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Upcoming experiments will improve the sensitivity to 4 — e processes by several orders of mag-
nitude, and could observe lepton flavour-changing contact interactions for the first time. In this
paper, we investigate what could be learned about New Physics from the measurements of these
1 — e observables, using a bottom-up effective field theory (EFT) approach and focusing on three
popular models with new particles around the TeV scale (the type II seesaw, the inverse seesaw and
a scalar leptoquark). We showed in a previous publication that ;1 — e observables have the ability
to rule out these models because none can fill the whole experimentally accessible parameter space.
In this work we give more details on our EFT formalism and present more complete results. We
discuss the impact of some observables complementary to p — e transitions (such as the neutrino
mass scale and ordering, and LFV 7 decays) and draw attention to the interesting appearance of
Jarlskog-like invariants in our expressions for the low-energy Wilson coefficients.

I. INTRODUCTION

The observed neutrino mass matrix [m, ] [I] requires New Physics beyond the Standard Model (SM) which is lepton
flavour-changing. Observing lepton flavour-changing processes other than neutrino oscillations, would therefore give
complementary information on New Physics in the lepton sector.

Flavour-changing contact interactions among charged leptons (which we refer to as LFV), have not yet been ob-
served, but upcoming experiments aim to improve the sensitivity to a few processes in the p — e sector by orders
of magnitude, and to probe a wide palet of 7 — [ processes with lesser sensitivity. This is summarised in Table[I} it
suggests that LE'V could be discovered in p — e, while 7 — [ is more promising for distinguishing among models. For
a review of u — e LFV, see e.g. [2].

The aim of this project is to explore what can be learned about New Physics in the lepton sector from observations
of p — ey, u — eee and/or uA —eA. For instance, it would be ideal if the data could indicate properties of the New
Physics model, such as whether new particles interact with lepton doublets or singlets or both, whether LFV occurs
amoung SM particles at loop or tree level, or whether LFV is related to [m,], baryogenesis or New Physics in the
quark flavour sector.

In order to quantify what y — e data could tell us about models, we study these questions in a bottom-up EFT
approach, assuming Axyp 2 TeV. We translate the data from the experimental scale to Ayp using EFT, then match
three “representative” models to the experimentally allowed Wilson coefficient space, and explore which differences
among the models can be identified by the data.

Model predictions for LE'V have been widely studied; in particular, there is a large literature devoted to calculating
LFV rates in neutrino mass models (for a review, see e.g [3, []; or for example [5H39]) and other Standard Model
extensions such as leptoquarks [40H49]. We hope that our bottom-up EFT approach could give a complementary
perspective on the well-studied relations between models and observables. Our study differs from top-down analyses
in that firstly, we suppose that upcoming u — e experiments will measure 12 Wilson coefficients, and not just three
rates. So we are using a more optimistic/futuristic parametrisation of the LF'V observables, using as input everything
they could tell us. This allowed us to show in a previous publication [50], that the three models we consider could be
ruled out by upcoming data. Secondly, model studies frequently scan over the model parameter space; this allows to
estimate correlations among LFV observables, but the results depend on the choice of measure on model parameter

* E-mail address: marco.ardu@ific.uv.es
T [BE-mail address: s.davidson@lupm.in2p3.fr
f [E-mail address: stephane.lavignac@ipht.fr


mailto:E-mail address: marco.ardu@ific.uv.es
mailto:E-mail address: s.davidson@lupm.in2p3.fr
mailto:E-mail address: stephane.lavignac@ipht.fr

space. We circumvent the issue of measure and the need to scan by parametrising the models in terms of “Jarlskog-
like” invariants [51], which contribute to the observables. Also, the operator coefficients are allowed to be complex,
which is consistent with the hints of leptonic CP violation in neutrino observations [52].

This manuscript gives more complete results than presented in [50] — in particular highlighting the appearance
of model “invariants” in the coefficients at the experimental scale, and explores the impact of some complementary
observables on the model predictions for y — e. Section [[I] reviews u — e observables and the EFT formalism
implemented here, then Section [[TI] summarises the three TeV-scale models that we consider, which are the type
IT seesaw[19H22], an inverse seesaw [29H31], and a scalar leptoquark[40H49] which can fit the Rp anomaly [53H57].
The matching of the models to the EFT is relegated to Appendix [C] Section [[V] gives the twelve observable Wilson
coefficients at the experimental scale (including the coefficients for pA — eA on heavy targets, missing in [50]),
expressed in terms of “invariant” combinations of model and SM parameters. Section [V] explores the interplay of
u — e flavour change with some complementary observables in the models we consider. Then we discuss what we
learned about bottom-up reconstruction in Section [V and conclude in Section [VII]

II. OBSERVABLES AND NOTATION

In a bottom-up perspective, one starts from data and how to parametrise it, which is reviewed in Section [[TA]
Section [[TB|reviews our EFT formalism; it allows to obtain expressions for the observable Wilson coefficients in terms
of operator coeflicients at the weak scale, which are given in Appendix

A. Observables

Some models considered here generate a Majorana mass matrix for the three light neutrinos. At energies below the
weak scale (taken ~ myy), it can be included in the Lagrangian as [

- —[mV]aﬁ
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where greek indices indicate the charged lepton mass eigenstate basis, square brackets indicate a matrix, and [m,].s =
Uaim;Upg; for m; real and positive. The leptonic mixing matrix U is parametrised as in [I] by three mixing angles, one
“Dirac” phase and two “Majorana” phases. In our study, we approximate the Dirac phase ¢ ~ 37 /2 [58], and take the
Majorana phases as free parameters. The Majorana phases and the lightest neutrino mass m,,;, affect the elements
of [m,], but not the flavour-changing elements of

[mymfap = [UDmDimU'ap — m2[UU ] ag (I1.2)

v§ + hec. (IL.1)

for a # B € {e,u, 7} and D,, = Diag(m1, ma, m3), because the Majorana phases cancel and the |m? — m?\ are
determined in neutrino oscillations.

For LFV, we focus on u — e interactions that are otherwise flavour diagonal (so we do not consider weak meson
decays such as K — pFeT). A feature of this sector is that there are very restrictive bounds on a handful of
processes, and the experimental sensitivity is planned to improve by several orders of magnitude in the next few years
(see Table [I)). This differs from the 7 — I (I € {u,e}) sector, where a large variety of LFV 7 decays currently have
BRs of order 1078, and Belle II aims for sensitivities O(10~° — 10719). So from an EFT perspective, the 7 — [
sector allows to independently measure almost every Wilson coefficient up to a New Physics scale 2 10 TeV (at
tree level)[59]; whereas in the p — e sector, fewer coeflicients are probed at greater accuracy, motivating the use of
Renormalization Group Equations (RGEs) in the p — e sector.

The three processes we consider are p — ey, u — eée and pA — eA. In the latter, a p~ is captured by a nucleus,
where it can transform into an electron via various interactions; we restrict to those which are coherent across
the nucleus, or “spin—independent’ﬂ (some details are given in Appendix . At the experimental scale, these three
processes can be parametrised by the dimensionless operator coefficients {C'} of the following Lagrangian 2], [75] [76] [78]:

1 4 — —
0Lcmw = 3 > (Cgfx(muéaozﬁPXM)Faﬁ + O (@Pxp)(€Pxe) + CyT % (€Y* Pru)(€ya Pxe)
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1 We neglect peyy operators which can contribute to uA —eA [74].



Process Current bound on BR |Upcoming Sensitivity
= ey < 3.1 x 1073 [60] ~ 107 [61]

u — eee < 1.0 x 1072 [67] 107 — 107 [63
pli — eli |< 6.1 x 107" [64] ~ 10716 [63] 66]

pAu — eAu|< 7 x 107" [67] (? — 107'%) 68, 69])
T =y < 3.3x 1078 [10) < 107377]

T — 3l < few x 1078 [72] fewx 10~ °[71]

TABLE I: Some 1 — e processes, with current experimental bounds, and the estimated reach of upcoming (and
future) experiments. For y — ey, MEG II [6I] aims to reach BR ~ 6 x 1074, The Mu3e experiment [63] aims for
BR(u — eée) ~ 107 with the current beam and data-taking starting in 2025, then ~ 107!¢ with a beam
upgrade [73]. The COMET [65] and Mu2e [66] experiments will search for  — e conversion on light nuclei where
the p-A bound state is long-lived; a different experimental approach, eg the PRISM/PRIME [68] or ENIGMA [69]
proposals would be required to improve also the sensitivity to heavy nuclei with shorter lifetimes. Some 7 — [
processes are included for comparaison, with Belle II expectations for a luminosity of 50 ab~*! [71].

where Oy4; is the combination of operators contributing to SI 4 — e conversion on light targetsﬂ such as Titanium
(used by SINDRUM [64} [67]) or Aluminium(to be used by COMET [65] and Mu2e [66]), and O 4, is an independent
combination probed by heavy targets such as Gold (used by SINDRUM [67]). At the experimental scale, these
operators would describe p — e interactions with nucleons, which can be matched to operators involving quarks at a
scale ~ 2 GeV. We use the quark basis here, because it is more convenient for comparing to models. At 2 GeV, the
operators areE|

Omx =~ (EPxp) (0.692(ﬂu) +0.699(dd) + 0.0341(3s) + 0.00440(zc) + 0.00128(51)))
(@ Px 1) (0.125(H’yau) n 0.128(8%@) (IL.4)
Oaux =~ c080404;,x +5in0404u1 x (IL.5)
Opurx ~ —(ePxp) (o.z(au) +0.1(dd) + 0.008(3s) + 0.001(zc) + 0.0003(Bb))
(" Py p) (0.56(mau) + 0.8(8%(1)) (1L6)

where 64 is the misalignement angle between Gold and Aluminium, and Appendix [A] briefly reviews these results.
The Branching Ratios (BRs) can be written as

BR(u - ) = 34x(Cls [ + 1) (1L7)
_ |C§'I,LL62|2 + |O§7§§3|2 eupee e |12 epee e |12
BR(p — eée) = 3 +2[CYRR +4eCh |7 + 2|CY ] + 4eC g (I1.8)
641 ™ 136) (O 2 €O, 2) + O35+ 46CEf !+ G185+ 4eCif
BRSI(/JAZ — eAl) = BAl(|dAlCEHR + CAl,L|2 + |dAlC;ML + OAl,R|2) (H.Q)
BRgsi(pAu — eAu) = Bay(|dauCiin + Caw,r|* + |dauCpy + Caw rl?) (I1.10)

where only the Spin Independent contribution to uA —eA is included based on the results of [75] (we do not use the
recent results of [79]), the B, are target-nucleus dependent constants discussed in Appendix[A] and da = T4 p/(4li@al)
are given after Eqn . In all cases, the outgoing electrons are approximated as chiral because they are relativistic.
The final states containing electrons of different chirality therefore do not interfere, giving independent constraints
on the coefficients generating those final states. The experimental limits on y — ey and y — eée therefore constrain
eight coefficients — the two dipoles and six four-lepton coefficients— to be in the vicinity of zero. The correlation

2 These operators are refered to as O atight and O apequy in [50, [78].
3 Notice that the quark currents are not chiral, which introduces factors of 2 as given in Eq. |j



matrix and resulting bounds are discussed in [80] and we repeat the bounds here for completeness:
B

CD,X 2 < n—rey
1.l 38472 + e2(641n e — 136) De=er
e p—eée
|Cv.xx|?* < Busece 1+ 326" By se
’ - 2 205€2B),sey + 3842 B, cce
16e2B

Cvxy|? < Bussese [ 1 pey IL11
vy < Buss ( T 20562 B, 0, + 384728, one (IL11)

where Bprocess is the experimental upper bound on the Branching Ratio for the process, and e?(641n :Z’e —136) is

written as 205¢%. Although the discussion of [80] implicitly supposed the coefficients were real, the same bounds apply
for complex coefficients, because the real and imaginary components of the coefficients are constrained to lie inside
the same ellipse around the origin.

The dipole coefficient is not constrained by pA — eA because it contributes in interference, but the bound on
|Ca1.x|? (and in principle |Ca,1 x|?) is affected in the expected way by the independent bounds on the dipole:

BuAl—)eAl d2AlBH—)E’Y
By, 38472
In this work, we do not consider future improvements in the experimental reach for yA — eA on heavy targets, so

the current MEG bound on the dipole coefficient ensures that it is negligible in pAu — eAwu. The current bound on
Gold therefore implies

|Cax|* <

By au—seau €082 04B,a1e

BAu sin2 HA BAl sin2 0A

where 64 is the misalignement angle between Gold and Aluminium and given after Eq. .
The current bounds on the twelve observable coefficients are given in Table [T} as well as the bounds that could

be set, if upcoming experiments do not observe y — e processes. The uA — eA bounds given here differ from our

previous paper [50] because O, x is here defined in terms of operators with quarks, so differs from the nucleon

definition of [50]. The matching of quarks with nucleons is discussed in Appendix

|Caus x|? < (I1.12)

current bound [upcoming |process
ICp,x| [9.0x107° ~ 1077 [u— eée
|Cv,xx]||7.0 x 1077 ~107%  |u— eée
|Cv,xv]||1.0 x 10~ ~ 1078 u— eée
|Cs,xx||2.8 x 107° ~107%  |u— eée
Cax |43x107° 7x 107" |uTi — eTi
Caul x |74 %1078 7.4 x 1078 pAu — eAu

TABLE II: Current and possible future bounds on the observable coefficients, with X, Y € {L, R}, X #Y. The
current bound on Cyuy, x is from pTi — €eTi [64], and the future bound assumes BR( pAl — eAl) < 10716, The
current and future bounds on C4, 1 x are identical because we do not include the reach of the proposed
PRISM/PRIME and ENIGMA experiments among our upcoming results.

In this theoretical study, we optimistically consider that these twelve coefficients can be measured with the same
reach that they can be constrained, given in Table [Tl Polarising the muon could allow to distinguish between coeffi-
cients of operators with an L vs an R projector in the & — y bilinear in y — ey and p — eeel2] as well as in uA —eA
[81]. And in the case of u — eée, the angular distributions of the three-particle final state allow to determine the
magnitude of various coefficients and some phases, as discussed in [82]. Vector operators Oy xx and scalar operators
Ogyy (for Y # X) induce the same angular distributions, but could in principle be distinguished by measuring final
state helicities [82]. Our models do not generate the scalar operators within the reach of upcoming experiments (see
Subsection @ .

B. bottom-up EFT

For an introduction to EFT, see for instance [83H85]. Our EFT consists of an operator basis and Renormalisation
Group Equations (RGEs) to look after scale evolution. The previous section presented an operator basis describing



the observables at low energy; a more complete set of operators is required in translating the observables from the
experimental to the New Physics scale, because the RGEs mix operators.

Our New Physics scale is at Ayp =~ TeV, so we need a QEDxQCD invariant basis of operators below the weak
scale, included in the Lagrangian as

_m,]*? c{oftme
5£<mw = _Va[ 2] Vg + Z Z % + h.c. (1113)
n>2 Al

where v = 174 GeV, the superscript ¢ gives the flavour indices, and the operator subscripts indicate the Lorentz
structure and particle content. So for instance

O¥Sy = (e Pxp)(uyaPyu) , XY €{L,R}.

We write the SM Yukawa matrices as [Ye], [Y,] and [Yy], and the Yukawa eigenvalue of fermion f as yy.

