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Abstract

We study on-shell scattering amplitudes for continuous-spin particles. Poincaré invariance,
little-group ISO(2) covariance, analyticity, and on-shell factorisation (unitarity) impose
stringent conditions on these amplitudes. We solve them by realizing a non-trivial represen-
tation for all little-group generators on the space of functions of bi-spinors. The three-point
amplitudes are uniquely determined by matching their high-energy limit to that of definite-
helicity (ordinary) massless particles. Four-point amplitudes are then bootstrapped using
consistency conditions, allowing us to analyze the theory in a very transparent way, without
relying on any off-shell Lagrangian formulation. We present several examples that highlight
the main features of the resulting scattering amplitudes. Finally, we explore under which
conditions it is possible to relax some assumptions, such as strict on-shell factorisation,
analyticity, or others. We show that continuous-spin particle dynamics may approximate
gravity and electromagnetism in a loose version of S-matrix principles.



Contents

1 Introduction

2 Kinematics and Poincaré

3 Bootstrapping Amplitudes

3.1 ISO(2) functionals . . . . . . . . ..
3.2 Three-point Amplitudes . . . . . . . ..

3.2.1 2-CSP and 1 massive Spin-j . . . . . . . .« o o it i e

3.2.2 1-CSP, 1 massless particle and 1 massive spin-j . . . . . .. .. .. ... ....

3.2.3 1-CSP and 2 massive Spin j1, J2 - - « « « v v v v v et e e e e

3.2.4 3-CSP and the mass-splitting selection rule . . . . . .. .. .. ... ... ...
3.3 m-point Amplitudes . . . . . . .. oL
3.4 High-energy limit and spin-statistics for CSP . . . . .. .. .. ... ... ... ...

4 Examples

4.1 CSPs and Euler-Heisenberg . . . . . . . . . . . ..
4.2 CSP exchange at tree-level . . . . . . . . . . . oL
4.3 The Rayleigh-like amplitude . . . . . . . .. .. .. Lo
4.4 The partial-wave decomposition of CSPs . . . . . . . . . ... ... ... ...
4.5 Analytic structure and unitarity . . . . . . .. ...

5 Weakening the Assumptions

5.1

5.2
5.3

5.4
5.5

Massless and degenerate limits

5.1.1 Compton-like scattering

5.1.2  What about factorisation?
5.1.3 Mostly-scalar CS potential

How do CS photons gravitate?

Soft limits . . . . . ... .. ...
5.3.1 Soft CS radiation . . . . .
5.3.2 Soft non-CS radiation . .

Backgrounds and pair-wise helicity . . . . . . . . .. ... ... . L

Non-analytic amplitudes . . . . .

6 Discussion and future directions

References

© o oo ot G

10
10
11
12

13
13
14
16
17
17

18
18
18
19
19
21
23
24
25
25
26

27

29



1 Introduction

A promising strategy for understanding fundamental interactions relies on studying the consistency
conditions of scattering amplitudes. This approach seeks to determine which theories adhere to foun-
dational principles that are stringent enough to filter out most candidates, yet permissive enough to
accommodate a few (or unique) viable scattering amplitudes. This line of reasoning has proven very
fruitful in the context of relativistic quantum scattering in Minkowski space, particularly for massless
particles with spin.

For instance, it is well-established that any theory describing massless spin-1 particles must be a
gauge theory while the theory of a massless spin-2 particle is unique in its infrared limit, correspond-
ing to general relativity (GR) [1, 2]. Similarly, the theory of massless spin-3/2 particles must be a
supergravity theory [3], while massless particles with spins greater than 2 have a trivial S-matrix [4], a
result extending the Weinberg-Witten constraints on massless particles [5]. In recent years, positivity
bounds and S-matrix bootstrap constraints have further shaped the landscape of consistent theories,
extending some of the previous results to massive spinning particles, see e.g. [6, 7, 8, 9].

In a sense, these constraints can be viewed as modern selection rules derived directly from the
fundamental principles of quantum mechanics and relativity.

