetry can easily be deduced from the previous case
by performing the replacements A,; — dorAr and (Ag)ar — 0arA¢.. Formally, the
system to solve becomes

dA =
staB:—e§B< A—l)’yg +WO€ WEB —l—waﬁ-i-waﬂ, a,B=epu,

dz E'Zl
(3.2.55)
A, >
sHz— " = —rr (ZAQ - 1)%% + WP W ot 4 wf? (3.2.56)
A
dA L (oID | yrID | yi/ID An  CHARY A
Jit - By |22 ZuZk 2.
sHz— o (WP w2+ wiP) - By s~ yer )b, (3257

with, for instance,

AYN

2Bg
Wa][? = l(fff)aﬁzil

Lo
qu (7@ I+ I B+ (Boenf 1)+ e fmfnggT] 5
(3.2.58)

where we used the notation (Ay)
the e — p subspace, and

le, u t0 make clear that this is the 2x2 matrix describing

AA

A

wiP =

2 [(ff -

5. (3.2.59)
a,B=ep

" 2}/2(1( S farf3(B0sa+ ((FFN)er + £ ?) AeT)

Finally, as the temperature drops below 10° GeV, Yukawa-mediated scatterings
bring all the off-diagonal elements to zero. Again the flavour structure Boltzmann
equations can be deduced from the high-temperature case by setting (Ag)ag — dape,-
Formally, the system describing the asymmetries now includes three equations for the

3 This can be checked explicitly for the various terms, for instance

AT = Pt = (VivT) (VAT (ViVT) =V (FAf) VT
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Ay’s with a = e, u, 7 and one for Ap,

dA >
sHz—" = —éaa (Eﬁq - 1> VB + WIP 4 W 3y A (3.2.60)
A
0 == Y wi”-B - . 3.2.61
I~ O A (3200

A qualitative word can be said before proceeding to the numerical computations.
When discussing about the simplified model in 3.2.2, we showed that the CP asymme-
try is efficiently converted into a lepton asymmetry when the washout is weak. This
remark remains true once flavour effects and spectator processes are included in the
computation: in particular, in the cases studied in our simplified model, with Ay < Ay
or Ay > Ay, the efficiency will also be large. For instance, we focus on the case
A¢ < Ay in the high-temperature regime 7 > 10'? GeV. The washout of the asymme-
try stored in lepton doublets, which is essentially governed by Ay, can be neglected in
first approximation (this holds as long as A, /A is not too large). Then, the equation
for the B — L asymmetry can be approximated by

sHz dza = —€op (ZAQ —1|75 . (3.2.62)

Taking the trace, we recover the unflavoured equation

dAp_ b))
N ( - 1) 5, (3.2.63)

and therefore the result is the same. The same kind of reasoning applies if Ay < Ay,
leading to a large efficiency in both the flavoured and the unflavoured computation.
However, for us, such situations are not the most interesting ones, because then, flavour
effects are of little relevance. The novelty here is that there can also be situations in
which, even though the total washout is strong, some flavours are weakly washed out,
so that the B — L asymmetry can grow anyway. Therefore, flavour is more likely to be
relevant for situations with By ~ By, for which the unflavoured computation would
give a small efficiency. We expect flavour effects to play a particularly important role
when the asymmetry is stored mainly in flavours that are little washed out, because
such cases are overlooked by the unflavoured computation.

3.2.4 Numerical approach

Typical solutions of Boltzmann equations are displayed in fig. 3.4. These computa-
tions were performed in the high-temperature regime, using the 3 x 3 density matrix
formalism. However, the qualitative behaviour of the solutions displayed here is not a
characteristic feature of this flavour regime. For the parameters chosen here, the CP
asymmetry is pretty large, namely € = —3.30 x 1074

The difference between the two plots of fig. 3.4 is the initial condition. For the
left plot, we chose for the initial triplet density the equilibrium value X' defined in
eq. (3.2.22), which seems a good choice for a gauge multiplet. In this case, the triplet
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Figure 3.4: Comoving number density of triplets and antitriplets ¥ A and asymmetries
Ap, Ay and Ap_f = tr(A,p) as a function of z = Ma /T, for Ma = 5 x 10'2 GeV,
Ag = 0.1 and ma = ¢m,. The initial triplet density at z = 1072 is chosen to be the
equilibrium density X% (left) or zero (right). Also shown is the departure of ¥ from
its equilibrium value. Asymmetries are plotted in units of the total CP asymmetry in
triplet decays €>.

density remains always very close to equilibrium, but nevertheless a sizeable baryon
asymmetry can grow, leading to a baryon-to-photon ratio ng/n, = 1.46 x 10~8. When
we assume instead a bit arbitrarily a vanishing initial abundance for the triplets (right
plot), it appears they are anyway quickly generated by gauge interactions and reach
soon their equilibrium density. After this first phase, we recover the same behavior as
in the previous case, and the final baryon-to-photon ratio is barely modified, ng/n, =
1.45 x 1078, This justifies retrospectively the choice of an initial equilibrium density.

In what follows, we will always perform computations starting from zpi, = 1072,
with triplets initially in equilibrium XA (zmin) = Z‘X‘, knowing that this choice has
little influence on the final result, besides being better motivated. We will now present
more general results, obtained by exploring parameter space. The results summarized
here were presented in details in ref. [209]

Computations

In what follows we will compare our results, obtained by solving numerically the Boltz-
mann equations derived in section 3.2.3 with the relevant constraints coming from
chemical equilibriums, which for convenience we will refer to as the “full computa-
tion” — even though we cannot claim that it is exhaustive since, for instance, it is still
performed in the Boltzmann approximation — to those obtained when performing the
following approximations.

(i) In order to identify the effect of spectator processes alone, we perform the ap-
proximation of including flavour but neglecting completely spectator processes.
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(iii)
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More precisely, we solve the Boltzmann equation for the 3 x 3 density matrix
(3.2.42) and we use the relations

(Ar)ag = —Dag (3.2.64)
Ag =—tr [A] —2AA , (3265)

that apply when no spectator process is in equilibrium, to express A, and Ay
whatever the temperature range. In other words, we use in every range a Boltz-
mann equation that, strictly speaking, is valid only above 10" GeV. We will refer
to this computation as FC (Flavour-Covariant)

Conversely, in order to identify the effect of flavour alone, and more precisely in
the high temperature regimes where the density matrix formalism should apply,
we perform a computation that does not use this formalism, but includes this
time spectator processes through the relations coming from the relevant chemical
equilibriums. More precisely, for T > 10'? GeV, we consider one single flavour
and use relations of the form

Ay, = COAy + CHAA (3.2.66)
Ap =C%Ag+ CHAA . (3.2.67)
where Ag = Ap_y is the total B — L asymmetry. For 10° GeV < T < 10'? GeV,

we consider two flavours (7 and a combination of e and p that we call £y), and
the C' coeflicients are defined as

Ay, = C3A + CFA, + CS A, (3.2.68)
Ay =C + CTA, + C2 AL, (3.2.69)
Ap = C%YAg+ CHA, +CHAA . (3.2.70)

We will refer to this computation as 1F+SP (1 Flavour + Spectator Processes)
or 2F+SP (2 Flavours + Spectator Processes) depending on the temperature
range.

Finally, we will compare the result with that obtained by solving the simplified
model described by egs. (3.2.11), (3.2.16) and (3.2.17), that does not include
flavour nor spectator processes. We will refer to this approach as 1F.

The comparison between the full computation, involving flavour effects and specta-
tor processes, and this latter approximation shows the relevance of flavour even at high
temperatures, which is a new feature compared to the leptogenesis scenario presented
in 3.1.3.

Parametrization

The main difficuly in the numerical approach is related to the large number of free
parameters, just like in the model presented in 3.1.3. Indeed, we need to choose
numerically the entries of the two 3 x 3 coupling matrices, as well as the mass of
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the triplet M and its coupling to the Higgs p (or equivalently the effective coupling
Ar). It is convenient to fix first Ma, Ay and the unknown parameters of the neutrino
mass matrix m,,, which are the Dirac phase 4, the two Majorana phases p and o, the
hierarchy, and the mass of the lightest neutrino m,; (NH) or m,3 (IH), and finally to
parametrize the two contributions to the neutrino mass matrix. Actually, eq. (3.2.5)
simplifies this task a little bit, because once the contribution of the triplet ma is
chosen, m,, is fully determined.

The main effect of the running of the neutrino mass matrix at the scale M is to
multiply the eigenvalues by a common factor 7(Ma)* which varies between 1.2 and 1.4
as the triplet mass goes from 10% to 10" GeV. We will take this into account simply
by rescaling the squared mass splittings Amfj by a factor r2. To fix things once and
for all in this sector, we consider a normal hierarchy with a lightest neutrino mass
my1 = 1073 eV at the scale Mx, and vanishing phases § = p = o = 0.

The contribution ma is a 3 X 3 complex matrix, so in full generality it contains
three masses, three mixing angles, and six phases. As explained in section 2.1.1, the
phases of the lepton fields have already been fixed in order to obtain the structure of
the PMNS matrix given in eq. (2.1.16). Thus, we do not have the freedom to eliminate
any phase from ma through rephasings of the lepton fields, so that its six phases are
physical. We parametrize ma as

ma = U* x V* x diag (may, mag, maz) x VI x U (3.2.71)

where U is the PMNS matrix. This parametrization makes explicit the rotation be-
tween the basis of neutrino mass eigenstates and the basis in which ma is diagonal,
which is encoded in the unitary matrix V. We adopt for V' a parametrization similar
to that of the PMNS matrix, but with three additional phases, i.e.

e 0 eivr 0 0
V=0 €% 0 |xR(ps3, 13, d12,7) x| 0 1 0 , (3.2.72)
0 0 e 0 0 eio2

where R is defined as

c12€13 ' 512€13 o sie
R(pa3, ¢13, d12, 7) = | —s12¢23 — C12813823€"7  C12C23 — S12513523€"  Cizsaz |
512823 — C12513C23€"7  —C12823 — S12813C23€") C€13C23
Cij = COS (Z)Z'j s Sij = sin (lsij . (3.2.73)

The choice ¢p19 = P13 = ¢o3 = 0 gives Ry; = Jy;, which corresponds to the particular
situation where the matrix ma is diagonal in the basis of neutrino mass eigenstates.
The matrix my is then simply defined by

My = My — MA - (3.2.74)

4In principle, r also depends on the mass of the lightest neutrino, but this dependence is weak and
can be neglected in most cases. An exception to this occurs for quasi-degenerate neutrinos, which we
will not consider here.
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Thanks to this relation, we can conveniently rewrite the total CP asymmetry of
eq. (3.2.9) by noticing that

3 [tr(mLmn)] _ S {tf(mgmv)} . (3.2.75)

ma mAa
Since tr(mTAm,,) is a scalar product, according to Cauchy-Schwarz inequality, the total
CP asymmetry is maximal for the choice ma o i X m,,, which implies 81 = o = 83 =
/4, a1 = ag = v = 0 and ¢12 = ¢13 = ¢23 = 0. In this case, the other contribution
my, is far from being negligible, namely m,, = v/2e¢~“/*m,,, and the CP asymmetry is
simply

Mamy,
A = 4“’; VB:By , (3.2.76)
v
with m, = tr(m:ﬂmy). This is the upper bound for given values of Ma and Ap.

However, since we want to study leptogenesis in a flavoured context, the choice that
makes the overall CP asymmetry maximal is not necessarily the one that gives the
largest baryon asymmetry in the end, because of the interplay between the various
decay channels of the triplet. More generally, inserting the expression of eq. (3.2.71)
in eq. (3.2.44), the flavoured CP asymmetry is

1 MA BgBH . -
i.7:k

In order to focus on the case where the contribution ma is of the same order of
magnitude as m,, (so that m is also of the same order of magnitude or smaller), we will
always take ma = m,. Of course, it would be difficult to cover the whole parameter
space, but let us now consider a few interesting and simple ansétze.

Comparison of the various computations

The case of alignment is the most simple one. Indeed, when ¢19 = ¢13 = ¢o3 =0, V
reduces to a diagonal matrix of phases. Moreover, in this case it is possible to absorb
the ay’s into redefinitions of the §;’s, so that V' is simply

V = diag(et, €2, i) (3.2.78)
Then the explicit expression of the flavoured CP asymmetry is

M \/BB
A A J4 HzmmmAz

€aB = Yrp2

wiUpisin23; (3.2.79)

and, taking the trace, the overall asymmetry is

A Ma BBy

4?2 mA

> myma; sin2p; . (3.2.80)
7
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It is worth noticing that it is possible to be in a situation where the entries of the

matrix e

A are nonzero, but the trace vanishes because of a compensation between the

sin ;. In this case, leptogenesis could be successful due to flavour effects, even though
the overall CP asymmetry is zero. In the case where the two matrices ma and m,, are
aligned, we considered the two following ansétze.

(i)

(i)

In the special case already mentioned ma = im,, the overall CP asymmetry is
maximal, and the elements of the CP asymmetry matrix are

A _ Ma VBBg

€.,8 — E—
BT 42

> my; UsUsi - (3.2.81)

In this case, we do not expect flavour effects to be spectacular. For instance, in
the high-temperature regime 7 > 10'2 GeV, because of flavour covariance, the
computation can be performed in the basis (¢, ¢2, 3) corresponding to neutrino
mass eigenstates, in which the CP asymmetry becomes simpler,
Ma /BB
S = AN, 25 (3.2.82)

YU 4w my,

Then, it is easy to see that, because m, ~ m,3, the CP asymmetry matrix is
dominated by its (3, 3) entry,

00 0
M
€5~ gz VBB |0 0 0 |, (3.2.83)
0 0

my,

so that the asymmetry will be essentially produced in /3, but since the washout
is governed by the couplings f and x that have the same hierarchy,

. 000
fij =iXedij —= ~iX |0 0 O] , (3.2.84)
v 00 1
' 000
Kij = e AN 0y 2 e AN 0 0 0 (3.2.85)
M 00 1

it will also principally affect the flavour 3. In first approximation, it seems that
is is enough to consider only this flavour to get the dominant effects. Of course,
the discussion above is a bit oversimplified, since the hierarchy between neutrino
masses is not huge, and an asymmetry could also develop in the flavours ¢; and
{5, but nevertheless, flavour effects will not change the order of magnitude of the
result.

We also studied the case where 57 = B2 = (3 = 7/4, which optimizes the
asymmetry, but the eigenvalues of the two matrices m, and ma are different.
We will use the parametrization

ma; =V1—22ym,, mays=zYym,, maz=1+/1-—y*m,, (3.2.86)
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Figure 3.5: Comparison of the final baryon asymmetries obtained via different com-
putations, for a triplet mass Ma = 5 x 102 GeV, as a function of s, for ma = im,
(left) and ma = m¥(z = 0.05, y = 0.95) (right). The equality B, = By occurs for
A¢ ~ 0.148. The legend uses the notations defined at the beginning of section 3.2.4.

and study the evolution of the baryon asymmetry when x and y vary. We will
refer to this ansatz as m’y’. Note that the previous case can be recovered through

the particular choice
\/mZ,+m2
M2 oo ovz (3.2.87)

v 2 ;YT
mu1+mu2

More generally, this ansatz, by relaxing the condition that gives the maximal
overall CP asymmetry, allows to look for a possible enhancement of the efficiency
due to flavour effects, while giving a large overall CP asymmetry.

This ansatz gives significant flavour effects when Ay and Ag are not too different.
In the opposite case, we recover a situation where the unflavoured computation
gives already a large efficiency, and the introduction of flavour does not modify
this result. For Ay ~ A\p, it appears that the choice x = 0.95, y = 0.05 is the one
that maximizes the final baryon asymmetry, even though it is quite far from the
situation ma = im, that maximizes the total CP asymmetry.

In figs. 3.5 and 3.6, we compared the results of the various computations for these
two ansétze. This confirms that flavour effects are not very large when ma = im,,.
At best, they merely enhance the result by a factor 2 with respect to the unflavoured
computations. The ansatz m?2¥, on the other hand, shows how relevant flavour effects
can be, with a final baryon asymmetry up to 10 times larger than in the unflavoured
approximations.

In the high-temperature regime (fig. 3.5), it appears that the flavour-covariant
computation that does not include spectator processes is a decent approximation to
the full computation. In comparison, the one-flavour approximations neglect the most
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Figure 3.6: Comparison of the final baryon asymmetries obtained via different com-
putations, for a triplet mass Ma = 10 GeV, as a function of Ay, for ma = im,
(left) and ma = mY(z = 0.05, y = 0.95) (right). The equality By = By occurs for
e~ 2.08 x 1072

important effect in this regime. When the tau Yukawa coupling is in equilibrium,
(fig. 3.6), the two-flavour computation that includes spectator processes is a much
better approximation. The reason for this is that, in this regime, one of the main
effects of the spectator processes is precisely to destroy the 3 x 3 flavour covariance.
However, there exists situations in which the two-flavour computation is not even a
good approximation in the regime where the tau Yukawa is in equilibrium, as we are
going to see in the next part.

The comparison of the two ansétze also shows that the choice ma = im,,, that gives
the maximal overall CP asymmetry does not necessarily maximize the final baryon
asymmetry, once flavour effects are properly included.

Discussion on the temperature ranges (continued)

As explained in 3.2.3, in the present work, we choose the flavour structure depending
on the triplet mass only, even though leptogenesis could take place in two successive
regimes. This approximation may affect the result when the triplet mass is not too
far from the temperature at which Yukawa-mediated scatterings reach equilibrium:
indeed, if such is the case, the choice of a flavour structure rather than another may
seem a bit arbitrary.

In order to evaluate the error made with our approximation, we take Ma = 5x 10!
GeV, which means that the tau Yukawa-mediated scatterings reach equilibrium during
the leptogenesis era. Three computations can then be performed.

e One that includes explicitly Yukawa-mediated scatterings in Boltzmann equa-
tions. Explicitly, we add the following washout term [180],

(AZ)QT(SCMT + (AZ)T,B(SﬁT _ (AE)TTéaT(SﬁT
2yvéeq Y-Zeq ’7’7— .

W;(Ekawa — (3288)
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Figure 3.7: Comparison of the final baryon asymmetries obtained via different com-
putations, for a triplet mass Ma = 5 x 10! GeV, as a function of Ay, for ma = im,
(left) and ma = my(z = 0.05, y = 0.95) (right).

e Since the tau Yukawa is in equilibrium at T = Ma (which is the criterium
used throughout this work), one can choose to perform the computation with a
2 x 2 density matrix and a separate tau asymmetry. This amounts to assume
that the decay of the off-diagonal elements A, and A,, is fast enough. This
is the approximation made in the rest of this work. We label this computation
“2x 2417

e Since inverse decays are in general faster than Yukawa-mediated scatterings at
T = Mx, one could also choose to perform the computation with a 3 x 3 den-
sity matrix. In this case, one neglects completely the decay of the off-diagonal
elements A, and A,,. We label this approximation “3 x 3.

On fig. 3.7, we compare the results of these various computations. As could be
expected, the result of the computation that includes explicitly Yukawa-mediated scat-
terings is comprised between the results of the two approximations, which both give
errors within a few 10%. Sometimes the agreement is much better, in particular for
large and small values of Ay: this is no surprise because, as already discussed, flavour
effects are not very important in such situations, so that the results depend little on
the flavour structure. For ma = im,, the approximation “2 x 2 4+ 17 is slightly better
(with an error of at most 25%, against 45% for the approximation “3 x 3”), while for
ma = mZy(x = 0.05, y = 0.95), it is in good agreement with the computation that
includes explicitly Yukawa-mediated scatterings.

To conclude, the approximation that we use here is not completely accurate when
the triplet mass is close to the scale at which Yukawa-mediated scatterings reach
equilibrium. This is due to the fact that these scatterings are not really fast enough
to destroy completely off-diagonal elements of the density matrix. However, the error
remains within 25%, and decreases quickly when the triplet mass is further from the
transition scale.
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Figure 3.8: Left: isocurves of the final baryon asymmetry as a function of 51 and ¢19
for the ansatz ma = mi¢, Ma =5x 10" GeV and Ay = 0.1. Red dashed lines: result
of the full computation. Blue dotted lines: result of the 2-flavour computation with
spectator processes (2F+SP). The red region indicates values larger than the observed
baryon-to-photon ratio 3.1.1. Right: ratio of the results of the two computations
nf];“ / nZBF+SP. The thick red lines signal a vanishing baryon asymmetry from the 2F+SP
computation.

Maximal flavour effects

It is also interesting to study the case in which the two matrices ma and m, are
misaligned, that is when one of the ¢ angles at least is nonzero. We focus on the
situation where only the angle ¢12 is nonzero, because it leads to interesting flavour
effects. We set the a phases to zero, and studied the case where f3 = 83 = 0, whereas
B1 and ¢12 vary. In this case, the rotation matrix is

Clgewl Slzeiﬁl 0
V=1 —s19 c12 0] . (3.2.89)
0 0 1

This ansatz highlights the role of flavour: considering again the high-temperature
regime which makes the qualitative discussion simpler, it appears that, in the basis
(01, la, £3) corresponding to neutrino mass eigenstates, the asymmetry will be essen-
tially generated in the two flavours ¢1 and f5, whereas the washout will essentially
affect ¢3. Thus, this ansatz gives a non-maximal CP asymmetry but allows for a large
enhancement of the final baryon asymmetry due to flavour effects. In the intermedi-
ate regime, this discussion is a bit more complicated. However, as we are going to
see, it appears from the numerical computation that the final baryon asymmetry is
hugely enhanced by flavour effects, and that the two-flavour computation is not a good
approximation.
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Figure 3.9: Isocurves of the final baryon asymmetry as a function of Ay and M,

for ma = imy, (left) and ma = my¥(z = 0.05, y = 0.95). The black line indicates

the equality Ay = Ap, whereas the region shaded in gray correspond to large (light
gray) or non-perturbative (dark gray) values of Agy. The red and blue regions indicate

respectively where the full computation and the approximation 1F reproduce at least
the observed value of the baryon-to-photon ratio 3.1.1.

Fig. 3.8 shows the results obtained when performing the full computation and the
2-flavour approximation in the plane 81 — ¢12 for the ansatz mi‘z’ defined above. The
triplet mass is chosen to be Ma = 5 x 10'' GeV, so that leptogenesis essentially
takes place in the regime where the tau Yukawa is in equilibrium. This time, taking
flavour effects into account in the e — p subspace gives a spectacular enhancement of
the baryon asymmetry (namely up to a factor 102 — 103 compared to the 2-flavour
computation), In particular the observed value of the baryon-to-photon ratio, defined
in eq. (3.1.1), can be reached, which seems impossible when looking at the result of
the 2-flavour computation alone. These results can be understood from the fact that

this ansatz reveals a rich flavour structure in the e — u subspace, that is overlooked by
the two-flavour computation.

Bound on the triplet mass

Finally, in order to study of the order of magnitude of the triplet mass needed to re-
produce the baryon-over-photon ratio, we computed the baryon asymmetry generated
as a function of Ma and A, for ma = im, and ma = my¥ (z = 0.05, y = 0.95),
which are the two ansétze which optimize the final result, if not the flavour effects. On
fig. 3.9, we compare the results obtained to that of the single flavour approximation
without spectator processes (1F), that was originally presented in [203]. The lowest
bound on the triplet mass is a little bit relaxed by the inclusion of flavour effects and
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spectator processes. For ma = im,,, the lowest bound on the triplet mass are

MY = 1.3 x 10" GeV  (approximation 1F) , (3.2.90)
MY =50 x 10'9GeV  (full computation) . (3.2.91)

For the other ansatz the improvement is somewhat clearer, with a lowest bound that
decreases by a factor 8 approximately.

MY =33 % 10! GeV  (approximation 1F) , (3.2.92)
MY = 4.3 x 1019 GeV  (full computation) . (3.2.93)

These results can be compared to those shown in fig. 3.6. For ma = im,,, we saw
on fig. 3.6 that, for a given triplet mass, the proper inclusion of flavour effects and
spectator processes increases the maximal baryon asymmetry by a factor 3. The same
effects allows to lower the bound on the triplet mass by a factor 2.6. On the other
hand, for the other ansatz, fig. 3.6 shows that for a given triplet mass the final baryon
asymmetry can be enhanced by a factor 10, which in turns allows to achieve successful
leptogenesis with a significantly lighter triplet. Consistently with fig. 3.6, one can see
that, in the latter case, the most favorable situation is when A, is slightly smaller than
Am, because this gives both a nearly maximal CP asymmetry and a good efficiency
due to a weak washout in some of the leptonic decay channels.

Conclusion

To summarize, the inclusion of flavour effects and spectator processes in the compu-
tation of the baryon asymmetry increases the parameter space available for successful
leptogenesis. However, the lower bound on the triplet mass does not decrease signif-
icantly. This bound can be relaxed when the mass of the heavier state responsible
for the contribution m, to neutrino masses is lowered. In this situation, the nature
of this heavier state should be specified, and the computation would become more
model-dependent. In particular, it is possible to perform resonant leptogenesis with
two scalar triplets that are close in mass, which could relax considerably the bound on
the triplet mass [210].

3.3 A more predictive scenario

As we observed, implementing leptogenesis in the type IT seesaw framework requires to
give up the simple relation between the neutrino mass matrix and the coupling matrix
f. Thus, leptogenesis in this framework is not more predictive than in the general
type I case. However, a way out can be found in more elaborated frameworks. We
consider here a scenario motivated by a Grand Unified Theory based on the gauge
group SO(10) [211]. Theories based on SO(10) usually allow the implementation of
the type I seesaw mechanism, but this scenario contains all the ingredients for type II
seesaw and scalar triplet leptogenesis.
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3.3.1 The setup

The principle is the following. Instead of gathering all the Standard Model fermions of
a generation in a single multiplet, they are distributed in two different representations,
along with new heavy states. More precisely, the left-handed fermions of the Standard
Model fit in dimension 16 representations labelled 16; and dimension 10 representations
labelled 10;.

As in the “standard” SO(10) theory, the representation 16; contains the quark
doublet @);, the up-type antiquark singlet u{ and the antielectron singlet ef, along with
an antineutrino singlet ;. On the other hand, instead of the lepton doublet ¢; and the
down-type antiquark singlet df, this representation contains two heavy fields labelled
L; and D;. £; has the same quantum number as ¢; with respect to the Standard Model,
so we call it a heavy lepton, while D; has the same quantum number as d$ with respect
to the Standard Model so we call it a heavy antiquark.