As discussed in Appendix we did not find a simple and reliable recipe to express the coefficients of the
Lagrangian in terms of model parameters, because a TeV is not so far from the weak scale. The SMEFT
operator basis [86, 87| and RGEs [88|] are appropriate above the weak scale, but the EFT expansions (in operator
dimension and loopxlogarithm) are not converging fast. In principle, we could match the model directly to the
Lagragian ([1.13)), but that requires to calculate many loop diagrams. Finally, we opt to present the matching results
in the basis of Eq. . So we will not be using the SMEFT basis, but for comparing to the literature, we implement
it as

ceP 05
SLsyprr = ——2—(leH")(t5eH™) + Y % + h.c. (11.14)

2v w:

where [m,]*? = C2Pv.

The low energy EFT includes all LF'V operators of dimension six, and some relevant operators of dimension seven
(see [70] for a list). In this low-energy EFT, we ensure that operators appear only once by requiring ( = epu....
Operators of dimension five and six (n = 1,2) are included in SMEFT, but without the +h.c. for hermitian operators.
In SMEFT, we follow the convention that each flavour index in ¢ runs over all three generations (so some operators
are repeated in the SMEFT Lagrangian, causing some factor of 2 or 4 differences between coefficients in SMEFT vs
the low-energy EFT).

The doublet and singlet leptons are in the charged lepton mass eigenstates {e, i, 7}[89], which can differ from the
diagonal-Yukawa basis as discussed in Appendix The singlet quarks are labelled by their flavour, and the quark
doublets are in the u-type mass basis, with generation indices that run 1 — 3.

In quantum field theories, the coefficients of renormalizable and non-renormalizable operators evolve with scale. For
non-renormalisable operators, this evolution of the operator coefficients lined up in a row vector C can be described
as

—

C =0+ CIX|Ct + ... (I1.15)
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where t = log i, the effects of renormalisable interactions on the non-renormalisable operators are described by the
matrix [['], and [X] is a three-index tensor that schematically represents the effect of non-renormalisable interactions
on the evolution of other non-renormalisable interactions (for instance, the mixing of a pair of four-fermion operators
into another four-fermion operator via a fish diagram).

The RGEs we implement automatically for the QED x QCD-invariant EFT are an improved leading log approxima-
tion to [I'] [90], where most of the anomalous dimension are at one-loop, augmented by the two-loop vector to dipole
mixing (because this mixing vanishes at one loop and is O(10~3) [91]). We also consider the mixing of two dimension
six operators into a dimension eight operator described by [X ], and when relevant, include these contributions by
hand in matching the model to EFT at Ayp. Since the dimension eight operators have two additional Higgs legs,
they are particularily relevant when the Higgs has O(1) couplings to loop particles, such as the top quark in the
leptoquark model. These dimension eight contributions are discussed more fully in Section [V.C] and Appendix [C]

Solving the RGEs allows to translate operator coefficients from the experimental scale to the New Physics scale —
where the coefficients can be calculated in a model. We aim to resum the QCD running, and include the electroweak
effects in perturbation theory (O(alog) and occasionally O(a?log?)). If the matrix [['] were scale-independent, then
the solution would be ~ exp I't; however, [I'] decribes SM loop corrections, and SM parameters run in various ways
with scale. For [I'] scale-dependent, the RGEs can be solved by scale-ordering, analogous to the familiar time-ordering



that allows to solve a similiar equation for the time-translation operator in quantum field theory. We include the
scale-dependence of as (at one loop), and the associated running of quark Yukawas, but neglect the running due to
other SM couplings (including the top Yukawa). So the effect of QCD is to renormalise some coefficients and rescale
some electroweak anomalous dimensions, such that the first terms in the perturbative solution of the RGE (II.15) are

Cy(m) ~ Cy(ANn% — Cx(MNn<T gy ln% (1L.16)

where fKJ = fksTks(m) [92] with T the electroweak anomalous dimension matrix, no sum on J, K and :

1— %J*GK*GIH ag(m(m as(2GeV
frr= S ) s Mm = 2s(m(m)) ;= 2,(2GeV) (IL.17)
(1+ay—ax —ar)(1—nm) as(Anp) as(Ayp)
where a; = —v5/28 for ayy5/4m the QCD anomalous dimension of the coefficients C; (ar = —4/23, ag = ap =

12/23 with 5 flavours), Sy is the 1-loop QCD beta function coefficient, and the parameters in the electroweak anomalous
dimension cause it to run as 'k ;(m) = ™ Tk ;(A). Finally, once the RGEs have been solved, a coefficient at the
experimental scale (for instance Cp, x(m,)), can be written at Axp as a weighted sum of the coefficients of operators
that can contribute via loops to u — e7.

It can be shown [76] that almost every operator involving 3 or 4 legs that induces a u — e interaction (but no
other flavour change) contributes to the amplitude for y — ey, © — e€e and/or pA — eA suppressed at most by a
factor of order 1073, This suggests that the RGEs are relevant to include, because they ensure that a small handful of
processes are sensitive to almost any p — e operator. Despite that almost all operators can contribute, there remain
only 12 constraints. Rather than dealing with a large correlation matrix corresponding to the usual operator basis,
we use a scale-dependent basis that corresponds to the twelve experimentally probed directions. This was proposed
in [76], and the recipe we follow is outlined in [78§].

The RGEs can be solved to express an operator coefficient at the experimental scale, eg the dipole coefficient, in
terms of operator coefficients at the NP scale:

—

CD(TTL/L) ~ C(ANP) . é'D

The directions in coefficient space corresponding to the twelve vectors {ep} then form a basis for the observable
subspace at Ayp. The elements of most of these vectors at or just above the electroweak scale are given in [76] (the
coefficient combinations probed by (uAl — eAl) and (pAu — eAu) are given for completeness in Appendix [B).

III. THE MODELS

The three TeV-scale New Physics models that we consider are the type II and inverse seesaw models, and a scalar
leptoquark. These models are selected for their diverseﬁ lepton-flavour-changing predictions: LFV is controlled by
the neutrino mass matrix in the type II seesaw, is independent of the neutrino mass matrix in the inverse seesaw, and
the leptoquark can mediate uA —eA at tree level, as well as addressing anomalies in the quark flavour sector.

The type II seesaw model [I9-H22] is an economical neutrino mass model, where the SM particle content is extended
with a colour-singlet, SU(2) triplet scalar A, of hypercharge Y = +1 (in the normalization where the lepton doublets
have Y = —1/2). The SM Lagrangian at the mass scale of the triplet is augmented by

SLa = (D,ANTDPAT — MZIAP + % (fap 05 (imo)Trls AT + Madg HT (im2) 7t HA™ + h.c.)
+A3(HTH) (AT ALY 4 Ny Te(A rpryre ASYH 7 HY + .. (IT1.1)

where ¢ are the left-handed SU(2) doublets, M is the triplet mass which we take ~ TeV, f is a symmetric complex
3 X 3 matrix proportional to the light neutrino mass matrix and whose indices «, 8 run over {e, u, 7}, {77} are the
Pauli matrices, and the \’s are real dimensionless couplings. A feature of this model, that is shared with some other
neutrino mass models, is that the SU(2) singlet leptons do not acquire new interactions, so LFV is expected to involve
the doublet leptons. The phenomenology of the type II seesaw has been widely studied at colliders [93H98] and for
low-energy LFV [23H28] [99HI0T].

4 Ref. [77] makes an interesting classification of Majorana neutrino mass models into three sets, based on the flavour structures that are
multiplied in the definition of [m,]. However, both seesaw models enter the same set.



In Effective Field Theory, the neutrino mass matrix generated in the type II seesaw model can be obtained by
matching, at Ma, the tree-level diagram in the left panel of Figure [5| onto the dimension five neutrino mass operator
appearing in Eq. (I1.14). This gives a neutrino mass matrix

op _ 1 Ag?
e T (I11.2)

which can also be obtained in the model by minimising the potential for the Higgs and the electrically neutral
component of the triplet = (A 4 iA?)/y/2, which obtains a vev —Agv?/(v/2Ma). This model is reputed to be
predictive for LFV, because the lepton flavour-changing couplings f®? are proportional to the light neutrino mass
matrix. However, LFV is not suppressed by the small neutrino mass scale, because lepton number change involves
[f]1*?*A\gr, so for a sufficiently small Higgs to triplet coupling, A ~ 10712, it is possible to have Ma ~ TeV and f#
of O(1).

The second model we consider is the inverse (type I) seesaw [29H31], which, like the type II seesaw, naturally
generates small Majorana neutrino masses from new particles that can be at the TeV-scale with O(1) LFV couplings.
In this model, n gauge singlet Dirac fermions, ¥' = (S,, N, ), are added to the SM particle content, with approximately
lepton number conserving interactions. Lepton number changing interactions can be included via Yukawa couplings
and/or Majorana masses(see [102] for a “basis-independent” discussion of the options); we choose to allow small
Majorana masses for S, and write the Lagrangian as

_ _ . _ 1
SLys = iNJN +iSdS — (Yﬁa(zaHNa) + MaSaNa + 5 pabSaS5 + h.c) , (I11.3)

where a, b run from 1..n, N, and S, are respectively right- and left-handed and in the eigenbases of M, Y,, is a complex
3 X n dimensionless matrix, we take M, of O(TeV), and p is an n X n Majorana mass matrix with pg, < M,.. For
vanishing pu, lepton number is conserved, and the N, combine with the S, into Dirac singlet neutrinos, which can
have lepton flavour changing interactions Y, with the SM doublets. Like the type II seesaw, this model is expected to
induce LFV among doublet leptons, but unlike the type II seesaw, it has several non-degenerate heavy new particles,
and will induce low energy LFV processes via loop diagrams because the flavour-changing Y,, couples ¢ to two heavy
particles.

The inverse seesaw models induce LFV [32H39], they can lead to non-unitarity of the lepton mixing matrix [103-
106], and the singlets could be discovered at colliders for suitable mass ranges [I07HIT3]. With small z4p, the leading
contribution to the active neutrino mass matrix is

[m,]%? ~ [V, M~ uM 1Y T)oPy? (I11.4)

So the flavour-changing Y;, can be O(1) because small g, gives small m,,, and the flavour change is expected to be
independent of the active neutrino mass matrix as can be seen for n = 3 by solving Eq. for pigp-

Finally, our third model includes a leptoquark — for a review of this class of coloured and charged bosons, see e.g.
[41]— which is chosen to fit the anomalies in Rp+ and/or Rp [53H57]. It is an SU(2)-singlet scalar denoted S in the
notation of [40] — not to be confused with the singlet fermions {S,} of Eq. — and has interactions

Ls = (D,S1)'DPSy —m3 STt + (=X aimaqs + N/ Eaus) S+ (N3 jitale + X5 “ufje0)S]
+NHTHSIS) + ... (I1L5)

where the generation indices are a € {e,u,7} and j € {u,c,t}, and the sign of the doublet contraction is taken to
give +A7er(ur)S1. The leptoquark mass is mzo = TeV, consistent with the CMS and ATLAS searches [114] 115]
which exclude leptoquarks with sub-TeV masses that are pair-produced via strong interactions, and decay to specific
final states. Some leptoquark-Higgs interactions are included in Eq. because they appear in the matching
results of Appendix but their contributions to LF'V observables are negligible assuming perturbative couplings.
This Lagrangian does not lead to neutrino masses (as mentioned in Appendix , but features pA — eA at tree
level and LFV interactions for singlet and doublet leptons (so unlike the seesaw models, it induces scalar and tensor
operators).

The low-energy phenomenology of leptoquarks (see eg [42H49]) attracted attention in recent years due to various
B-physics anomalies. In particular, the excesses in the ratios [53H57]

BR(B — X,7v)
_ . I11.
Rx BR(B — X.lv) (ILL6)



where X, = D, D*..., could indicate a new charged-current four-fermion interaction involving b and ¢ quarks, a 7 and
a (tau) neutrino. The S leptoquark can generate this interaction with various Lorentz structures, while preserving
lepton flavour (if S; ounly interacts with 7’s and v,’s, one could attribute 7 flavour to the leptoquark.) So fitting Rp
and/or Rp-~ involves leptoquark coupling constants that differ from the A, \§? that are relevant for y — e processes,
and in this manuscript, we neglect the A couplings and possible correlations among y — e and 7 — [ processes that
could arise in this modeﬂ The LFV predictions of the S leptoquark have been discussed, for instance, in [116], [117].

IV. THE OBSERVABLES COEFFICIENTS IN TERMS OF MODEL PARAMETERS

In this section, we give the coefficients of the observable Lagrangian as a function of model and SM parameters.
Some of these results were already presented in [50]. The coefficients are expressed in terms of u — e flavour-changing
combinations of model and SM parameters, which we refer to as “invariants”. These are a convenient stepping-stone
between the models and the observables, because they concisely identify the masses and couplings constants that the
observables depend on, and give the functional dependance. We briefly discuss the invariants in Section [[VA]and list
the coefficients in Section [V Bl

A. Comments on invariants

Invariants were introduced |51l [I18] as products of Lagrangian coupling constants (or matrices), in order to have
a Lagrangian-basis-independent measure of symmetry breaking in a model. However, it may be unclear how these
elegant constructions relate to observable S-matrix elements for symmetry-violating processes, because the mass and
scale-dependence of S-matrix elements can be intricate.

For instance, the original invariant constructed to measure CP violation in the quark sector of the Standard Model
can be written in terms of Lagrangian Yukawa matrices as [51] [I18], 119]

1 3 ,
gTr{ [YuYJ, YdYﬂ } 207 (y; — vo) (Wi —vi) (e — vi) (Wi — v2) (Wi — v vz — v3) (Iv.1)
with J = Im{VusV:chbV;b}

but it is unclear at what scale to evaluate the quark masses (or equivalently, yukawa couplings). This invariant can
be compared to the parameter ex (see eg [84] for a brief review) that contributes to CP-violation in K — K mixing,
and for which the result at next-to or next-to-next-to leading log has been expressed in a rephasing invariant form in
[120]. Restricting to the leading log QCD corrections for simplicity, one can write

K x J(Re{l/}dv;’;VJqus}n“S(xt) 2| Va2 Vs 211 (S () — S(mc,mt))) (IV.2)
where g = mg(mg)/mw, the Inami-Lim functions[I21] are

4y — 1a? + 23 372
= - 1
S(ar) A(1 — 2,)2 21— )3

Tt 3T Ty 3xcxf
S(xe) — S cy = xc|1-In— 1 ;
(zc) (Tey ) T ( n >+4(1—£Ct)+4(1—$t)2 n T,

and nP? are the appropriate QCD corrections for the Inami-Lim functions (see [120]). So one sees that there is only a
remote relation between the Lagrangian invariant of Eq. , and Eq. , which allows a numerically precise
prediction for the observable e,

In the models considered here, we obtain expressions for the observable coefficients at m, (which are ~ S-matrix
elements) in terms of “invariants” , which encode the dependence of LFV observables on running SM and model

5 It is clear that if the leptoquark has couplings A5, A4 and A}/, then it can mediate 7 — e, 7 — p and p — e processes. Furthermore,

if [\3¥| ~ 0.2 to fit the B-physics anomalies, then experimental bounds By, _,;) on 7 — | processes could constrain Al)? < Birop /XY
In all the cases we checked, we find
B(‘r—)e) B(‘r—)u)
by py

> B(u—e)

that is, that ; — e processes can probe smaller )\l)? couplings than 7 — [ can exclude.



coupling constants and masses. For instance, in the type II seesaw model, photon penguin diagrams (contributing to

pr — eee) generate the coefficient CY/7% proportional to the invariant :

’U2 [meml] tiepw 1)2 tlew ml2‘« eT [, kT m72' eef, ., kpue mg

T [my, In 2 ml]* = T [m,m] ] In M2 + [my ] [mp ) In m2 + [m,]%¢[m;]H¢ In m2 , (IV.3)
where [17.] is the charged lepton mass matrix, but with its eigenvalues replaced by m, — M, = max{ma, ¢*}, which
is the kinematic cutoff of the logarithm, with 4m? < ¢*> < m? the (four-momentum)? of the photon. (So the cutoff
of the 7 loop is m,, but m. =~ m, so the last term in the parentheses of Eq. vanishes, or equivalently there
is no long-distance contribution to the matrix element, because ¢ ~ mi in most of the phase space [122].) Eq.
exemplifies our relatively simple invariants, constructed by multiplying matrices, which encode the correct
scale evolution of coupling constants and masses, provided that the scale separations are large enough for EFT to be
reliabldf

However, our simple invariants apply only for models with a single mass scale for LFV; for models with many heavy
LFV particles around the scale Ayp, such as the inverse seesaw, the operator coefficients obtained in matching are
not linear products of matrices in flavour space (see eg Eq.s . Constructions that involve Inami-Lim
functions of mass matrix eigenvalues are no doubt also “invariant” under Lagrangian basis transformations, but like
Eq. , this invariance is not manifest.