However, amidst this well-explored landscape, there exists a class of massless particles that has
received considerably less attention: continuous-spin particles (CSPs). CSPs are massless irreducible
unitary representations (irreps) of the Poincaré group, classified long ago by Wigner [10]. As the
associated little group (LG) is non-compact and faithfully represented, a CSP carries infinitely many
degrees of freedom even at fixed momentum.

The theory of CSPs has been found incompatible with the stringent axioms of local field theory,
see e.g. [11, 12, 13]. However, it was realized years later that the assumptions could be significantly
relaxed, as the axiomatic approach would otherwise reject ordinary gauge and gravity theories. A free
Lagrangian gauge-theory formulation emerged [14, 15, 16, 17] along with some encouraging results
extracted from soft limits of the scattering amplitudes. This progress triggered further investigations,
such as e.g.t [19, 20, 21, 22, 23], and an interacting Lagrangian theory, formulated in terms of gauge
fields coupled to matter worldlines, has been recently proposed [18, 24].

Stimulated by these intriguing advances, the purpose of this paper is twofold: (i) to understand the
properties of CSPs directly through the lens of consistency conditions of on-shell scattering amplitudes;
(ii) to explore which principles — if any — need to be relaxed for non-trivial solutions of the constraints
to exist. A vital part of both points is also the derivation of explicit amplitudes that bear direct physical
implications of underlying principles.

This on-shell approach is particularly well-suited to analyze CSP dynamics and scrutinize its
unusual features in a very transparent way. Indeed, it allows us to classify all three-point one-shell
amplitudes consistent with LG-covariance, analyticity, and well-defined high-energy behavior. We
characterize as well the structure of all on-shell n—point amplitudes, and analyse their properties
concerning on-shell factorisation —extended unitarity—, analyticity, crossing symmetry, and high-
energy limits. We illustrate our findings through several examples. We finally critically discuss possible
ways to relax these constraints and their implications for gravity and electromagnetism.

The paper is structured as follows: Section 2 introduces basic kinematic concepts and defines CSPs.
In Section 3, we present the primary findings of this study, bootstrapping amplitudes for CSPs from
foundational principles. Section 4 showcases non-trivial examples that highlight key features of CSPs
amplitudes, while Section 5 explores the relaxation of certain constraints and their resulting physical

1For a nearly comprehensive reference list along this direction, see the references in [18]



implications. Finally, we summarize our findings and explore future directions in Section 6.

2 Kinematics and Poincaré

We consider a relativistic quantum theory of particles scattering in four-dimensional Minkowski space.
We assume the dynamics is invariant under the inhomogeneous proper Lorentz group. In particular
asymptotic in- and out-going scattering states not only cover the entire positive Hilbert space —
unitarity— but also transform as the tensor product of single particle states which carry themselves a
unitary irrep.? Each particle i = 1,2, ... is thus associated to a pair of real numbers (mf, uf) which are
the values taken by the two Casimir operators —the mass-squared and the Pauli-Lubanski squared—

P,P" =m? W, WH = —u? . (2.1)

The Casimirs are written in terms of the group generator P* and J*¥, and the so-called Pauli-Lubanski
pseudo-vector

1
Wu = §€MV,DUJVpPU ) [Wltv Pll] =0, [W/M WV] = _ie.W/PUWpPJ ) (22)

On a subspace spanned by definite-momentum states with p# # 0, the (2.2) imply that the Pauli-
Lubanski is the generator of the “little group” HP of p*, that is the Lorentz subgroup that leaves that
definite-p* subspace invariant.

For a null momentum p? = 0, the H? ~ ISO(2), which is the group of isometries of 2D euclidean
plane made of rotations H around the direction of motion —the helicity— and translations W+

[H,WE] = £W* | WH W-]=0. (2.3)

For instance, the 1SO(2) = H? generators associated to p = p = (1,0,0,1) are H = J3 = —W3 and
W+ = —(W; 4+ iW3). The latter are lowering and raising operators within the complexified Lorentz
algebra sl(2,C) x sl(2,C).? For a massive momentum p? > 0, the little group is the familiar rotation
group SU(2).