The lepton doublet ¢; and the antiquark singlet df fit in the 10; representation,
along with two other heavy fields labelled £; and D;. The former is a left-handed
electroweak doublet with hypercharge +1/2, which looks like an antilepton doublet,
except for its chirality: antilepton doublets of the Standard Model are right-handed
whereas this one is left-handed. After SO(10) is broken, £; and L£; form a vectorlike
pair. Consequently, we give a lepton number L = —1 to £;. Similarly, D; is a left-
handed heavy quark singlet with hypercharge +1/3, that forms a vectorlike pair with
D;.

This choice of lepton number for the new states £ and L is justified by the existence
of the following coupling in the SO(10) theory,

LD —y¥16;16;104 + h.c. (3.3.1)

which gives rise to both the up-type quark Yukawa coupling and to the following
operator,

—yieiH Lj+hc. . (3.3.2)

With the choice made here, this interaction preserves B — L. Because of this cou-
pling, the main decay channel of heavy leptons is £; — e;H, so that in leptogenesis,
any asymmetry stored in the heavy leptons will be transferred to the Standard Model
leptons before being processed by electroweak sphalerons (see ref. [211] for the super-
symmetric version of this discussion).

In addition to that, the scalar sector of the theory is extended to include a self-
conjugate dimension 54 representation. This representation contains, among other
things, an electroweak triplet A with hypercharge +1 and its conjugate, a self-conjugate
electroweak triplet T' (with hypercharge zero) and a self-conjugate Standard Model
singlet .S. This field content is summarized in table 3.2. From now on, we restrict
ourselves to the fields which are involved in leptogenesis. They include the heavy
lepton doublets £ and L, the three scalars A, S and T, in addition to Standard
Model fields.

We use the same representation as in eq. (2.1.56) for A, and we define similarly

0
T_(ﬁ#ﬁ {ﬁl@) (3.3.3)
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Representation | Field | SU(3) x SU(2), xU(l)y | B L
0; (3,2, +1/6) Y13 0

16; u (3,1, —2/3) ~1/3 | 0
e¢ (1,1, +1) 0 | -1

L; (1,2, —1/2) 0 |41

D; (3,1, +1/3) -1/3 | 0

2 1,2, —1/2) 0 | +1

10; de (3,1, +1/3) ~1/3] 0
L; (1,2, +1/2) 0 | -1

D; (3,1, —1/3) +1/3 ] 0

A (1,3, +1) 0 | 0

54 AC (1,3, —1) 0 | o
T (1, 3, 0) 0 |0

S (1,1, 0) 0o | o

Table 3.2: Field content of the model.

The Lagrangian contains the following interaction terms,

£=-Mitr(AfA) - %M% tr (77) - %M§S2 — > (MaLaLa+he)

a=1,2,3

1
{2 ( fapllCioaAlg + ,uHngATH> + fap LEC (csS + orT) €5 + h.c. } . (3.3.4)

¢s = v/3/10 and ¢y = 1 are nothing but Clebsch-Gordan coefficients determined by
the underlying theory. The neutrino mass matrix is given by eq. (2.1.61) with no
additional contribution.

Like before, the scalar triplet A can decay to two antileptons and two Higgs dou-
blets. If it is kinematically allowed, it can also decay to two heavy antileptons £, with
the following partial width,

_ M, Mg
DA = LL) = o MAZ|fa5| F(M A ) : (3.3.5)
The kinematic function F' is given by

Fz,y)=0(1—2z—y) (1 —a? —yQ) \/1 — (x+y)2\/1 —(x—y)?, (3.3.6)

where 0 is the Heaviside function. Defining Ay and Aj like before and

M, Mg

wal° F 3.3.7
JZ asl F (31532 ) - (337
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the total width of A and its branching ratios are now given by

_ 1 2 2 2
La = 55Ma (M + ] +2%) (3.3.8)
2
By = % ; (3.3.9)
)\2
By =——4H 3.3.10
HERDVED VAP ( )
2
_ Az
By= . (3.3.11)

AL+ N+ A%

The two new scalar S and T" decay into a Standard Model lepton and a heavy an-
tilepton L, or the CP-conjugate state. These decays preserve the total lepton number
as defined in table 3.2, and the corresponding widths are

1
Ig = Echsxg , (3.3.12)
1
Ir = gc%MTA% : (3.3.13)
: M?2
= 1— =910 (Ms—M,), ©=5,T. 3.14
)‘Q Za: (ff )aa qu 9 ( [0 ) S (3 3 )
(‘P,f“/a
/ Eﬁ

co fs3

Figure 3.10: Diagrams contributing to the violation of CP in the decay of A at one
loop. ® denotes one of the two scalars S or T.

Only A has couplings that violate the total lepton number, therefore it appears as
the best candidate for leptogenesis. Let us compute the CP asymmetry in its decay
into leptons, which is defined like in eq. (3.2.8). The diagrams involved are displayed
in fig. 3.10. Summing over flavour, we get

Ms M, M, c? Mr M, M
A ) s Ta(ZL Zp o
4m22 3B 111 [CSG(M )t 2G<MA’MA’MA)] |

L po
(3.3.15)
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whith

2_ .2 .2 N 7 .2
— 22 log LH207 -y =2 4+ VALY, ) , (3.3.16)
14222 —y? — 22 — /A1, 42, 2?)

Ma, b, ¢) = (a — b —c)* — 4bc . (3.3.17)

In other words, only the pairs (/:'p, EU) such that M,+ M, < Ma contribute to the CP
asymmetry. Thus, we recover the fact that the violation of CP requires the existence
of an on-shell intermediate state. This implies that at least one species of heavy lepton
must be light enough. Moreover, since

lim G(z,y,2) =1 — 221 1+27 = G(z) (3.3.18)
y71zr50 T,Y, %) = x”log 2 =G(x) , .3.
if all the heavy leptons have masses much smaller than Ma, the kinematic factors
in eq. (3.3.15) can be taken out of the sum and the asymmetry is proportional to

R {tr ( ffiff T)}, which is zero. For these reasons, we will consider the limiting case
where the lightest species £ is much lighter than A, while the remaining two, L

and L3, are so heavy that they decouple from the theory. This choice simplifies the
expression of the asymmetry, which becomes

=gl se(GE) +Fo ()] e

In this scenario, the decay of A to two Higgs doublets does not violate CP, but its
decay to two heavy leptons does

D(A° = LOL9) ~T(A— LL) _ T(A® = ) — (A = 69

2
Tac+TA Tac+TA

(3.3.20)

In order for €2 to be sizeable, S and T should not be too heavy compared to A, since
the function G vanishes in this limit. We can assume that the masses of all the scalars
are comparable, which would be consistent with the SO(10) symmetry. To summarize
we have the following mass hierarchy,

My < Ma, Mg, M7 < My, M3 , (3.3.21)
which simplifies a lot the previous expressions. Now, the effective couplings reduce to

Az =|ful, (3.3.22)

As = Ar =/(ff), - (3.3.23)

As mentioned previously, the decay of S or T does not violate the total lepton
number, however it does violate lepton flavour, and this should be taken into account
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Figure 3.11: Diagrams contributing to the violation of CP in the decay of ® = S or T
at one loop.

in our scenario. In particular, this decay also violates CP, and we define the associated
asymmetry as
o D(®—(L)—T(®— (°LC)

@ = . ®=5,T. (3.3.24)
Iy

This asymmetry arises at one loop as a consequence of the interference between the
two diagrams of fig. 3.11 , which look very similar to those of fig. 3.10. Summing again
over flavour, we get, in the general case,

Ma M, M,

= _16(713\%% Jon 1 7)0m | € (%m%> ’ (332

where dg = 3 and dr = 1, and this time the kinematic factor is

G'(z,y,2) =0(1 —y — 2) {332(1 A 0 ! 5 log {1 + 231 -y - 22)}} ,

(3.3.26)
but because of eq. (3.3.21), this reduces to
d ~ (M
o_ % Tept A
= oSt 6 (52) (33.27)

A nice feature of this model is that, since there is no other contribution to the
neutrino mass matrix, the coupling matrix f can be expressed in terms of neutrino
mass parameters up to a constant,

A
fop = “Emuag iy =\ tx(mbm,) | (3.3.28)

which allows us to express the CP asymmetries as functions of these parameters thanks
to the following relation,

[ (ft £y ] = Mg Fo
S [fn(f Ir )11] =S [mull(mumvmu)ll}
)‘% 3 *2772
_ ﬁmem,jj\s [U Uej} . (3.3.29)

voig
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Using the parametrization U, = (012clgeip §12C23 slgei"), where we absorbed ¢ in
the redefinition of o with respect to eq. (2.1.16), this gives

Vi )
S[Fu (1] = 2 (myrmyodm chyclyed, sin2p
v
1M1 M3 A g (5573 8N 2(0 — p) + Mo, 3 A3y Cls 59575 SN 20) .
(3.3.30)

3.3.2 Boltzmann equations

Because of the increase in the number of particles involved in leptogenesis, the system
of Boltzmann equations to solve becomes far more complex than before. In addition
to the equation for the density XA which remains unchanged, there are Boltzmann
equations describing the evolution of the densities of S and T'. The equation for Y7 is
very similar to the equation for XA, whereas the equation for Yg is simpler because S
is a gauge singlet and therefore does not annihilate. The following equations, which
are not affected by considerations such as flavour or spectator processes, describe the
evolution of the scalar densities,

B 2
dEA ZA A EA A
M 2
dYT YT T YT T
dYs Ys s

A large number of reactions may affect directly the asymmetries. Scatterings in-
volving lepton doublets can be divided in two categories: reactions that change the
overall asymmetry A, stored in the Standard Model lepton doublets, and reactions
that only transfer the asymmetry from a flavour to another.

The first category includes scalar-mediated scatterings between Standard Model
leptons and Higgs doublets, Standard Model leptons and heavy leptons, and fermion-
mediated scatterings such as A — L£®. The second category comprises four-lepton
scatterings such as ¢ — ¢¢ mediated by the exchange of a heavy scalar, and fermion-
mediated scatterings like /A — ¢A. All these reactions are gathered in table 3.3. In
addition to that, scatterings between heavy leptons and Higgs like £L£ — HH are also
possible, and modify the asymmetry stored in the heavy leptons

Our new heavy leptons are vector-like, i.e. left- and right-handed components
belong to the same Standard Model representation. As a consequence, they do not
participate in the triangle anomaly, and are not affected by the electroweak sphalerons.
More generally, the chemical equilibriums coming from Standard Model reactions are
not modified by the new fields, so the reactions relevant for each temperature range are
still those displayed in table 3.1, and egs. (3.2.37) to (3.2.41) are sill valid. The only
novelty with respect to the previous scenario is that heavy leptons should be included
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Label Reaction Intermediate State (channel)
W | 0 «— HCH® A (s%)
Scatterings changing (H +— (°H¢ A (t)
the total Ay WEE | 00— LoLe A (s*), S, T (t)
(L (°LC A (t), S, T (s*, u)
WEERA | IA s LD 0 (s), L (u*)
(D < LAC ¢ (u*), L (s)
(LC +— DAC (), L (u
wt 0w ——u A (s%)
Purely flavoured 00— 01° A (t)
washout w'~ (L+— (L S, T (s%)
0L+ L LC S, T (u)
w™ LA +— (A ¢ (s)
IA® ¢ IAC ¢ (u*)
¢ +— AAC 0 (t)
w'® (D +— (D L (s, u*)
U +— DD L (t)

Table 3.3: Scatterings contributing to the washout of the asymmetry stored in lepton
doublets. Stars indicate the possibility for the intermediate state to be on-shell, in
which case the procedure described in appendix A.2 should apply.

in the hypercharge conservation relation. If we assume that no asymmetry is generated
in L9 and L3, which seems reasonable, eq. (3.2.36) is slightly modified,

—pd,) + 25 — Y (M + fhen) + 20m +6pa = 0, (3.3.34)

o=e,l,T

=1,2,3

where we used the fact that, because of the mass term M- 1£_1£1, the chemical potentials
of the two fields should satisfy puz, = —pz .

Let us focus on the high temperature regime, with 7 > 10'2 GeV. The asymmetries
Ay and Ap should now be expressed as functions of the B — L asymmetry (in which
we do not include the contribution of the heavy leptons), the triplet asymmetry and
the asymmetry stored in L1,

(Ag)as = CIOA s+ CBAA + CEA S, (3.3.35)
Ap = CP A+ CHAN+CE AL, . (3.3.36)

Once the chemical equilibriums are known, the system of Boltzmann equations for the
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asymmetries including all the relevant processes can be formally written as

dAop

sHz——" = ~ S+ WP+ W Wik wiEs
+ Wl + wis + whf + whh (8:3.57)
s dgzﬁl ]S - WP W g [Wec'} L tr [WMM} . (3.3.38)
SHZdi,A _ _% tr [WID} n %W}:D ©otr [WZECPA}
B, @2 %) v (3.3.39)

As in the previous section, lower case w’s label purely flavoured processes satisfying
trfw] = 0. Again, the WIP’s represent the washout due to inverse decays £/ — A°
and (£ — S,T. W#*H is the washout term due to the scatterings ££ — HH and
LH® — L°H, and the scatterings contributing to the other washout terms can be read
in table 3.3.

This system is pretty cumbersome, but in many cases, the couplings are not too
large and therefore most scattering terms are negligible in comparison with the washout
coming from inverse decays. If such is the case, in a good approximation, the system
can be simplified as follows,

dAozB ID
H: — S5+ WD 3.3.40
sHz——" s+ Wis ( )
dA 7 D
sHz - L= tr[S] — Wz (3.3.41)
H = —— W W% — B . .3.42
AL p WP+ Wi~ By T Tyga ) p (3:342)

The source term gets contributions from the CP-violating decays of the three scalars
A, Sand T,

PN Ys Yr
Saﬁ = GQA/B (2601 - 1) ”)/% + 65/5 (Yﬂl - 1) ")/_% + Egﬁ <)/eq —1 ")/g s (3343)
A S T
where the expression of the flavoured CP asymmetries are obtained from egs. (3.3.19)
and (3.3.27) as follows,

AST [fi1far [y f15 = Fi1f5, fiy fial AST
€ap QZJ[fll(fofT)n]

The flavour-covariant washout term due to inverse decays ¢/ — A® and £ £ — S, T is

A
Wag = 2/]\? l(ff o zfﬁ + 4;‘901(2]%@ 7 At AfoT)aBl G

(3.3.44)

1 A
+tovo )\ [2qu (floc(f Af)lﬁ + (fAZ )1af1ﬁ> gc; flozfikﬁ‘| (’Yl% =+ ’Yg) )

(3.3.45)
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Figure 3.12: Comoving number densities of scalars X, Y7 and Yg and asymmetries
Apn, A, Ap and Ap 1 = tr(Ayp) as a function of 2 = Ma /T, for Ma = 10" GeV
and Ay = 0.2. The asymmetries are displayed in units of € = ¢® + €% + €7,

where the factor 1/2 in front of the second term is due to the fact that both S and
T have two decay channels (without taking care of the different flavours), S, T — £ L
and S,T — (¢ L, and each channel has a branching ratio 1/2. For heavy leptons, the
equivalent term is

Az 1313 1 1 A =
WP —op . ( £ _ > %+ =% [e (F1Af)11 + flAé] v5+~5) .
£ E\ Y ZTH 223 | Y1 v ( )

(3.3.46)

3.3.3 Numerical approach

As in 3.2.4, we show first a typical example of the behaviour of the solutions, before
turning to a more systematic approach. Fig. 3.12 shows the evolution of the various
densities and asymmetries for a common scalar mass Ma = Mg = Mp = 10'3 GeV,
and A\ = 0.2. Motivated by the discussion of 3.2.4, we chose for the two SU(2) triplets
A and T an initial density in equilibrium. On the other hand, we chose a vanishing
initial abundance for the scalar singlet .S, which is justified by the fact that it is not
produced by any fast interaction. The singlets are therefore produced by inverse decays
of Standard Model leptons and heavy leptons, before decaying. This explains a new
feature of the evolution of the asymmetries, which change sign around z = 2, a little
after the singlets have reached their equilibrium density and start to decay.

Parameter space

This scenario possesses much fewer free parameters than the general case studied in
section 3.2. Indeed, with the choice of eq. (3.3.21), once the masses of the scalars and
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the effective coupling Ay are fixed, everything can be expressed in terms of neutrino
parameters thanks to the seesaw relation of eq. (2.1.57). The neutrino masses and
squared mass differences are known and summarized in table 2.1. The remaining free
parameters are low energy parameters: the yet undetermined Majorana phases p and o,
the hierarchy and the mass of the lightest neutrino m,, (NH) or m, 3 (IH). In numerical
computations, in order to avoid numerical instabilities, we set Ma = Mg = M7.

In what follows, we choose values of p and o that give a sizeable total CP asym-
metry. For Normal Hierarchy, we choose p = 0 and 0 = —n/4. This is especially
favourable in the case of very hierarchical neutrinos with m,; < m,3. Explicitly, the
numerical factor of eq. (3.3.30) becomes

)\4
S| (T = —=5 (muimusAm3 clyctssts + myamu3Am3,ycissiysts)
A

’ (3.3.47)

For Inverted Hierarchy, we set p = 0 = m/4, which gives for this factor

)\4
_ N 2 2 4 2 2 2 2 2
R} {fll(fofT)ll} = <—mu1mr/2Am21012013312 + muzmu3Am32013512313> )

mi
(3.3.48)

with Am32, negative. Note that the sign of the final baryon asymmetry obtained is
irrelevant, because, as can be seen from eq. (3.3.30), it can be switched by changing
the sign of p and o.

Because of the simple relation between the neutrino mass matrix and the coupling
matrix f,g involved in leptogenesis, this scenario allows to study the dependence of
the final baryon asymmetry on low-energy parameters, some of which are in principle
measurable. However, a point should be mentioned here. Like in the previous case 3.2,
we took the effect of the renormalization group into account. The relevant parameters
for leptogenesis, for instance the masses appearing in eqs. (3.3.47) and (3.3.48), are
those renormalized at the scale M, but from a phenomenological point of view it is
more interesting to see how things depend on parameters that would be measured at
low energy. Thus, for the computations, we fixed the mass of the lightest neutrino at the
weak scale, then computed the running up to Ma and performed computations using
the renormalized parameters. In the following figures, the neutrino masses appearing
are always the low-scale ones.

A few comments can be made before proceeding to numerical computations. Like
in the previous scenario, an efficient conversion of the CP asymmetries requires at
least one of the decay channels to be out of equilibrium. When flavour effects are
not taken into account, one always has I'(A — £1£1) < T'(A — ¢°¢°), therefore the
channel T'(A — £1£1) has to be out of equilibrium, as was noticed in ref. [211].
This in turns implies that the coupling |f11| must be small enough. This discussion is
not drastically modified by the inclusion of flavour, even though there are more decay
channels. Indeed, the washout rates are controlled by the entries of the coupling matrix
fap, which are all roughly of the same order of magnitude since they are proportional
to the m,,g. Thus, the condition that |fi1| (and therefore |m,..|) must be small
enough is still valid. For the same reason, flavour effects are less important in this
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scenario than in the previous one. Indeed, the various channels are always washed out
with a comparable strength, unlike in the previous case where it was possible to choose
couplings such that the washout is much weaker in one channel, as was discussed in

3.2.4.

Normal hierarchy

We focus first on normal hierarchy. Fig. 3.13 displays the baryon asymmetry generated
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Figure 3.13: Baryon asymmetry produced as a function of m,; and Ma (left) and
|Myee| and Ma (right) for normal hierarchy, with Ay = 0.2. The region colored in red
is where the baryon asymmetry is greater than the BAU. The region colored in gray
is where the coupling Ay is large (light gray) or nonperturbative (dark gray).

as a function of the scalar mass Ma on one hand, and the lightest neutrino mass
my1 (left) or the so-called effective Majorana mass |my..| (right) on the other hand.
The dependence on the effective Majorana mass is interesting because this parameter
could be measured experimentally if neutrinoless double beta decay was observed, as
it appears from eq. (2.1.26). Interestingly, the success of leptogenesis in this scenario
imposes an upper bound on the parameters m, and |m,..|: the absolute upper bound
is of the order of 0.05 eV for both. However, if we want to accommodate lower values
for the triplet mass, they should rather satisfy

My1s [ Myee] < 0.01eV . (3.3.49)

This means that this scenario is favoured by hierarchical neutrinos. It also imposes a
more stringent bound on the triplet mass than the previous scenario, namely

MR = 1.2 x 102 GeV . (3.3.50)

We also indicated on this plot the region where the effective coupling A, is large or
nonperturbative. Note that, strictly speaking, the condition of perturbativity should
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be |fap| < 4w for all flavour indices o and 3, which would enlarge a little bit the
region of parameter space available, but in practice it is not a too bad approximation
to define perturbativity from the condition Ay < 4.
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Figure 3.14: Baryon asymmetry produced as a function of m,,; and sin? 13, for normal
hierarchy, with a triplet mass Ma = 2 x 10'2 GeV and Ay = 0.2. The region colored
in red is where the baryon asymmetry is greater than the BAU.

Another interesting feature is the variation of the baryon asymmetry as a function
of the mixing angle 613, which was measured in 2012 [86]. Fig. 3.14 shows how the
final baryon asymmetry depends on m,; and #13. It turns out that the measured
value sin?f;3 = 0.023 is rather favourable to this scenario. A value closer to zero
would indeed increase the lower bound on the triplet mass, and therefore shrink the
region of parameter space available for successful leptogenesis. The reason for this is
simply that the CP asymmetry is proportional to s23, as can be seen from eq. (3.3.47).
Larger values of 63, already ruled out by the CHOOZ experiment [85], would also be
unfavourable.

Inverted hierarchy

We turn now to the inverted hierarchy. The isocurves of the final baryon asymmetry
as a function of M and my3 or |m,..| are displayed in fig. 3.15. This case shows
important differences with respect to normal hierarchy. It appears that, even though
the observed value of the baryon-to-photon ratio can be reached, inverted hierarchy
is much less favourable to this scenario, because it leaves only a reduced portion of
parameter space available. In particular, it seems that the success of leptogenesis
requires a triplet heavier than 5x10'3 GeV. However, in this region where the couplings
are large, the validity of our approximation of neglecting scatterings is more doubtful,
which means that, in reality, the baryon asymmetry is probably a bit smaller than
what is shown here due to a stronger washout.

Another way to see this shrinking of the available parameter space is to compute
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Figure 3.15: Baryon asymmetry produced as a function of m,3 and Ma (left) and
|Myee| and Ma (right) for inverted hierarchy, with Ay = 0.2. The region colored in
red is where the baryon asymmetry is grater than the BAU. The region colored in gray
is where the coupling Ay is large (light gray) or nonperturbative (dark gray).

the baryon asymmetry as a function of A\, and Ap, for a fixed m,3 = 1073 eV. The
results are displayed in fig. 3.16. The observed value of the baryon-to-photon ratio is
never reached in this plane, which means that larger values of the effective couplings
A¢ and Ag are required, leading to the same problem as previously.

The reason why this scenario does not work well in inverted hierarchy is related
to the previous discussion on the conditions for a large efficiency. As was mentioned,
a large efficiency is obtained when the coupling |f11|, which is proportional to |my ./,
is small enough, but in inverted hierarchy, this quantity is bounded from below. As a
consequence, the washout is always strong and the conversion of the CP asymmetry is
inefficient.

Summary

This model shows how leptogenesis with a scalar triplet can be consistent with a
predictive type II seesaw scenario, in which the neutrino mass matrix is proportional
to a single coupling matrix. This has several consequences for the neutrino mass
parameters. For instance, the Majorana phases p and ¢ should provide a sufficient CP
violation. This was not the case in the model studied in 3.2, where the CP asymmetry
did not depend on the phases of the neutrino mass matrix, but only on the relative
phases between the two contributions ma and m.

This scenario is favoured by hierarchical neutrinos with a small effective Majorana
mass |Myee| < 3 —4 x 1072 eV, which is still well below the upper bound given by
experiments looking for neutrinoless double beta decay [98]. The corresponding upper
bound on the lightest neutrino mass is m,; < 3 —4 x 1072 eV. Quasi-degenerate neu-
trinos would prevent successful leptogenesis through this mechanism, whereas inverted
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Figure 3.16: Baryon asymmetry produced as a function of Ay and Ay for inverted
hierarchy and m, 5 = 1073 eV.

hierarchy would strongly diminish the probability of its realization. In both cases,
Sakharov’s third condition is not satisfied because all the washout rates are large. It
is not possible to overcome this by adjusting the couplings, because they are already
constrained by the neutrino mass matrix.

Since the CP asymmetry grows with sin? f;3, a small value of ;3 could also have
disqualified this model, but it appears that the measured value is close to optimizing
the production of the baryon asymmetry.

This scenario requires the scalar triplet to be heavier than 102 GeV, in agreement
with the estimation of ref. [211]. This is well above the bounds derived in 3.2 for the
general model of scalar triplet leptogenesis. This means that leptogenesis always takes
place in a regime where the lepton Yukawa are out of equilibrium. Consequently, the
computation has to be performed in the density matrix formalism to take flavour effects
into account, but their impact is much less important than in the general scenario
studied in 3.2: here, the couplings involved are to a large extent determined by the
neutrino mass matrix, and there is little freedom left to play with the couplings as was
done previously in order to maximize flavour effects.
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Chapter 4

Sterile neutrinos as pseudo-Goldstone
fermions

I have done a terrible thing, I have
postulated a particle that cannot be
detected.

Wolfgang Pauli

4.1 Introduction to Supersymmetry

Supersymmetry was first imagined in 1966 by Hironari Miyazawa as a symmetry be-
tween baryons and mesons [212]. Premises were developed in the following years [213—
216], and the first supersymmetric four-dimensional quantum field theory was then
written in 1973 by Julius Wess and Bruno Zumino [217].