Our invariants have other attractive features, beyond the correct scale-dependence to parametrise S-matrix elements.
As expected they measure y — e flavour change in the model, and they also identify the products of model parameters
relevant to observables. This second feature allows to circumvent the necessity of scanning over model parameters.
For instance, in the inverse seesaw model, [Y,] is a 3x3 matrix of unknown complex numbers, so naively one must
scan over them all, and possibly impose some texture. However, in the case of degenerate singlets, there are only two
invariants — [V, Y], and [V, Y,Y,Y,/].,, — which are complex numbers of magnitude 0—1. This raises the question
whether one could reconstruct the model Lagrangian from a sufficient number of invariants?

Finally, the invariant of Eq. illustrates an interesting dynamical mechanism to break properties of the
model. Recall that [m,m]]°* is a function only of neutrino oscillation parameters— which are measured — so the
second term of the second expression exhibits the log-induced dependence on the unknown Majorana phases and
neutrino mass scale. This logarithmic breaking of a relation between model-matrices is reminiscent of the “log-GIM”
mechanism in the quark sector [123], where AF = 1 FCNC operators can be mediated by similar penguin diagrams
at O(Graelnmy /m.), with a charm quark in the loopm

B. Predictions at the experimental scale

This section lists the model predictions for the observable coefficients of the Lagrangian , partially presented in
Ref. [50]. The model parameters are given in the Lagrangians of Section m The expressions given here occasionally
differ from [50], because we made numerically insignificant modifications of the lower cutoff of some logarithms, in
order to obtain more elegant invariants with the physically correct cutoffs.

1. p—ey

In the inverse seesaw model, the dipole coefficients are

e €

e, M
Br ~ —353 [V, M~ (MT)~Lyf]ere? (1160‘111) : (IV.4)

dr - my

where the parentheses include the flavour-universal O(10%) QED running, and M is the singlet mass scale. The
couplings Y,2@ can be of order one — which could be especially motivated in the 7 sector—so O(Y*) combinations
can be larger than O(Y?), and could appear at dimension eight when two additional Higgs legs on the sterile neutrino
line are replaced by the Higgs vev, or at two-loop when the Higgs legs are closed. We estimate the O(Y?) terms to

6 But notice the impact of phase space: the tilde on me is from kinematics that the Lagrangian does not know about, so the Lagrangian
invariant would include a “large” In :Z—Z that the coefficient does not contain because the large log is only relevant in a small phase space.
7 In the lepton sector below the weak scale, the (quadratic) GIM mechanism suppresses LFV amplitudes o m?,/m‘%v, so implementing
log-GIM would be very interesting (In(m, /myw ) > m2/m%,). However, this appears difficult [124} [125], because there are no “penguin
diagrams” in the SM with a massless gauge boson attached to a neutrino loop, and because the logarithm in log-GIM is cutoff by the
largest of the mass in the loop, or the external momentum traversing the loop, and this latter is of order charged lepton masses in LFV

processes.
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be suppressed with respect to the coefficient in Eq. by ~ v?/M? or ~ 1/(167?), and we therefore expect them
to not modify significantly the correlations between the 1 — e observables that the model can predict [50].
For the type II seesaw,

3e  [[m,m]) e . Ma a. 116 Ma [m,m]) me [me] - [my)
oL, ~ [ vlew (1162 I =8 ) 4 Lo 22 (g = M uden gy, Ty [y lurlMyler } V.5
D.r 12872 L A%40? Ar my, T\ my,  A4v? nmu A2 02 (IV.5)
3e [m,,mT]eu 32a, . Ma 116c, . m, [m]almu]ea
~ Y 1+ ——1 ) —— In— L] IvV.6
12872 { A2 2 ( o7 ar | m, LT U 2,02 (1v.6)

where the second term in the bracket in Eq. (IV.5) arises from the two-loop vector to dipole mixing [91]. In both
seesaw models, the coefficient C'}'; is suppressed by a factor m,/m,, and can be obtained from Eq.s (IV.6iTV.4) by

multiplying by me/m,,.
For the leptoquark, which interacts with singlet and doublet leptons, the dipole coefficients are

m2 hY )\T e 2 2 e
LQ e (m,) ~ D] (1 165 1n mLQ) + e {Ay In ”TLQAQ]
’ ™ mqg

v2 12872 my Ir2e
« mrg 5 er
- Ay Y, (0271 — 2 V.7
27T6y# fTD |: Y (an n mQ 4) X:| ( )

where X #Y € {L, R}, frp, ar and n are related to the QCD running and defined at Eq. [[1.17] and the /g serving
as lower cutoff for the logarithms (here and further in the manuscript) is

mg = max{mg(mg),2 GeV}

because the quarks are matched to nucleons at 2 GeV. The first term in Eq. is the matching contribution
(times its QED running),the second term is the 2-loop mixing of tree vector operators into the dipole, and the third
term is the one loop mixing of tensor operators to dipoles.

The last term of Eq. requires some discussion, because the first log-enhanced term in the parentheses arises
in the RGEs between mpg — m,, but the second “finite”, or not-log-enhanced term is formally of higher order in
EFT. It is included because it is of comparable magnitude to the log-enhanced term in the case of internal top quarks
— that is, as discussed in Appendix the scale ratio mrg/m, is not large, so our matching conditions at Axp
are constructed to reproduce the results of matching to a QCDxQED invariant EFT at my,. And finally, although
the finite part is only required for the top quark, a quark-flavour-summed expression is given in order to retain the
“invariant” formulation. (The light quark contributions are numerically negligible in this expression, which is fortunate
because their QCD running is also not correct.)

We do not consider dimension 8 contributions to the dipole, because they are suppressed o v2/M?2, and do not
allow to circumvent the parametric suppression of the dimension six term. For instance, in the inverse seesaw, such
terms also have the loop and y,, suppression applying to (LV.4).

2. u— eee

The decay p — eée can be mediated at the experimental scale by the dipole operators, and vector and scalar four-
lepton operators (see Eq. . We do not give results for the scalar coefficients, because they are effectively vanishing:
in matching, all three models induce coefficients that are smaller than the upcoming experimental sensitivity, and
SM interactions that could transform some other LFV operator into a scalar are suppressed by lepton Yukawas, so
negligible as well. Unfortunately, scalar coefficients Cs x x are indistinguishable from vectors Cy,yy in the angular
distribution of ;1 — eée, so the absence of scalar coefficients in these models would be challenging to test.

For the type II seesaw, the vector four-lepton coefficients arise at tree level, as illustrated in the middle diagram of
Figure [5} and in the RGEs via QED penguin diagrams:

epee [mﬂue [my]ee Qe [ I 1 % :| I
Cvin = EY R =y el KU g R (V-5)
a Ma
Cep,ee ~ e [ T 1 A V:| . IV.9
V,LR 7370\%{1)2 m, in e m e ( )

where « is the index of the intermediate charged lepton. The operators Off' };ﬂ and O/ }é{, where the flavour-change
is among singlet leptons, have coefficients below upcoming experimental sensitivities because they are suppressed
o yeyu. This is also the case for the inverse seesaw.
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In the case of the inverse seesaw, both vector operators arise via loop diagrams, with propagating singlets and
Higgses:

epee Qe _ 11 m? 1 M?
CVIL ~ UZﬁ ( — 1.8]Y, M, (6 +1In (M?)) Yilen + 2.7[Yy(YjYy)abw In (Mé> Yile,
1 M? o
9.5y eay*uayeby xeb In [ Za (7@> V.1
2SN s () +o (5 (1v-10)
2
- % (3.3 x 1073(Y, V) ep (1 + 0.56(Y, Y, )ee) + 1.55 x 1073(V, Y, Y, V;).,) (IV.11)
cpee Qe o (11 miy, 1 M?
CVin = v (1.5[Y,Ma 2 (6 +1In <M§>> Y ep — 2.7[YV(YjYy)abW In <Mb2> Y en
+0 (%) > (IV.12)
2
= 15 (28X 107 (%Y, — 16 x 1071V, Y)).,.) (IV.13)

where the first expression for a coefficient is for arbitrary singlet masses 2 TeV , and after the arrow is the simplified
formula when the singlets mass? differences are less than v? [50]. In the first expression, the first two terms arise from
Z and v penguins above the electroweak scale (the Higgs propagates in the loop), and the last one is from boxes.

Finally the leptoquark can generate flavour-changing lepton currrents involving either singlet or doublet leptons.
We give here the coefficient for left-handed leptons ; the result for singlets is obtained by interchanging L <> R:

2 eu
mLQ ejee ~ Nc te t 1ee Qe mrLqQ Qe mro t
2 C’Vf‘LX(m#) ~ e ALAL P [Ax Ak] 1:F12ﬂln - +§ Arln mo AL (Iv.14)
NC mrqQ 5 t er
—g5 ALY, (1 — = Yia
gX16772[L“<an 6) uiL

where g7 = -1+ 2 sin? Oy, 95 =2 sin? Oy, the first term represents the box diagram at mrq (and its QED running
to my, with —/+ for X =/# L), the second term is the log-enhanced photon penguin that mixes the tree operators

O%L (for @ € {u,c,t}) into 4-lepton operators, and the last term is the contribution of the Z-penguins without the

negligible QED running. Since we only retain the part of the Z-penguin that is proportional to yé(see Appendix ,
the dominant contribution arises from the top quark, where the “finite” (not log-enhanced) part of the diagrams is
included because the logarithm is not large (see the discussion after Eq. (IV.7)) or in Appendix |C 1)).

3. pAl — eAl

The SINDRUMII experiment searched for uA —eA on Titanium (Z = 22) and Gold (Z = 79), setting the bounds
listed in Table [ Upcoming experiments will start with an Aluminium target, which probes a similar combination
of coeflicients as Titanium in the analysis of [75]. So this section gives expressions for the coefficient on Aluminium
Cai,x, expressed in the quark operator basis, where the conversion ratio on Aluminium is given in Eq. .

The photon penguin diagrams in the type II seesaw model generate a vector y — e operator on u and d quarks,
giving

n . Qe o (Ma
ChiL = T2mAZ, 02 |:m1/ ln( = muLe ) (IV.15)

Mq

where m, = m, and m, = m, for a € {e,u} because the logarithm is cut off by the momentum transfer from
the leptons to the nucleus[I26], which is of order m,. Notice that the penguin diagram of Figure [5| generates a
2-lepton-2-quark operator at scales above 2 GeV, where quarks are matched to nucleons, then it continues to mix into
a 2-lepton-2-proton operator, which is why the logarithm cuts off at m,,.
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The inverse seesaw generates vector operators, via Z and ~ penguins above the weak scale:
e 11 2 1 M?
oy =~ 1)2%_ ( — 0.05[Y, M2 ( +ln (mVV)> Y e+ 0.09Y, (YY) )gp~—5—— In (“) Yo, (IV.16)

6 M2 — Mb2 Mb2
o
o (32)
+ 47 )
02

S

8.6 x 107°(Y, Y, )ey, + 5.6 x 107°(Y, Y, Y, Y ))e,) (IV.17)

For the leptoquark, which induces scalar and vector 2[2q operators, we obtain

2
) 40.033 ( 6272 A\ Iy mLQ)

ciy = (003225 <1+

T 2G Vv mw
ep ep
—0.086 [)\ In L9 /\T} —41x1074 [ALYu <ln mLQ 5) v} )\E} (IV.18)
6 me mg 6
«  0.035mp . 13a. mrq 0.094m x V2
S 0.IBAT NG + ———— AN ) (1 —1 AR
< L AR T 27m. )( * 2GeV) * 2Tm,; LR ) m3,

where are included the tree vector coefficient on v quarks with its QED running, the electroweak box contribution to
the d vector, the QED then Z penguin contributions to the u and d vectors (where we took Vg4 ~ 1, sin? Oy ~ 1/4),
and the scalar u, ¢ and ¢ contributions (where the QCD running of the top contribution is negligible). As in Eq.
the Z-penguin contribution only includes the diagrams o yé, with their “finite parts”.

4. pA —eA on heavy targets

Changing the target in A — eA allows to probe a different combination of operator coefficients [75]. This is
discussed quantitatively in Appendix |A] where Eq.s (A.12] |A.13] |A.14)) give the operators probed by light and heavy
targets in the quark basis. The SINDRUM experiment searched for p4 — eA on Gold (see Table [I)), and there are
plans based on the proposal of Ref. [68] to build experiments that could probe pA — eA on heavy targets (see Table.
However, we consider these experiments to be to far in the future for the purposes of our study, so we suppose that
the data for Gold remains the bound of SINDRUM given in Table[l] The operator probed by Gold can be decomposed
into the operator probed by light targets, plus the remaining part, approximately given in Eq . In this section,
we discuss the coefficient of this orthogonal part, which can be written as

Cautn = (0 20 4 010 4 0.0075C 2 4 0.001C + 0.00030;%’”)
05604 +0.7956C1 (IV.19)

The type II seesaw only generated a vector operator on protons, (no scalar operators, and no vector operator on
neutrons), so once the coefficient is measured on a first target, it can be predicted on any other. That is, Gold probes
approximately the same four-fermion operator as light targets, and since the dipole and proton vector coefficients are
weighted by approximately 1/4 and 1/2 in both the amplitudes on Gold and Aluminium, the ratio of the rates is

BR(puAu — eAu) Ba,
~ =—~21+0(1
BR(pAl — eAl) By, OQ0%)

where EAl and EAU are given after Eq. 1)
In the inverse seesaw, uA — e¢A on heavy targets could give complementary information, because the Z penguin

contribution generates vector ;1 — e operators on both protons and neutrons:

e Qe _ 11 m2 1 Mg
CA‘;J”L ~ 0247T.<0'5[Y”Ma2(6+1n <Z\4‘22/>)Y]e“+08[ (YY) ]\M1H<Mb2> ]e“ (IVQO)
Qe
+0(5) )
2
— (1.1 x 1074V, Y, )ep + 4.9 x 1074V, YV, Y )ep) (IV.21)

M2
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The coeflicient is nonetheless a combination of the same invariants that feature in the other u — e operators, and so
can be predicted with a combination of ;1 — e observations. For instance, in the nearly degenerate limit, it can be
written as a linear combination of the light targets coefficient and the dipole.