The little group HP is relevant because unitary irreps® D(g) of its universal cover, |ph) —
Iph')D,1(g), induce unitary irreps of the SL(2,C), on generic momentum state

\kh) — |Ak WYD" (W (A, p, k),  W(A,p k) € H? (2.4)

where the Wigner transformation W (A, p, k) depends in some complicated way on the chosen reference
momentum p, the momentum k of the state, and the conventional choice of Lorentz transformation
L(p,k) : p — k used to define the state |kh) = U(L(p,k))|ph). Different choices of p or L(p,k)
correspond to redefining the states by a little-group transformation in H?, H*, or their intersection
(pairwise helicity transformations). These ambiguities, which reflect the freedom of choosing the
basis for each one-particle state independently, manifest themselves in the little-group covariance of
scattering amplitudes with respect to each HP:. Then, in the following, we assume that amplitudes

2The case of of pairwise helicity states is discussed separately in Section 5.4.

3Tt is convenient to work with W¥, rather than Wi ,2, but we the generators of the little group will a subgroup of the
real SL(2,C) Lorentz group, as in equation (2.7).

4Different irreps would be labelled by e.g. the spin j, the helicity h, or u? as e.g. in Dmh}f, e~ sh, and D h}f, but
we suppress this label whenever possible to avoid clutter of notation.



provide a linear space where the tensor product representation @), D; acts, where the sub-index ¢
distinguishes the irreps for the i — th particle.

The states of definite p for a single CSP can be labelled by diagonalising the helicity H — the
h-basis — where
Hiph) = hlph) ,  W¥|ph) = plph£1) (2.5)

so that rotations multiply by a phase whereas translations mix all helicity by a Bessel function D ~
Jn—p . Notice that the helicity is no longer Lorentz invariant as W can raise/lower it. It is still taking
nevertheless (all) integers or (all) half-integers values.

In the rest of the paper we find it easier to work in a basis that diagonalises both W= — the 6
basis — 5
WEpO) = pFlp0) . HIpO) =izslp0),  pF = pe (2.6)

where the state is defined by an angle 6 with 27 (47) periodicity for bosons (fermions). The ISO(2)-
translations act multiplicatively, whereas the helicity is rotating 6

eia-&-w—er—W-&- |p 9> _ eia+ﬂ_+m_ﬂ+ |p 9> ’ efz'wH|p 9> — |p9 + w) . (27)

The 6 and helicity-basis are connected by a simple Fourier transform:

7 do +i6h 27 d6 +i6h RS —ibh|, T,
phy= [ Gretpo)= | giet D e pth) (2.8)
Fe—

In the following, we assume the S-matrix operator commutes with translations and Lorentz gen-
erators, [S, P*] = 0 = [S, J*]. The first equality implies momentum conservation in the form of an
overall Dirac-delta in the scattering amplitudes

i(2m)*6* (D ki) My, (k1 - k) = (out]S — 1[in) . (2.9)
Moreover, Lorentz invariance demands the following relation
My ng (ks kn) = My e (A, --Akn)Dlhhll(W(Aapa k1)) - ~Dnh}?n(W(A,p, k1)) (2.10)

In particular, D; = D®4) for a in-state CSP, and its complex conjugate irrep D; = D*(#) for a out-state
CSP instead. The distinction between incoming and outgoing irreps is in fact artificial. For instance,
ordinary massless particles in the out-state transform like in-states of opposite helicity. CSPs in the
out-state transform as in-state CSPs up to the replacement 6§ — 6 + 7, schematically (p 0| ~ |p 0 + )
(or {p k| = (—=1)"|p —h)). Analogous story for massive particles.

Without loss of generality, we thus adopt an all-in convention where particles transform as if they
were all in-states.