In 1967, Coleman and Mandula had discovered a no-go theorem stating that the
symmetry group of any quantum field theory has to be the direct product of the
Poincaré group and the internal symmetry group [218]. This seemed to rule out any
attempt to extend the Poincaré algebra. There was however a loophole, due to the
fact that they only considered bosonic internal symmetries, that can change the spin of
particles by integer values only. Allowing for the possibility of fermionic symmetries,
that can exchange bosons and fermions, Haag, Lopuszanski and Sohnius discovered
that supersymmetry is the only way to extend non-trivially the Poincaré group [219].
This validated a posteriori the work of Wess and Zumino.

Supersymmetric extensions of the Standard Model were built in the late seventies
[220-223], leading to what is now known as the Minimal Supersymmetric Standard
Model (MSSM). A few years later, it was discovered that supersymmetry not only
provides a solution to the hierarchy problem [224-228], as mentioned in 1.3, but also
ensures the unification of gauge coupling constants to a very good precision [229].

4.1.1 Superspace and superfields

Here, as in the previous chapters of this thesis, we use the metric signature (+, —, —, —).

87
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Basic properties

The generators of supersymmetry are operators that change the spin of particles by
half-integer values. They must therefore have a spin 1/2, and transform as spinors un-
der the Poincaré group. They are labelled Qé, Qi, where a, & = 1,2 are spinor indices
and I,J =1,..., N, N being the number of supersymmetries. The 2 x 2 antisymmetric
tensor is used to raise, lower or contract spinor indices. From now on, N = 1 and
we drop the indices I and J. The generators satisfy the following anticommutation
relations [219],

{Qa, Qa} = 204, Py (4.1.1)
{Qa,Qp} = {Qa, Qp} =0, (4.1.2)
where o = (1, ¢') and we also define " = (1, — o'). They also satisfy the following

commutation relations with generators of the Poincaré algebra,

[P,u? Qa] = [P/u Qd] =0 y (4.1.3)
1
[M,uqua] = i(o'pu)aBQ,B y (4.1.4)
. 1 o
[M/JZHQQ] - 5(5#1/)&[3@,8 5 (415)
with
o — % (0h6” — o¥Gh) , G = %(5#0—” _ oMy (4.1.6)

These (anti-)commutation relations, together with those of the Poincaré algebra, define
the Super-Poincaré algebra.

A convenient representation of supersymmetry is given by superspace. Superspace
is defined by the introduction of fermionic coordinates in addition to the usual space-
time coordinates. These coordinates, labelled as 62, 0,4, have mass dimension —1 /2
and are anticommuting. We use the following shorthand notations,

0% = east®0”, B =c0,0, 0" =00 (4.1.7)

A remarkable feature of fermionic coordinates is that integration and derivation with
respect to them give the same results,

82(105 = /dé?a 0% =52 . (4.1.8)

Moreover, since the 6, 6 coordinates anticommute, any product of more than two 6 or
two 6 is necessarily zero. As a consequence, any function of superspace coordinates
F(x, 0, 0), or superfield, can be expanded in a series that terminates at order #*. The
most general superfield can therefore be parametrized as follows,

F(x,0,0) = a(x) + 0 (z) + 0x(z) + 0%b(z) + 0%c(x) + 05+ 0v,, ()
+ 020\ () + 0%07(x) + 0%d(x) | (4.1.9)
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where a, b, ¢ and d are scalars, ¥, x, A and 7 are left-handed Weyl spinors and v,
is a four-vector, so that the numbers of fermionic and bosonic degrees of freedom are
equal. This field can be fundamental, in which case it represents elementary particles
related by supersymmetry, or composite.

An explicit representation of supersymmetry generators is then given by

o _
Qo = i5ga + (0"0)a0, (4.1.10)
QY = ia(; + (5"0)%9,, , (4.1.11)

«

and an infinitesimal supersymmetry transformation acting on a superfield can be writ-
ten as

0 F (2,0,0) = —i (eQ + €Q) F(x,0,0) , (4.1.12)

with a spinorial transformation parameter e,. This transformation is nothing but a
translation in superspace

(1+0)F(x",0,0) = F(at — ieo”d — ieat0,0 +¢,0 +€) , (4.1.13)

Looking more precisely at the transformations of the various components, we can see
that this does indeed transform fermionic and bosonic degrees of freedom into one
another. For instance, the scalar ¢ and the spinor v transform according to

dea(x) = ep(x) + ex(z) , (4.1.14)
detha(x) = 2e,0(x) — (07€) (vu(x) —i0ua(x)) . (4.1.15)

Chiral superfields

Chiral covariant derivatives are defined as

0 ug
DO& == % + z(o“@)aau 5 (4116)
N& 0 .= &

«

They are consistent with supersymmetry in the sense that they anticommute with
supersymmetry generators, so that

Do (6F(2,0,0)) = 6. (DaF(2,00)) - (4.1.18)
These covariant derivatives also have the following anticommutation relations,

{Da, Ds} = —2ic%,0, (4.1.19)
{Da,Dg} = {de-DB} =0, (4.1.20)

which are identical to those of the supersymmetry generators Q, and Qg.
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A chiral superfield ® is defined by the condition DdQ)_: 0. Changing variables for
(v, 0, 0), with y,, = x,, + i00,,0, the covariant derivative Dy takes a very simple form

_ 9
CTE

DY (4.1.21)

This makes it obvious that if ®(y, 0, 6) is a chiral superfield, it should not depend on
0. Thus, its general form is

D(y,0,0) = o(y) + V200 (y) + 6°F(y) (4.1.22)

where ¢ is a complex scalar and v a left-handed Weyl fermion, whereas F' is an
auxiliary field that does not propagate. If this chiral superfield is fundamental, it has
mass dimension 1 in order to be consistent with the dimensionality of fundamental
scalars and fermions. The expression of ® in the usual system of coordinates (z, 6, 0)
can be recovered from this,

B(2,0,0) = ¢(z) + 100709, (z) — ieﬂraﬂaw(x) V200 (x)

+ \%020_6“8Mw(x) +0%F(z) (4.1.23)
The conjugate superfield ®' is antichiral and satisfies the condition Do®' = 0. Any
holomorphic function of chiral superfields is itself a chiral superfield.

Since the matter fields of the Standard Model are chiral fermions, in supersymmet-
ric extensions of the Standard Model, they should be embedded in chiral superfields.
More precisely the left-handed quarks and lepton doublets and the left-handed anti-
quark and antilepton singlets belong to chiral superfields, while their CP-conjugate
belong to antichiral superfields.

Vector superfields
A vector (or real) superfield V is defined by the condition VT = V', which gives
V(x,0,0) = a(x) +i0x(z) — i0x(x) + i0%b(x) — i02b! (x) + 0510 A, (x)

6% ()\(x) - ;aﬂaux(a:)> +i6% (X(g;) _ ;6”8,0((96))

1 6 @D(x) _ iaﬂaﬂa(:g)) . (4.1.24)
Vector superfields are used to represent gauge interactions, in which case A, is the
associated gauge boson. A fundamental vector superfield is therefore dimensionless.
The Weyl fermion A is called a gaugino and D is an auxiliary field.

For an abelian gauge theory, the supersymmetric version of a gauge transformation
takes the form

V(2,0,0) — V(x,0,0) +i (Af(2,0,0) - A(x,0,0)) , (4.1.25)

where A is a chiral superfield. This transformation preserves the condition V = VT,
and it allows to get rid of the scalars a, b and the fermion x, whereas the gaugino A and
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the auxiliary field D remain unaffected. For the vector field, the gauge transformation
takes its usual form,

Au(@) — Au(z) + 0, ((2) + 67(2)) - (4.1.26)

The gauge in which a, b and y are absent is the Wess-Zumino gauge, in which the
vector superfield takes the following simple form,

— - - — 1
Vivz(z,0,0) = 05"0A,,(z) — i0?ON(x) + i 020N (x) + 5941)(36) : (4.1.27)

Restricting oneself to the Wess-Zumino gauge, one can still perform an ordinary gauge
transformation on A, alone by choosing for A a chiral superfield that reduces to its
scalar component.

This gauge transformation can be generalized to the non-abelian case. Using the
shorthand notations V = 2gV4T4 and A = 2gA oT4, where the Ty are the generators
of the gauge group, a general gauge transformation is given by

eV — eiATeVeia , (4.1.28)
where g is the coupling constant. Using the Baker-Campbell-Hausdorff formula to
expand the exponential, one can check that, at first order in (P, <I>T), this reduces to
eq. (4.1.25) in the case of an abelian gauge theory. In the general case, the gauge boson
and gaugino transform as

Al (@) — A4(2) + 0 (D4(2) + 814 (2)) + gfapc Al (@) (do(@) + dh(2)) , (4.1.29)
Aa(z) — Aa(x) + gfapcAB(z) (¢c(a:) + qﬁTC(x)) , (4.1.30)

fapc being the structure constant defined by [T, Ts| = ifapcTc-

4.1.2 Supersymmetric theories
Supersymmetric Lagrangians

In a supersymmetric theory, the action should be invariant under supersymmetry trans-
formations. Since the % component of a general superfield transforms as a total deriva-
tive, the integral of any superfield over superspace (which selects the highest degree
component) meets this requirement. Moreover, since the action must be real, this
superfield has to be real as well. The action can therefore get a contribution of the
following form,

SD /d4x/d29d29’V(:g, 0,0), (4.1.31)

where V' is a vector superfield. Equivalently, the Lagrangian receives a contribution of
the form

1 1
5D = 70.0"a., (4.1.32)

LD [V]p = /d29d29V(1‘, 0,0) = 5
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also called a D-term contribution. Another possibility is to consider the integral over
ordinary space-time coordinates and over d26 only (resp. d?f) of a chiral (resp. an-
tichiral) superfield. Indeed, under supersymmetry, this transforms as

/ d*05.® = 23‘@9260#8% + 05", [ic" €0, ¢ + €F) — ivV20,1pote | (4.1.33)

which is a total derivative, ensuring that the action is invariant. This gives a so-
called F-term contribution to the Lagrangian, which should also contain its hermitian
conjugate to make sure that the action is real,

LD [®]p+he = /d29 ®(z, 0, 0) + /d29q>f(x, 0,0)=F+F!
+ total derivatives . (4.1.34)

One can equivalently define the F-term contribution as

LD [®]r +he = / 20 [6@ (0)(x, 0, 0) + 6@ (0)1(2,0,0)] . (41.35)

Kahler potential

A way to construct a vector superfield with fundamental chiral superfields only is to
take the product ®'®. The associated D-term contribution takes the explicit form

[qﬂcb] L= FIF+0,0'0"6 — o9, . (4.1.36)

This contains the kinetic term of the component fields. More generally, kinetic terms
can be described by the Kéahler potential, which is a function of chiral superfields with
mass dimension 2. In a renormalizable supersymmetric theory, it takes the form

K = 7;;0!®; (4.1.37)

where Z;; = Z7; is the wavefunction renormalization, which can be absorbed through
a rescaling of the fields to recover the canonical form,

K=2alo,. (4.1.38)
The Kahler potential could in principle contain holomorphic contributions of the form
Kholomorphic = qu)zq)] s (4139)

but, when integrated over d260d?0, what remains of this term is a total derivative, at
least as long as supersymmetry is unbroken. Therefore, it does not give any physical
contribution in a truly supersymmetric theory. However, such a term can play a role
when considering supersymmetry-breaking effects. In nonrenormalizable theories, the
Kaéhler potential can also contain higher order terms.

In a gauge theory, there should also be terms accounting for gauge interactions
of chiral superfields. This is done as in non-supersymmetric theories by requiring the
invariance of the Lagrangian under

) b . b
Dig — (290410) "oy, @], o @f (e72oNutn) (4.1.40)

a
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where A4 is a chiral superfield, the t4 are the generators of the gauge group in the
representation containing ®;, a and b are gauge indices and ¢ is the gauge coupling.
The kinetic terms have to be generalized as follows,

b
[‘Iﬁ'a (629tAVA>a (I)ib} ; (4.1.41)
D

where the vector superfields transform as in eq. (4.1.28). In the Wess-Zumino gauge,
every term of the gauge superfield contains at least one power of 6 and 6, so the
expansion of the exponential terminates at second order in V. Thus, the contribution
to the Lagrangian is,

ab . _
o, (1) 0| = FLF 4 D6}, D o0 — i Dyt
D
+ V2005t a — V29N a0iat Wby + 9Ot D -

(4.1.42)

The first line contains the ordinary kinetic terms, while the second one contains the

supersymmetric counterpart of gauge interactions.

Kinetic terms of gauge superfields

A gauge theory obviously requires kinetic terms for the gauge fields. For an abelian
gauge theory, one defines

1 -
Wa = —ZDQDQV . (4.1.43)

W, is a chiral superfield, because, as can be seen from the anticommutation relation
of eq. (4.1.20), the product of more than two (anti)chiral derivatives is zero, so that
DBWQ = 0. In the Wess-Zumino gauge, W,, reads explicitly

Wa = —ida +0aD + %(a%"e)aFW + 020D\ - (4.1.44)

Fu = 0,A, — 0,A, is the (abelian) field strength tensor. Since W® is a chiral super-
field, W*W,, is also chiral and one obtains the corresponding Lagrangian density by
taking the F-term. For an abelian gauge theory, the kinetic terms for the components
of the gauge superfield are therefore

1 1 - 1
1V W]k +hee. = 5D2 — A A = T Fu P (4.1.45)
For a general gauge theory, one defines instead W,, in the following way,
1= - 1 _
We = —ZDZ(e’VDaeV) . W= ZDZ(e’VDdeV) , (4.1.46)

where we use again V = 2¢gT4 V4. W, has a simpler form in the Wess-Zumino gauge,
where one can use the Baker-Hausdorff-Campbell formula together with the fact that
the product of more than two V’s vanishes to obtain

1- 1-
Wa = —ZDQDQV + gD?[V, D,V] . (4.1.47)
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One can see that, in the special case of an abelian gauge theory, the right-hand side of

eq. (4.1.47) would reduce to its first term, which is in agreement with eq. (4.1.43) up to

a factor of 2¢g. In the case of a non-abelian theory, the second term is needed to replace

the ordinary derivatives of eq. (4.1.45) with covariant derivatives. Defining now the

field strength tensor as F ;3, = 8MA,’,4 — 8,,14;? +9fa BCAE AC the F-term contribution

to the Lagrangian is the following,

2 ) 3 2 A pv i92 UV o
tr W Walp = 2¢°DaDa — 4ig"Aac"Dyda — g FoFy + 7em,poFA Fio .

(4.1.48)

The last term is a total derivative, but it can nevertheless play a physical role in a
non-abelian gauge theory where it accounts for CP violation, as already mentioned
in 1.3. As a consequence, in full generality, the gauge kinetic term of a non-abelian
theory is

1 S 1 ) 3 1
<ggz - zwz) WDV Walr + hic. = 5 DaDa = iAac* Duda = 1 Fib i
20
b L o PR (4.1.49)

O is the so-called vacuum angle, that measures the amount of CP violation. Together
with eq. (4.1.42), this allows to derive the equation of motion for the non-dynamical
auxiliary terms D 4,

9L — — T rab
ﬁ =0= DA = _g¢iatA ¢2b . (4150)

Superpotential

An F-term contribution to the Lagrangian can be built by considering an holomorphic
function of chiral superfields, which is therefore itself a chiral superfield, the superpo-
tential. In a renormalizable theory, the interactions in the superpotential must have
dimension 3 or less, so that the most general form that it can take is

1 1

The first term, which we will drop from now on, is allowed only if ®; is a gauge singlet.
Expanding W in powers of 6 and integrating over fermionic coordinates, one finds the
following contribution to the Lagrangian,

1
(Wlp=WiF; — §Wz‘j¢i¢j ; (4.1.52)
with

ow 0*wW

W, = 7 W =
b0 [Pi=¢; Y 000, |®;=¢;,

(4.1.53)
D;=9;
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Together with the D-term contribution coming from the Kéhler potential, this allows
to derive the equation of motion for the auxiliary field F;, which is simply

oL
OF;

—0=F +W;, = F=-W,, (4.1.54)
so that the auxiliary fields can be eliminated. Finally, the contributions of the super-
potential to the Lagrangian are

The scalar potential V is obtained after replacing the auxiliary fields as indicated in
eq. (4.1.54)

. 1o 1,
V(i) = F] Fi = My, Mynjld + 5 Mim Ny di8) + 5 M A} 6161
+ Nijm A1 i 504 ] (4.1.56)

In a gauge theory, the scalar potential also receives contributions obtained after re-
placing the auxiliary field Dy in eq. (4.1.42) with its expression (4.1.50), so that the
full scalar potential is

1 . 1 . 1
V(¢i) = FFi + 5DaDa = My, Mnjdl6; + 5 MimAyji i 8} + 5 M M) 650
2 2
* g a
+ Nijm N i Oh) + > 5 (Z oLt A”@b) ., (4.1.57)
A 7

where, except for the last term, we omitted gauge indices to simplify the notations.

A nonrenormalization theorem [230, 231] states that the parameters of the superpo-
tential are free from renormalization. As a consequence, divergences in loop diagrams
only come from wavefunction renormalization and are at most logarithmic. This prop-
erty is important, because it ensures that supersymmetry provides a solution to the
hierarchy problem by cancelling quadratic divergences. More precisely, keeping the
Kéhler potential under a canonical form as in eq. (4.2.6) requires to rescale the fields
according to

with Z = V1V, In turn, this implies a rescaling of the superpotential parameters. As
a consequence, the renormalization group equations take the following form,

dv;

= —7ik Vij 4.1.59

dt ik Vkj ( )
dM;;

dt] = YimMm;j + Yim Mim (4.1.60)
;s

dtjk = YimAmgk + VimAimk + VemAigm (4.1.61)

where v is the matrix of anomalous dimensions.
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Soft terms

As can be seen from egs. (4.1.55) and (4.1.56), the squared mass matrix of the scalars
and the mass matrix of the chiral fermions can be diagonalized in the same basis. In
this basis, it is clear that the fermion and scalar of a given superfield have the same
mass. However, if such was the case in our universe, superpartners of Standard Model
fermions should have been discovered long ago. Supersymmetry must therefore be
broken to explain why the superpartners are (until now) out of experimental reach.

A solution would be to break spontaneously supersymmetry, as will be explained
in chapter 5. Alternatively, since it is not an easy task, one can simply use an effective
parametrization involving interactions that break explicitly supersymmetry. However,
these interactions should preserve an important feature of supersymmetry, which is
the cancellation of quadratic divergences in corrections to the Higgs squared mass. If
this condition is satisfied, supersymmetry breaking is said to be soft.

The list of possible soft couplings was established in ref. [232]. In particular,
soft couplings must have a strictly positive mass dimension. Soft terms include non-
holomorphic and holomorphic squared masses for the scalars, trilinear couplings be-
tween the scalars and Majorana masses for gauginos,

Loots D —(m?)i;61; — <;Bij¢i¢j + éAijk@%’(ﬁk + %MA)\A)\A + h.c.> . (4.1.62)
One could also introduce mass terms for the chiral fermions m;jwiwj, but this could
be eliminated through a redefinition of the supersymmetric mass M;; in eq. (4.1.51)
and of the first term of eq. (4.1.62).

If the theory contains a chiral superfield ®, in the adjoint representation of a non-
abelian gauge group, soft terms can also include a mixing between the corresponding

chiral fermions and the gauginos, which are then referred to as Dirac gauginos [233],
Loott D —MyMae + hec. . (4.1.63)

Finally, another possibility is the non-holomorphic trilinear coupling,

1
Lot = — 5 Cijudldjon + hc. . (4.1.64)
This term is soft as long as the theory does not contain any chiral superfield that is a
gauge singlet. In the opposite case, it can lead to quadratically divergent tadpoles for
the singlets. However, this term is usually not generated by spontaneous symmetry
breaking, and we will not consider it.

4.1.3 The MSSM

To conclude this quick introduction to supersymmetry, the minimal supersymmetric
extension of the Standard Model (MSSM) can be built by embedding the fermions of
the Standard Model in chiral superfields and the gauge vectors in vector superfields
[220-223]. Two Higgs doublets with opposite hypercharges, H, (Y = +1/2) and Hy
(Y = —1/2), which belong to chiral superfields, are needed for two different reasons.
First, any chiral fermion charged under SU(2) x U(1) contributes to the electroweak
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gauge anomalies. In the Standard Model, the contributions of the various fermions
cancel each other, but this cancellation is spoiled if one introduces just one new chiral
fermion, as it is the case if there is a single Higgs superfield. Thus, one should instead
introduce a vectorlike pair of new fermions, which should belong to two chiral superfield
with opposite hypercharges. Second, since the superpotential is holomorphic, it cannot
contain HT, so one cannot simply supersymmetrize the Lagrangian of eq. (1.2.13) by
promoting every field to a chiral superfield. Instead, one has to introduce an additional
Higgs doublet Hy with the same quantum numbers as H' to write all the Yukawa
couplings.

From now on, we use the same notation for chiral superfields as for their SM
components, while squarks, sleptons and gauginos are labelled with a tilde. Similarly,
we use the notation H, and Hy both for the Higgs superfields and for their scalar
components, while their fermionic counterparts, the higgsinos, are labelled with a
tilde. The most general renormalizable and holomorphic superpotential that respects
the gauge symmetry is

W =yt HuQu§ + yi; HaQid5 + s Haloe§ + pHy Hy

+ %Aaﬁ7£a€5e§ + XyijlaQid§ + %)\;’jkufdg S+ paHyly (4.1.65)
The terms in the first line give rise to the Yukawa couplings as well as to their super-
symmetric counterparts, and to the Higgs squared mass parameter. The terms in the
second line violate either lepton number or baryon number and give rise to severely
constrained processes such as proton decay. Thus, either these couplings are extremely
small in order to evade the experimental bounds, or they are forbidden by a symmetry.
The second option is often preferred, with a discrete Zo symmetry. One can choose for
instance matter parity [234], defined as

P, = (—1)3B-1) (4.1.66)

Since all the terms in the second line of eq. (4.1.65) have P, = —1, they are forbid-
den. Imposing matter parity is equivalent to imposing the conservation of B — L, but
remarkably, it forbids all the perturbative interactions that violate baryon or lepton
number alone (nevertheless, they are still violated nonperturbatively by the electroweak
sphalerons). Another possibility is R-parity [222], which can be defined as

Pg = (—1)3(B-D)+2s (4.1.67)

where s is the spin of the particle. R-parity also forbids the couplings in the second line
of eq. (4.1.65), but has an additional interesting feature. It turns out that the Standard
Model fermions and gauge bosons as well as the Higgs scalars have a charge Pr = +1,
whereas all their supersymmetric partners have Pr = —1. The lightest particle with
Pr = —1 is automatically stable, because its decay cannot simultaneously respect R-
parity and be kinematically allowed, so it could be a Dark Matter candidate. A last
possibility is to forbid only baryon or lepton number-violating couplings. In particular,
if only baryon number violation is forbidden, as will be the case in sec. 4.2, the lepton
number violation gives rise to Majorana masses for neutrinos [235, 236]. This solution
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to the problem of neutrino masses is distinct from those mentioned in 2.1 and peculiar
to supersymmetric theories.

In the MSSM, supersymmetry breaking is simply parametrized by the following
soft terms (assuming matter parity or R-parity),

Loty = —(m%)z‘j@@j — (m2)y a1 aS — (m2)i;d; dS — (m?)apll s
— (m3)apéileh —my, HiHq — my, HH,
— MyBB — MyWaWa — MsGaGa
— (Al Qi + AGH QS + AS5 HoladG + BuH, Hy +hee) . (4.1.68)

The terms on the two first lines are the non-holomorphic squared masses of the scalars,
while the third line contains Majorana masses for the gauginos associated to the U(1),
SU(2) and SU(3) gauge group respectively. The only B-term allowed by the symme-
tries is the holomorphic squared mass B, H,Hy, that plays an important role in the
electroweak symmetry breaking.

This parametrization of supersymmetry breaking leaves us with 105 new free pa-
rameters with respect to the Standard Model. However, as explained in 2.2.2, the
squared mass matrices of the squarks and sleptons as well as the A-terms generate
flavour-changing neutral currents, which are strongly constrained by experiments. In
order to satisfy these constraints, these soft terms should have a very peculiar flavour
structure. For instance, it is sometimes assumed that the squared mass matrices are
proportional to the identity matrix in flavour space, while the A-terms are proportional
to the Yukawa couplings, for instance

Ay = Agyy; - (4.1.69)

Of course, these assumptions are a bit arbitrary, and should be justified by explicit
models of supersymmetry breaking. Such models will be investigated in the next
chapter.

4.2 Pseudo-Goldstone fermion Lagrangian

As was said previously, a supersymmetric framework with broken R-parity can give
rise to nonzero neutrino masses. We consider here such a scenario, in which the masses
of neutrinos arise from their mixing with the fermionic partners of neutral bosons. As
was mentioned in 2.1.1, some anomalies in neutrino experiments may be explained by
the existence of a sterile neutrino with a mass around 1 eV. However, as we said in
2.1.2, a fermionic singlet could have an arbitrarily large Majorana mass, so that such
a small value should be justified. There are a few possibilities for this.

(i) For instance, in the singular seesaw mechanism [237, 238], there are three right-
handed neutrinos but their mass matrix has only rank 2 because of some sym-
metry, so that there is an additional light mass eigenstate.

(ii) In theories with more than four space-time dimensions, charged fields live on a
4-dimension brane, but since right-handed neutrinos are gauge singlets, they can
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live in the bulk. They can then be decomposed in an infinite tower of Kaluza-
Klein modes. Standard Model neutrinos get a Dirac mass mostly with zero
modes, while sterile neutrinos are mostly made of higher modes [239-241], with
masses proportional to 1/R ~ 1072eV, R being the compactification radius of
the extra dimension. In their minimal realization, such models are now excluded
because they are in disagreement with the energy spectrum of solar neutrinos
measured by Super-Kamiokande [89].

(iii) In the context of superstring theories, the existence of neutral fields (moduli),
which are massless at the perturbative level, is expected. The fermionic compo-
nents of these fields get a small mass and mixing with neutrino from nonpertur-
bative effects in supergravity and play the role of sterile neutrinos [242, 243].

(iv) Here, similarly to what was proposed in refs. [244-246], the lightness of the new
state is justified by the fact that it is the supersymmetric partner of a pseudo-
Goldstone boson.