In the leptoquark model, we neglect the scalar coefficients on d, s and b quarks, because the model does not generate
scalar operators with down-type quarks at tree level, and the estimates of Appendix[C 3 dsuggest that the loop-induced
coeflicients are below experimental sensitivity. So we obtain

ou \Kux el ke 13a . my
Cawtr =~ [n* (01228 400012228 ) (14 22 Q
Aul,L (77 ( 2 * 2 * 67 = 2GeV

mrLqQ )

2¢
JANEENET (1 4+ =]
. rAT (L T n2GeV

2

g edry Tyt 1d o MLQ y1t1e
A4 A AR —0.32—[Ap log —== A ¢
FOAZE VIV I — 0325 log 2]
NC u u d d mrqQ 5 iyt ren U2
1672 <0'28(9L +9r) +0.4(97 + QR)) ALYy (log mo 6 Y AL ) x i

where the terms, in order, are the scalar up and charm quark contribution with their QED and QCD running, the
tree vector up quark contribution with its QED running, the leptoquark-W box matching onto the vector operator
for down quarks (neglecting the QED running), then the QED penguin contribution to the vector coefficients for u
and d quarks, and finally the Z penguin contributions to both u and d vector coefficients.

We claim that in this leptoquark model, C4, 1 x is independent from C4; x, implying that C4, 1 x could be just
below the current SINDRUMII bound (see Table even if 4 — e flavour change is not observed in upcoming exper-
iments. Furthermore, we anticipate that this will remain true, even if the definition of O4, changes as theoretical
calculations are updated (the definition of the O 4s in References [75] [79] appears different.). The point is that can-
cellations can occur, for instance among vector and scalar coefficients in the coefficient on Aluminium, allowing the
coefficient on Gold to be relatively large.

V. PHENOMENOLOGY

The type II seesaw model is reputed to be predictive, because the lepton flavour-changing couplings of the scalar
boson A are proportional to the observed neutrino mass matrix. However, we observed in [50] that knowing the
neutrino oscillation parameters does not predict the observable p — e coefficients. So Sections [VA] and [V B] explore
the connections between p — e processes and other lepton flavour- and number-changing observables in the type II
seesaw. The remaining two subsections respectively discuss how p — ey constraints suppress dimension eight operators
in the leptoquark model (Section , and the impact of allowing operator coefficients to be complex(Section .

A. The neutrino mass scale in the type II seesaw

In this section, we explore how the predictions of the type II seesaw model for y — e observables are influenced by
the lightest neutrino mass scale, denoted as my;y.

The lightest neutrino mass plays a crucial role in determining the relevant coefficients in the model, namely ng R
C‘e,“ %, and C‘e,“ "% x Cair, Caul,r. The tau mass cut-off in the two-loop vector mixing and one-loop photon penguin
introduces a term o [m}],-[my]e- (see Eq. and that gives rise to the dipole and Cy/T% dependence on
the unknown neutrino parameters. Additionally, the @ — 3er vector depends on my;, from both the tree-level
o [my]ee[m}] e and the photon penguin contributions.

The magnitude of these unknown terms increases with the lightest neutrino mass, making them more relevant when
Mmin 18 large. For example, if we allow mpyin ~ 0.2 €V, the two-loop vector-to-dipole mixing can reach the size of the
one-loop matching contribution to the dipole, and certain choices of Majorana phases could allow for a cancellation
that suppresses the dipole coefficient. Although this has not been pointed out in the literature before (the dipole
cannot vanish in the type II seesaw at the leading order), the cancellation requires a high neutrino mass scale My .
Values mupmin ~ 0.2 eV are compatible with the laboratory constraint extracted from the tritium decay end-point,
which yields />, m?|Ug;|? < 0.8 eV (90% CL) [127], but are disfavored by the cosmological bounds on the neutrino
masses sum y_ m;. Assuming ACDM, CMB data constrain the sum to be > m; < 0.26 €V (95% CL), while combined
with the BAO measurements the constraint is stricter Y m; < 0.12 eV (95% CL) [128].
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FIG. 1: ‘C‘é’,f’? and ‘ cerr as functions of My, for normal and inverted ordering in blue and red respectively, for
D.,R D,R

all possible values of the Majorana phases. We consider only the one-loop matching contribution to the dipole since
for mmin < 0.2 €V the two-loop vector to dipole mixing is negligible. The shaded blue region corresponds to the
values of mpy;, above the cosmology preferred upper bound my,i, < 0.04 eV.

~

By imposing the cosmological upper bound muy,i, < 0.04 €V, the 1 — e coefficients are also constrained. In this case,

the dipole is approximately unaffected by the two-loop contribution and is completely determined from the neutrino
oscillation parameters, apart from the overall LF'V scale. When the dipole coefficient is non-vanishing, the ratios

ICviL ICviR V1)
ICorl” 1CDRl

are finite for any value of the Majorana phases. Figures and illustrate that by imposing the upper-bound
Mpin S 0.04 €V and allowing the Majorana phases to vary freely, these ratios are bounded from above

[eiyas 4.3 x 103 (10) ICV IR 28 (10)
min < 0.04 eV — e < , o < V.2
m ¢ o S 2% 108 (NO)T 10l < |21 (NO) (V2

The cosmological bound is generally insufficient to constrain the ratios from below, as there exist my, values for
both © — 3e vectors such that the operator coefficient can vanish. If m,,;, is measured, for instance by observing the
neutrinoless double beta decay, additional information can be obtained for the y1 — e coefficients. The penguin cannot
vanish for muyi, < 0.02 eV regardless of the ordering, while the p — 3er, vector is also non-vanishing for my;, < 1073
eV:

Cetee
Mumin S 0.020V {4-7 (10) _ | V,LR|<{15 (10)

8.5 (NO) = |Cp'gl ~— |10 (NO)

(V.3)

(Oeree 3
M <1073 6V = {17 (10) _ % <{2.3><10 (10)

20 (NO) = [Cp'gl — |62 (NO)

ICV' LR ICVLL
ICE R ICE R
possible to infer a lower bound on the neutrino mass scale (if it originates from the type II seesaw mechanism). Since
these ranges are significantly narrower in the NO case, measuring the ordering (which is expected to be determined in
the upcoming years) would be particularly useful to pinpoint the interplay between the lightest neutrino mass and the
1 — e predictions in the type II seesaw. Furthermore, if the mass ordering is normal, future beta decay experiments
might be able to constrain mmi, < 0.02€V (the Project 8 experiment [129] aims at a 90% C. L. sensitivity of 40 meV
on the effective neutrino mass in beta decay, which corresponds to myi, ~ 0.04€V). In this case, measuring the ratio

epee
| V,LR‘

ICL Rl

Therefore, if the ratio of coefficients

were observed outside the ranges of Eq. l) it would be

of coeflicients outside the range [8.5,10] would exclude the type II seesaw model.
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B. 7 LFV in the type II seesaw

In this section, we explore whether the type II seesaw model can be predictive, when one considers flavour-changing
decays of muons and taus. In particular, we focus on observations of 7 — 3[ decays, if one does not see ;. — e decays.
So in practise in this section, the Majorana phases are fixed to ensure that the tree contribution to u — eée vanishes,
and we study the 7 — 3l rates as a function of the neutrino mass scale.

There are four ALF=1 7 — 3l decays (7 — pjip, — eée, — eiipr and — eép) and two that are ALF=2 (— ejie, and
— pép), as given in [I30]. They can all be mediated at tree level by A exchange as illustrated in the middle diagram
of Figure |5} The branching ratios for the four ALF=1 decays are analogous to Eq

BR(r — 1,1l) = 0.18{2\CIV§%L +4eCl5 o2 (V.4)

(6410 75— 136)|eC 5 + Ol + 46 5}
l

BR(r — I,1l) = 0.18{|0&h +4eCl (V.5)
(6410 7~ 136)[eC5 pf? + OV g + 4eCT5 1}
l

BR(r — I,ll) = 0.18|CiY,|? (V.6)

where we restrict to a fixed chirality of the flavour-changing lepton bilinear, Il e {e,u}, 1 # [ and the factor 0.18
accounts for the hadronic 7 decays: I'(t — ebv)/I'(t — all) ~ 0.18. The final pair of branching ratios (Eq. are
ALF=2; we assume such coefficients run with QED like other four-lepton vector operators. The current experimental
constraints (see Table[)) are of order

BR(t = 3l) < few x 107% (now) — 107! (Bellell)
The type II seesaw can predict 7 — 3] within the reach of Belle II, in spite of the current bound BR(u — eee) <
10712, For instance, in normal ordering with vanishing lightest neutrino mass m;

2

BR(p — eée) 10-3

BR(T — pfip)

SISAsol
\/ﬁAatm

However, in the coming years, the Mu3e experiment will improve the sensitivity to u — eée, so the allowed range for
the 7 — [ rates will depend on the results of Mu3e. To be concrete, we suppose that y — e flavour change is not
observed at MEG II or Mu3e. So in the following, we suppose that the Majorana phases (and the lightest neutrino
mass M) are fixed such that C7//] vanishes at tree level, implying that the u — eée rate is suppressed by 0(a?),
because it is mediated by the dipole and the penguin-induced Cy/;. Recall that the tree-level contribution to the
coefficient Cy/}’7, which is proportional to [m};“w [m]ee, can vanish with [m].. in normal ordering (NO) for min < Asor
(as is well known from neutrinoless double beta decay [131]), and it can also vanish with [m]c, both in normal and
inverted ordering for mu,in & Agor-

There are six 7 — 3l decays, whose tree-level amplitudes are proportional to products of only five neutrino mass
matrix elements. This suggests at least one relation among these decays for generic m,,;, and Majorana phases —but
this relation could be difficult to test in general, because m,,;, and the Majorana phases can accidentally suppress
almost any element of the neutrino mass matrix (as we saw for [m,]¢,). This section considers a scenario where either
[My]en OF [My]ee vanishes in order to suppress pu — e rates, so testable predictions can be expected.

For mee — 0, one of the ALF = 2 processes vanishes (at the order we calculate):

BR(T — efie) - 0 for [mylee =0 . (V.7)
Similarly, the tree contribution to 7 — eée vanishes, so that only the dipole and penguin contributions to this decay
remain. So a signature of the type II seesaw with vanishing [m, .., is that these decays are suppressed simultaneously
with the matrix element for neutrinoless double beta decay.

In the case where y — eée is suppressed because [m, ] vanishes (and My, 2 \/AZ ), there are identities among

the tree-level coeflicients C’%Z 70 o myem’ , ((which by default dominate the rates for the decays 7 — lpo) :

eTee CGTEH * CF”'He eTee CSTME

Mee  “viiL  “VLL m.. “viir  “viip  “viIL (V.8)
- uTpe T LT LI ’ * WT R eten eT[LL . .
Mup CV,LL CV,LL o CV,LL CV,LL CV,LL
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FIG. 2: Ratios BR(7 — 31)/BR(u — eée) in the type II seesaw model as a function of m; in inverted ordering (so
my > /A2, ) for vanishing [m,]e,. This illustrates that Belle IT could observe specific 7 — 31 decays, even if
1 — eée and p — ey are not observed at upcoming experiments because the tree contribution to p — eée vanishes
with [m,]e,. Some 7 — 31 processes (in black) also vanish at tree level, and we include 7 — ey and 7 — py to
illustrate our claim that they are undetectable at Belle II in the Type II seesaw model(the BR(l; — l;7) are also
divided by BR(u — eée)).

As a result, for values of the Majorana phases fixed to suppress y — eee (and for compatible m,,, ), ratios of 7 — 3l
decays are predicted. We plot in Figs. [3| (for normal ordering) and [2| (for inverted ordering) the rates of various 7 — 3l
decays, normalised to the rate for u — eeq’] for the case where u — eee is suppressed by [m,]c, — 0. This shows
[23] 25] that Belle II could see 7 — 3l decays for BR(u — eée) < 1076 and BR(u — ey) < 10714, If several 7 — 31
decays are observed (including 7 — eée), we may compare their relative branching ratios with the predictions of the
type II seesaw shown in Figs. 2] and [3] and be able to either exclude the model or deduce some constraints on m4
and the mass ordering. Regarding A — eA, we estimate that BR(uAl — eAl) ~ 102 BR(u — eée) in the case of
vanishing [m, e, in the type II seesaw, because C‘e,“ 7% and C ‘A1,1, are both induced by the photon penguin, see Eqs.
(LV.9UIV.15).

Finally, the decays 7 — ey and 7 — py will not be observed at Belle II if neutrino masses arise via the type II
seesaw model, because this requires u — ey or u — eee larger than the current constraints (this conclusion is fully
general and does not assume that the tree-level contribution to ;1 — eée vanishes). The dipole coefficients C’g, r» at the
experimental scale m,, can be written analogously to Eq. , with the index replacement e — [ and p — 7, and
without the second term, because the RG running ends at m, for all flavours in the loop. At the order we calculate,
the 7 dipole coefficients are therefore given by [m,m}];,, so are independent of the neutrino mass scale and Majorana
phases (see Eq. , and the ratio

1

[ml,mj,],” -~
251

BR(T = py)
BR(T —ey)

[m,mb]er

is predicted. However, in order to be within the reach of Belle II (BRX 1077, see Table , these branching ratios
need to be much larger than BR(u — e7y), which can be engineered via a cancellation in C’gf  for specific Majorana

8 In the type II seesaw, the overall magnitude of LFV ~ |f2v2 /Mi| is unknown, so we plot ratios of rates. This unknown corresponds to
A in our parametrisation.
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FIG. 3: Same as Fig. [2[ for normal ordering in the case where 1 — eée is suppressed because [m,]¢, vanishes (so
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FIG. 4: A diagram that generates the four-lepton scalar operator Og’jﬁlx in the model (on the left), in the RGEs of
SMEFT (centre) and in the RGEs of the QCDxQED invariant EFT (on the right). (There is another diagram with
ly — ey.)

phases at a large neutrino mass scale. However, when this cancellation arises, the model predicts a larger branching

ratio for 1 — eée than 7 — v, because the coefficient C{/;7 & m? arises at tree level.

C. The dipole constraints on boxes for the leptoquark

The leptoquark Lagrangian of Eq. @ allows the leptoquark to interact with doublet and singlet leptons, so
it can induce lepton flavour-changing dipole, tensor and scalar operators, without any suppression by the lepton
Yukawas. Nonetheless, we neglect four-lepton scalar operators in this model, because the coefficients are suppressed
below the upcoming experimental reach by the dipole constraint. This section aims to show that suppression.

We are interested in scalar four-lepton operators Og x x, such as those in the observable Lagrangian of Eq. .
These operators occur at dimension eight in SMEFT with a pair of Higgs legs, for instance in the form (/. Hug)({.Her)
and can be generated in the leptoquark model via box diagrams with Higgs legs, as illustrated on the left in Figure
Equivalently, these operators are generated in the dimension six? — dimension eight RGEs of SMEFT or the low
energy EFT, respectively by the fish diagrams at the centre or right of Figure [d] It is straightforward to see from the
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model diagram, that

v

Ot o N ALY AR H ALY A log (V.9)

32m2mi

so that this coefficient could be ~ 3 x 107 for leptoquark couplings of O(1) to the top quark. This is marginally
above the current experimental bound, which is |Cdpg| < 2.8 x 107% from SINDRUM [62]. So now we want to show
that the product )\%t/\%t* is constrained to be < 0.01 for almost any combination of lepton flavours «, 5.

In the presence of both the A\;, and A\i interactions, the leptoquark matches onto 2[2q tensor operators involving
the up-type quarks (see Eq . These tensor operators then mix to the dipole (see the last term of Eq. 7
generating an “invariant” that is not identical to the one appearing in Eq :

TLLLNP ~ (0031 AT) + O (A wATT) + ) (V.10)

(e} « *
ACD/; x @[/\LYU Nmg I o —

mr

However, the term oc y; in [ALY, N, In mQQ )\TR]E“ is of comparable magnitude to the term o y; of [ALYJ)\E]W from

Eq .

Now we want to argue that this term < y.,y,, because if its larger it exceeds the experimental bound on AC’%%,

so must be small enough to cancel against next biggest term. In this argument, we assume that \/\g(Q| < 1, and use a
different normalisation of the dipole operator:

0% = 1,Ho"" PresF,, (V.11)

where the lepton Yukawa is removed. This is more convenient for comparing the experimental bounds [60, 132HI37]
on NP contributions to the coefficient of the redefined dipole operator, expressed as a matrix in flavour space:

N 2.3x107% 6 x 10712 7x 1078
[Cp]*P| < | 6x 10712 4x 1077 7x 1078 (V.12)
7x107% 7x107®

where on the diagonal are the (g — 2)s constraints[134] [I35] using |Aag| ~ 2m,3|0g5 + C’gﬁ*|/(ev), and the EDM
constraints [T36, 137] on Zm{CP’} ~ —vdg/2 [138] are || < 2.5 x 10714, and |C¥*| < 3 x 104, The contribution
of Eq. (V.10), with A\$*A%™* of order 1, is larger than the bounds of Eq. (V.12)) on all the dipole coefficients, except

possibly [Cp]™™. So the top contribution must cancel against the next largest contribution to the dipole, which is

relatively suppressed at least by the charm or 7 Yukawa, because the dipole operator requires a single Higgs leg. So
this implies that

A £ 1072

for all flavour combinations af except 77, so the scalar four-lepton coefficients are below upcoming experimental
sensiticity and can be neglected.

We also explored the possibility that constraints on vector four-quark operators[I39] — for instance from meson-
antimeson oscillations— allow to set bounds on the vector four-lepton operators. Our hope was that the quark sector
could set bounds on the eigenvalues {\;} of the leptoquark coupling matrices

[\] = Vi D\Vg

where Dy = diag{\i, A2, A3}, and V; and Vi are unitary matrices. K% — KO and D°— DO mixing constrain two

independent combinations of VgDiVQ, but in order to set an upper bound on the eigenvalues, at least one more
constraint would be required, and we did not find useful constraints involving tops.

D. Complex Coefficients—what changes?

The coefficients of the observables operator are generally complex numbers, and it is not immediately clear whether
experiments can fully determine these coefficients when non-zero phases are present. When considering upper limits
on branching ratios, the only difference is that we have two identical 12-dimensional ellipses, each respectively in the
space of the real and imaginary parts of the coefficients. This happens because the branching fractions are functions
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of the absolute values of operator coefficient combinations, which result in a quadrature sum of the real and imaginary
components. Therefore, the two do not mix, and the rate is a combination of the same positive defined quadratic
forms, to which the upper limit can separately apply.

The complication arises when we consider the possibility of measuring the complex coefficients from data. Expanding

the branching ratios of Eq. ([1.7)-(IL.10)) in terms of the (complex) coefficients of Eq. (IL.3), we ﬁndﬂ
BR(u— exny) = 384m*|CH'y |? (V.13)

0L P + 3267 (log (Z“

BR(M — exéxex) > - 1) |CLEDH,Y‘2 + 166|C€7§;C§;Y| COS(¢V’XX — ¢D’yﬁv.14)

e

epee m 3 e euee €
BR(p— exeyey) = |CVfLXY|2 +32¢? <1og <m#) - 2) |CDATY|2 + 8e|OVl,LXYOD;fY| cos(dv,xy — ¢p,y) (V.15)

€

BR(uA — exA) = By (d21|cgfy|2 + (O + 2d,4| Oty O cos(pa — qu,Y)) (V.16)

where we have defined C = |Cgle?®D, X # Y and A can be Al or Aul. The observables only depend on relative
phases, so for brevity we relabel ¢ — ¢p y — ¢o. We thus have 10 branching fractions that can generally depend
on 18 parameters: 10 absolute values and 8 relative phases. For example, observing 4 — exy and 4 — exeéxex
(1 — exeyey) would not be sufficient to measure the real and imaginary parts of the coefficient Cy/Y’x (CV/\y ).
However, some observables may be directly related to the coefficient relative phases. For instance, it has been shown
in [82] that the T-odd asymmetry term

Af_yze < =Im(Cp r(3CY, 11, — 20V, 1p) + (L < R) = 3|CY/ [ Cp' R [sin v, or — 2|CY T RCT |sindv.ir + (L < R)
(V.17)
is accessible via the angular distribution of the outgoing electrons/positrons, and could assist in determining the
relative phase of the u — 3e vectors and dipole. In addition, interpreting data assuming specific models can help in
reducing the number of relevant parameters, and measurements may still be used to find regions of parameter space
that are incompatible with the model predictions. For the three models we considered here:

1. In the type II seesaw the observable coeflicients are related to the neutrino mass matrix, which is complex
(given the hints of the CP violating Dirac phase § ~ 3/27 and due the potential presence of non-zero Majorana
phases). In our analysis of the type II seesaw in [50], we identified the region where the model can sit in the
space of the angular variables tan 6 = \/|Cp|? + [Cv,Lr[?/|Cv,.L| and tan ¢ = |Cp/Cy, |, which depend on the
absolute values of the observable coefficients. One may wonder whether experiments can identify a point in this
space despite having complex phases, which make three branching fractions depend on five parameters (three
absolute values and two phases). Since the flavour changing interactions with electron singlets are negligible, the
AE _.3. asymmetry is given by the relative phases of the Cv 11, Cv g vectors with the C’gf g dipole. Combined
with the measurements of the branching fractions for 4 — ery, u — epérer, and u — epégregr, one of five
physical parameters would still remain undetermined. Taking advantage of the fact that in the type II seesaw
Ca x Cy,Lr, a detection of pA — eA could be used to extract the value of the last unknown, resulting
in the complete knowledge of the relevant complex coefficients (modulo an overall phase). This also opens
the interesting possibility of taking advantage of y — e observables to determine the unmeasured neutrino
parameters, i.e the lightest neutrino mass and the Majorana phases. Since the complex EFT coefficients depends
on these three unknown, measuring the coefficients could allow to infer their values. Additionally, since the
system is over-constrained, with three complex coefficients being a function of four parameters (including the
overall magnitude of LFV), we can use experimental results to check for consistency with the type I seesaw.

2. The operator coefficients in the inverse seesaw are given by the off-diagonal elements of Hermitian matrices,
which can be in general complex. In the case of nearly degenerate sterile neutrinos, we have found that the
coefficients satisfy linear relations of the following form [50]

O, = axy Oy + by O35 (V.18)

where a and b are real numbers, and XY = LL, LR. These relations hold in general and do not assume real
coefficients. However, with non-vanishing phases, two observables are not sufficient to fully determine the y — e

9 We assume that we can distinguish the processes with electron/positrons of different chiralities via the angular distributions. We do not
discuss the scalar operator Cg/'t" because it is negligible in the models we consider.
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predictions of the inverse seesaw. Observing y — ery would give the dipole absolute value, and measuring
1A — ep A would only yield a combination of ‘055, ;| and dipole-four fermion relative phase. Taking advantage
of Equation a u — eregrep signal could allow to solve for 0265, 1, @s a complex number. Then, again by
means of Equationfor XY = LR, we could predict BR(u — ererer) and compare it against experimental
results. We conclude that, despite the non-zero phases, the inverse seesaw with degenerate sterile neutrinos is
predictive enough that it could be ruled out by a combination of ;1 — e observations

3. In the leptoquark model the p — e coefficients depend on a number of invariants that is larger than the number
of observables. This means that the model could already fill the experimental ellipse (with the exception of the
scalar four lepton directions) even in the case of real couplings. Allowing complex couplings would make the
model even less constrained, and thus we do not discuss this case further.

VI. DISCUSSION

The purpose of bottom-up EFT is to take low-energy experimental information to high-scale models. In this section,
we discuss various aspects of this process, in the light of the three models we considered.

1. What differences among models can be identified by the data?

We showed in [50] that the data could rule out the models we consider, because the models predict relations between
the Wilson coeflicients, so are unable to fill the whole ellipse in coefficient space that is accessible to experiments. But
it would be more interesting to ask whether u — e observations could identify properties of models.

A simple question is whether i — e data could distinguish models with LE'V couplings to either lepton doublets or
singlets, vs models that interact with both. It seems that the answer is yes. If LF'V interactions involve only doublets
or singlets, the only lepton-chirality-changing interaction in the theory is the Higgs Yukawa. So the coefficients of
chirality-changing LFV operators must be proportional to the Yukawa couplnging to an odd power. For instance, the

dipole coefficients would satisfy
el +1
Chr o (me)
Crr my

If this relation is not satisfied, it suggests that LFV involves doublets and singlets. If it is satisfied with exponent —1,
then it is probable that LFV involves doublets but not singlets. If in addition, the coefficients of other singlet-LE'V
operators are negligible, it becomes very probable that LFV involves only doublets —although it could result from
accidental cancellations in a model with LFV for doublets and singlets.

It would be interesting and useful if the data could also identify other model properties, such as the loop order at
which LFV occurs. But our models suggest this is not possible, because loops that occur in matching the model to the
EFT are indistinguishable from small couplings, and because coefficients that arise at tree level can be accidentally
small, as occured in the type II seesaw where C{/;] can vanish. For similar reasons, ;i — e observables can not
distinguish NP that interacts only with leptons in its renormalisable Lagrangian, from NP that interacts with quarks
and leptons.

2. What is the role of the RGEs?

There are many reasons to use Renormalisation Group Equations in EFT, as is well-known in quark flavour physics.
However, the RGEs may not be motivated in the lepton sector, because LFV has yet to be discovered, so precise,
scheme-independent predictions are not crucial. Indeed, the RGEs are often not included in the 7 — [ sector, where
the data separately constrain most coefficients. In the u — e sector where there are fewer restrictive bounds, an
EFT analysis suggests that the RGEs are relevant because they mix difficult-to-probe operators into well-constrained
processes. In this section, we explore whether this occurs in our models.

The inverse seesaw at the TeV-scale is an example of a model where the RGEs are unneccessary, because low-energy
LFV operators are generated via loop diagrams in matching, and the RGEs just contribute an O(10%) renormalisation.
A few properties of the model contribute to this behaviour: first, the new interactions couple one light SM particle
with a heavy new particle and a weak boson, so LF'V occurs via loops that contribute in matching. Then, there is
no significant operator mixing via the RGEs, because the photon penguin vanishes below the weak scale at one loop;
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that is, L'V operators are vectors(or « a lepton yukawa coupling) because only the lepton doublet interacts with new
particles, and vector operators only mix into each other via the penguins. But in the one-loop penguin diagrams, the
gauge boson attaches to the Higgs, so the penguins are only present above the weak scale, and generate 2]2¢q operators
in matching.

The type II seesaw is an example of a model where the leading contribution to some observables arises in matching,
and via the RGEs for others. This behaviour can be reproduced in EFT, and can also be obtained in model calculations
that judiciously include log-enhanced loops [26]. However, the correct lower limits of the logarithms are crucial to
obtain the dependence of LFV observables on the unknown parameters of the neutrino mass matrix in the type II
seesaw model. These lower limits should be implemented automatically in EFT, but to our knowledge were previously
missing from the literature. So it seems that the RGEs are required in this model, in order to identify the parameter
space the model cannot reach.

In the type II seesaw, a careful one-loop model calculation could include all the terms of our leading-log EFT,
because we do not resum (a1g)™ for all n, but rather work to O(alog). However, our EFT also includes the “leading”
vector to dipole mixing at O(a?log), which we did not find in the literature about this model. This mixing causes the
dipole to depend on the unknown neutrino parameters (Majorana phases and m,;, ), thereby allowing it to vanish. It
is “well known” that the 2-loop electroweak contribution to (g —2), is comparable to the one-loop part, but it seems
that the implications of this may not have been implemented in all model calculations. However, it is relatively simple
to implement in EFT [90], illustrating the first reason to do EFT: it is the simpler way to get a more precise result.

The leptoquark is our model where the RGEs are most useful, because they allow to simultaneously include the
multitude of relevant electroweak loops and large QCD effects in an organised fashion. The RGEs are required to
obtain model predictions, because they mix difficult-to-constrain coefficients— such as tensor operators involving top
quarks—into observable coefficients like the dipole, while simultaneously including the QCD running of the operators.
so are required to obtain model predictions.

8. Do cancellations among coefficients occur in models?

It is common to make tables listing the “sensitivity” of observables to operator coefficients (e.g. [76}Q0]); these “one-
at-a-time-bounds” are simple to obtain by allowing a single operator to have a non-zero coefficient, and computing the
experimental constraint upon it. It can also be common to take these sensitivities as bounds, because it is generally
considered unlikely that models generate cancellations among operator coefficients, especially since these coefficients
run with scale. However, such cancellations can occur, for instance via the equations of motion, so these “sensitivities”
are not true upper bounds (instead, they are the value of the coefficient above which it could be detected).

The operator population in EFTs is often reduced via the equations of motion (as pedagogically discussed in
[87, [140]). This can sometimes impose “accidental” but precise cancellations among operator coefficients. An example
is discussed in Appendix in a model, the Z penguin diagrams can be o< ¢?> (= the momentum-transfer? of the Z),
or  v2. Both contributions could contribute to the decay Z — e, but the part o< ¢? gives a negligible contribution
to u — eée, due to the ¢% ~ mi suppression. However if the model is matched to SMEFT, the equations of motion
are used to to transform the ¢* part of the diagrams into four-fermion and penguin operators (07, and 0% ),
with coefficients whose sum cancels in low-energy matrix elements where ¢> — 0. The “one at a time bounds” on
penguin and four-fermion operators miss this cancellation, so would instead suggest that both are strictly constrained
by p — eée.

In the type II seesaw model, the Z-penguin diagrams give negligible contribution to u — eée because the oc v? part
is suppressed by lepton Yukawas, and the oc ¢ part is kinematically suppressed as discussed above. So experimental
observations do not exclude a € Z p interaction just below the sensitivity of the LHC, despite that the “one-at-a-time-
bounds” suggest that they do. Nonetheless, the model can not generate such interactions, because they are controlled
by the same model parameters as the photon penguin diagrams, which are constrained by pu — eee.