The motivations for these models were initially the following. Before the Super-
Kamiokande results, solar neutrinos oscillations could be explained by active-sterile os-
cillations, which was ruled out since then. Active-sterile oscillations were also thought
to be the best explanation for the LSND anomaly. Moreover, light sterile neutrinos
were also seen as candidates for hot dark matter, which is now excluded. On the other
hand, recent papers on the topic focus on phenomenological aspect: assuming the
existence of light sterile neutrinos, they study the experimental constraints on these
neutrinos or try to fit the anomalies (see for instance refs. [247, 248, 104]). Here,
we study a model that aims at explaining the origin of the sterile neutrino and the
active-sterile mixing in the light of recent experimental results.

In this scenario, a global U(1) symmetry spontaneously broken at a high scale f
gives rise to a Goldstone chiral superfield below f,

s+ 1ia
V2

The components of the superfield o = fexp(A/f) are massless if both the global
symmetry and supersymmetry are unbroken. After the breaking of the global U(1), the
theory features a residual shift symmetry A — A-+iaf, or more precisely a — a++/2a.f.
a being a Goldstone boson, its interactions can only be derivative ones, which means
that A cannot appear in the superpotential, but only in the Kéhler potential.

In our scenario, the symmetry U(1) is actually explicitly broken, which gives a
small nonzero mass to all components of the pseudo-Goldstone superfield A. After
supersymmetry breaking, the masses of the fermionic and scalar components are dif-
ferent. In particular we will assume m, ~ 1eV < mg,mq. Ref. [249] explains in
detail how the fermion acquires a mass of the same order as the gravitino mass in a
context where A is the axion superfield invoked to solve the strong CP problem: in
supergravity, the following effective operator is generated

A= +V20x + 6°F . (4.2.1)

X+ xt
Lo / d49>\;27p(14 + AN (4.2.2)
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where X is the field that breaks supersymmetry (see chapter 5 for more details), with
in particular (X) = My +60%Fy. This gives the following mass to the pseudo-Goldstone
fermion,

2 \Fx
my = My (4.2.3)
to be compared to the gravitino mass,
Fx

4.2.1 The framework

We assume that R-parity is broken, which means that nothing distinguishes the down-
type Higgs superfield from the lepton superfields, so they can mix. Accordingly, we
use the shorthand notation ¢, = (Hy, ¢,) (a = 0,1,2,3, o = e, u, 7), with ¢y = Hg.
We will also write generically v, = (H3,v,) and erq = (H; ,erq). However, R-parity-
violating parameters should remain small in order to obtain a consistent neutrino
phenomenology. On the other hand, we assume that baryon number is conserved.
From these principles, the most general superpotential that we can write is

1
W = praHu-la + 5 Y Laloe + Yt i 0aQdS + yis HuQius . (4.2.5)

This contains a generalized p-term (with po > pi1, pe, ps) and the ordinary Yukawa
couplings, as well as the lepton-number violating interaction terms £ {ge’, and £,Q;dj,
mentioned previously. Up to the order 1/ f, the most general general R-parity violating
Kahler potential for the Higgs and lepton doublets and the Goldstone superfield reads:

.|.
K=A"A+H H, + ¢, + CquHuA J;A
A4 Af A4 Al 1
4 Cullty J} + <CuaHu.£a J; +h.c.> o <f2> . (4.2.6)

Supersymmetry breaking is parametrized by soft terms, which include in particular

P 1 1 -1 L
= Lot O miglly +my HLHy + Smia® + omis” + (BaHuéa + 5 A Lo
+ AL LaQids + Al 1.QiT5 + he.) (4.2.7)
As a consequence of the mixing between the leptons and the down-type Higgs, the sneu-

trinos can get a vacuum expectation value after the electroweak symmetry breaking.
In all generality, the minimization of the scalar potential gives

<H3> = vy , <H§> =g, (Vo) = Vg (s) = vs . (4.2.8)

Here, vs should be much smaller than the scale f of the U(1) symmetry breaking, so
that, generically, v/f will always be a small parameter.
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Then, we redefine fields in such a way that, once the scalar s gets a v.e.v., the
charged fields that appear in eq. (4.2.6) have canonical kinetic terms, whereas the
neutral fields v,, H? and A mix. To achieve this we have to perform a rescaling of
the fields, that brings the Kéhler potential for the Higgs and lepton superfields to the
following form,

A+ Af
K = AT A+ d,H} H, + datht, + C HIH, +f
A+ At A+ Af 1
4l 2 W L, 2 the ) v 0 <2) , (4.2.9)
f / /
where the coefficients d,, and d,; satisfy
dy + 2%@ —1,  dgy+ z%cab — b - (4.2.10)

After shifting the neutral fields A, H) and v, by the v.e.v. of their scalar component,
ie. 0 — Vg + @0, the Kihler potential will become

K=A"A+HH, +00, + (zuAﬁSTA + zaalUT A + h.c.)

o~ A4 Al W A AT .~ A4 At
BRVON ;£ PG B Atas +< B s

+h.c.> , (4.2.11)

where we dropped the constants and the terms that give total derivatives after inte-
grating on d*0. The mixing terms are

Cuvy — CuaVa Capvp — Cuavy
f 9 ZaA = f

The next step is to rescale neutral fields only in order to give them canonical kinetic
terms once the fields are shifted by their vacuum expectation value. This can be done
by the rescaling ®° — V®°, with Z = V2. In the neutral sector, Z is defined by

(4.2.12)

ZuA =

o . . 1 Oixa 2ua) (HY
0230 = (A% 07 AT [ 016a laxa  Zan oy | (4.2.13)
Zua a1 A

so that, at order 1 in v/ f,

1 O1x4  2ua/2
V = 01><4 14><4 ZaA/2 . (4.2.14)

Zual2 a2 1

In this new basis, the relevant part of the Kéhler potential becomes

e A o A4 At o A Al
K= ATA + lHu + Elfa + Cu thu —; abgzeb _;»
~on A4 Al 1
+ <Cuzz u ga —; + hC) -+ O (f2> . (4215)
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The vacuum expectation values of neutral fields are modified by this redefinition, but at
this order, it does not affect the d and z coefficients defined in eq. (4.2.10) and (4.2.12).
The superpotential is also modified. We write it here in terms of the unhatted fields
(i.e. before performing the shift ®° — v¢+<i>0) because it makes its expression simpler.
It becomes

ye
W W+ % (zuAAya n zaAAHS> Ve Aeryesy,
yd,. Y&
- ';” zaAAQid§ - %zuAAQiu}? . (4.2.16)

Finally, the last step consists in a unitary transformation on the SU(2) doublets ¢,
such that, in the new basis, v, = v4d40, and ygbv(vb — 2pAUs/2) = Madap (as we will see
later, this last condition ensures that the mass matrix of charged leptons is diagonal).
This does not affect the structure of the Kéhler potential and the superpotential, so
we can assume that the various coefficients p,, Cy, Cy and C,, are defined in this
basis.

4.2.2 Chargino and neutralino mass matrices

In the MSSM, because of the electroweak symmetry breaking, the higgsinos mix with
the gauginos of the SU(2) x U(1) gauge group. The mass eigenstates arising from
the mixing of charged fields flj  H d ,W#* are referred to as charginos, while those
coming from the mixing of neutral fields ﬁg , ﬁg, W3 and B (or equivalently Z° and
74) are called neutralinos. In the present scenario, since R-parity is broken in the lepton
sector, charged leptons and neutrinos mix with charginos and neutralinos respectively.
In addition to that, the pseudo-Goldstone fermion x also mixes with neutralinos. The
mass matrices of the fermions receive three different contributions at tree level. One-
loop corrections may also contribute to the final expression of the neutrino mass matrix
[235, 250-261]. However, we assume here that they are negligible, as it is the case if
R-parity-violating parameters are small enough. For instance, ref. [262] gives the
following estimation for the contribution to the neutrino mass matrix from the Yo sy
assuming that all slepton masses are of the same order of magnitude m and that the
mixing between left- and right-handed sleptons is roughly given by (m? R)ag = MY, 50d

2 2
1-1 m m:m m
O™ > o [yZTTyETTmT  (Usgur Y + Y fur ) = YoV
(4.2.17)

Assuming m ~ 1 TeV, we find an upper bound on the yg . (o, B,7 = e, u, T) of ap-
proximately 5x 107 in order to keep their contribution to the neutrino mass matrix at
one loop smaller than 104 eV. Fortunately, this constraint does not apply to couplings
that respect R-parity, such as y§, . = y-.

Superpotential and soft terms

Some of the mass terms can be read directly from the Lagrangian of the model. For
the chiral fermions, there is a contribution coming from the superpotential, which can
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be deduced from eq. (4.1.52),
W _ W

In particular, the generalized p-term mixes the up-type higgsinos with the leptons and
down-type higgsinos, whereas the Yukawa couplings give the ordinary lepton masses
as well as a mixing between right-handed leptons and the down-type higgsino,

ZbA
ME}@L& = lgq , Mgél/a = —lg , Mevl/aef%,y = Zygb’Y <’Ub — 2’05) . (4219)
b

Additionally, because of the redefinition ®° — V®°, the neutrinos and neutral higgsi-
nos also mix with the pseudo-Goldstone fermion

ZaA ZuA
M%X = %: %MG . MY = %ua : (4.2.20)

The masses of the gauginos come from the soft supersymmetry-breaking Lagrangian
(4.2.7). In the basis of the physical gauge bosons W+, Z° v, the charged gauginos W+
have simply a mass M, while the mass matrix of the photino and zino is given, in the
basis (7, Z°), by

M My + st My cwsw(Ma— M)\ [ My Mo (4.2.21)
— 2 2 e . . .
CWsw(MQ — Ml) SWM1 + CWMQ Mis Moy

Contribution of the Kihler potential

There is a contribution to the fermion masses coming from the Kéhler potential, due
to the fact that it contains higher-order nonrenormalizable terms. Indeed, performing
the integral of K over d*0, one gets terms of the following form,

|0]:0;] > —Flviy . (4.2.22)
Here, the Kéhler potential has the following structure,
1
K= + 50,51.].@,1@@1- : (4.2.23)

Thus, if the F-terms have non-vanishing v.e.v.s, fermion masses will receive the fol-
lowing contribution,

Ml =y

i (L) - (4.2.24)

Using the equations of motion to integrate out the F-terms and taking the v.e.v.
(here, since the Kéhler potential contains nonrenormalizable operators, the equation
of motion for the F-term differs from eq. (4.1.54), but this does not affect the v.e.v.),
we get

(Fl) = (W), (4.2.25)
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so that, finally, the contribution to the fermion mass matrix reads
Mf = —Cpii(Wy) (4.2.26)

This term is nonzero only if @ is a neutral field, because otherwise the v.e.v. would
break the electric charge. The various coefficients Cf,; can be read from eq. (4.2.11),
C Cab C

7“ ., Capa= Jf , Ciua = 7““ . (4.2.27)
In the end, at order 1 in v/ f, this gives the following contributions to the mass matrix
of neutralinos.

CﬂuA =

Cu
Mggx =7 §b [ (4.2.28)
ME =5 Cbo 4.2.29
= f Hvu (4.2.29)

b

Other contributions are supressed by an additional power of v/f, so that we do not
take them into account.

Contribution of the gauge interactions

Finally, because the scalars get vacuum expectation values, the matter fermions and
the gauginos mix. This contribution to the mass matrix reads

M = —iv/2g(9])ta (35 + Cipplon)) - (4.2.30)

Here, things are complicated by the fact that, after the redefinition of the fields, gauge
interactions of Hy, ¢, and A are modified. In particular, the new A has gauge inter-
actions inherited from its mixing with lepton and Higgs superfields. To see this, let us
go back a few steps. Before the shift ®° — Vg + $Y and the rescaling ®° — V®°, the
relevant gauge interaction terms read

- I 2 -
Lgange = iV2H] <gWATA + ZB) l(du + Cufs> i, + C H,~

f f
it (gara — CBY (o + 0 Y25 0, + Conty X 4.2.31
+ 1 a <g ATA 5 > ab abT b+ Cab b? . ( L )

After the rescaling ® — V@0, this lagrangian is modified as follows,

Leange = Logauge — ing (s —ia) [%W_FIJ + % (—9W3 + Q/B) ﬁg]
\%HST (—~9Ws+g'B) =2x
- iz‘;A (s —ia) [\%VV*&; + % (—gW3 + g’B) ya}

\;{; (~9Ws +¢'B) %AX _ (4.2.32)

_l’_
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Finally, after shifting the fields by their v.e.v., at order 1 in v/f, the following mass
terms are generated for charginos,

* *
Mgaf%i_ = —ig <vu - Z;A vs) , Megju‘%;+ = —ig (va - Z“AUS> : (4.2.33)

while for neutralinos,

gauge _ . 9 _ Z*A gauge __ _ ~ 9 _ 2*714
MHgZ = 7,\/§CW (Uu ; Us) ) Ml/aZ - Z\/§CW (U(l % vS) )
2
gauge . g VaVp Uy
wee _ ;I c,—~2_C X . 4.2.34
xZ 2V 2ew aZb: “f “f ( )
Summary

In the previous part, we dropped additional contributions to the v, — x and H) — x
mixings proportional to m,, because m, is already a small parameter, and these new
terms will feature an additional power of v/f so they can safely be neglected.

Putting this together, we can write the mass matrices of the fermions. Writing the
mass term for charginos as

—’L'NVT/+
(—iW_, eLa) Mo | HF |, (4.2.35)
e‘f.h
the mass matrix reads
Z*
My g <Uu - gAvs> O1x3
Mo = 2 . 24 . (4.2.36)
g Vg — 9 Vs Ha Yapy | Vb — 9 Us

When writing the neutralino mass matrix, we can now distinguish the neutrinos
from the down-type higgsino. We will use the following notations,

M, = —iMEE , My=iMEE, (4.2.37)
Mza = iMEE mzy = iMEE (4.2.38)

w K w K w K
max = MVaX + MVaX 5 mdx = MHgX =+ MI:ISX 5 mux = MHQX + MHQX . (4239)

The neutralino mass matrix is defined by

—iZ

S M. H?

or 0 _ (_:x _ » 0 0 4x4  H4x4 1y
"/} MN¢ = ( 7, ZZ, Hu7 Hd7 Va, X) <M;{X4 m4><4) Hg . (4240)

Vg
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Remarkably, this turns out to have a seesaw structure, because there is a large hierarchy
between the upper-left block and the other ones. The 4 x 4 block describing the heavy
fields 7, Z°, H? and Hg is given by

M1 Mo 0 0

My Moy —M, My
0 _Mu 0 —Ho ’
0 Mg —po O

My = (4.2.41)

The coefficients of this block are functions of parameters related to supersymmetry
breaking (M; and Ms) or to the electroweak symmetry breaking (ug, v, and vg), so
they should lie roughly between 10? and 103 GeV. The determinant of M is given by

det M = 2419 M1 My My — pi(Myy Moy — M) (4.2.42)

The block describing the light fields v, and x and the off-diagonal mixing block have
respectively the following structure,

01><3 0
0 m m m
Maxa = | 50 ) gy = | A0 T (4.2.43)
May My —HB My
0 My

As expected, the parameters appearing in the blocks p and m are much smaller than
those of the upper-left block M, allowing to perform a seesaw expansion. After this
step, the 8 x 8 matrix My is block-diagonal, and the mass matrix m, of neutrinos,
defined as the four light eigenstates v, and Y, is given by

my,=m—pul Mty . (4.2.44)

The final expression in terms of the original parameters is rather complicated. Defining
instead the following quantities,

Cyx = oMz (po mzy + Mamuy — Mymay) ( )

Czy = —poMiy (o mzy + Mgmyy — Mymay,) ( )

Cux = —toMi1Mgmzy — MyyMimay + (uby My — My My Mg) may, — (4.2.47)

Cax = poMiiMymzy, — MiyMImay, + (uMy My — My My Mg) my,, ( )

( )

Dy = Czymzy + Cyymuyy + Caymay

the neutrino mass matrix can be written as

My Cuxﬂa - CZXmZa
M, — M, —
detM( d fa — HoMza) (Mg pg — ptomzg) det M + May
14
Cuxﬂﬁ - CZXmZB DXX
det M + My Tdeta M
(4.2.50)

This expression is still quite involved, but what really matters here is the structure of
the matrix, that leads to interesting patterns when investigating the possible values of
neutrino mixing parameters.
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4.3 The neutrino mass matrix

In this section, we will focus on the 4 X 4 neutrino mass matrix. Here, the pseudo-
Goldstone fermion x plays the role of a sterile neutrino. In particular, its mass and
mixing with the active neutrinos can be compared to present and future experimental
bounds.

4.3.1 Parametrization

For numerical purpose, it is more convenient to write m,, under a modified form involv-
ing effective parameters, that retains the essential features of the expression displayed
in eq. (4.2.50)

_ [Aeqeg Bng
m, = ( Bys F ) , (4.3.1)

where € and 77 are unit vectors. A and B can both be chosen real. Then, through
rephasings of the four neutrinos, it is possible to eliminate for instance the phases of
€ and F', so that, in full generality, there are three independent physical phases only.
The determinant of this matrix turns out to be zero, which means that the lightest
neutrino, v; in the normal hierarchy or v3 in the inverted hierarchy, is necessarily
rﬁlassless. This can be made explicit by a unitary transformation. For this, we define

¢ as

A
A

™y
=

=

(4.3.2)

oy
=L

Extending 5 to a dimension 4 vector, we get the eigenvector associated to the eigenvalue
0,V = (f , 0). In particular, we can see that f coincides with a column of the 3 x 3
PMNS matrix: in the normal hierarchy, m,; = 0 and {, = U,1, whereas in the inverted
hierarchy, m,3 = 0 and (, = U,s.

Defining the following parameters,

c=(e)" .17, (4.3.3)
s=4/1—]c?, (4.3.4)
ﬂ:”;“, (4.3.5)

we can now build a unitary matrix that brings m, to a simpler form, namely

00 0 0 Ce M € 0

- - 0 0 0 Bs - Co MF €0

T — e K K M

U'm0U=10 o A Bl U o d o (4.3.6)
0 Bs Be F 0 0 0 1

It is now explicit that one neutrino is massless, and that the nonzero 3 x 3 block
mixes the massive active neutrinos (v and v3 in the normal hierarchy, 11 and v in the
inverted one) with the sterile neutrino. In what follows, we will specialize ourselves to
the real case.
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4.3.2 Numerical search for solutions

In order to find authorized values of the parameters, as well as the associated predic-
tions for the sterile neutrino mass and active-sterile mixing angles, we performed a
random scan of parameter space. For each set of parameters {A, B, F, €4,15}, we com-
puted and diagonalized the neutrino mass matrix, after what we imposed the following
constraints on the masses m; and on the mixing angles U,;.

1. First of all, one should make sure that the model reproduces the known features
of the 3 x 3 mass matrix for active neutrinos only. Thus, the mass squared
differences Amjzz-, i,j =1, 2, 3 and the PMNS matrix entries |Uy;| for « = e, p, 7
and i = 1, 2, 3 should lie within the 30 ranges quoted in ref. [263] for normal and
inverted ordering, respectively. In the following, all the points displayed satisfy
these constraints.

2. Then, the mass squared difference Am3; ~ Am3, ~ Am3; and the active-sterile
mixing parametrized by the Uy4’s (o = e, u,7) should satisfy the constraints
from negative searches for active-sterile neutrino oscillations.

(i) The effective mixing angle sin?20.. = sin?2014 = 4|Ueq|>(1 — |Uea|?) is
constrained by v, disappearance experiments at nuclear reactors. We use
the 90% C.L. exclusion contours of Bugey-3 [264] and Daya Bay [265],
which provide the best constraints on sin? 26, in the range explored here
(1073 eV? < Am? < 2 eV?).

(ii) Regarding |Ues|, we use the strongest bound, which, according to ref. [104],
comes from long baseline reactor experiments and is given by |Ue|? < 0.055

at 95% C.L..

(ili) v, and v, disappearance experiments are sensitive to the effective mixing
angle sin? 20,,, = 4|U,4|*(1 — |U,4|?). Here, we use the combined 99% C.L.
constraint on |U,4|? from ref. [104] in the range 0.05eV? < Am? < 20eV?,
while below Am? = 0.05eV? we impose |Uy4|*> < 0.04.

(iv) Finally, |U4| is constrained by MINOS and Super-Kamiokande. Ref. [104]
gives a 99% C.L. combined upper limit |Ur4|? < (0.24 — 0.30) in the range
0.05eV? < Am? < 20eV?, while Super-Kamiokande gives |Ur4|> < 0.23 at
99% C.L. for Am? > 0.1eV2. In our numerical study, for simplicity, we
impose the constraint |U,4|> < 0.23 for all values of Am?,.

In what follows, we will use the following conventions: points that do not satisfy
the constraints from negative searches for sterile neutrino oscillations will be
displayed in orange, those that do in green or blue. The points displayed in
green are furthermore compatible with the allowed regions at 95% CL for 341
oscillations that could explain the Gallium and reactor anomalies: more precisely,
we use the combined data from v, and vz disappearance experiments quoted in
ref. [104].
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Figure 4.1: Predicted values of sin?26.. and Am3, in the case of normal hierarchy.
Left: Comparaison with the exclusions of Daya Bay and Bugey. Right: Comparaison
with the expected sensitivity of Sox and Stereo.

Normal hierarchy

In fig. 4.1, we compare the predictions of the model to the sensitivity of present and
future experiments in the plane sin? 26.. — Am?2,, for the case of normal hierarchy. After
diagonalizing the neutrino mass matrix, the mixing angle 6., = 14 is simply given by
sin 0 = Ueq, while the squared mass difference Am?; reduces to m,? because, in our
scenario, the lightest neutrino is massless.

In fig. 4.1 left, we compare the values obtained to the exclusion limits of Bugey
[264] and Daya Bay [265]. This highlights how the constraints apply. For instance,
below Am? ~ 2 — 3eV?, it is clear that the upper bound on the mixing sin® 26, is
set by the exclusion limits of Bugey and Daya Bay, while for larger values of Am?,
sin? 26,. cannot be very large as a result of the various conditions imposed. One can
also see that, once all the constraints are taken into account, the new splitting cannot
be much smaller than Am? ~ 0.05 eV2.

Fig. 4.1 right shows how the predicted values for the new squared mass splitting
and the active-sterile mixing angle 6., compare to the expected sensitivity of the future
experiments CeSOX [266], Stereo [267] and SoLid [267]. They would slightly improve
the constraints on the high mass splitting region, while for Am? smaller than 1 eV?,
Bugey and Daya Bay would still provide better constraints. In this case of normal
hierarchy, the model provides a small number of points around 1 V2 in the region
compatible with 3+1 oscillations from v, and 7, disapperance experiments, which are
all close to the present and future experimental limits.

Inverted hierarchy

We turn now to inverted hierarchy. Fig. 4.2 shows again the parameters predicted
by the model in the plane sin?20.. — Am?, together with the experimental limits of
Bugey and Daya Bay (left) and the expected sensitivity of CeSOX, Stereo and SoLid
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(right). In the case of inverted hierarchy, there is a stronger lower bound on the sterile
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Figure 4.2: Predicted values of sin?20.. and Am?2, in the case of inverted hierarchy.
Left: Comparaison with the exclusions of Daya Bay and Bugey. Right: Comparaison
with the expected sensitivity of Sox and Stereo.

neutrino mass than in the normal one. The constraints imposed by the 3 x 3 PMNS
matrix entries and the active neutrino squared mass splittings already impose a lower
bound of approximately 10~2 eV? on Am?, and after all the experimental exclusions
from negative searches for sterile neutrinos are taken into account, we get

Am3; >1-2x107! eVv? . (4.3.7)

On the other hand, for large values of Am?,, the mixing sin? 2., appears to be less
constrained than in the normal hierarchy and can be as large as approximately 0.25.

Here, the new exclusion limits of CeSOX, SoLid and Stereo would provide inter-
esting informations on this high mass region, where the mixing is little constrained.
In particular, for the inverted hierarchy, this scenario gives a large number of points
compatible with the allowed region for 341 oscillations from v, and vg disappearance.
Most of these points are beyond the reach of Bugey but could be tested by the next
generation of experiments.

Conclusion

In this chapter, we studied a model which could explain the existence of a sterile
neutrino and its mixing with standard neutrinos. The sterile neutrino is (mostly)
the fermionic partner of a pseudo-Goldstone boson associated to a broken symmetry,
which is described by an effective theory. Because of R-parity-violating interactions
in the superpotential and in the non-canonical Ké&hler potential, active and sterile
neutrinos mix with the higgsinos and the neutral gauginos 4 and Z°. Consequently,
there are four heavy mass eigenstates with masses above the electroweak scale, and
four light eigenstates, which are the three standard neutrinos and the sterile neutrino.
Requiring the model to reproduce the solar and atmospheric masses as well as the
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mixings of active neutrinos, we studied the possible values for the third squared mass
splitting Am3, and active-sterile mixing. We compared our results with current ex-
perimental constraints and anomalies, which had been considered previously mostly in
phenomenological frameworks.

The number of parameters in the original theory makes it difficult to relate them
closely to the expression of neutrino parameters. However, the structure of the mass
matrix is enough to establish that the lightest neutrino has to be massless (or at least
much lighter than the others once the loop corrections are included in the neutrino
mass matrix). Furthermore, normal and inverted hierarchy lead to different predictions
for the active-sterile mixing. For instance, inverted hierarchy offers more room to a
sterile neutrino that would fit the gallium and reactor anomalies. The next generation
of experiments looking for sterile neutrinos will shed new light on these anomalies
and constrain further the parameter space of this model. Of course, an exhaustive
study should include the possibility of nonzero CP-violating phases. We are currently
working on this extension, and the first results seem to indicate that nonvanishing
phases do not significantly extend the allowed region in the plane sin? 20, — Am?2,,
but only modify the local density of points, so that the main conclusions remain valid.
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Chapter 5

Supersymmetric seesaw and gauge
mediation

5.1 Introduction to Supersymmetry breaking

As explained in the previous chapter, supersymmetry has to be broken to be com-
patible with the non-observation of squarks, sleptons, higgsinos and gauginos. Soft
terms provide a simple and convenient parametrization of supersymmetry breaking,
but introduce a lot of arbitrariness. Thus, a self-consistent theory should include an
explicit mechanism to break supersymmetry. A way to ensure that the theory where
supersymmetry is broken is still free of quadratic divergences is to break supersym-
metry spontaneously: the Lagrangian of the theory is manifestly supersymmetric, but
the ground state is not. Remarkably, such models generate supersymmetry-breaking
terms which are indeed soft according to the definition of 4.1.2. However, difficulties
comes from the fact that it is not possible to achieve a satisfactory supersymmetry
breaking within the MSSM itself.