So in summary, apparently accidental cancellations can occur among coeflicients in EFT; whether this affects the
constraints on models is model-dependent.

4. Does it matter that coefficients are complex?

1 — e observables define an experimentally accessible 12-dimensional ellipse in the space of the Wilson coeflicients,
but these are generally complex numbers. Although this does not complicate the analysis when imposing bounds
on the coefficients, because the ellipses for the real and imaginary components are identical, allowing for complex
phases could generally hinder the determination of the coefficients from data. If the muon polarization and the
electron/positron angular observables could in principle identify 12 real coefficients, unobservable directions will be
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present when considering the full parameter space spanned by coefficients with non-zero phases. Measuring for instance
the branching fraction for 1 — ex~ would identify a circle with radius \/BR(u — ex)/38472 centered at the origin
of the complex plane for the dipole coefficient Cpx, but without further assumptions the real and imaginary parts
would remain undetermined. However, if our goal is to use data to exclude models, the model predictions can help
in reducing the number of unmeasurable direction. Interpreting data in light of a particular model can lead to the
determination of absolute values as well as relative phases for the coefficient. The neutrino mass models we considered
in this paper are an example where this determination is possible.

In the type II seesaw, the LFV operators are complex because their coefficients are directly related to the neutrino
mass matrix, which contains up to three phases in the case of Majorana neutrinos. We discussed in section [V D] how,
taking advantage of the model predictions and making use of observables directly related to the coefficient phases (see
Eq. ), one could interpret u — e data to determine the (complex) coefficients predicted by the type II seesaw.

Similarly, in the inverse seesaw model, the predictions for flavour-changing observables are determined by the
magnitude of off-diagonal matrix elements, and the operators can be complex. In section [V D] we showed that despite
the presence of operator phases, we can use the model predictions to identify points in the experimentally accessible
ellipse.

VII. SUMMARY

The p — e sector is promising for the discovery of LFV, due to the exceptional upcoming experimental sensitivity
— to three processes. So this project explored what could be learned about the New Physics in the lepton sector
from ;1 — e observations, by studying some “representative” TeV-scale models described in Section [Tl We take the
data to be 12 Wilson coefficients, which can be individually constrained and distinguished in measurements (with the
exception of vector and scalar four-lepton operators which have indistinguishable angular distributions in p — eée,
see Section .

Bottom-up EFT is an appropriate formalism to compare data with models, because data improves slowly while
models can evolve more rapidly. It also gave some relevant effects (such as the two-loop vector to dipole mixing in
the type II seesaw, see Eq. which we did not find in the literature. Our analysis is at leading order in EFT,
meaning that we attempt to include the largest contribution of the model to all the operators to which the data
can be sensitive. This includes some 2-loop anomalous dimensions and some operators which are dimension eight in
SMEFT. Our notation and assumptions are summarised in section [[Il Our models are located at the TeV scale in
order to profit from many complementary observables, but the ratio my /TeV is not large, which implies that EFT
is poorly motivated between my, — TeV (see the discussion in Appendix , so in practise we match our models to
the QCD xQED-invariant EFT that is relevant below myy.

The observable operator coefficients are given in Section [[V] in terms of model parameters at the TeV, which
usually appear with SM parameters in elegant combinations that recall Jarlskog invariants. This unforeseen curiosity
(discussed in Section may be an accident of our simple leading order analysis, which allows analytic expressions.
Or possibly it indicates an interesting new role for invariants as stepping stones in the reconstruction of models from
EFT coefficients. For instance, our models did not fulfill our expectations: we anticipated that the type II seesaw
was predictive because the flavour-changing couplings f.g (Eq are determined by the neutrino mass matrix,
and that the inverse seesaw was unpredictive because the Y*? couplings (Eq. are unknown. However, Section
[[VB] shows that u — e flavour change is controlled by two invariants in the inverse seesaw with degenerate singlets,
whereas three invariants are needed in the type II model. In any case, it is interesting that p — e flavour change in
these models is controlled by a few complex numbers of magnitude < 1, which could be obtained for a wide variety
of flavour structures in Lagrangians.

We showed in [50] that u — e data has the ability to exclude the models we consider, because they cannot fill the
whole ellipse in coefficient space accessible to upcoming experiments. In Section [V} we explored the more interesting
question of whether observations could indicate a model— specifically, the type II seesaw model — by including some
complementary observables. In Section [V A] we showed that, in the type II seesaw model, some ratios of 1 — e Wilson
coefficients can be confined to relatively narrow intervals (depending on the mass ordering, see Eq. if the lightest
neutrino mass is small enough. Therefore, if these ratios where observed outside the ranges quoted in Section [VA]
a lower bound on the neutrino mass scale could be inferred (assuming that neutrino masses arise from the type II
seesaw mechanism). In Section we considered 7-LFV at Belle IT — still in the type II seesaw model—in the case
where neither g — ey nor u — eée are observed in upcoming experiments (see table . In this case, the model makes
specific predictions for 7-LFV ratios that could be observed at Belle 11, as a function of the neutrino mass scale and
ordering. As a result, Belle II could contribute to constraining the neutrino mass scale and ordering or rule out the
type II seesaw model.

Finally, in the discussion section [VI we addressed some questions that arise in a bottom-up EFT attempt to
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reconstruct New Physics from (low-energy) data.
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Appendix A: pA —eA operators

References [75], [[41] observed that the target-dependence of the uA — eA rate could give information about the
contributing operators. So the aim of this Appendix is to identify the independent four-fermion operators Oy x
and O4y. x, probed by Spin-Independent (SI) uA — eA on light and heavy targets. We use the formalism of [74]
and use the nuclear calculation of [75]. The operators O4; x and Oy, x can be constructed in the nucleon basis
relevant at the experimental scale, or in a quark basis more relevant for comparing to models. In the following, we
first construct these operators in the nucleon basis, where operators, coefficients and parameters wear “tildes”, then
express them in the quark basis without tildes. Notice that normalisations change between the bases, so there are
numerical differences between, eg, By and By.

The results in this Appendix have two peculiarities, arising in the matching of nucleons with quarks. The first is
that there is a “loss of information” in going from nucleons to quarks, because the scalar u and d content of a nucleon
are comparable: (N|uu|N) ~ (N|dd|N) (Or in the notation of Eq , Gg’“ A Gg’d, which is obtained both with
lattice and xPT methods[T42]). As a result, the coefficients of scalar p and n operators need to be measured accurately,
in order to distinguish scalar coefficients involving us vs ds. The second curiosity is that O, x is different, when
calculated in the quark or nucleon bases. That is, Ref. [80] obtained an orthonormal basis of nucleon operators for
the two-dimensional space probed by Gold and Titanium. When these nucleon operators are matching to quarks,
they are no longer orthogonal. In Ref. [78], the operators probed by Gold and Titanium were first matching to
quarks, then decomposed into orthonormal components. We follow the second approach here, because the aim is to
identify the independent information available about models, and that is expressed in the quark basis in our bottom-up
perspective.

In the nucleon basis at the experimental scale, the lepton-nucleon operators relevant for Spin-Independent A —eA
can be added to the Lagrangian as [75]

sy YY) (GAMOND L GO 4 he) A1)
Ne{n,p} Xe{L,R}

where (5(51,VXN) = (ePxp)(NN) and (5%,1\;?[ ) = (ev*Pxp)(NvoN). Notice that the nucleon currents are not chiral:

~(NN ~(NN) , ~(NN

B = O + O o
~(NN 1l/~nN) | (VN
O\(/,X ) = 5(0\(/,XL) + C\(/,XR)) . (A2)

A similar relation holds for the coefficients on quarks used in pA —eA.
The Spin-Independent conversion rate, normalised to the u capture rat@ (u+ A — v+ A", can be written [75]

32G2m3 / ~ ~ A I
BRs1(nA — ed) = = (|CPLIT), + CYLITs + Conl (), + CELITs + Cou 2 +{L & R} ) (A3)
cap

The nucleus(A) and nucleon(N) -dependent “overlap integrals” IXV&, IXYS), I4 p correspond to the integral over the

nucleus of the lepton wavefunctions and the appropriate nucleon density; we use here the results of [75]. We neglect
smaller contributions to the ;1 — e conversion amplitude, such as the Spin-Dependent part [I44HI46] which is not

10 Some capture rates are given in [75} [143]; the capture rates in Aluminium, Titanium and Gold are respectively 0.7054, 2.59, and 13.07
x10% sec—1
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coherently enhanced by the numerous nucleons, and subdominant Spin-Independent contributions arising from, eg
peyy operators [74], or from tensor contributions to the scalar coefficient [144].

Focusing on an outgoing electron of left helicity, the Branching Ratio can be re-expressed as [78], [80] (E 4 here is
written B4 in [80])

BRS[(MA—>€LA) = §A|C~'L~’1A)A’5|2 (A4)

where the coefficients (of operators with outgoing er) are lined up in a vector Cp, the overlap integrals are lined up

in a five-component vector v45 = (I,(f,?s*? IX?V, IIE‘%, 11(47?2/, %IA}D), and the target-dependent constants B4 are

~ 614473 |Uas)?
A7 2197 capr, 10~ Osec

(A.5)

with Ba, = 142,Br; = 250, and B4, = 300.
In order to identify the four-fermion operator probed by a target A (as opposed to the combination of coeflicients),
it is convenient to temporarily neglect the dipole. This implies that yA — eA on the target nucleus A probes the

combination of coefficients C AL = C’L - 0a4 where U44 contains only the four-fermion overlap integrals (so neglects
the dipole). So C4 1, is the coefficient of the operator

Oar =ia1- (OFy, OF), 05, OF)) (A.6)

because the Branching Ratio resulting from L = C A, L@ A, Will be

= 12
~ U

BRSI(,U,A — eLA) = BA|OA7L 2 |_,A4|2

|Uas|
in agreement with eqn (A.4). In general,
5| B en | load s [
BRSI(,UA%ELA) = By CDHR—I— CAl,L + L+ R (A.?)

v as| |vas|

where on light targets like Aluminium, I /(4|vas|) = 0.27 and |va4|/|vas| ~0.96.
In order to express the Al and Au operators in the quark basis, there is one more step. The nucleon operators of
eqn (A.1) can be matched at 2 GeV onto light quark operators O%'y = (ePx 1)(qq), OV = (€7* Pxp)(7aq) using

(N(Py)|q(z)Loq(x)|IN(B)) = Gy (N(P)|N(z)ToN ()N (B)) = Goy"un(Pr)Loun (P)e =Pz (A.8)

where the parameters Gg’q can be determined from sum rules, lattice calculations or experiment, and we use the
values summarised in [78]. Below the heavy quark (b and ¢) mass scales, there is also a two-step contribution to scalar
nucleon operators from scalar quark operators [147, [148)], via matching first onto the gluon operator (€Pru)GG, then
onto nucleonﬁ As a result, the nucleon and quark coefficients are related as

Cox =) Gyicgy | (A.9)
q

for ¢ € {u,d,s,c,b,t}, and O € {S,V}. This allows to define quark “overlap integrals” for target A as
ng,s = GYIL ¢ +GS'I} 5

GEAIY |+ GHATE (A.10)

q
IA,V

11 The scalar operator with top quarks also matches at m; onto (Pgru)GG, whose QCD running we suppose is accounted for by the
wavefunction contributions, and which at 2 GeV matches onto nucleons like for the b and c:

N 2mpy as(mg)
GY9 ~ 09— o TQ
mQ(mQ) aS(2GeV)

However, we do not write the top contribution because it is absent from the EFT below the weak scale, so we include it at m+
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which can be assembled into a “target vector” @4 in the space of operators describing u — e conversion on quarks:

g = (IX,SvaX,SvIf—l,SvIEX,SvIIZ,Svij,SﬂIX,ijg,V) ) (A'll)
s = (0.692,0.699,0.0341,0.00400,0.00121,0.0000118,0.125,0.128) , |@a| = 0.397 (A.12)
ir; = (0.690,0.699,0.0340,0.00398,0.00121,0.0000118,0.127,0.134) , |dr;| = 0.991 (A.13)
Ga, = (0.672,0.689,0.0334,0.00380,0.00118,0.0000115,0.177,0.202) , |tay| = 1.923 (A.14)

Analogously to eqn (A.6), we use @4; = ug; to define Q4 in eqn ([1.4). The orthogonal direction probed by Gold,
WAy 18 defined as

Upy = ‘ﬁA,u‘(COSHAﬂAl—FSinHAﬁl)
UAy — COSOATA;
=4, = “—
sin 6 4

4, = (—0.21,-0.099, —0.0075, —0.001, —0.0003, —0.000003, 0.558, 0.7956) (A.15)

where the operators are in the order given in Eq. (A.11)), sinf4 ~ 0.093 and 64 is ~ 5.3 degrees[78|. This gives the
definition of O 4, in eqn (I1.6).
Finally, it can be convenient, in the quark operator basis, to write

Ip |2

L A.16

R(,LLA —>6LA) = BA‘C_;L “Upg + CD,R
where B, is defined as is eqn (A.5) but with 045 — @4, Ba; = 19363, Bp; = 32860, Ba, = 24519, and d4 =
Ip/(4]Eal) = 0.0228,0.0219,0.0246 respectively for Al, Ti and Au.

Appendix B: observable coefficients at Ayp

The coefficients of the Lagrangian of Eq , which are at the experimental scale m,,, are written in [76] as linear
combinations of coefficients at some higher scale taken to be my,. These formulae allows to identify what magnitude
of which coefficients needs to be retained in matching to the models. This Appendix gives the linear combination of
coefficients probed by pA —eA on Aluminium, not given in [76] and also on Gold for completeness.

Using the results of [75], the combination of coefficients at the scale A which is probed by A —eA on Aluminium,
for outgoing ey, is:

BRYY
B

87rmN

2 ’O.ZGGCD,R(WLH) + L45ACYY, + LA90CH, — 0.86 . Cag,r

QT

@ uu cc ss » ~
—3 (Z(Cv,L +CVL) — (C{'ﬁdL +Cyp + C{’/{’L) —(C§5, + Ol 4 CF, )>

- uu ee
+2((Ls0dt, - 3C) + (OVL + Oy - Ot - ) )n

13a ~ 1.7mpn Sa ~ LTmy
as 11+ —1 8.06C¢Y —C @s 14+ —1 8. 140 0.405C% —C
+n ( + o n)( SR T 27m, Sr) TN ( +37Tn)( R T Cr+ 9T $Rr)
4 3.4 1.7 ~
" fro = (16120}, + 2 S Oy — 8,140, — 04050y — Prn) ) (B.1)
T 27Tm 2Tmy ’

where the result for Titanium can be approximately obtained by replacing B 41 = 142 — ETZ- = 250. The constraint
from pA —eA on Gold is:

8
49x107% 2 ‘ (0 222Cp, r(m,) + 1.602C3% + 1.830C%, — 0.721£5¢ 9Zmniv Cec R) (B.2)

S

—231?1<6.4105“L—3.66Cj —0.305(C5e, + Ol —C5ep — CH1) + 0.2280,)1«”_(771)
7-(- 9 ) 9 ’ )

a 26 ~ 1.30mp a 20~ 1.30mpy
as (1 771) 6.100u%, + — 2N e aS(l ——1) 6.26C4% + 0.303C v
+ ( T3 ( srt o )“7 TE3t rt Srt 5, Csn

da 1.30m5 1.30m
— fren® —ln ( (6.100C]  + —5 - NCT r) — 62580 — 0.303C gy — —- NCT RR) ’
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where we used the scalar quark densities in the nucleon of Ref. [149], the coefficients are at A, my = my(my),

1 " C L 1 2 C L 1 C L L
o, = kepthropth . ol = Yepth-omh ol = Lot
n and frg are defined in Eq.(I1.17)), In= In(A/my) where my, € {ms,2 GeV,m,} is a suitably chosen lower cutoff for
the logarithm, and the dipole contribution is given at the experimental scale (it can be written in terms of coefficients
at A as given in [76]). A similar bound applies with L and R interchanged.