5.1.1 The vacuum of supersymmetric theories

Taking the trace over spinor indices of eq. (4.1.1) and using tr(c#*) = 2n*°, one gets

4Py = 4H = {Q1Q1 +Q1Q1 + Q2Q2 + Q2Q2} ; (5.1.1)

where H is the hamiltonian of the system. The vacuum energy can therefore be written
as

17, = _
e = (01#710) = 7 [1Q110) |2 + Q1 0) [* + Q210 I* + Q2 10) 7] . (5.1.2)

which is obviously always positive. As long as supersymmetry remains unbroken, the
vacuum energy should be zero. Indeed, in this case, the ground state |0)sysy has to
be invariant under supersymmetry transformations,

Qo 10)gusy = Qa [0)susy = 10)susy = Fvac =0 . (5.1.3)

Conversely, a breaking of supersymmetry implies that the vacuum is not invariant, and
therefore has a strictly positive energy Fyae > 0.

113
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Assuming that the other generators of the super-Poincaré algebra P, and M,
remain unbroken, only spin-0 fields can be non-vanishing in the vacuum. As a con-
sequence, the vacuum energy is determined by the scalar potential. Since it can be
written in terms of the auxiliary fields as follows,

1
V(¢:) = F| Fi+ ;DaDa . (5.1.4)

the breaking of supersymmetry requires at least one of the auxiliary fields to get a
nonzero vacuum expectation value.

5.1.2 Explicit Models of supersymmetry breaking

Historically, two classes of models have been proposed to generate a non-vanishing
expectation value for an auxiliary field.

In the Fayet-Iliopoulos model [268], a nonzero expectation value for a D-term is
generated by the introduction of the following contribution to the Lagrangian,

Ly =—[kV]p = —/D49 kV(z,0,0) = —kD . (5.1.5)

Unlike in eq. (4.1.36), V' is now a fundamental vector superfield, and x has dimension
2. Gauge invariance implies that this vector superfield is associated to an abelian U(1)
gauge theory. The equation of motion for the D-term (4.1.50) is modified to become

oc

oD
where ¢; is the charge of the chiral superfield ®; under the U(1) symmetry. A simple
version of this mechanism involves only a pair of chiral superfields (®*,®~) with a
supersymmetric mass term Wiass = M®T® ™, so that they necessarily have opposite
charges. Through a rephasing of the fields, M can be chosen real and positive. The
scalar potential is then

0=gqidl¢i —k+D =D =r— ggidlos , (5.1.6)

e (e B R () (S U N CR )

Since both terms are positive and cannot be simultaneously zero, the scalar potential
is always strictly positive. As explained previously, this implies that supersymmetry
is spontaneously broken in the vacuum.

In the O’Raiferteaigh model [269], supersymmetry is broken by the nonzero ex-
pectation value of an F-term. A minimal implementation of this mechanism involves
three chiral superfields, ®1, @5 and ®3, which are gauge singlets. The superpotential
is

W = A® (D3 — 1i%) + My D3 . (5.1.8)

A, p and M can be chosen real and positive through a rephasing of the superfields.
The scalar potential is

V(1. b2, b3) = F Fy + Fy Fy + Fi F
= 20163 + M|? + M |hs|* + [A\(¢3 — 1?))? . (5.1.9)
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Again, it is not possible to cancel simultaneously the second and third term, so that
the scalar potential is strictly positive and supersymmetry is spontaneously broken.

Both models exhibit a sum rule, which generalizes to any scenario in which su-
persymmetry is broken at tree-level by renormalizable interactions. If one calls M
the mass matrix of particles with spin J, the squared mass matrices of the scalars,
fermions and gauge bosons satisfy [270]

S (=1 (27 + 1)r (MF) = tr (MZ) = 2tr (M} Mp) +3tr (MZ) =0 (5.1.10)
J

In other words, the supertrace of the total squared mass matrix of the theory vanishes.
To prove this, let us start with the mass matrix of the scalars, which can be obtained
from the scalar potential. By definition, the squared mass for gb;-rgbjl is

o ] 0%V
(Ms)ij = <a¢j¢j> . (5.1.11)

The scalar potential is given in eq. (4.1.57),

1 1
V:F,IFk+§DADA :Wkw,j+§DADA, (5.1.12)

Using the fact that W is holomorphic so that OW/ 8¢Z = OWT/9¢; = 0, the squared

mass matrix can be written as

9*D 0D, 0D
(ME) = (WiWj + Da——2 4 “Z222A (5.1.13)
g 0610p;  O¢) 09;
The derivatives of the auxiliary field are given by the following formulae,
0D 0D t 9’Dy
— = —9(tagi) , = —g(¢;ta) =—ta, 5.1.14
R R i (O R (5.1.14)
Using this, one can express the trace as
tr (M3) = 23 (W) (Wik) + 297 3° C(@:) (i) (e]) - (5.1.15)

C(®;) is the Casimir of the representation containing ¢;, defined by (¢4t 4)ap = C(P;)0ap
Here, we used the fact that for a non-abelian gauge theory tr(t4) = 0 while for an
abelian gauge theory, tr(t4) is the sum of the charges of the chiral superfields, which
has to vanish to avoid the presence of an anomaly. As can be seen from eq. (4.1.55),
the mass matrix of the chiral fermions arises both from the supersymmetric mass terms
and from the Yukawa-like couplings if scalars get a v.e.v., so in the most general case
it is given by

(Mr)ij = (Wij) - (5.1.16)

!Two scalars ¢; and ¢; belonging to conjugate representations can also have a mass term of the
form (Mg)gj ¢;0;. However, if one writes the total squared mass matrix in the basis (¢, (bj), this type

of contribution appears as an off-diagonal term, so that it does not contribute to the trace.
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In full generality, there can also be mass terms mixing a chiral fermion ;, with a
gaugino \4. According to eq. (4.1.42), this take the form

(Mp)ia = —iv2g ((¢i)ta) (5.1.17)

As a consequence, in the basis (¢;, A1), the fermion mass matrix reads

( (Wij) —iv2g ((¢z‘>tB))
Mp = , (5.1.18)
—~iv/2g ((6;)t4) 0
so that
tr (MfMp) = 3 (W) (W) + 497 o, i) (6]) . (5.1.19)

i

Finally, the squared masses of the vector bosons arise from the kinetic term of the
scalars in eq. (4.1.42), and are given by

(Mﬁ)AB =g’ <Z d>3{tA,tB}¢i> : (5.1.20)
so that

tr (M 2) = 2¢? ZC NCNCHE (5.1.21)

From eq. (5.1.15), (5.1.19) and (5.1.21) we can check that indeed,
tr (M) — 2tr (M} M) + 3tr (ME) = 0. (5.1.22)

This sum rule is a problem when it comes to generating a realistic spectrum for Stan-
dard Model fields and their superpartners, because it implies that some of the super-
partners of Standard Model fields should be light enough to be observable [234].

5.1.3 Supersymmetry broken in a separate sector

The models of the previous section provide explicit examples of supersymmetry break-
ing, but cannot work within the MSSM, because they are not able to reproduce a
realistic mass spectrum. Moreover, they do not generate Majorana masses for gaug-
inos. Thus, one has to introduce a hidden supersymmetry-breaking sector involving
new superfields, then find a way to communicate this breaking to the MSSM. Even
then, the sum rule of eq. (5.1.10) makes it difficult to obtain phenomenologically ac-
ceptable predictions as long as the supersymmetry-breaking effects are communicated
to the MSSM by tree-level renormalizable interactions. A way to overcome this issue
is to communicate the breaking to the MSSM radiatively or via nonrenormalizable
interactions.
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(i) In Planck-scale mediated or gravity mediated supersymmetry breaking [271—
275], the mediation is carried by nonrenormalizable interactions arising from
new physics at the Planck scale, including gravitational interactions and new
heavy states. These interactions appear in the superpotential and in the Kéhler
potential and couple the supersymmetry-breaking sector directly to the MSSM
fields. If supersymmetry breaking arises from the v.e.v. of an F-term, the scale
of soft masses should be around (F')/Mp (and therefore, for soft masses around
the TeV scale, \/(F) should lie between 10! and 10! GeV). The main drawback
of this class of models is that the exact form of the new interactions is not known,
and therefore the results depend crucially on the assumptions made about the
structure of the soft terms at the Planck scale.

(ii) In gauge mediation [225, 226, 276-281], supersymmetry-breaking effects are com-
municated to the visible sector radiatively. One of the main appeals of this kind
of models is that they are very predictive, because every soft term can be com-
puted from renormalizable gauge interactions, and there are few free parameters.

(iii) Another possibility is extra-dimensional mediated supersymmetry breaking [282],
which relies on the universe having more than four spacetime dimensions (usually
five). For instance, the chiral superfields of the MSSM and the supersymmetry-
breaking sector can be confined in two parallel four-dimension branes. Then,
there are two different possibilities. If gauge superfields live in the bulk, they can
transmit supersymmetry-breaking effects to the MSSM [283-287]. Alternatively,
the gauge superfields can also be confined with the chiral superfields of the MSSM
in a four-dimensional brane and only supergravity mediates supersymmetry-
breaking effects [288, 289]. The latter scenario is referred to as anomaly me-
diation.

5.1.4 Minimal gauge mediation

We focus now on gauge mediation, and more precisely on its minimal realization, where
gauge interactions alone are responsible for mediating supersymmetry breaking. In the
next section, we will consider extensions in which additional interactions are involved,
leading to a richer phenomenology.

For simplicity, the hidden sector that breaks supersymmetry is parametrized by a
spurion X. The scalar and F-term components of the chiral superfield X get a v.e.v.,

(X) = Mx +6*Fx . (5.1.23)

X does not have any direct coupling to the MSSM, but to chiral superfields called
messengers. In minimal gauge mediation, direct couplings between messengers and
ordinary MSSM fields are forbidden by a symmetry called messenger parity [290], so
that the two sectors only communicate through gauge interactions. In order to give
a mass to the gauginos of the three subgroups U(1), SU(2) and SU(3), there should
be messengers charged under every one of them. A usual choice, motivated by the
will of preserving the unification of gauge couplings provided by supersymmetry, is to
take a pair of doublets (®,,, ;) with the same quantum numbers as the Higgs doublets
(except for messenger parity) and a pair of color triplets (&7, ®7): @y = (@, Pr) and
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¢ = (Pg, Pf) are a vectorlike pair of SU(5) 5-plets, and therefore their introduction
does not spoil the unification. There could be several pairs of messengers, but here
we restrict ourselves to the minimal case. Keeping the SU(5) notation, the coupling
between the spurion and the messengers is described by the following superpotential

Wam = XO ;P . (5.1.24)
In components, the Lagrangian derived from this superpotential reads

Lom = —M3 (!¢M|2 + |¢M|2) — (MxvYyom + Fxoyrém +hee.) . (5.1.25)

The physical states are a four-component Dirac fermion (¢, w;r\;l) with mass Mx, and
two complex scalars,

ONVEES ¢}4
Pmx = 3
The fact that the scalars and fermions are no more degenerate is a clear indication that

supersymmetry is indeed broken. One can also check that the sum rule of eq. (5.1.10)
is satisfied.

M2 = M% + Fx . (5.1.26)

F
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Figure 5.1: One-loop contribution to gaugino masses in the spurion insertion approxi-
mation.

Gaugino Majorana masses are then generated at one loop. The exact computation
should be performed in the mass eigenstate basis for the scalars (éas4, dar—), but
as long as Fx < M)Q(, which is a good approximation if the messenger scale Mx is
large enough, one can conveniently work in the original basis (¢as, ¢;;) and perform
a spurion insertion, as shown in fig. 5.1. One can check that this is equivalent to
expanding the propagator of ¢psy and ¢ps— at first order in Fx /M)Q( Explicitly, for a
given gauge group, the computation gives

Gy
2mt k2 — M3 + ie (k2 — M% + ie)?

= i §(®pr)6anA (5.1.27)
47

—iMyp = Qthr(tAtB)/
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where a = ¢g2/(47), A = Fx /My and S(®)) is the Dynkin index of the representation
containing ®,,. From this, it appears that gaugino masses are roughly of the order of
Moty ~ aA/(4m), which should be around a TeV. Thus, the assumption Fx < M%
should hold as long as Mx is much larger than 4wmg.g /. On the other hand, gauge
bosons remain massless because their masses are forbidden by gauge symmetry. The
formula above is valid at a scale 4 ~ Mx and is modified by the running of the
renormalization group.
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Figure 5.2: Two-loop contribution to the slepton squared mass.

Squared masses for the scalars are generated at two loops only because the chi-
ral superfields have no direct coupling to the messengers. One example of diagram
contributing to the slepton squared mass is displayed in fig. 5.2. Summing the contri-
butions of the various diagrams involved leads to the following result for the squared
masses of the scalars [291],

: 2 as)? apw\? | 3YF (oayv\?
where C3(¢) = 4/3 if ¢ is a color triplets (Q, @ or d°) and Cs(¢) = 0 otherwise,
Cy(¢) = 3/4 if ¢ is an electroweak doublet (Q, £, H,, or Hy) and Ca(¢) = 0 otherwise,
and Yy is the hypercharge. This is of the order of m2 ., so that the scalars and gauginos
masses are of the same order of magnitude. On the other hand, the A-terms, which
have mass dimension 1, are also generated at the two-loop order, so they scale roughly
like A ~ A(a/47)?, which is much smaller than mgg. They can therefore be neglected
in a first approximation. However, this is true only at the scale 4 ~ Mx and A-terms
are generated by the running. The chiral fermions do not receive any contribution
to their mass: the quarks and leptons remain massless and get their mass after the
electroweak symmetry breaking, like in the Standard Model.

An important feature of gauge mediation is that, because gauge interactions are
flavour blind, the squared masses of the squarks and sleptons are proportional to the
identity matrix in flavour space, for instance

(mp)is = m3dap | (5.1.29)
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which is precisely what is needed to avoid flavour-changing neutral currents that could
be in conflict with the experimental bounds quoted in table 2.2. Thus, contrary to
Planck scale mediated supersymmetry breaking, gauge mediation leads to suppressed
flavour-changing neutral currents without requiring any particular assumption on the
structure of soft terms.

5.2 Extended gauge mediation

From now on, we will focus on gauge mediation and its extensions. As already said,
minimal gauge mediation is predictive and naturally forbids flavour violation. However,
the measured mass of the Higgs boson turns out to be problematic, because it is a bit
too large to fit naturally in this framework. This stems from the fact that, if one
wants to restrict fine-tuning, a large mass for the Higgs boson requires large A-terms,
and this condition is not satisfied within minimal gauge mediation. Extended gauge
mediation, in which direct couplings between messengers and matter superfields are
allowed, is a way to overcome this issue.

5.2.1 The electroweak symmetry breaking in the MSSM

Compared to the Standard Model, the electroweak symmetry breaking in the MSSM is
slightly complicated by the fact that there are two Higgs, and therefore two expectation
values, already encountered in chapter 4,

(H) =va,  (HJ)=va. (5.2.1)
This generates the following masses for the Standard Model fermions,
mi =yhow,  mE=yiva,  mGs=yagva (5.2.2)

The Z boson, on the other hand, couples to both Higgs doublets, and has therefore
the following squared mass,

2 12
M2 = %(vﬁ +02) | (5.2.3)

which, together with eq. (1.2.23), gives the relation between v,, v4 and the Standard
Model v.e.v. v = 174 GeV,

v2 43 =02 . (5.2.4)
The parameter ( is defined by tan f = v, /vg, so that
vy =wvsin 3, vg =vcosf . (5.2.5)

In the MSSM, once supersymmetry is broken, the potential for neutral Higgs
scalars, that triggers the electroweak symmetry breaking, is given by

V(HS, H) = (| +miy, ) 1HY? + (Juf? +m?, ) |H?

— (BLHJH] +he) + é (6% +9?) (1HI? — [HJP) . (5.2.6)
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Through a rephasing of H? or Hg, B,, can be chosen real and positive. Then, at the
minimum of the potential, the product HgHg should be positive. At this stage, one
still has the freedom to perform another rephasing to have them both real.

Here, contrary to the Standard Model, the quartic term of the Higgs potential,
which comes from integrating out the D terms, is entirely determined by the gauge
interactions.

The 1 and p — B, problems

The minimum of the potential is defined by the following equations,

% =0=2 (Iu|2 - m%) vy — 2By,0q + % (92 n ga) Vu (ui - v%;) =0, (527)
p
;gg =0=2(|uf* + m%,) va — 2B, - % (6 +9%)va (02 —02)=0. (5.28)

Dividing the first equality by v, and the second one by vy (which are required to be
nonzero in order to break the electroweak symmetry and give mass to all the fermions),
one gets
2|u|? +2m%;, — 2B, cot B — MZcos28 =0, (5.2.9)
2|pf? + 2m3;, — 2B, tan B + M} cos28 =0 . (5.2.10)

From these equations, one can derive the following relations between the parameters
[292],

2B
sin2f = — = 5T (5.2.11)
miy, +my, + 2|1
2 2
m —m
ng = T T e g (5.2.12)

V1 —sin? 273

This reveals the so-called p problem of supersymmetric theories. Eq. (5.2.12) implies
that, unless there is a cancellation, all parameters should be roughly of the order of
magnitude of Mz. On one hand, the squared masses quu, m%ld and B, come from
supersymmetry breaking, so it means that the supersymmetry-breaking scale should
not be too far from the electroweak scale. On the other hand, p is a fundamental
parameter of the supersymmetric theory, and there is a priori no reason why it should
be of the order of magnitude of Mz. A solution to this problem is provided by the
NMSSM, in which the p-term is generated dynamically as the v.e.v. of a gauge singlet
[220, 293-296].

Another option is to forbid the u-term in the superpotential by the mean of some
Peccei-Quinn symmetry. Then, both p and B, are generated by effective operators
coupling the Higgs to the supersymmetry-breaking spurion [297]. However, in the
context of gauge mediation, this does not really solve the problem because p and B,
are typically generated at the same loop order [298]. Therefore, they scale like

[~ (4(;) A, B~ (f) A% (5.2.13)

™
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where n is the loop order. This implies in particular B, ~ pA. Since, as previously
said, A should be of the order of 4mwmgos /v ~ 10 — 100 TeV, it seems that p and
B,, cannot have simultaneously the right order of magnitude which is approximately
O(1 TeV). This is the 4 — B,, problem, which is peculiar to gauge mediation.

The Higgs boson mass

Together, the two Higgs doublets contain eight real scalar degrees of freedom, which
can be parametrized as follows,

HS Uy 1 0 1 GY
(1) = (i) + v (1n) + gt (5) -2

s
(%O — \}im (gi) , (5.2.15)

where Rop+, Rop- and Ry are 2 x 2 orthogonal matrices. G°, GT and G~ are the
Goldstone particles absorbed by the gauge bosons W*, W~ and Z°, which makes
them massive. The remaining five degrees of freedom are two charged scalars H* and
H~, two CP-even neutral scalars h° and H° and one CP-odd neutral scalar A°. By
convention, h? is chosen to be the lightest CP-even scalar. At tree-level, its mass is
bounded from above [299, 300],

mp, < Mz|cos2f]| . (5.2.16)

This is obviously in contradiction with the measured values of the Higgs and Z boson
masses. Of course, this relation only holds at tree-level, and should be modified by
loop corrections, that can in principle relax the upper bound on the Higgs mass up to
135 GeV [301-303].

Thus, large radiative corrections are needed in order to reproduce the measured
value mj, = 125.6 + 0.3 GeV. For this, either stops should be very heavy (with m; 2
10 TeV), or there should be a large mixing between the right-handed and left-handed
stops [304-307]. Unfortunately, the first option leads to a larger fine-tuning, which can
be seen by computing the Barbieri-Giudice measure [308],

_ Olog M2

A =max A, , A, = , (5.2.17)

Ologa
where a are fundamental parameters of the theory. This is precisely what supersym-
metric theories aim to avoid. The second option requires a large A-term for the stop,
which seems to rule out gauge mediation. However, it is still possible to achieve large
A-terms by allowing direct couplings between messengers and matter which will con-
tribute to the mediation of supersymmetry breaking together with gauge interactions.

Before turning to models of extended gauge mediation, we will present the general
method used here to compute soft terms.

5.2.2 Soft terms from wavefunction renormalization

A convenient way to compute soft terms was introduced by Gian Francesco Giudice
and Riccardo Rattazzi in the context of minimal gauge mediation [309]. The principle
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is the following: one computes the wavefunction renormalization of chiral and gauge
superfields in the supersymmetric theory. The results obtained are functions of the
messenger mass My, treated as a complex number. Then, one performs an analytic
continuation in superspace by replacing My with (X) = My + 6?F¥.

Here, similarly, we extract soft terms from wavefunction renormalization. Let us
summarize this method in a general framework where, apart from the messenger sector,
the superpotential is

1 1
W = §Mijq)iq)j + é)w'jkq)iq)jq)k , (5.2.18)
After computing the wavefunction renormalization, the kinetic terms for the gauge and
chiral superfields are the following

Lyin = / d*0S(Mx, p)tr[W Wa] + h.c. + / d*0Zi;(Mx, ML, )®i®; . (5.2.19)

where g is the renormalization scale. Replacing My with (X) in the wavefunction
renormalization of the gauge superfield and performing the expansion gives

SUX),p) = S(Mx, 1) + 0286]\2{& . (5.2.20)

The kinetic term for the gauge superfield becomes

Odlog S

d’0S(M 1+6>—2°"

A trVIW,] + hee. . (5.2.21)
In order to recover a canonical form for the kinetic term, one performs the following
rescaling on the field strength, W, — S(Mx, u)l/ 2W,. Finally, the integration of the
term in 62 gives

dlog S 1 dlogsS
200> —="_Atr]WW,] = ——= ——=2—A X%\ 40 2.22
/ 0log M x VW 40logMyx A Aas (5 )
so that one can identify the gaugino mass,
1 Olog$S
=—-———"A\. 2.2
2 0log Mx (5.2.23)

Similarly, after expanding the wavefunction renormalization of the chiral super-
fields, the second term of eq. (5.2.19) reads

/d40 \Zigt, +0°Zyy1,, + 021 +0" 2, ,| @19, , (5.2.24)
where we used the following notations
Zijl, = Zij(Mx ,Mx,p) , Zy, = 7r-Fx . Zij, = ——=—|Fx|* . (5.2.25)
e Vo2 OMx Vot 8MX(9M;(
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The first term gives the ordinary kinetic terms, while the other ones will give rise to
A-terms, B-terms and squared masses for the scalars. Indeed, one has

/d49 020i0; = Flp; (5.2.26)
/d49 0'0iD; = ¢lo; . (5.2.27)

One should redefine the chiral superfields to recover a canonical form for the kinetic
terms. Using 2|, = VTV, the suitable rescaling is

Once this is done, after integrating out the auxiliary F fields, one finds the following
A- and B-terms (using the same conventions as in eq. (4.1.62)),

_ y-1y-1 A1 !
Bij = V'V, [MM (2 Z|92)kj/—|—MkJ/ (2 ZQQ)W} : (5.2.29)
_y-ly—ly—=1 |y (-1 A1 ' —1
Aijr = Vi Vi Vi {)‘”'1/ (Zh Z‘02)1k/ A (Z\l Z|92)lj/ Ay (le Zﬂ)li’} ’
(5.2.30)
as well as the following scalar squared masses,
2y, _ p—lxy—1 T -1
()5 = Vi “Vii [~ Zujngs + Zhi,0 %0l % | (5.2.31)

Finally, if both the p and Bj-terms are to be generated by the supersymmetry
breaking, one should also mention the holomorphic wavefunction renormalization for
Higgs doublets, defined by the following term in the Kéhler potential.

Kholomorphic = HudHqu +h.c. (5.2.32)

In the previous chapter, we discarded this term because, in a supersymmetric theory,
the #* component of an holomorphic function of chiral superfields is a total derivative.
However, in the context of supersymmetry breaking, such considerations do not apply
anymore. In particular, in the present method, H;; is promoted to a superfield, so that

HuaHuHalp = Haal,, (HuFHd + HyFy, — ﬁuﬁd) + Hoaly HuHa - (5.2.33)

Thus, after integrating out the F-terms, one can identify the mass parameters p and

By,

1=Vl Vg Hualyo » Bu= Vi Vg Huay,y - (5.2.34)

5.2.3 General matter-messenger mixing

In extended gauge mediation, the superpotential contains new couplings between mes-
sengers and matter fields [310-321]. This generates in particular A-terms at one loop,
needed to raise the upper bound on the Higgs mass. In models usually considered,
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messengers are the only heavy fields, while all other fields are light MSSM fields that
can be considered massless. Thus, there are two kinds of new couplings in the superpo-
tential, that can be referred to as messenger-light-light and messenger-messenger-light
[322]. In some particular models, such as the one considered in [323], the messengers
are also fields involved in the seesaw mechanism. Note that, in order to give masses to
gauginos at one loop, these fields should be involved in the type II or type III seesaw,
because the right-handed neutrinos involved in type I are gauge singlets.

We consider here a general scenario involving not only light MSSM fields and
messengers, but also heavy fields that are not messengers. In the following section, we
will consider the specific cases of the type I and type II seesaw. In the general case,
the superpotential reads

1 1
W = X@M‘I)M + §MZ’]’<I>Z'<I>]' + g)\ijkq)iq)jq)k . (5.2.35)

We want to compute soft terms at the order of two-loop, so that the wavefunction
renormalization of chiral superfields can be expanded as

Ziy =0y + 24 + 25) + 07 (25), + 25 ) +he] + 0 (2])

ij)1 ]2 ijlg2 ij]ga

+2z9 ) .

1J|94

(5.2.36)

At the one-loop order, previous formulae (5.2.29), (5.2.30) and (5.2.31) give the fol-
lowing expressions,

By = MkzZ;(f]f , Fied), (5.2.37)
Az(ylz: = AlakZz(RQ + (i< j)+ (e k), (5.2.38)
(m?)y) = -2 (5.2.39)

ij ijlga

while at two loops, the squared masses of scalars are

1
L gty Lo Lo o) (5.2.40)

2y(2) _ (2)
(m> =7 ik g2 k;|92 ikl “kilgs T 9 zk:|94 kj|1

ij 594
At lowest order, the gaugino masses are given by the same formulae as in minimal
gauge mediation, but they may differ at two loops.