Appendix C: Matching the models with the EFT

This section summarises the matching of the models with EFT. We first discuss which EFT to match onto in Section
[CT] and how we define the lepton flavour basis in Section [C2} then give the matching of our three models onto a
QED xQCD-invariant EFT in section In section [C4] we discuss some curiosities related to the EFT description
of penguin diagrams in the models.

1. Which EFT to match to?

The models we study contain new particles with masses around the TeV, so we need a recipe to match these models
onto the QCD x QED-invariant EFT appropriate below the weak scale.

A formally correct approach would be to match the models to the EFT at my,. Indeed, this would be similar to the
weak-scale matching in the SM, where one removes the ¢, W, Z and h at myy, because there is no “large log” argument
for sequential matching out of ¢, h, Z then W. However, this approach has two drawbacks: first, it implies calculating
many loop diagrams involving SM particles and New Physics in the broken SM, and second, resumming QCD from
the TeV to the weak scale is unobvious because the loops one calculates are electroweak. (But the QCD issue may
be minor, because as S .12 varies by ~ 30% from mz —TeV.) We will follow this approach for the inverse seesaw,
where the leading contributions arise in electroweak loops(that induce no field bilinears running under QCD), and
below my, the RGEs of QED only modify the magnitude of the coefficients.

If we match to an EFT at Ayxp, there could be fewer diagrams to calculate, and QCD can be resummed. However,
the scale ratio TeV /v is not large, so higher order contributions in the EFT expansions in log-enhanced loops and
operator dimension can be relevant. For instance, In(TeV/my ) ~2.5 and In(TeV/m;) ~1.75, so one-loop model
diagrams with weak-scale particles in the loop can have finite parts comparable to the log-enhanced part — despite
that in EFT power-counting, these finite parts should be included at NLL, and not at LL where they can give
undesirable dependence on the renormalisation scheme of the operators. Also, by power-counting, dimension eight
operators are only suppressed with respect to dimension six by a factor v?2/ TeV? ~ 0.03.

The obvious EFT to use at a TeV is SMEFT, which can then be matched at my, to the low-energy EFT. This
two-step matching should allow to correctly resum QCD at all scales. Some of the four-fermion operators present in
the low-energy EFT, first arise in SMEFT at dimension eight — an example is the Og'\’y operator that contributes at
tree level to u — eée (see Eq. . Matching the models to SMEFT then the low-energy EFT generates contributions
to these additional operators at O(v?/(A% pv?)) via the “penguin” operators (see Eq.s [C.26{C.28) or Ogy, but in
order to recover contributions at O(v?/A% p), we need to match onto dimension eight operators, and include the
dimension six? — dimension eight mixing in the RGEs. Dimension eight operators are legion in SMEFT [150, [151],
so this requires cherry-picking the relevant operators.

We also tried matching out the new particles and the electroweak bosons at Ay p, such that below Ayp, we use
the RGEs of QCD and QED. In this approach, there are four-fermion operators induced by the Higgs and the Z in
our EFT, and including the dimension six? — dimension eight mixing in the RGEs reproduces the O(alog) terms
obtained in SMEFT at dimension six, as well as the O(1/A% p) terms. This is simpler than using SMEFT, because
there is no intermediate matching, and its easier to pick out the relevant dimension eight operators. However, this
approximation of treating electroweak particles as contact interactions when they are dynamical, can in some cases |E|

12 In matching the leptoquark to SMEFT at Ay p, the “higgs-penguin” diagrams of the model correspond to the mixing of the tree-induced
scalar O pqu into Opg. Similarly, the o v2-Z-penguin diagrams correspond to the mixing of 212q vector operators into the penguin
operators Opr1, Oprs, and/or O g. All the operators are of dimension six and involve at most two quarks, so the effect of QCD is as
discussed around Eq. . It is straightforward to see that, for n ~ 1 4 §, this modification of the electroweak anomalous dimension
is 0(62), so we neglect this effect.

In the QEDxQCD-invariant EFT, the log-enhanced contribution of box and Z-penguin diagrams arises in the dimension six® —
dimension eight RGEs via “fish diagrams” (see eg Figure combining a Z- or Higgs-induced four-quark operator with a leptoquark-

2
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give the wrong QCD and/or QED running from Ayp — my. And unfortunately, numerous loop calculations must
be performed in the model to obtain the potentially relevant finite part of electroweak loops.

In summary, we aim for the first, correct, approach, augmented by resummed one-loop QCD corrections. But
sometimes we neglect finite matching contributions. For conciseness, we give the matching results at Ayp (rather
than my ), because the RGEs we implement automatically will include the log-enhanced QED and QCD loops. The
finite and log(A/mwy )-enhanced loops involving h,Z and W, and the dimension six? — dimension eight mixing are
included in the matching. In resumming QCD, we use five flavour anomalous dimensions at all scales.

2. The Yukawa correction Ogy

When lepton flavour is not conserved, the charged lepton mass eigenstate basis provides a pragmatic and unam-
biguous definition of lepton flavour. It is a significant simplification to always work in this basis, not only in the EFT,
but also in models. This circumvents a problem that could arise in matching models onto EFT: if the model induces
the SMEFT “Yukawa correction” operator

Opy = H HlHe

then the mass eigenstate basis that defines lepton flavour is rotated with respect to the Yukawa eigenbasis, which
seems the obvious definition of flavour in a model. If the rotation from Yukawa to mass eigenbases is performed in
matching, the resulting corrections are at dimension 8 in the EFT(x Cgg X Cother), to which some p — e observables
can be sensitive [89]. However, to obtain self-consistent results at dimension 8 requires including dimension 6 operators
in the equations of motion when reducing the operator basis (this is particularily relevant for the mass correction
Opp). In addition, performing this basis rotation appears daunting.

The simplest solution is define the charged lepton flavours as the “mass” eigenstates also in the model. This means
that the Yukawa matrix Y, is not quite diagonal, and that the flavour eigenstates cannot be simply obtained from the
Lagrangian of the model. Instead, the matrix [Czy]*® must be calculated, then one diagonalises

[me] = [Ye]v + [Cralv

However, since the Lagrangian is invariant under flavour basis transformations, an explicit calculation of the basis is
rarely required. And current LHC constraints on flavour-changing Higgs decays impose that renormalisation group
effects of the off-diagonals of [Y;] are below the sensitivity of upcoming experiments [89]. Following this approach, we
include the Oy operator in the lepton equations of motion in our EFT, so that we distinguish [Y.] which appears at
Higgs vertices from [m.]/v which arises from the equations of motion.

3. Matching Results

The matching results are given in the usual theory-motivated operator basis of the EFT, where there are a large
number of operators. However, u — ey, u — eée and pA — eA can only probe the coefficients of the 12 operators
in the experimentally-observable subspace, which are given in section[B] Since the 12 observables have wildly varying
overlaps with many high-scale operators, its important to estimate the magnitude of all coefficients obtained in
matching. So we list the coeflicients that we include in our results, and also estimate subleading corrections to those
coeflicients, and contributions to coefficients we took to be vanishing.

a. type II matching-to-QED summary

The type II seesaw model and its Lagrangian are discussed in Section (III). At tree level in the model, one obtains
the neutrino mass matrix
[mulpe [ ]poAuv

” o~ Ma . (C.1)

induced two-lepton-two-quark operator. The QCD running for these diagrams is more complicated (four-quark operators mix under
QCD), and includes the wrong diagrams. So using the RGEs of QCD and QED between the weak scale and Ay p, would resum the
wrong QCD for penguins and boxes. It gives the correct QCD running below myy, but such fish diagrams have a light (# t) quark in
the loop, so are negligible due to the Yukawa suppression (We nonetheless include the light quarks in the formulae, in order to construct
attractive “invariants”).
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FIG. 5: Diagrams matching the type II seesaw model onto, from left to right, the neutrino mass operator, the
four-doublet-lepton operator, and the dipole.

v S~ HOp e

Above the weak scale, the lepton number changing neutrino mass matrix operator runs, and mixes with itself to
generate LFV operators [152] with coefficients oc m2 /v2. We neglect the running because TeV — myy is not far, and
and the dimension five? — dimension six mixing because the effect is tiny.

There are also four-doublet-lepton vector operators with coefficient

afll [m’;]m [ ] 9
Cvip = (14 0ar + dp1)| A |?v? (©2)

where «, 8,1 € {e, 1, 7} and « # . Then at one-loop in the model, there is a contribution to the dipole coefficients:

(C.3)

me 3e 3e [m,m)]
Ceu Ceu ~ lhe vittvlep
(b1 Cor) (mu 1287r2’1287r2> A [v?

where we recall that our dipole operator includes a factor m,,.
In practise, we neglect Cjj; o me, and the matching contributions to all the other operators; we estimate below
the largest matching contributions we neglected for each coefficient.

135 er,
la lﬁ KD‘_>_,_(_,_<_ 6ﬁ A
| | | H -<-
A Y A A
. A A o A o
— < — > VA
f f

FIG. 6: Representative diagrams of matching contributions that we neglect, because they are subdominant or below
upcoming experimental sensitivity: from left to right, a box with two triplets A that contributes to vector
four-lepton operators, a box with a A and a Higgs, and the Z penguin. ¢ are doublet leptons, and e are singlets.

1. Vector four-fermion operators Oy x will be generated with log-enhanced coefficients by the photon penguin
in renormalisation group running. We list here some other one-loop matching contributions to four lepton
operators (illustrated in the first three diagrams of Figure @: there are boxes exchanging two As (first line of
the expression below), or a Higgs and a A (second line where ms = max{mq, mg}) and finally the Z-penguins
which are discussed in Appendix [C4}

(CofL cosll capil ceaBlly <5([mym3]aﬁ[f*f]lz+[mym;]al[f*f]lﬁ)ﬁ’o’o)

VLL>~YVLR>~VRR>~VRL 647T2|)\H|2712
Ma Ma 3
0, [YIm2) P m, " log —=,0, [m:Y.]# m, Y log —= | x —————
" (,[emy] Y log 2 0, ma Vo) P, Y log L% ) ¢ g5t
1 Ma
29<,2 e,o,o)x— mr T }
+ (gL IR (167T2)|/\H|21}4 m,me 108 Me memy, B

where recall that [m,m*]*? that appears in the triplet-triplet boxes is determined by the neutrino oscillation
parameters so is independent of the neutrino mass scale or Majorana phases. In the Z-penguin diagrams,
there are mass insertions on the internal lepton lines, for which we use a Feynman rule —i[me]qq/v rather
than —i[Y;]na, as discussed in Section The gg( couplings here and in the following equations refer to the
interactions of the Z boson with a fermion f vector current of chirality X. For instance, the Feynman rule for
the Z couplings to leptons reads —ig/(2cw )v* (95 Pr + 9% Pr)
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2. vector operators with a quark bilinear can also be generated by the Z-penguin:

1 M
{mym: log —=mTm (C4)

QQ QQ QQ QQ Q 5 Q
(52, OV G Oy ~ (262:208.0.0) X gy omimy|

3. Scalar four-lepton operators involving a 7 bilinear can be generated by a box where the Higgs and the triplet
scalar A are exchanged, as illustrated in the middle diagram of Figure @ This gives O/ ¢k~ operators, which
can be Fiertz-transformed to LR and RL scalars, given on the first line below:

X ————>— log ma
3212 | A g |20 ms
34
3272 | A g |?v?

(CET CLTR. CHTT O ~ (0,0, 1Y my) ™[, Y217, [ Yo ¥ o, )
—Yr ([mvm;]ueyea [mvm;]euyua [mum;]yeye, [mum;]epy,u)

where on the first line ms that provides the lower cutoff of the logarithm is the heaviest internal lepton. The
scalar operators on the second line are mediated by “Higgs penguins”, or Higgs exchange with a flavour-changing
vertex corresponding to the loop-induced SMEFT coefficient Cly; ~ —3X4[m,m} Y] /(6472 A g |[*v?), and we
used m3 /v? ~ 1/2 and a Higgs-triplet interaction 6L D )\4ATAH?H.
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FIG. 7: Representative diagrams generating scalar four-fermion operators via Higgs exchange. If the model is
matched to SMEFT, the external fermion current ff should not be included and the diagrams match onto the
operator (’)JEE = HTHeH'/, which generates LFV Higgs couplings. Or the diagrams can be matched directly to a
QED xQCD invariant four-fermion operator.

4. Higgs “penguin diagrams”, as illustrated in Figure[7]and which generated the second line of the previous equation,
can also generate scalar operators involving quarks Q € {d,u, s, ¢, b}, and other flavours of lepton I € {e, u}.
They are all suppressed by two Yukawa couplings and a loop:

3\

epll eull * * 4

(CYrL, Cdpr) ~ —yz([mumy]#eye,[mumu}euyu)m

3\

Ce.uQQ’CEHQQ OethQ CE/LQQ
(CsLL ) 3272 | Mg |20

SRR 'YsrLr »YSRL _yQ([mymz]peym[ml/ml*,]euy;u[mumz]ueyev[mum;]euyu>

5. Finally, we neglect the tensor operators in this model. The 7-tensors can be induced at two loop, suppressed
by two lepton Yukawas, via Higgs exchange with 7 — {e, u} flavour-changing couplings at both vertices [153]
(e.g. as illustrated in Figure [7)).

b. Inverse seesaw matching-to-QED summary

The inverse seesaw is introduced in Section and the Lagrangian is written in Eq. ([I1.3]). At tree-level, the left
diagram of Fig. [§] gives the following neutrino mass matrix

[my]o‘ﬁ ~ [Yl,MflqulYVT]aBUQ. (C.5)

In the following we neglect the matching contributions that are o m,,, thus suppressed by the small neutrino masses,
and we only consider the insertion of lepton number conserving interactions. The right diagram in Fig. gives
tree-level matching contribution to the SMEFT penguins Cr1 3, contributing to the difference Crp1 — Cprs but
without modifying the fermion Z couplings « (Crr1 + Crr3). Including the one-loop corrections arising from the
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FIG. 8: Tree level matching diagrams in the inverse seesaw. The left diagram contributes to the Weinberg operator
and gives neutrino masses, while the diagram on the right matches onto the penguin operators Og 1 3.
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FIG. 9: Representative one-loop diagrams contributing to the Z fermion couplings in the inverse seesaw. Additional
topologies are possible.

(representative) diagrams in Fig.[9] we find

2

v .
(Crrzr — Cris)as = ?(YVM(;QYVT)QB + one — loop (C.6)
2
v 2 2 2yt mw 1l
(CHLI + CHL3)O¢5 38472 (g + 7g )( @ v )Otﬂ < o8 < Ma > " 6
02 ( 1 M?
- Y, (YY)~ In < a) YJ) (€D
3272 M2 — My M op

where ¢, g are respectively the hypercharge and SU(2) gauge couplings. The vector four lepton operators get con-

HH

\r]ltljy/
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\—]X—/
\ H* / Z
H
fof f (b) Penguin diagram proportional to

four neutrino Yukawas contributing
(a) Z,~ penguin diagram contributing to four-vector operators. to the four-fermion operators

H
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(¢) Box diagrams matching onto
vectors with left-handed leptons

FIG. 10: Matching contributions to flavour changing vector operators in the inverse seesaw. The diagrams are
illustrative and we do not draw all possible topologies

tribution from the v and Z penguins (Figs and , as well as from box diagrams (Fig [10c) when the external
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FIG. 11: One-loop diagrams matching onto the y — e dipole in the inverse seesaw. In the right diagram a flavour
changing W coupling arising from the O Eg operator is inserted between the charged lepton and an active neutrino
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FIG. 12: Diagrams featuring four insertion of the neutrino Yukawas matching on the p — e dipole. At the leading
order, these arise at dimension eight (left) or at the two-loop level (right)

leptons are left-handed
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where a, 8,1 € {e,, 7} and « # . Similarly, the two-lepton two-quark vectors matching conditions are
1 2 m 11
aBQRQ ~afRRQ ~afQQ ~afQRy _ 9 - w
(Cvir " Cvir Cvrr  Cvry”) = 38472 <—3 +109°, —2C]Q9/2,0,0> X (Y, M %Y, )up <log ( i ) + 6)
+ (Cria + Curs)as (92.98,0,0) (C.9)

where qg is the electric charge of the Q = u,d quark and 7, = —ng = 1. We neglect all vectors with right-handed
flavour changing currents because they are suppressed by two insertions of the lepton Yukawas, and arise at dimension
eight or at higher-loops

2
BRQ_ A0fQQ QR H0QQ v 1
(03312 70\(;RL ) ~ (CX(;LR ’O\a/’LL ) X Yayp {W7 167T2}
(COAIL Bl | (afl oy v? 1
VRR’~VRL VLR “vLL) X YalUs\ e 162
giving contributions below the future experimental sensitivities. Similar Yukawa suppressions are expected for the
scalar operators, which we neglect.
The dipole receive matching contributions from diagrams involving virtual sterile neutrinos (Fig [11a)), as well as
from the exchange of a virtual active neutrino between flavour conserving and flavour changing (x Cgr3) W couplings
(Fig[L1b). The resulting dipole coeflicients are

me € e

(1080 = ~ (g o) PO (C.10)
m

As depicted in Fig[T2] matching contributions featuring four neutrino Yukawa matrices can emerge either at dimension
eight or via higher-loops. To estimate their magnitude we consider the dimension-six results and account for the
appropriate suppression factors, leading to
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Although the dimension-eight and two-loop suppressions are insufficient to push these contributions beyond the reach
of experiments with no further assumption on the neutrino Yukawas, they nonetheless have a negligible impact on
the correlations between 1 — e observables that the model can predict.

c. Leptoquark matching-to-QED summary

The leptoquark model is introduced in Section and the Lagrangian is given in Eq. . The 57 leptoquark
alone does not induce neutrino masses; for instance, adding another leptoquark [154], such as an SU(2)-doublet
leptoquark of hypercharge Y=1/6, could generate neutrino masses at one loop via diagrams familiar from R-parity-
violating Supersymmetry [I55, [I56]. Or, in the presence of a colour-octet Majorana fermion, the S; leptoquark can
generate neutrino masses at two-loop [44].

At tree level in the model, the leptoquark induces vector, scalar and tensor flavour-changing operators involving
u-type quarks and charged leptons of both chiralities. Then at one-loop, there are various penguin and box diagrams,
which match onto dimension six operators of SMEFT and dimension eight four-fermion operators in SMEFT.

uy ux

S1
Hx uy

uy

FIG. 13: Diagrams matching the S; leptoquark onto, from left to right, two-lepton two-quark operators (vector for
X =Y, scalar and tensor for X # Y, where X, Y € {L, R}), a Z-penguin contribution to the 2{2u vector operators,

and two diagrams that contribute to the dipole: a finite matching part oc A X)\}y#, and the tensor— dipole mixing
X /\ny /\E(

At tree level in the model, tensor and scalar coefficients involving leptons and up-type quarks arise as
illustrated in Figure

QQ FenQQ ALY v’
(C7rL” CrrR’) ~ - X —— , Qe{uct} (C.11)
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The vector 2[2u operators, for Q € {u,c,t}, are
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2 2 mig
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where the second line gives the contribution of the Z-penguin for @ € {u, c}(illustrated in Figure and discussed
further in Section [C4)), and
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There is a finite matching contribution to the dipole coefficients, illustrated in Figure

T 2
ew eArRARlen  3eNcQ. + v 1
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T 2
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Cpr = ( 12872 * 6472y, [ Yu(mg) RLM X mi o (C.18)

where the second term is the finite part of the tensor to dipole mixing (represented in the last diagram of Figure ,
which will be included via the QED RGEs evolving down from myq.

»
.
N

FIG. 14: Representative diagrams illustrating the Z-penguin and box contribution to vector four-lepton operators,
and the leptoquark-Higgs box that can generate 2[2d operators.

Vector four-lepton operators Oy, xy can arise via Z-penguins and boxes, as illustrated in Figure and give

i 1 1 .
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where [ € {e, 1, 7}, the first line is the Z-penguin, and the second is the boxes.
Finally, vector operators involving leptons and d-type quarks can arise via Z-penguins and boxes with a

leptoquark and an electroweak boson, which give

2 eF 1 % 2
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where F' € {d, s,b} and the box has no finite part at dimension six.
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FIG. 15: Representative diagrams of matching contributions that we neglect, because they are subdominant or
below upcoming experimental sensitivity: from left to right, a Higgs penguin for u quarks (no Higgs self-interaction
is required on the Higgs line for d quarks), and a scalar four-lepton box.

Scalar 2l2d operators can be generated by “Higgs-penguin” diagrams, as illustrated for instance in the first
diagram of Figure[I5 There could also be boxes with a leptoquark and a Higgs, but these would be suppressed by a
small quark Yukawa squared, so appear relatively suppressed with respect to the Higgs penguins. Such diagrams can
also contribute to scalar 2/12u operators, which already arise at tree level as given in Eq. (C.12):

(CH7°, Cra’ (CH3" CYRi?) ~ —2u0 (C. Oy Oy Cidy) . Q € {u.c}
FF FF FF FF *
(CShr  Cshr »Csin Cshe ) ~ =29k (Cis Ol Cirs Ci)
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where F' € {d, s, b}, and the lepton-flavour-changing vertex of the Higgs is o< Cy/y;. This SMEFT coefficient can be
generated at one-loop in the model via various diagrams, and is of order:

N v?
647r2m%Q

ot~ (/\4[/\L/\TLY6}W + ALY A e+ LY YA Yol + 4D YL Y VAL {1 —2In mLQD (C.23)

mq

where the final log-enhanced term could apparently be large for top quarks in the loop, but p — ey imposes A§*\% s
1072, as discussed in section As aresult the Higgs penguin contributions to the scalar 212¢ operators are negligible.

Scalar four-lepton operators also receive contributions from Higgs penguins, which are simple to extrapolate
from the quark results, but not listed because they are negligible due to the lepton Yukawa coupling. For instance, in
the case of Cg“ ‘“x — the scalar four-lepton operator appearing in the Lagrangian of “observables” — the Higgs
penguin contribution is o y. so suppressed below the reach of upcoming experiments.

At O(1/mj ), there are log-enhanced box diagrams that generate scalar four-lepton operators (see the right diagram
of Figure7 with no suppression by small Yukawa couplings when the internal quarks are tops. However, the resulting
coefficients are below the sensitivity of upcoming experiments due to dipole constraints, as discussed in section [V C]
Finally, there could be two-loop penguin? contributions to XY scalars with a 7-bilinear, which are not listed because
they seem suppressed with respect to the “Higgs penguin” contribution in this leptoquark model.

We neglect tensor operators involving a pair of 7s, or down-type quarks, because they seem at least as
suppressed as the scalar operators.

4. Penguins

“Penguin” is a widely used word in physics. In this manuscript, “penguin diagrams” are broadly understood to
have the shape illustrated in figure [I6} there is a 4-particle interaction mediated by a contact interaction or heavy
particle exchange(illustrated as a grey ellipse), then two of the four legs are closed to a loop. One or several boson
propagator(s) attach to the loop (drawn as an ellipse surrounding a dashed line), and may connect to an external
particle line. This definition includes LFV “Higgs penguins”’, which could contribute to the Ogy SMEFT operator
which gives flavour-changing Higgs couplings.

FIG. 16: A schematic representation of a “penguin” diagram: the grey ellipse is a heavy particle exchange, the solid
lines are light bosons or fermions,the ellipse containing a dashed line is a SM boson (v,Z,h), and the dashed lines are
possibly-present light particles.

“Penguin” diagrams are often contributions to Z or « vertices, in which case the external currents must be vector.
In the case of photon penguins, the loop is o ¢? = the four-momentum? of the off-shell photon, which has a vector
current bilinear at the other end of its propagator, so the diagram contributes to a vector four-particle operator. For
7Z penguins, there are two types of diagrams: those oc v?, where v = (Hy) is the Higs vev, and those o< ¢2.

The curiosity we discuss here arises in SMEFT, where the equations of motion of the Z boson are used to match
the o< ¢ part of the penguin diagrams onto momentum-independent operators; the coefficients of these operators
must then cancel precisely in low-energy processes to mimic this kinematic suppression as ¢g> — 0. This occurs in the
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type II seesaw model, where the ¢2-Z-penguin diagrams give the dominant contribution to flavour-changing Z decays
at the electroweak scale (eg Z — e*uT), but a negligible contribution to low-energy observables. This is generically
expected in models where the Z penguin diagrams are o< ¢, and motivates LHC searches for Z — e*pT [157].

We aim to calculate in EFT the Z-penguin contribution to the low-energy matrix element M(upur — epug), that
could arise in the leptoquark model or the type II seesaw and contributes to uA —eA. We calculate in three ways: in
the model, by matching directly onto the low-energy QCD x QED-invariant EFT at A p, and by matching to SMEFT
at Ayp then to the low-energy EFT at the weak scale. The diagrams are illustrated in Figures [17] and

m e I e

UR UR UR UR

FIG. 17: penguin diagrams in the model and QCDxQED invariant EFT

In the models, there are in principle four diagrams contributing to the “Z-penguin”. the Z attached to either
external fermion, to the internal scalar or to the internal fermion(as illustrated on the left in Figure . They give a
log-enhanced contribution to the coefficient of (éyPpu)(tuyPru):

NLCo ] @ Anp 9°9%
. - NCVRY (2 oiad 1 R C.24
enguin Zf: Q2 [mf + (gY 2 )} 08 my 4 cos? Oy (¢% — m2z) ( )

where N, = 3 for the leptoquark and N, = 1 for type II, the mass and couplings of the heavy boson are represented
via the vector four-fermion coefficient induced at tree-level C’f}‘;{;, and ¢? is the momentum transfer on the Z line. A

better approximation for the lower cutoff of the logarithm would be max{m?p, a2}, where g2, for uA —eA is mi

E However, putting m; gives a nicer invariant, and the difference is numerically irrelevant for current experimental
sensitivities. The o< ¢2 part of the matrix element is negligible for low-energy muon processes where g2 ~ mi, because
mi (16m2v?) < 10~ suppresses the coefficients beneath the reach of upcoming experiments.

In matching the models directly to the QCDxQED invariant EFT, four-fermion operators can be generated by the
heavy New Physics, and also by electroweak bosons of the SM (Z and h). The (log-enhanced part of the) model
amplitude arises in the [dimension 6] — dimension eight running of the EFT is represented in the fish diagram to
the right in figure Calculating the fish at zero-external-momentum (because ¢ is negligible) gives [I58]:

euff 2 u
g NeCVxvmigh, Ave (C.25)
VXER 87r2m2LQ & my ’

where there is a contribution with an m; insertion on both lines connecting the grey bubble to a Higgs, as well as
contributions with two mass insertions on one of the f lines, which combine o | g}; — g£| =1.

I e m e n e

H W H g .Y A H UR UR
FIG. 18: SMEFT penguin diagrams.

13 The lower cutoff for the diagram of Figure is neccessarily 2 GeV, because the quarks are matching to hadrons at that scale. However,
below 2 GeV, the u quark can be replaced in the diagram by a proton, and this is equivalent to retaining the u quark, given that the
matching of quark onto nucleon vector currents in the nucleus respects charge conservation.
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Alternatively, one could match the model to SMEFT at Ay p, run to my, then match to the QED x QCD-invariant
EFT. The penguin diagrams arise in the SMEFT RGEs as illustrated in Figure the grey blob is a New-Physics
induced vector four-fermion operator which mixes via the first two diagrams into the “penguin operators”, defined as

Offpy = il(H'D,H) — (D, H) H|(lr"2,,) (C.26)
— \/WUQZH(ZW“M

Oifrs = il(H'T"DH) — (D H) 7 H](Cer* 70, (C.27)
— *WUQZ“(EV“TSE#)

Oy = il(H'D,H) — (D, H) H](e.r"e,) (C.28)

— Vg% + g'QvZZu(Ee'y“e#)

where after the arrows are the flavour-changing Z vertices to which the operators reduce when the Higgs gets a vev
(so a = 3 in the triplet case, where <HT7'3H> = —7}2), and we used Z* = —syw B* + CWW?f‘, where sy = sinfy =
g/ + g2 and 2m% = (g2 + g >)v?. In the SMEFT RGEs, the grey blob also mixes via B and W, exchange
(which can be written as v and Z exchange by a basis rotation) into other four-fermion operators, as illustrated by
the last diagram of figure Then at the weak scale, the penguin and four-fermion operators of SMEFT match onto
four-fermion operators in the low-energy theory. The component m?c of the penguin matrix element of Eqn 1'
corresponds to the first diagram of Figure [I8] induces the SMEFT penguin operators, and therefore a four-fermion
operator at low-energy. However, the o« ¢° component of matrix element in the model generates both the penguin
operators and four-fermion operators. These coefficients will cancel in low energy four-fermion processes, as one can
see by using the equations of motion for the Z :(¢?> — m%)Z* = fﬁ Zf gg( (fx7vufx) (which apply in “on-shell”

bases such as SMEFT) in calculating the contribution of a Z vertex o ¢ to the S-matrix element (ef f|S|u):

. . f ; o f f
_ —1 —19%9 — , _ —1 —9%x9 99\ 7 pu
(e'VMM)QZ 2 2 X2 (fx" fx) = (evum) {mzzqz ) X7 X } (fx7"fx)

q* —my 2cw myz 2cw 2ew

where fx is a chiral SM fermion.

So all the calculations give the same result, but in SMEFT, the kinematics of the matrix element is modified by
using the equation of motion to reduce the operator basis. That is, the o< ¢ part of the Z penguin diagrams vanishes
as ¢°> = 0 via an increasingly precise cancellation between the penguin and four-fermion operators. This illustrates
that models can “naturally” engineer very precise cancellations among operator coefficients.
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