As explained previously, we will compute the wavefunction renormalization in the
fully supersymmetric theory, and only in the end extract the 2 and #* components to
recover soft terms. More precisely, we will match the theory above My, that contains
messengers, with the low-energy theory where they have been integrated out. At one
loop, this matching reads schematically

S DWW piszW =iz® + 3 DO yisz{) (5.2.41)
light

The left-hand side contains a sum of all one-loop diagrams D) of the high-energy
theory, plus a counterterm that cancel their divergences, while the right-hand side
contains the one-loop wavefunction renormalization of the low-energy theory, the sum
of one-loop diagrams involving light fields only (the heavy ones have been integrated
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out) and the counterterm 6Z£?ht that cancels their divergences. The contributions

involving light fields only are the same in both the high-energy and the low-energy
theory, so that they cancel out. This gives for the one-loop wavefunction

S W iszl) =iz® (5.2.42)

heavy

where, on the left-hand side, we keep only diagrams involving at least one heavy field.
At two loops, similarly, we get

S D@+ 3 DY) viszl)  =iz® + 3 DY visZl, (5.2.43)
heavy heavy light

(1)

where the D@ are two-loop diagrams, the D 57 are one-loop diagrams with a one-loop
counterterm, while the Dy are one-loop diagrams with a one-loop wavefunction inser-
tion, and 6Z() is the conterterm that cancels their divergences. This is summarized
diagramatically in fig. 5.3.

SR O
. 57 (2)

570 570

heavy

Figure 5.3: Diagrammatic representation of the two-loop matching procedure. The
label “heavy” in the right-hand side means that at least one heavy field is involved in
the loop, while the label “light” means that all the fields in the loop are light. The

countertem 5Zﬁe2wy was defined in eq. (5.2.42).

In what follows, the indices 4, j, k, ... will run over every fields, while greek indices
a, B, 7, ... will run over light fields only.

From now on, we work in a basis where the matrix M;; is diagonal, so that the
mass terms can be rewritten as

Wmass = MZ(I)ECI)Z ) (5244)
where ®; and ®; are chiral superfields belonging to conjugate representations of the

gauge group.

One-loop order

Superdiagrams contributing to the one-loop wavefunction renormalization of chiral su-
perfields are displayed in fig. 5.4. In ordinary gauge mediation, since there is no direct
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Figure 5.4: Superdiagrams contributing to the wavefunction renormalization at one
loop.

couplings between the messengers and the other chiral superfield, none of these dia-
grams can generate soft terms by itself. However, in the present scenario, the diagram
on the left can generate soft terms if at least one of the fields in the loop is a messen-
ger. Consistently with the results presented in 5.1.4, the diagram on the right does not
generate any soft term, but we should nevertheless compute it because the result will
be needed when performing two-loop computations. Although we are interested in the
soft terms for light fields only, we should compute the 1-loop wavefunction and coun-
terterm for every kind of field because these results will be needed when performing
two-loop calculations.

The left-hand diagram involves only interactions coming from the superpotential,
so we label it for short A?. It gives the following contribution to the wavefunction
renormalization,

iz ZEZd’ﬂxf A / o 1 +ioZ) (5.2.45)
il 5 . i NiklNjEl (27T)d (k—M,?)(k—Mf) ijly2 ? 2.

where dfl is a gauge multiplicity factor. The computation of the integral in dimensional
reduction? in d = 4 — 2¢ gives

Ak 1 i [ apfi(ag, s) — wmfi(a, s)
/ 2m)d (k — M2)(k — M?) — 1672 [e * Ap
L Brc (k, 8) — Tif1e(w; ) 2
’ +0@)| .,  (5.2.46)
Apl

with x, = M2/M%, Ay = xp, — 21, s = p?/M% (where p is the renormalization scale),
and the loop functions f; and fi. are defined by

filz,s) =1— logg : (5.2.47)
1 2 2
frelw,s) = 3 l1 + % + (1 ~log i) ] . (5.2.48)

?Here, dimensional reduction with DR is equivalent to dimensional regularization with MS.
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We can now identify the counterterm which, in the DR scheme, is

1 1 N
Zz'(j\lz - _327r2€dfl/\ikz>\jkl ; (5.2.49)

and extract the #? and 6* components at order zero in € by performing the following
replacement,

ear =\ ahen =14+ A6 + AT6? + |AP6* (5.2.50)

(we recall here that ®); and ®; are the messenger superfields). After this last step,
the z; can be treated as real variables in the expressions of Z,; . and Z;

j|92 j‘94'
1 A * *
i(j\)eg = " 16.2 (AN aNjraga(we) + AP N pA am] (5.2.51)
A
L0 _ AP L B AN N jeaga(zr) | (5.2.52)

ijlga T 1672 ¢

where uppercase indices A and B run over messengers only and the functions g and
g4 are given by

g2(z) = W : (5.2.53)
galw) = 22 2a"<1+_(1x;x) logz) (5.2.54)

The computation of the gauge superdiagram (right of fig. 5.4) gives

d°k 1 (1)

o
12 er R — a2y e

ij] 42

= —2¢2C(®;)d;,

(5.2.55)

The loop integral can be expressed in terms of the same functions f; and f;. as before,

dk i 1
/ 2m)d K2 (k2 1_ M2 Tom? L + f1(@i, s) + €z fie (wi,8) + O(?)| . (5.2.56)

The counterterm of eq. (5.2.55) can be identified,

70— 95 C(®;)2 | (5.2.57)

ijlye T {27 Y 6
As expected, if ®; is not a messenger, this contribution does not have any 62 or #4
component, and hence does not participate in soft terms.

Two-loop order

At two loops, in addition to the usual contribution of gauge interactions to the scalar
squared masses, already given in eq. (5.1.28), the wavefunction renormalization de-
pends on two kinds of superdiagram: diagrams involving only superpotential interac-
tions, and diagrams involving both superpotential and gauge interactions. The former
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Figure 5.5: Superdiagrams involving superpotential interactions only contributing to
the wavefunction renormalization at two loop. Double arrows indicate mass insertions.
The diagrams labelled with a prime involve the one-loop counterterm from eq. (5.2.49).

will scale like A* and the latter like A%2¢g2. This time, we are only interested in the
wavefunction renormalization of light fields ®,, ®4.

Let us focus on the first kind of contribution. As can be seen from fig. 5.5, there
exists five possible topologies, leading to the following contribution to the left-hand
side of eq. (5.2.43) (here, it is understood that at least one of the fields @y, ;, yy,
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®,, or ¢, has to be heavy),

[Z ng H(SZ‘E‘?LA 1024 4d§ldﬂpA*klAﬂlmAmnp)‘knp 12 B ﬂ
+ 512 AN Nt N N A (e 1, T, )
+ 512 4d§ldnp)‘*kl)‘ﬁlm/\mnp/\ o/ BT, Tt T,y T, )
+ o56n A AN Mg Ny N O (T 1, T, T, )
+i62 ﬂ)m : (5.2.58)

The expression of the loop functions f4, fp and fo is given in appendix B. This gives
the following two-loop counterterm,

@2 _ kl n » 11
Zaﬁlyx - 1024 190 di AN KABIm A mnp Aknp LZ - 6] . (5.2.59)

The corresponding contribution to the right-hand side of eq. (5.2.43) is given by

220 () +i(5Zl(i?ht)aﬁ]
light |\

(2 * *
- ZZ(iB)IAzl + 5127 4dgéAa’yU)\ﬁ’Y(S)\cinp)‘UnpfA/(07$n7$p)fA/(07070) ) (5.2.60)

where we recall that ®,, ®; and ®, are light fields, and we defined

a? fi(zs,s) @5 fi(x5,8) | affi(g.s)
Wz, x5, x8) = — - + — 5.2.61

far diverges when its three arguments go to zero, so in principle it should be reg-
ularized. As explained in appendix B, the loop functions fp and and fo have no
infrared divergence. On the other hand, fa diverges when x; = x; = x,, = 0, but this
divergence is precisely cancelled by the one coming from f4/(0,0,0) in eq. (5.2.60).
Thus, when writing the expression of Z ), we split the terms in fa and regroup the
infrared-divergent contributions, leading to the following expression for the two-loop
wavefunction renormalization,

fﬂ)m - 512 4dgéadnp>‘zw)‘/375)‘§np)‘onp [£4(0,0,0, 2, 2p) — far(0, 20, 2p) f4:(0,0,0)]
+ 512 LS PN R N8t N Nenp fA (Ths Tty T, T, Tp)
+ 512 4d]o€¢ldnp/\*kl)\ﬁlm)\mnp)\ o/ BT T, T T, )

+ o56n 4d§ldm" ki ABmn Ay i fO (s Tty T T, Tp) (5.2.62)

where, in the second line, at least one of the fields ®;, ®; and ®,, is massive so that
this term is infrared-safe.
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Schematically, we extract the #-components in the following way. If one of the
fields appearing in the loop function f is a messenger, for instance ®, = ®,/, then we
obtain the 6% and 6* component as

f|02 (xk7xla$m7xn) Ai (xk7xl7mmaxn7xM) (5263)

oz

82
(9:1:%\/[ f(xkv z, xmamnva)\zM:1 .

|93AI:1 ?

f|94 (a?k,fL‘l,ZL‘m,SL'n) = A2 (5.2.64)

The second kind of contribution is summarized by the diagrams displayed in fig. 5.6.
There are now eight different topologies, but, as explained in appendix B.2, the di-
agrams F, G, F’', G’ (obtained from the former by moving the gauge propagator to
the right) and H can be gathered as a result of gauge invariance, which reduces the
number of contributions. The remaining integrals can be expressed in terms of the
same functions f4 and fp as those appearing in eq. (5.2.58),

1 1

@) e (2) _ 2 _ -z
[Zpaﬁﬂézaﬁ]mgg = 512 g (20(®) — C(®,)) Lz J

128 1 ———di NN g” C (@) fa(an, T, w1, 21, 0)

———d N A arg” C () f i3 (xn, @, 21, 31, 0)

128 4
+_256 4daAamAﬁM9 C(®a)f4(0,0,0, 21, 27)

+isz® (5.2.65)

aﬁlx? 2
We can now identify the counterterm,

52 AN A arg? (2C(D) — C(Dy)) [1 - 1} . (5.2.66)

aBlyzg2 512 47 2 €

The corresponding contribution to the right-hand side of eq. (5.2.43) is given by

)3 (02, +i (280,

light

[x2,42

(2
= zZéﬁ)mgQ + 5rr 4da Ao Askig”C(®a) far(0, g, 1) f4-(0,0,0) . (5.2.67)

Again, the infrared divergences from egs. (5.2.65) and (5.2.67) cancel, so that the
gauge-superpotential contribution to the two-loop wavefunction renormalization is

7(2) _ 1 KLy * 2
Zaslyzpe = " 35200 Aaki Mgk

X {2 C(®)) [ falwr, x1, 21, 21, 0) + fB(@n, 21, 21,21, 0)]

— O(®4) [£4(0,0,0, 25, 21) = far(0, 24, 21) F(0,0,0)] } - (5.2.68)
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Figure 5.6: Superdiagrams involving superpotential and gauge interactions contribut-
ing to the wavefunction renormalization at two loop. Double arrows indicate mass
insertions. There are also two diagrams similar to ' and G but with the gauge propaga-
tor on the right. The diagrams labelled with a prime involve the one-loop counterterm
from eq. (5.2.57), while the diagram I involves the counterterm from eq. (5.2.49).
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Holomorphic wavefunction

(i)l/q)l

Figure 5.7: One and two-loop contributions to the holomorphic wavefunction renor-
malization. Diagrams obtained from K and K’ by mirror symmetry are also involved.

The contributions to the holomorphic wavefunction renormalization are displayed
in fig. 5.7. Since only the #2 and #* components play a physical role, we do not compute
other possible contributions that have no 6 dependence. We focus here on the leading
order, so we do not consider mixed gauge-superpotential contributions at two loops.
Indeed, they contribute to soft terms only if the one-loop wavefunction already does
so. At one loop, we find the following result,

d%k 1
(2m)d k2(k — M) (k — M7)

iHG3 = d NawidgreMIM] / (5.2.69)

This is both IR~ and UV-convergent, so we can take d = 4 and compute the integral
straightforwardly. This gives the following result,

7.0

1 VZr Tk

0 = ———=d" Ao\ g1 () . 2.
Hap 1672 Yo Nkl Akl Au 0g (5.2.70)
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If at least one of the fields running in the loop is a messenger, the # components are

A

Haplye = ~ 162 [d’;AAakAAﬁMhz(xk) + dﬁB)\aAB)\BAB] , (5.2.71)
A 2
Hoﬁ|94 = 1672 [dZA)\akAA/Bth4(-Tk;) + 3d£B)‘aAB)\5AB} s (5.2.72)

where again, uppercase indices run over messenger fields only.

() = Vi (=1+z—zlogx)

T , (5.2.73)
X —./,U2 X log x
ha(z) = v (l q _2)23 logz) (5.2.74)

Unfortunately, it turns out that the two functions hs and hs always have the same
order of magnitude. This illustrate the yu — B, problem: if both parameters ; and
B,, are to be generated this way, it is impossible to overcome the relation B, ~ uA.
Actually, this problem remains even if one introduces additional pairs of messengers
with different couplings to the spurion.

If there is no direct coupling between the fields ®, and ®; and the spurion, the
relevant contributions to the holomorphic wavefunction renormalization arises at two
loops at least. They lead to the following expression,

T
2 ., |
/ng,é)’ 5127 4d§ldnp/\akf)‘5lm)‘knp)‘mnp xilfB(xka Ly Tmy Tn, xp)
m

T
Kkl * | L1
+ 5197 4da d'fl )\akl)\ﬁl_m)\knp)\mnp ;ka(xk,xl,xm7$n,xp)

T
kl * £
256 4da dm”Aakl)\ﬁmnAknp)‘Zmp\/ x—ifc(xk, Tl Tyn, Ty Tp) - (5.2.75)

5.3 Application: the supersymmetric seesaw

5.3.1 Flavour violation

When considering specific models of extended gauge mediation, the new couplings be-
tween matter superfields and messengers should not generate flavour-changing neutral
currents that exceed the experimental bounds, otherwise one of the main assets of
gauge mediation would be lost. For instance, considering a messenger ®; with the
same quantum numbers as the down-type Higgs, one should in principle be able to
write the following term in the superpotential

Waew = Ao 5Palacs (5.3.1)

If the new couplings are fully generic, this will typically generate squared mass matrices
for the slepton proportional to A°TA°. This in turn will give rise to flavour-changing
neutral currents in the charged lepton sector, in contradiction with the bounds quoted
in table 2.2, unless the new couplings are small enough or have a very peculiar structure.
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A solution to this problem was introduced in ref. [314]. Matter-messenger mixing is
initially forbidden by messenger parity. We call ®,, and H, the up-type messenger and
Higgs superfields that appear in this superpotential. Then, messenger parity is broken
by the expectation value of a field S such that the following interaction is allowed,

S

— X®,H, . 3.2
PR (5.3.2)

Once S gets a v.e.v. (S) # 0, the superpotential contains the following contributions,

Wan = X®y (cf)u T sﬁu) L XOpdyp (5.3.3)
Whssm = 5 HuQiut§ + v HaQid§ + yS s Haloe - (5.3.4)
Now, we redefine fields in such a way that only one vectorlike pair (®,, ®4) couples to

the supersymmetry-breaking spurion. We define © such that tg = tan© = (S5)/Asg,
and

d, = co®, + soH, (5.3.5)
H, = —Seci)u + C@ﬁu .

In the new basis, the previous contributions to the superpotential read

Waom = kX049, + X(I)TCI)T s (5.3.7)
Whssm = yi5 HuQiu§ + i HaQidS + y& s Hal o - (5.3.8)

with k = 1/cos© = 1+ s? and Yi; = coy;;. The superpotential also contains the
following new term,

Whew = A;J]q)quuj ) (539)

with Nj5 = sey;; = ley;;. Because the coupling matrix A is proportional to the
Yukawa coupling matrix y*, this model does not involve any new source of flavour
violation. In the next paragraphs, when considering the type I and type II seesaw, we
will find similarly that the new contributions to the slepton squared mass matrix can
be expressed in terms of the neutrino mass matrix.

The operator of eq. (5.3.9) is present in most models of extended gauge media-
tion. Using egs. (5.2.38), (5.2.53) and (5.2.54), one can see that it gives the following
contribution to the one-loop A-terms of squarks,

A 3A
wo_ T uyut, u wyut yu 9 5 3
Al = =g (AT 2N el (5.3.10)
A

Extracting soft terms from wavefunction renormalization, one finds vanishing contri-
butions to the squared masses of squarks at one loop. However, this method only gives
access to the leading order in Fx /M)Q( There are actually nonzero one-loop contribu-
tions to the squared masses of squarks, but they are suppressed by additional powers
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of Fx /Mg(7 so that, unless the messenger scale is very low, they will be negligible
compared to two-loop contribution with no such suppression [314].

In addition to the flavour blind contributions from ordinary gauge mediation, the
2-loop squared masses of scalars include the following terms [314], where we keep only
the dominant entries of y* and y¢ like in egs. (5.3.10) and (5.3.11),

A
2 o __ " 4222
Ay = = Togpa oYY » (5.3.12)
A 13 1693
2 o 2.2 2 2 2 -2 2 2 3
Ami = oo —t8; l6yt (1 +te) - (1591 +3g3+ =" )] . (5.3.13)
13 1642
2~ [ 12 9 2 3
Am@s 2564 toy; [ (1591 + 393 +73 )] ; (5.3.14)
Ay, = & (5.3.15)
" 256 4707t
3A2
2 2 42,29
Ade - 2567r4t9yt Yp - (5316)

When considering specific models, additional terms appear, including in particular
A-terms and one-loop squared masses for the sleptons.
5.3.2 Type | seesaw

We consider now the type I seesaw scenario. The mechanism does not differ much from
the non-supersymmetric case. Apart from the messenger sector, the superpotential is
given by

1
Wseesaw = iMzNzNz + y;‘/aHuNiga 5 (5317)

and the neutrino mass matrix has the same expression as in the non-supersymmetric
case (apart from the substitution v — vy,),

_ N~ YiaYig o
Myag =Y TR (5.3.18)
3 (2
Ref. [324] studied how integrating out right-handed neutrinos affects soft terms.
However, the mediation mechanism was not explicitly described, and instead an effec-
tive parametrization of soft terms at a high scale was chosen. In [325], right-handed
neutrinos played the role of messengers in addition to the usual charged messengers of
minimal gauge mediation: as was previously mentioned, right-handed neutrinos cannot
by themselves transmit supersymmetry-breaking to all MSSM fields because they are
gauge singlets. However, promoting them as messengers allows to generate an A-term
for the stops, because of the neutrino Yukawa y; H,N;¢, which is a direct matter-
messenger coupling. Here, in contrast, we consider right-handed neutrinos that do not
couple directly to the spurion, while other matter-messenger couplings are allowed.
More precisely, the mechanism of section 5.3.1 gives rise to the following new terms,

Waew = Ma®uNilo + AP, Qius | (5.3.19)
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with A}, = tey},. Because of this direct coupling with messengers, the sleptons receive
the following one-loop soft terms,

o8 = ~1pr2 @Zym( My 0 () (5.3.20)
(Amg)aﬁ = 16772 @Zyzayzﬁg4 'CE’L ) (5321)

with 2; = M?/M% and the functions g and g4 are defined in egs. (5.2.53) and (5.2.54)
respectively.

At two loops, the squared masses of squarks, slepton and Higgs doublets receive new
contributions, while the slepton singlets get their mass only at this order. Regarding
the latter, in addition to the ordinary pure gauge contribution, the following term is
generated,

A2
(Am)ap = 5eo—ité D VaYssyirVia
7
x (83 £4(0,0,0,25,1) = fa(0,0,0)08 far(0,:,1)] (5.3.22)

where 9, f means that we take the derivative of f with respect to its n'® variable in
order to extract the  components as in egs. (5.2.63) and (5.2.64).

These results can be compared to those of ref. [325], where right-handed neutrinos
were messengers. The first difference is that, in this paper, soft terms depended only on
Fx /My, while in our scenario, they also depend on the mass ratios z; = M?/M%, be-
cause right-handed neutrino masses are not related in any way to the supersymmetry-
breaking scale. The flavour structure of soft terms is also different, and in ref. [325],
slepton masses appeared only at two loop, while here a contribution already arises at
one loop. This is due to the fact that, according to eqs. (5.2.52) and (5.2.54), the 6*
component of the one-loop wavefunction is nonzero only if the fields running in the
loop are a messenger and a massive field, which are respectively ®, and N; in the
present model.

In general, the supersymmetric type I seesaw gives rise to flavour violation in the
charged lepton sector, usually because neutrino Yukawa couplings contribute to the
running of slepton masses. Here, in addition to that, right-handed neutrinos contribute
directly to the generation of slepton masses and slepton A-terms from supersymmetry-
breaking. This is in contrast with the non-supersymmetric type I seesaw, which does
not give a significant contribution to such phenomena. The lepton flavour-violating
slepton masses depend on the same Yukawa couplings as neutrino masses but unfor-
tunately, as already mentioned in the context of leptogenesis, the coupling matrix y”
cannot be expressed in a simple way in terms of the neutrino mass matrix, so that the
relation between lepton flavour violation and neutrino masses is not straightforward.
In order to make more precise predictions on flavour-changing observables, one should
select a flavour model to parametrize the neutrino Yukawa couplings. The type II
seesaw is more predictive with respect to this matter.
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5.3.3 Type Il seesaw

The supersymmetric type II seesaw differs from the non-supersymmetric case in the
fact that there must be two triplet superfields A and A for the same reason that there
are two Higgs doublet. Indeed, the scalar triplet comes with a fermionic superpartner,
that should be part of a vectorlike pair to avoid anomalies. Moreover, as can be seen
from eq. (2.1.57), in the non-supersymmetric case, the generation of neutrino masses
requires A to couple to lepton doublets and At to couple to Higgs doublets, but in
a supersymmetric theory, the superpotential is an holomorphic function of superfields
and therefore cannot depend on Af.

The most general type Il seesaw scenario involves a pair of triplet superfields with
opposite hypercharges, and the following superpotential,

~ 1 1 < 1 ~
Weesaw = MAAA + ifaﬁAgaeﬁ + 5/\UHHAHuHu + iACIl{HAHde . (5'3'23)
The neutrino mass matrix of eq. (2.1.61) becomes
Ly v

Here, we consider a model that differs from this generic case. We assume that
the p-term is forbidden by a Peccei-Quinn symmetry. The coupling, AH, H, should
be allowed in order to generate neutrino masses, but then the coupling AH H, is
forbidden by the same symmetry as the p-term. We also consider the mechanism
of 5.3.1 to avoid large flavour-changing neutral currents in the quark sector. Thus,
apart from the messenger and MSSM parts, the superpotential contains the following
contributions,

1 1 —

Wseesaw = ifaﬁAgagﬁ + iAHHAHuHu , (5.3.25)
_ 1 _

Whaew = AogAH, D, + 5)\q>¢,Aq)u(I>u + )\;LJ(I)UQZ’LLE R (5326)

with Ay =t AgH, A\os = t%)\HH-
At one loop, the new soft terms with respect to 5.3.1 are

" 3A .

AAY = =55 Nomvisg2 (€a) (5.3.27)
3A?

Amiy, = =255 Mon9s (a) - (5.3.28)

No soft terms for sleptons are generated at this order, because there is no direct cou-
pling between lepton and messenger superfields. However, soft terms are generated at
two loops. In particular, in addition to the usual flavour blind contribution from min-
imal gauge mediation (5.1.28), the slepton squared mass matrix includes the following
term,

A? 1 2 a2
aff — 25671'4 (f f)ocﬁ [2/\¢Ha5fB (an Oa TA, 07 1)

+A34(01 4 05)* f5 (zA, 0,24, 1, 1)} : (5.3.29)

(Am?)
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This is particularly interesting, because it connects flavour violation to the neutrino
mass matrix. Indeed, as can be seen from eq. (2.2.22), the mass insertion parameter
555 (o # ) involved in flavour-violating processes is proportional to the contribution
(Am%)ag displayed here, which, using eq. (5.3.24), can be expressed as

A% M3Z

2 —
(Amg)ap = 647t v

(mlmu)aﬁ fi(te,za) , (5.3.30)
with
fi(za,te) = [2t%3§f3 (xa,0,2,0,1) + t& (01 + 35)% fB (xA,o,:cA,l,l)] . (5.3.31)

This can be compared to the results obtained in ref. [323], where the scalar triplet
plays the role of a messenger. When the scalar triplet is a messenger, it gives sev-
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Figure 5.8: Loop function fg(t@, xa) appearing in the expression of slepton masses.

eral more contributions to slepton masses. However, keeping only the dominant term
among these, the flavour structure is very similar to that of our scenario and can be
conveniently related to that of the neutrino mass matrix. The main novelty here comes
from the presence of two different mass scales. Indeed, one can play with the ratio
TA = Mi/M)Q( and use the variations of the function f;(xa,te), displayed in fig. 5.8,
to control the size of flavour-changing rates in the lepton sector.

5.3.4 Additional comments

The p — B, problem

In both scenarios above, the p- and B,-term cannot be generated because of the
symmetry we imposed (or at least not with the minimal field content). We already
showed that, if they are to be generated at one loop, it is not possible to have them
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both with the right order of magnitude. In the type I and type II seesaw, a way to
generate p and B, at two loop would be to introduce a new vectorlike pair of chiral
superfields (x, x), whose couplings break the Peccei-Quinn symmetry.

For instance, in the type I, one would add the following terms to the superpotential,

Weprr = yix NiHlux + Aix Nidux + yix NiHaX + Myxx , (5.3.32)
while, in the type II, one could introduce the following terms,
W/yﬂf )\HXAHUX + Ad)XA(ﬁUX + AHXAXHd + My xx - (5333)

In both case, using the results of the previous sections, the parameters p and B, have
the following form,

A

n= 25674 Zcihﬂ(%; UUX) ) a= Ni, A, (5.3.34)
A2

BN == 2567774 Z Cihi4(.'l?a, .'EX) s (5335)

where C; is a product of couplings. One could hope that, playing with the ratios of the
different mass scales, it would be possible to make B), small enough compared to p?, in
contrast with models in which the messenger mass Mx is the only scale. Unfortunately,
this turns out not to work numerically: the functions h;o and h;4 typically satisfy the
following relation, h2,(%q, Zy) < hia(a, Ty ), so that unless we fine tune the couplings,
we get pu? < B,,.

Thus, it does not seem possible to use the results of this section to solve the u— B,
problem in a minimal way, which would rely only on the presence of different mass
scales to adjust the Higgs mass parameters.

Leptogenesis

Leptogenesis can easily be implemented in the type I seesaw scenario, just as in its
non-supersymmetric version. It is also possible to play with the ratio of the different
right-handed neutrino masses to lower the scale of leptogenesis.

In the type II seesaw, supersymmetry breaking can mix the scalar components
of A and A. This generates two nearly degenerate states, which could lead to soft
leptogenesis [326, 327]. However, this does not work within the present framework.
Then, the problem is the same as that already encountered in 3.2: leptogenesis requires
an additional source of CP-violation, typically a heavier pair of triplets or right-handed
neutrinos. One can fear that this would spoil the relation between the slepton squared
mass matrix and the neutrino mass matrix.

An exception occurs in the following case: if we introduce two pairs of triplets
(A;, A;), i = 1,2, with couplings labelled )\Sf[)H (which can be chosen real) and f @
and with nearly degenerate masses Ma, = Ma £ dMa, dMa < M, then their total
contribution to the slepton mass matrix, obtained through a strightforward general-
ization of eq. (5.3.29), reads

o A (1)2 (2 A2
e [FOF PN + F@FONDE 1 (rOF O 4 p Ot @) AP D]

% [fi(te,za) + O(Bza)] - (5.3.36)
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This can be rewritten as

~ 2
A = e [ N g filte, wa) (5.3.37)

where we defined the following effective couplings,

(1) 1) (2)
A N
i = A A NS fly = o8 T CHH of (5.3.38)

1
PR

The same effective parameters can be used to express the neutrino mass matrix,

_ <1> va L@ e vl IMa

1 2
Lo fl g (5.3.39)

= 9 \HH aﬁm
Thus, the relation between the slepton and neutrino mass matrices is preserved, and
the presence of two quasi-degenerate triplets allows to achieve leptogenesis at a much
lower scale than what was observed in chapter 3. However, the drawback of this
scenario is that it seems difficult to justify the existence of two fields very close in mass
but with different couplings (in particular, f M) and f@ should have different phases
in order to have a non-vanishing CP violation).

5.3.5 Conclusion

In this chapter, we derived expressions for supersymmetry-breaking terms in a general
framework of extended gauge mediation. To achieve this, we used a method based on
that initially proposed in ref. [309]: first, we computed wavefunction renormalization
of superfields in the exactly supersymmetric theory, and then we extracted soft terms
by promoting the messenger mass parameter to a chiral superfield (X) = My + Fx6?.
This method allows to derive first order terms in Fyx/M#%, which are dominant if the
supersymmetry-breaking scale is not too low. Finally, we applied these general results
to specific scenarios, which include both extended gauge mediation and the seesaw
mechanism.

The new ingredients here with respect to previous works on extended gauge me-
diation is the presence of heavy fields that are not messengers, and the existence of
direct couplings between messengers and these heavy fields. In particular, this case is
not covered by ref. [322] which gave very general methods to study extended gauge
mediation with several different kinds of couplings between messengers and matter
fields. Because of this, there are several different mass scales and soft terms therefore
depend on non-trivial kinematic functions.

The supersymmetric seesaw mechanism fits naturally in this framework, and allows
to describe in a common model gauge mediation, neutrino masses and leptogenesis.
Direct couplings between messengers and other fields generate A-terms at one-loop
and new contributions to scalar masses, which give rise to flavour violation that may
be in conflict with experimental bounds. Ref. [314] introduced a solution to this
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problem, that makes flavour violation minimal. Applying it in the context of the
seesaw mechanism, this generates soft terms for the leptons which can be expressed
in terms of the same couplings as the neutrino mass matrix. In the type I seesaw,
unfortunately, the combination of couplings appearing in the slepton and neutrino
mass matrices are different, and predictions on flavour violation depend strongly on
the flavour model used to describe neutrino Yukawa couplings. In the type II seesaw,
on the other hand, the flavour-violating contribution to the squared mass matrix of
sleptons is simply proportional to m/m,,.

However, in the type I and type II seesaw, the fact that the existence of several
different mass scales allow to adjust the magnitude of soft terms is not enough to solve
the p1/B,, problem of gauge mediation in a minimal way. If 4 and B,, are generated
through this mechanism, B, is always too large compared to p2. Thus, it seems that
the p/B,, problem needs a separate solution.



Conclusion

Ce n’est qu’en essayant
continuellement que 'on finit par
réussir. Autrement dit : plus ¢a rate,
plus on a de chances que ¢a marche.

Proverbe shadok

The Standard Model contains every elementary particle that has ever been seen
experimentally. With the discovery of the Higgs boson, the converse is now also true:
every particle predicted by the Standard Model has been discovered. However, a
complete theory of nature should, among other things, account for neutrino masses,
dark matter and dark energy and provide an explanation for the origin of the matter-
antimatter asymmetry of the Universe. Thus, the Standard Model has to be embedded
into a bigger picture. In the lepton sector, low energy phenomena could provide an
interesting probe of new physics. For instance, the observation of neutrinoless double
beta decay would be an unmistakable sign that neutrinos are Majorana particles, while
flavour violating processes in the sector of charged leptons are so much constrained in
the Standard Model that their observation would be a very clear signal of new physics.

A good example of the links that can exist between high energy and low energy
physics is leptogenesis, that provides a common origin for neutrino masses and the
matter-antimatter asymmetry of the Universe. Leptogenesis is in general difficult
to probe directly due to the large mass of particles involved, but it can be related
to properties of neutrinos: for instance, any indication that neutrinos are Majorana
fermions would strongly advocate for such scenarios. In chapter 3, we showed the
importance of flavour effects in the context of leptogenesis with a scalar triplet, even
in a temperature regime in which the Yukawa couplings of leptons do not allow to
distinguish them. With respect to that matter, leptogenesis with a scalar triplet differs
from scenarios involving hierarchical right-handed neutrinos. These flavour effects
significantly enlarge the parameter space available for successful leptogenesis. We also
studied a model in which the CP violation responsible for the lepton asymmetry can
be expressed straightforwardly in terms of neutrino parameters, which makes it very
predictive.

In chapter 4, we saw that supersymmetry with broken R-parity can account for
neutrino masses without resorting to new heavy states. In such a case, we showed how
the fermionic partner of a pseudo-Goldstone scalar plays the role of a sterile neutrino
that can explain the Gallium and reactor anomalies. Future neutrino experiments
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will shed new light on the anomalies and explore the parameter space allowed by this
model. This illustrates how supersymmetry, usually considered from the high energy
perspective, could manifest itself in the neutrino sector.

If supersymmetry is realized in nature, it has to be broken. Supersymmetry break-
ing in itself is not easy to model, but we know that it should happen in a separate sector,
and be transmitted to the visible sector by some mean. Gauge mediated supersym-
metry breaking is a very predictive scenario that allows to compute supersymmetry-
breaking term from a small number of new parameters, but it is in tension with the
measured Higgs boson mass, slightly larger than what minimal scenarios would predict.
In chapter 5, we studied models of extended gauge mediation, that provide a solution
to this problem. We derived formulae for the soft terms in a general framework in-
volving messengers with direct couplings to both light and heavy fields. The extension
of gauge mediation has a cost, because it requires to introduce new couplings, which
can induce uncontrolled flavour violation. However, it is possible to align the flavour
structure of the new couplings with that of the Standard Model Yukawa. The general
formulae can then be applied to seesaw scenarios, where they lead to prediction for
flavour-changing observables in the lepton sector. In particular, in the type II seesaw,
the squared mass matrix of sneutrino has the same flavour structure as the neutrino
mass matrix.

There is strong evidence of physical phenomena beyond the scope of the Standard
Model, but it is still unclear what the new physics is and where it will show up. In
particular, supersymmetric theories have interesting features but are more and more
constrained by the non-observation of the superpartners of Standard Model fields. The
next run of LHC at 14 TeV may unblock the situation if new sates are discovered. New
physics could also manifest itself at low energy and it is therefore of great importance
to distinguish the physical manifestations of the various possible scenarios. Precision
measurements could then provide valuable information, and especially if new states
are beyond the reach of colliders.



Appendix

A Boltzmann equations

A.1  Classical derivation
The equilibrium phase-space distribution function for a particle a is given by

1

PalP) = SE 11 (A1)

in which the plus sign applies for bosons and the minus sign to fermions. The density
of particles a is related to their phase-space distribution (which does not necessarily
have its equilibrium form) through

3
o =10 [ G0 (A2)

where g, is the number of degrees of freedom. Then, the Boltzmann equation describing
the evolution of the density n, stems from [328]

dng,
dt

—|—3Hna:Z{v(bl...bn%aal...am)—y(aal...an—>b1...bn)} . (A.3)

which describes homogeneously distributed particles in an expanding universe. The
first term on the right-hand side refers to reactions that create a particle a, and the
second one to their counterparts that destroy a particle a. Formally, the space-time
density of reaction for a process aj ...a;, — b1 ...b, reads

n

y(ay .. am = by ... /H o) 32w ——a—a, (P H 27r 32w~ [1:|:,0b (qg)}

IM% (2m) 6™ (py + .. +pm—q1—--.—qn), (A.4)

where |M|? is the squared matrix element for this process, summed over the internal
degrees of freedom of the initial and final states. To obtain Boltzmann equations, some
approximations are performed. First, we neglect Bose enhancement and Pauli blocking
factors 1 + py,(g;) for the final states particles. Then, the Bose-Einstein and Fermi-
Dirac distributions (A.1) are approximated by the Maxwell-Boltzmann distribution,

pa(p) = e~ PE) (A.5)
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We define the thermal average of the space-time density of reaction, which, for the
abovementioned process, reads

n

e s d3
'yq(al...am—>b1...bn) :/1_[1(271_)%/)&1 H 271. 320}“

\M!2<2w>45<><p1+...+pm—q1—...—qn>, (A.6)

where this time the p®?’s are the equilibrium phase-space distribution function at zero
chemical potential,

cA(p) = e PP (A7)

Finally, we approximate eq. (A.3) by

d
Z;a +3Hn, = Z{Zﬁé-.."ggyeQ(b by = aay..ap)
by ny,

eq eq -

Nq nal nam eq }
— aay...anp—>by...b . A8
ngd p&d ncq Y ( 1 n 1 TL) ( )

From now on, we drop the superscript eq for the space-time densities of reactions, so
that vy(aj...am — by...b,) will refer to the thermally averaged quantity defined in
eq. (A.6).

When considering small asymmetries, it is convenient to linearize the Boltzmann
equation for An, = ng—nge. This is done as follows. The particles such as leptons and
Higgs doublets remain close to equilibrium, thanks to fast gauge interactions, which

ensure in particular g, = —pqc. Then, performing the expansion of the density n, in
Ua, WE get
g ¢(3) + (2) +O(p?) for bosons ,
na(T, ) = TTZTS ¢(2) (A.9)
C( )+ 22220 4 O(u2)  for fermions |
T 2
so that the sum of the densities of a and a® is then given by
c __ eq 2
ng +ng = 2n,1+ O (,ua) , (A.10)
where nSd is the equilibrium density for u, = 0, whereas the asymmetry is
9C(2) 14+ 0(u2) for bosons ,
Ang =ng —nf = == 5 la 2 ) (A.11)
™ 3 + O(uy;) for fermions .

For a CP-conserving process, i.e. satisfying

v(ay...an = by...by) =7(af...a;, — b]...0)
:’y(bl bn —>a1...am)
_fygll I;l" , (A12)
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using egs. (A.10) and (A.11), we see that at first order,

Nay Na,, nai na%

o —eq (@1 @, = b1 by) — . g y(al .. ag, — BT .. by)
Nay Na, a1 an,
An, Ang,,
— (S S ) (A.13)
Nay Nan

In leptogenesis, it is convenient to define the parameter z = M /T, where M is the
mass of the decaying particle, and to use densities and asymmetries normalized over
entropy, Y, = ng/s and A, =Y, — Yge, so that the linearized Boltzmann equation for
A, is the following,

dAa Ab Abn Aa Aa Aam aaj...an
SHZidZ ZSQFY+Z{<}/I)QI(§+...+YZ:1—W—@---_aefg)%n..l.bn }’
(A.14)

where Sz refers to CP-violating source terms, which will be dealt with in A.3.

A.2 Decays and scattering rates

Before going further, we display the typical form of the space-time densities of reactions
appearing in Boltzmann equations.

General formulae

When considering a 2-body decay such as a — b1ba, eq. (A.6) reduces to

Ki(z
P)/Z?lbl = SYaeq K;Ez; F(a — blbg) . (A_15)

In the leptogenesis scenarios studied here, we modified slightly this definition when
considering the total space-time density of decays for the triplets A and A€, namely

K1(2)
A eq 1
= s3] Ta, A.16
YD A KQ(Z) ( )
where YA = (na +nac)/s is the comoving number density of triplets and antitriplets,
K 2(z) are modified Bessel functions of the second kind, z = Ma /T and T' is the
triplet decay width.

For 2 — 2 scatterings, eq. (A.6) becomes

_ > 1/2 A Vs
v(a1 4+ ag — by + b)) = 61 Smmdss 125 (s) K, (T) , (A.17)
where the reduced cross section & is defined in terms of the usual dimensionful cross-
section as
&(s) =2s\(1, m2 /s, m2, /s)o(s) (A.18)
Ma, b, ¢) = (a —b—¢)? — 4bc | (A.19)

and is summed over the internal degrees of freedom of initial and final particles.
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Substraction of on-shell intermediate states

A well-known problem is the possible redundancy due to the contribution of on-shell
intermediate states to scatterings [329]. For instance, an s-channel scattering such
as ¢ — HCH€ involves a contribution with an on-shell intermediate triplet, which is
nothing but an inverse decay ¢/ — A€ followed by a decay A® — H®H®¢. Since these
are already taken into account in Boltzmann equations by terms describing decays and
inverse decays of the triplet, if we include scatterings without further care, they will
be counted twice.

Therefore, when computing 2 — 2 scattering rates, one must take care to properly
subtract the contribution of on-shell intermediate particles. When the resonance occurs
in the s-channel, one can compute the subtracted rate by taking away the resonant
part from the squared propagator in the narrow-width approximation [330]:

a2
ID|*> — |D]?— -~ 5(8 M ) (A.20)

M?3T M?

where M and I' are the mass and width of the intermediate particle, and D is the
propagator of the intermediate state in the Breit-Wigner form,

1
D= ———r——. A.21
s—M?+iMT ( )
Similarly, when computing v(¢A¢ — ¢A€), which occurs in both scenarios presented
in 3.2 and 3.3, one has to subtract the contribution of real intermediate leptons in the
u-channel, corresponding to the two processes A® — (¢ and ¢/ — A°. Following [187],

we perform the subtraction in the following way:

2 2 T u
D2 = |D| E3Fth5<E>’ (A.22)

where F is the energy of the intermediate lepton, I'y, its thermal width due to the
interactions with the dense plasma, and the propagator of the intermediate lepton is
1
D= —u—. A.23
As in [187], we use the following representation of §(z) in numerical computations,
2 e

W)= ey

(A.24)

where € is a small number. In the limit of small width, which we assume to be valid,
one can simply set e = I'/M for a resonance in the s-channel with an intermediate
particle of mass M and width I', and ETy, = eMi for a resonance in the u-channel,
with any small value for e. This amounts to perform the replacements
1 (s — M?)* — M21?
M2)2 & p2er2 — 2 20
(s — M2)" + [(s = M2)? 4 2272
1 u? — M?T%
7 2 -
W+ MY [u2 4 M2r3

(A.25)

(A.26)

With this choice, we can compute the subtracted rates for the various 2 — 2 scatterings.
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A.3  CP violating terms

In A.1, we showed the derivation of CP-conserving collision terms in classical Boltz-
mann equations, but let aside the CP-violating source terms.

Let us consider the case of the general leptogenesis scenario involving scalar triplets
3.2. In this scenario, the CP asymmetry in the decay of A is due to an interference
between the tree-level diagram and the diagram with a Higgs loop, displayed in fig. 3.3.
First, we derive explicitly a Boltzmann equation for a very simplified model including
only decays and inverse decays of the triplet. We neglect flavour effects and spectator
processes. Using CPT invariance, the relevant scattering rates satisfy

B 1

YA = ) = (£ = D) = Toap + 1*p (A.27)
B 1

V(A = (0°) = v (00 — A°) = 7%, - Ze%p . (A.28)

the Boltzmann equation for the lepton asymmetry derives from

dA Yae Y2 B 1
3Hz€:2< o L >(£’YD+€A’YD)

dz Y Y;qQ 2 4
YA Y By 1 A )
-2 —p — — A.29
(Yzq + neq?) ( 2 YD 46 YD ) ( )
which, after linearizing, gives for the source and washout terms
Hz— = 1 — 2By | =g + =5 . A.30
sHz P € (E(Zl + YD l; E(Zl + Y;q YD ( )

This cannot possibly be correct, because it gives rise to an asymmetry even when the
system is completely in equilibrium, with Y5 = E‘Zl and Ax = Ay = 0, which is in
contradiction with Sakharov’s third condition.

This happens because we neglected a source of CP violation occurring at the same
order [331]. To understand the problem, we include now the scattering ¢/ — H°H®.
In this scenario, it can be mediated by the exchange of a triplet in the s-channel, or
by the effective operator with coupling . We focus on the interference between the
two amplitudes in the effective cross-section, which reads

e R AT

CHH®) = 67 A 1-2)2+e A Q-z2+e |’
(A.31)

where we defined the dimensionless parameter x = s/MZ, whereas, for the CP-

conjugate process (/¢ — H H, this becomes
(ot = 32 Rlpe(fah)] 1. S[wwu(te)]
CHH) = 6y A (1—x)2+¢€ A (1-z)2+e [’
(A.32)
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The sign of the second term is different in the two cases, which means that this scat-
tering is actually another source of CP violation, which has to be included in the
Boltzmann equations. In terms of space-time densities of reaction,

v (06 — H°H®) — ~'(¢°¢° — HH)

_ Ma / do/T K1 (2/z) [6(00 — HCH) — 6(0°0° — HH)] , (A.33)

 64miz

where the prime means that we have subtracted the contribution with an on-shell
intermediate state £/ — A — HC°H€¢, which is already accounted for in decays and
inverse decays, as mentioned in A.2. In the narrow-width approximation, we can
perform the following replacement,

orra "D, (459

so that the previous term becomes

v (06 — H°H®) —~'(¢°¢° — HH)

M 30 S [urte(f1R)]
= Ginis /dx rvr Ki(2v/1) x 2 % 16702 A xmo(x—1)
—
3M4 S [u tr(f H)}
= Ki(z) ————, Al
5ioni, L102) A (A-35)

We can compare this to the term accounting for the CP asymmetry in the decay of
the triplet, which reads

V(A = 00) — (A — (°6°)

* T
1A 11 %‘[u tr(f R)} 1 K1(z)
= == — (A7 + N5 M DI .
2T N G e, Bar T A Ma X s R T
(A.36)
Using the explicit expression of the thermal distribution,
e e e 3M3
sEU =nd +nil = TQZAKQ(Z) ) (A.37)
this becomes
3M4 S [wrtr(fr)]
AC — 00) — (A — £94°) = A A.
AT = 80) = 7(A > £°0°) = LR (2) (4.38)

Thus, v/ (00 — HCH®)—~'(£°t¢ — HH) = e®~p, as can be seen by comparing eq. (A.35)
and eq. (A.38). Then, using again the CPT invariance, we can express the space-time
densities of scatterings as

1

N0 — HCH®) =~ (HH — (°0°) = 7 e + QG%D , (A.39)
1
N (¢ — HH) =~ (HH® — 00) = e — =e™p (A.40)

2
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where we separated for each process the CP-conserving part and the CP-violating
part. Using this, we write down explicitly the derivation of the corresponding terms
appearing in Boltzmann equations,

dA b)) A A
sHz= =t = ¢ < A+1>7D—235<A+e€1>’m

dz Dy Sy Y
YQC Y% 100 1 A YI% YZQ 10 1 A
(A.41)

Again, this can be simplified by linearizing and using the fact that because of gauge
scatterings, the Higgs and lepton densities are maintained very close to equilibrium,

dA, XA AYNEREAY Ag  Ar\
sHz—— = -1 — 2B 4 cre -
4 € <ET > YD ¢ <Z¢Zl + Jreq Y, YD — v Ty YHeH

(A.42)

The previous problem is solved because the right-hand side contains precisely what is
needed to ensure that the asymmetry remains zero when everything is in equilibrium.
This means that even if the off-shell scattering rate 'y}% ge is small enough to be
neglected, its CP-violating part should always be included in Boltzmann equation,
which is usually done implicitly.

This result is actually a consequence of CPT invariance and is more general than
this. At any order in perturbation theory, the sum of all processes creating a given
state must be CP-conserving, which implies for us

Z|M a— )| Z IM(a® — £°0°)|? (A.43)

where a = A°, H°HE€,... can be any multi-particle state.

A4 The closed time-path formalism

To derive the the flavour-covariant Boltzmann equation for the density matrix, we used
the Closed Time-Path (CTP) formalism [332-335]. The CTP formalism is a powerful
tool that allows to describe out-of-equilibrium quantum phenomena. However, since
we worked in the Boltzmann approximation, we used it principally to read the flavour
structure of the source and washout terms, which we reported then in the classical
Boltzmann equation.

The framework

The CTP formalism relies on the introduction of an oriented closed time-path, C, that
goes from 0 to oo and back (fig. a). The upper branch, Cy, is time-ordered, whereas
the lower branch, C_, is anti-time-ordered. We define Green’s functions G(z,%) that
are ordered following the contour. This means that, since both 2° and ¢° can lie either
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A

Figure a: Schematical representation of the time-path C.

on the upper branch or on the lower branch, there are four possible orderings. G(az, Y)
can therefore be defined as a 2 x 2 matrix

t <
é(a:,y) — G>(‘T7y) ﬂ:G{(:L’,y) ’
G ($,y) -G (CC,y)

where the element G< comes with a plus sign for bosons and a minus sign for fermions.
This is known as the doubling of the degrees of freedoms [336]. G*, that refers to the
case where both z° and y" lie on the upper branch, is the usual time-ordered Green’s
function, whereas G, that refers to the case where 2% and 3° lie on the lower branch, is
anti-time-ordered. The explicit expression of the various components of the left-handed
lepton doublet Green’s functions are the following,

as(ry) = —illa(2)s(y)) . (A.45)
s(@y) = i{la(y)la(2)) | (A.46)
Le(zy) = 0(2 —y0)GZs(x,y) +0(y° — 2)G(,y) (A.47)
Lolzy) = 0(y° — 2G5z, y) + (2" — )G s(2.y) (A.48)
where the brackets indicate that we take the average over all available states of the

system and «, 8 are lepton flavour indices, whereas for a scalar field ¢(z) (representing
a Higgs doublet or a scalar triplet),

(A.44)

G3(zy) = —i(¢(x)¢'(y)) , (A.49)
G5 (zy) = —i(¢'(v)o(x)) (A.50)
Gi(z,y) = 0(z" —y°)G7 (2, y) +0()° — 2°)G5 (x,v) (A.51)
Gh(zy) = 0(y° — 2°)G3 (z,y) + 0(a° — y*)G5 (. y) (A.52)

Explicit expression of the Green’s functions

In order to express the Green’s functions more explicitly, we write the Dirac field as

o) = [ %d:WZ( u(p,$)b(Fs)e ™7 + 0(p, )l (7 5)e ) L (A53)

where wy = \/p? + m?. The phase-space distribution functions of lepton and antilep-
ton doublets pog(p) and pag(p) are matrices in flavour space, defined by

(BL(B)bs () = (21385 (5 — ') pas (D) (A.54)
(d () da(P)) = (27)°6C) (5 — 1) pas () - (A.55)
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The reversed order of the flavour indices a and 3 in the definition of p,g(p) ensures
that the distribution functions of lepton and antilepton doublets transform in the same
way under a rotation in flavour space, £ — V*/,

p — VpVvi, (A.56)
p— Vpvi, (A.57)
which is essential for flavour covariance, since the density matrix of lepton asymmetry

(Ag)ap will be expressed in terms of pos — pag. Similarly, the phase-space distribution
functions of a charged scalar ¢ and of its antiparticle are defined by

(al(Pag(@)) = (27)*6@) (5 —p)py (), (A.58)
L @bs(P)) = (2m)383) (7 — 1) ps (), (A.59)

where ay(p) and bl;(ﬁ) are the annihilation and creation operators appearing in the
definition of the free charged scalar field,

35 . .
o00) = | gy (7 4 ). (4.0)

With these definitions, the Green’s functions G~ and G< for left-handed lepton dou-
blets can be written as (neglecting lepton masses)

) d3p —ip-(z— — in-(z—
ZGEQ(Q%?J) = PL/(%T)% P{[Csaﬁ—f?aﬁ(ﬁ)]e P y)+pa5(ﬁ>ep( y)}PR,
P
(A.61)
) d3p —ip-(z— — ip-(z—
IG5, (r,y) = —PL/(%)% ﬁ{ﬁag(ﬂ)e PEY) 4 [5ap — pap(D)] € y)}pR'
iz
(A.62)

The time-ordered Green’s function can be deduced from the previous expressions,
iGho(z,y) = dag PLS(2,y)Pr

3
— P / _dp P {p 5(P) e~y _ 5 5(P) eip-(:c—y)} Pg (A.63)
(2m)32wy T U “ ’

as well as the anti-time-ordered one,
iGha(,y) = —das PLS(y, ) Pr

d’p —ip-(z—y) = ip-(z—y)
+ P [ g P{16as = pas(@)] € ~ [0ap = Pap@)] €7V} Py,

)*2wp
(A.64)
where S(z,y) is nothing but the usual propagator of the (massless) Dirac field,
d*p ip i (
— —ip-(z—y) A
S(z,y) / )i+ e . (A.65)
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For the scalars, the various Green’s functions are given by the following expressions,

. &*p —ip-(a— ip-(a—
i3 w0) = [ g {11+ o7 4 eV} (A.66)
iG< — d’p ip(z=y) 4 [1 4L 5 ip-(z—y) A67
iG3(z,y) = m{%(ﬁ)e +[1+ps(P)] e } ; (A.67)
- ~t d3p —ip-(z—y) ip-(z—y)
iGy(r,y) = D(x,y) + m {Pqﬁ(ﬁ) e + py(D) e } ; (A.68)
.GE _ D d3p 1 —ip-(z—y) 1 ip-(z—y)
iGy(z,y) = —D(x,y) + m{[ + pg(D)] € + 1+ ps(p)] e } ;
(A.69)
where D(x,y) is the Klein-Gordon propagator,
D(x ) = / d4p ‘ e—ip~(x—y) (A 70)
Y (2m)% p2 —m? + ie ' '

Notice that, under CP conjugation, considering for instance G, the Green’s func-
tion for lepton doublets transforms as

(CP)G3, CP) ! (x,y) = CGL (y,2)C " = =G5 pr(y: ) | (A.71)

where the subscript RL indicates that the order of the projectors P;, and Pg is reversed
with respect to eq. (A.61). For scalars, this transformation takes the following simple
form,

(CP)GZ (CP) ™ (z,y) = G5 (y, ) - (A.72)

From the Schwinger-Dyson equation to the Boltzmann equation

The Green’s function G is a solution of the Schwinger-Dyson equation,
G(x,y) = Gz,v) /d4z1/d422 GOz, 21)2(21, 22) G (22, 9) . (A.73)

¥ is a 2 X 2 matrix containing the self-energy functions >, <, 2 and 3¢, defined in
an analogous way to the Green’s functions G~, G<, G* and G?,

~ DI SIS
_ <z> —zt> , (A.74)

where again, the plus sign in front of X< applies for bosons and the minus sign for
fermions, and GO is the free 2-point correlation function. The Schwinger-Dyson equa-
tion can also be written as

G(z,y) = G°(z,y) /d4zl/d 20 Gz, 21)2 (21, 22) G022, y) (A.75)
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From now on, we focus on lepton doublets. Acting on egs. (A.73) and (A.75) with the

operators zgz and i(ﬂy, respectively, gives the following equations of motion,
iDuCpalrry) = 6@ — ) bag T + 3 / A2 (2, 2)Cral(2y) (A.76)
’y C
. — @ . .~ -
G,Boa(xa y) Zay = -9 ($ - y) 5aﬁ I+ Z dz Gﬁ’Y(xv Z)Z’ya('z7 y) ) (A77)
’y C

where we used the fact that the free Green’s function for massless fermions satisfies, by
definition, iangﬂ(m,y) =Wz —y) dap I, with I the identity matrix in both spinor
and CTP spaces. This is nothing but the Dirac equation for massless free fermions.

We will use the Schwinger-Dyson equation to derive a Boltzmann equation for the
density matrix. First of all, applying eq. (A.2) to lepton doublets gives

(n0has =5 % (0o =2 [ 325 pas(s) (A78)
(o = 5 % (V)oa =2 [ 23 (A.79)
(8nas =5 % (o)as =2 [ 325 lpasl) ~ pusld)] - (A.50)
Defining the current J},5 as
Jhg =1 layls -, (A.81)

where the colons refer to the normal orderings of the operators, the expression of
eq. (A.80) can be seen as the expectation value of the zero component of this current,

(Anyg)ap = (J25> = (: ELEB . (A.82)

The divergence of this current (or more precisely of its expectation value) can be
conveniently expressed in terms of the Green’s function GEQ,

<8MJ5/3> =— tr [(25;@ + igy)GEa(x,y) _ (A.83)

where the trace is taken over spinorial and SU(2), indices. This is precisely what we
need, because we can use the Schwinger-Dyson, and more precisely the expressions
derived in egs. (A.76) and (A.77), to express the right-hand side of eq. (A.83) in terms
of the self-energy functions X~ and X<,

Oults) = = [ s 1 [S5,(02) Gl ei0) — Bhy (0.5 (50
fGE,Y(x,z)Efya(z,x) + Ggw(x,z)z%l(z,x)]

t
_ / P / dt, tr [S7, (2.2) G5 (20) — 55, (2.2) G0 (22)
0

—Gg (2,2)55,(2,2) + Ggw(x,z)Zia(z,:L‘)] . (A.84)
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(CP) Gy, (CP)™

AN - /
(CP)Ga(CP)!

Figure b: One-loop contribution of the triplet to the self-energy 3, of lepton doublets.

Since we consider a homogeneous and isotropic medium, the divergence of the current
is equal to its zero component ﬁngﬂ. Finally, we incorporate the expansion of the
universe by making the following replacement in the above equation,

d(AZ)aﬂ
dz

dAn,
(80J2/3> o, (808 +3HAn.z = sHz

— (A.85)

which amounts to replacing the ordinary derivative by a covariant derivative in the
Friedmann—Lemaitre-Robertson—Walker metric. We thus obtain the quantum Boltz-
mann equation for the density matrix (Ag)qg,

d(AZ)aﬁ 3 !
sz 10008 / &3 /0 i tr [S7, (2,2) G5 () — 55, (2.2) G (2.0)

~G3, (2,2) 55, (2,2) +G§7(x,z)2,§a(z,x)} : (A.86)

This expression is rather abstract, so we focus on a simple explicit example to illus-
trate the link between this equation and the Boltzmann equations previously written.
From now on, we focus on the general approach to leptogenesis with a scalar triplet
presented in sec 3.2. In order to simplify the discussion, we forget spectator processes in
this derivation. Fig. b shows the contribution of the triplet to the one-loop self-energy
for the lepton. This is the equivalent in the CTP formalism of the washout term due
to tree-level decays and inverse decays in ordinary Boltzmann equations. From this
figure, we can read for instance the first term on the right-hand side of eq. (A.86),

(23, (2, 2)G5a(z,2)| = (<ifhe) (—ifp) tr[iGR (2, 2) () G5, oo (2, 0)iGa (2, )]

— d3p A3k 431 .
= 3/(27r)32wﬁ/(27r)32wk'/(27r)32w fggf»pr(k.l)

.
5 {PA@) e~ (z=2) 4 {1 + ﬁA(ﬁ)] eip(z—m)}

x {pop(K) e ™R CE=2) 1 [6,, = Byp()] e}

v {pay(B o—il-(z—) + {5047 - ﬁay(f)] eil-(z—a:)} , (A.87)

where the factor 3 comes from the trace over SU(2) indices (roughly speaking, it can
be understood from the fact that this is an interaction between two SU(2) triplets, ¢/
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and A). This expression begins to look like the collision term of eq. (A.4), which is
indeed what we are aiming for. However, the expression of eq. (A.87) (or rather its
integral over z) includes non-markovian memory effects that are not present in classical
Boltzmann equations.

Reporting this expression in the right-hand side of eq. (A.86), it is easy to get
rid of the integral over the spatial coordinates of z, which gives simply a momentum-
conserving delta function. The integral over t, is more subtle. The classical limit is
obtained by assuming that ¢ is much smaller than the relaxation time of phase-space
distribution functions, which can therefore be factorized out of the integral, but much
larger than the typical duration of a collision, so that the time integral can be extended
to infinity. This is actually an assumption that is usually implicitly made when writing
Boltzmann equation. Indeed, Boltzmann equations rely on the fact that the successive
collisions affecting a particle are independent from one another, so that there are no
memory effects.

Concretely, this assumption amounts to replacing the integral of oscillating ex-
ponentials by energy-conserving delta functions, which are exactly what we need to
recover classical Boltzmann equations, plus terms proportional to the principal value
of 1/(wp £ wg £ wy), where p, k and [ are the momenta of the scalar triplet and of the
two leptons, respectively. The latter terms, however, can be neglected because they
arise at second order in the CP asymmetry. Indeed, all terms involving a principal
value are proportional to npg(E) +ﬁpU(E), where npU(E) (resp. ﬁpg(E)) parametrizes the
departure of the phase-space density ppU(E) (resp. ﬁpa(E)) from its equilibrium value,

Ppo(F) = pEUE) [Gp0 + 100 ()| + Ppo(F) = p{A(E) [dpo + a0 (R)] - (A88)

Since the imbalance between the lepton and antilepton densities is generated by the
asymmetries in triplet decays, which are small numbers of order e, while the lepton
and antilepton populations are maintained close to equilibrium by fast electroweak
interactions, one has?

Npo (k) = Tlop(k) = O(e) , (A.89)
Npo (k) + Tlop(k) = O(2) . (A.90)

After dropping these terms proportional to 7,5 + 7,s, we are left with energy-
conserving delta functions only. These delta functions ensure that only terms which
are kinematically allowed for on-shell particles remain. In the case of eq. (A.87), the
remaining terms are precisely the ones describing the decay A — £°¢¢ and inverse
decay 00 — A€,

t
/d?’z/ dt, tr {Egv(x,z)Gia(z,m)}
0
3

d &k P
- _/ (27T)3];w13‘/ (2732w / @r e, el () @2m)'sW(p—k—1)

- —

x {ppg(k)pay(é) [1 + m(ﬁ)} + pa(p) [50,,) - ﬁgp(E)} [% - ,am(/%')}} . (A.91)

3Egs. (A.89) and (A.90) generalize the relations between the number densities derived in egs. (A.10)
and (A.11).
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whereas the terms describing off-shell processes are eliminated. For instance, there is
a term proportional to

PAB) % Pop(k) X [Say = par(D)] 6D (p+ k=) , (A.92)

describing an off-shell process of the type £A — ¢¢, which disappears because the delta
function is always zero when k, [ and p are on-shell.

Eq. (A.91) has exactly the same form as eq. (A.4), except that there is now a
nontrivial flavour structure. In particular, it is not possible to identify the factor
fi, fyo(k.l) with the modulus squared of a matrix element. Computing the other
contributions from fig. b to the right-hand side of eq. (A.86), and making the same
approximations as in section A.1 when we derived Boltzmann equations?, we obtain
the washout term WO{BD associated with triplet decays and inverse decays:

2B A 1
1D E A T T A
Wag = 5z | oo + e (Yerv 1+ pYE Y- (Ve e Ym)aﬁ] D

l
(A.93)

One can linearize this expression, using again the fact that flavour-blind gauge inter-
actions keep the lepton densities close to their equilibrium values, so that egs. (A.10)
and (A.11) give

(Yf)aﬂ - (ch)aﬂ = (Aé)oaﬂa
(Yap + (Yie)ap = 2Y7 [0 + O(?)] . (A.94)

Finally, the term which appears on the right-hand side of the Boltzmann equation for
the density matrix (Ay)qp reads

WiE = 25 | a5 + gy (TS 4 1780+ AT, ]n% - (A9)
l

A similar reasoning could be applied to derive other washout terms as well as
the flavour-covariant source terms, although things become more complicated when
dealing with scatterings and one-loop decays, because these expressions, which arise
typically at the order f* or f 2)\2,, are described by two-loop self-energy diagrams in the
CTP formalism. However, since we know that the CTP formalism leads to (flavoured)
Boltzmann equations in the classical limit, it is possible to avoid such technicalities.
Working on an example, we show how here the effective method that can be used to
derive scattering terms.

We consider the triplet-mediated contribution to the lepton-Higgs scatterings, which,
in the CTP formalism, involves the 2-loop diagrams displayed in fig. ¢. The flavour
structure can be read directly on the diagram, using the following rules: a lepton prop-
agator going from a to 3 yields a factor (Y7)a5/Y,? for an incoming lepton, and 8,4 for
outgoing leptons, whereas a Higgs propagator yields a factor Y /Yy for an incoming
Higgs and a factor 1 for an outgoing Higgs. Rules are similar for antiparticles.

More explicitly, we neglect Bose enhancement and Fermi blocking factors, for instance
[5a5 — pag(k)] — dap, and we factorize the particle densities out of the integral.
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Figure c¢: Two-loop contributions to ¥g,G~o (left) and Gg,X,o (right), that give
the flavour structure of the scalar-mediated lepton-Higgs scatterings £¢ <+ H H® and
(H < (°H° (and their CP-conjugate) in the Boltzmann equation for (Ay)qgs.

Focusing on the s-channel scatterings ¢¢ <> H°H® and ¢°¢° <> H H, we see that the
flavoured scattering term will have a contribution proportional to

(Ye)ay (YZ)"P YI-QIC (Yee)ay (YZC)o—p H
f'VPfBU [ geq Y';q YE%2 6047600 - }/geq i/f + YEqQ(S 5

(Yf)ap (Yﬁ)vﬂ YI-2IC (YéC)UP (ch)w 2
[ € € - J o € € 98,0 i
+fpf7"lqu qu YI?I%Q ByCp qu qu +Y13q2 ByYp
Ap 1 Tet | ot t
=AU Nasgss + gox (AT + 1118+ ML) (A.96)

This is only the contribution of s-channel scalar-mediated scatterings. Taking now into
account all the contributions to lepton-Higgs scatterings, and normalizing properly®,
the washout term accounting for lepton-Higgs scatterings in the Boltzmann equation
for (Ag)qp reads

, :
Wil = (ffT)aﬂqu + q( P + £ A+ Df )|
¢ L J
-
* R (fx! )agyeq gy (ZfAT T+ff<cTAg+AgfmT)a6 Vo
2 _ AT ¢t TA, - Ayt
+ g | )aﬁyeq +4qu (210711 + w100+ Ak ] )aﬂ i
.-
+ 2 (K T)ag qu qu AT k! + kTA + AMHT)a/B (A.97)

5 For this example, it can be done very simply by considering the single-flavour case, in which we

A A
know that we should recover W =2 <Y8€‘ + Ygl (27}? Cre +Vite )
¢ H
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B Loop integrals in wavefunction renormalization

In this section, we give the expression of the loop integrals involved in the computation
of the wavefunction renormalization in section 5.2.3.

B.1 Contribution of the superpotential

The A* contribution to the two-loop wavefunction renormalization, summarized in
fig. 5.5, can be written as

> D% +ioz L = AN A st N M | 5 T4 32 1
Kl mp « L klmn klm
+ dy, dkp)\aklAﬁlm)\mnp)\knp [QIB Py 3271'2 —1Ip }
+ A5 TN A g N Aimp I+ 5ng)| .. (B
The loop integrals are the following ones,
IZlmnp :/ ddp d’k p2 (B.Q)
(2m) (2m)? Dy (p) Di(p) Din(p) D (k) Dy(p + k)
dip  d% 1
TElmnp _ M:n/ , B.3
5 Mo | @)t 2m) Dy () Di0) Do () Da(B) Dy (0 + B) (B3)
ddp d?k 1
rEmne — ppovt / , B.4
c ‘ ) Drp) D) DDA Dy 1) * oY
Tkim _/ »’ : B.5
(27)? Dy(p) D1(1) D7) (55)
M — Mo M / ap ! (B.6)
7 (27)4 Di(p) Di(p) Din(p) '

with D,(q) = ¢*> — M2. Tt should be noticed that I, Iz and Io are free of infrared
divergences, because if My or M, goes to zero these integrals simply vanish. I4, Ip
and Io can be expressed in terms of a single two-loop integral as follows,

Iklmnp Mk Iknp Ml Ilnp + ngz e (B 7)
AM]?ZAM2 2-loop AMI?IAM2 2-loop AM]?mAMIQ 2-loop :
Iklmnp - MkMrng knp Mk‘M'rJ;m Inp MkMrng mnp (B 8)
B - -1 -1 -1 ) .
AMZAME, P AMZAMZ, 2P AMZ AME, ~*loop
ki My M} K I k I
IC’ P = AM]?ZA]\TZT%LTL |:12—71Z}())p - IQTgop - I2—71L(§)op IZnIZ;op ) (Bg)

with AMny = M2 - My2 and

gk [ d'p d% 1
I loop = / O S Ve [T Ve [P s e v I
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This integral can be computed by using the methods presented in ref. [337]. The
expansion in powers of € gives the following result,

2 2
ik _ My Mx 1
B =530 5 o g 3 a5+ filons)]
n=t,j,k n=t,j,k
M% 1 .
B 4 Z Tn *+2f1($n,8)+f16($n,8) +g(xi7xj7xk78)
2567t || S 2

+ Ofe) . (B.11)

f1 and fi. are the functions defined in eqgs. (5.2.47) and (5.2.48), while the expression
of g depends on the region of parameter space. For A(z;,zj,z;) > 0 and /z >

VT +\/Tj, g is given by
g(xi,l'j,xk,s)
= (z; + —a:k)loggzlog;] + (2 — x; +:rk)logflog?k

Ty T
+ (—zi+ 2 +$k)loggjlog?k

T — T+ T — )\(xiaxjaxk))

2
_ . Litge ™ T -
Mg, xj, k) {log o log o 3 + 2Ly ( o2,

—x; +z; + xp — /AN, x5, T)
+2L12( S S

2xk
T — Tj + zp — /N0, 5, Tp)
— 2log 52,
—z; + x; + x)p — N, x5, T))
x log ( B o2, S : (B.12)

The cases A(z,xj,x,) > 0 and /x; > \/T; + /T or /T; > /T; + /T) can be

recovered from this by permuting indices, while, in the case A(x;,z;,z5) < 0 and
\VZ; + \/Tj > /T, the function g becomes

g(xiaxﬁxkas)
= (:Url—xj—xk)logglog%—I—(xi—xj—l—:vk)logglog%

T x
+ (=i + x5 + ) loggjlog?k

9 arccos | T %~ Tk
21 /Li 5
+ Cly |2 arccos Ti — i+ Tk i T T
2./x;Tp 2,/T;Tk,
Where Cl; is the Clausen function of order 2. Again, the cases A(z;, zj, ;) < 0 and
VT + /T > /71 o | /Tj + /T, > \/7; can be recovered from this by permutation.

— 24/ =i, x5, zk) {Clz

+ Cly

2 arccos (

} . (B.13)
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The loop functions fa, fp and fo that appear in eq. (5.2.58) are defined by

klmnp i kilm __ i 1 1 1
L — g = 515 L? - e] + oegra AT, T Tmy o0, ) s (B.14)
ki ik 1
I5™ = Torze! 0" = Gt 180 @10 Om O 22) (B.15)
1
Ié’lmnp - 2567T4f0(37k7xla=77m737mx17) : (B-16)

In full generality, they are given by

fa(zr, x1, Tm,y T,y Tp, S)
) [_ 5, <xk log(a/s) _ o los(n/s) o log<xm/s>>
2 ApiAgm AVIPAV AgmAim
_9 (l“k: 9(Tk, T, Tp, 8) - 2L (X1, Tny Tpy S) | Ty g(:nm,mn,mp,s)ﬂ
AgiAgm, Agi Ay, Agm A, ’
[B(zk, 21, T, T, Tp, S)

B T { <xk log(zr/s)  wlog(xi/s)  am log(:zjm/s)>
=\ TmT, X |2 +
F A Agm A A, AgmAim

_9 (g(xkaxnyxp78) g(xlaxnvxpvs) g(xmaxn7xp75)):|

(B.17)

Ak A, JAVAYAV ApmAim

A/ :ck.xin

_AklAmn
_g(l'k,xn,l'p,3> —I—g(xl,xn,xp,S)] . (Blg)

(B.18)

fC(mk:a Ty Ty Ty xpa S) = [g(xkh T, xpa S) - g(a:b T, xpa S)

We also define f4s through

1 1
Ihm = T6m2e + @fﬁl’(ﬂck,iﬂl,l‘m) + O(e) , (B.20)

which gives, explicitly,

e fi(wis)  2if1(x5s) @ fi(w,s)
AVFYAVIA A Ay AV WAV
_w? log(z;/s) 37]2 log(x;/s) B aj log(z/s)

= + . B.21
A Ay, AVFTAVI A Ajy, ( )

fA’(mhxjaxk‘) =

(1)

In particular, the one-loop wavefunction renormalization Z| , can be expressed as
A

1 1 .
Zc(zﬁ)m = 392 A Noga gt far (0, 2, 21) (B.22)
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B.2 Mixed gauge-superpotential contribution

The mixed contribution from the superpotential and gauge interactions to the two-loop
wavefunction renormalization, summarized in fig. 5.6, reads

> D% +isz)]

= —2d )‘akl)‘ﬂklg C(‘I)l) { D+t Ik”]

1672
Ikll

[x242

— 2d )‘akl/\ﬁklg C(‘IJI) +

1672

— idl N s g [tA(‘I)z)tA(@b)+tA(‘1>z)tA(‘I>a)] I

+ idE N A g g [EA (@) EA(DPy) + ta(D)EA(Da)] TE
d

— AP N Akt A (Do)t a (D) I
Kl y * 7(2)
— 2d;3 A k;l)\,Bklg C(® )3271_2 b1z aBlyzge ° (B.23)
The loop integrals appearing here are (14 and Ip were defined previously)
d d 2
Igl_/dpddkd L : (B.24)
(2m)e (27)% D (p)Di(p)? Di(k) Do(p + k)
dlp  dk p?
= vy / , B.25
& = MM ] o) ) Do) D)D) Do(p + ) (5:25)
d d 2
I’;!—/dpddkd . F , (B.26)
(2m)4 (2m)% Do(p)2 Dy (k) Dy(k) Dy(p + k)
dp  dik 1
1¥ = v / , B.27
& = MM | oryt @m) Do Dr DR Dip + ) (5:27)
ddp dek 1
I = / : B.28
1= | Gr)d @m) Dop)2Dx (o) Dilp + ) (B.28)
i dép 1
1 — / : B.29
=] @n DD, ) (B.29)

This gives a rather complicated expression. However, from gauge invariance, one can
simplify the result by reorganizing the terms involving I, I and Iy,

— il Ny Asrig” [FA(@D)EA(Pg) + ta(D1)ta(Pa)] IF
+idFINE A kg [Ea(D)Ea(Dg) + ta(P))ta(Py)] IE
—idi N A gk tA(a)ta(®p) 11
= idM N\ s C(@a) I (B.30)
so that eq. (B.23) reduces to
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Finally, the integrals appearing here can be computed by noticing that they are special
cases of the previous integrals 14, 4/, Ip and Ip:.

B.3 Holomorphic wavefunction

The two-loop contributions to the holomorphic wavefunction renormalization, summa-
rized in fig. 5.7, can be written as

. \ i 1
Has = dE PN G\ stm Nonp Ny Mi M {I}g’mnp + = Ikl,m}
2 32m4e
« i 1
+ dE AR A aa g Nsp A M M, [foém”” + 3%261%71}

+ 1A A Nt A g Nonp Ny Mo M T (B.32)

with the following integrals,

klmnp __ ddp dk 1
Iy o / (27T)d (27T)d Dy (p)Di(p) Dy (p) Dy (k) Dp(p + k) ) (B.33)
klmnp ddk‘ ddp 1
L= / (2m)4 (27)4 Dy (p) Dy(p) Dy (k) Dy (k) Dp(p + k) (B.34)
klm _ dp 1
Ti! _/ (2m)2 Dy(p)Di(p) Dim(p) (B.35)

Again, it should be noticed that these integrals can be expressed in terms of the same
function as the integrals Ig, Ig/, and I¢.
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Sujet : Nouvelle physique dans le secteur des leptons

Résumé : Cette these aborde quelques scénarios de nouvelle physique, ainsi que leurs
manifestations dans le secteur des leptons.

Le fait que les neutrinos soient massifs est un des problémes non élucidés par le Modele
Standard. Une des solutions possibles est le mécanisme de seesaw, qui fait intervenir de
nouveaux états lourds dont la désintégration viole le nombre leptonique. A cause de ce
dernier point, ces états peuvent jouer un réle clé dans la leptogenese, un des scénarios
susceptibles d’expliquer 'origine de 'asymétrie observée entre matiere et antimatiere dans
I'univers. Nous étudions ici la leptogenese avec un triplet scalaire et nous intéressons tout
particulierement l'impact des effets de saveur.

Dans un second temps, nous considérons des théories supersymétriques. Nous étudions
un modele ou le partenaire fermionique d’un pseudo-boson de Goldstone joue le réle d’un
neutrino stérile, qui pourrait expliquer certaines anomalies expérimentales. Enfin, pour
étre viable, la supersymétrie doit étre brisée dans un secteur caché, et cette brisure doit
ensuite étre transmise aux champs de la théorie a basse énergie. Un des scénarios les plus
élégants pour cela est la médiation de jauge. Malheureusement, celle-ci peine a reproduire
la masse du boson de Higgs mesurée au LHC. Nous nous intéressons ici & des extensions
susceptibles de réhabiliter ce scénario tout en le reliant mécanisme de seesaw.

Mots clés : Nouvelle physique, neutrinos, mécanisme de seesaw, leptogenése, super-
symétrie, médiation de jauge

Subject : New physics in the lepton sector

Résumé : This thesis addresses some scenarios of new physics as well as their consequences
on the lepton sector.

The fact that neutrinos are massive is one of the problems left unsolved by the Standard
Model. One of the possible solutions is the seesaw mechanism, that involves new heavy
states whose decay violates lepton number. Because of this, these states can participate in
leptogenesis, one of the scenarios to explain the origin of the asymmetry between matter
and antimatter in our universe. Here, we study leptogenesis with a scalar triplet and
consider especially the impact of flavour effects.

After that, we turn to supersymmetric theories. We study a scenario in which the fermionic
partner of a pseudo-Goldstone boson, associated to a symmetry broken at high energy,
plays the role of a sterile neutrino, that could explain some experimental anomalies. Finally,
to be viable, supersymmetry should be broken in a hidden sector, and this breaking should
be transmitted to the fields of the low energy theory. One of the most elegant scenarios for
this is gauge mediation. Unfortunately, it cannot easily reproduce the mass of the Higgs
boson measured at LHC. We consider here extensions that could rehabilitate this scenario
and relate it to the seesaw mechanism.

Keywords : New physics, neutrinos, seesaw mechanism, leptogenesis, supersymmetry,
gauge mediation
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