3 Bootstrapping Amplitudes

3.1 [SO(2) functionals

Little group covariance and Lorentz invariance (2.10) are the kinematic constraints on amplitudes
studied in this section. Ordinary massless and massive amplitudes solve these constraints because they



are SL(2,C) x SL(2,C)-invariant functions of spinors. Indeed, given a particle of null momentum, the
associated spinors
P)[pl = Aada =Paa, P =0 (3.1)

are defined only up to (complexified) little group transformations, as rescaling A\(p) — wA(p), and
Aa(p) = w™'A(p)n preserves the momentum. They are elements of an equivalence class (pH,p? =
0) < (|p), |p])/U(1). Acting with a SL(2,C) x SL(2,C) transformation on a conventionally chosen
representative of the element class maps into another choice

ASNs(p) = wAs(Ap) . ALA;(p) = w i As(Ap) - (3.2)

Therefore, amplitudes of the form My, n, ({|9),]i]}) = M ((ij),[ij]) satisfy the Lorentz invariant
constraint (2.10) if

Mg ({wili), w0 iT}) = (wi)™ % Magon, (i) 1)) Vi=1,...n. (3-3)

But this is precisely the U(1) little-group covariant constraint, the only one left to enforce for ordinary
massless particles. It is rather simple because it amounts to counting left-handed and right-handed
spinors for each particle. This counting can be translated into an equivalent differential problem

1 0 0
H; M = h;yM Hi=——(|i)==—|i]l== | . 34
A ) (3.4
The main lesson is that Lorentz invariant amplitudes are solutions of a linear differential problem
defined by the little group of each particle. A completely analogous story can be told for massive
spinors, see e.g. [25].

We apply now the same logic to CSPs. We need to find three differential operators H, W= that
realise the 1SO(2) algebra (2.3) on the space of functions of spinors.

The space should be larger than the one considered above, or else Wi = 0. Indeed, the translations
operators act multiplicatively on it via P,s = AqAa, while the little group is a Lorentz subgroup
generated for each particle spinor by J,g = i)\(a% and J af = M(aﬁ~ Using these expressions in
the definition (2.2) of Pauli-Lubanski (in spinorial form) returns vanishing Casimirs

W = ' (7.0Pss - 7o p ) > Wag = PagH — WaaW** =0, (3.5)

a’ af

so that a functions of (A4, A\s)-only can’t describe a CSP.

A large enough space of functions of spinors is instead the one that acts on spinors A\, and A4
defined by (3.1) as well as on linearly independent spinors denoted by p, and pg

(Npfy = Gy 0, [Npi) = [if] £ 0. (3.6)

We refer to these linear independent spinors as “black-board” angle (square) spinors [i) (]i]). They
always exist because the space of spinors C? is two-dimensional.® Notice that the spinors are now
nicely defined up to I50(2) transformations

iy = wli) , i) = w iy +ali), |i] = w i, |i] = wli]+0]i], (3.7)

5A concrete example for massless momentum pointing along z-direction is Ao = V2F ( (1) ), Pa = \/% ( (1) ) and

likewise for dotted spinors.



which leave invariant (3.1) and (3.6).

While translations are still realized by multiplication P,s; = AgAg on this space, the Lorentz
generators (for each particle) are

0 0 0 0
Y g2 P S O )
Jos = Nagigr iy 5y Jap = Ay g TG 29 (3.8)
so that Pauli-Lubanski squared is the following functional:
1 . o o .. 0 0 0
Yy — — . ad) )\ HE] )\ O % — _ (7iN[4i] |4 i
(W), = 5 (WaaW%), = =N N0 Wiy oy =~ gl (3.9)

acting on the space of functions of bi-spinors. We recall that Wu = —W_ _W_. Thus, the differential
operators W4, H acting on this space are easily extracted

0 0 1 d 0 0 d
W = (ii)|i) = Wi = Hi=—= ()= — )= — |i] == + ] ) . (3.1
C= g W =Ll 5 (10505~ i — o + i) - (310
Indeed, they satisfy the 1.SO(2) algebra (2.3). The W~ lowers p, —oc Ao, whereas W raises p® —oc

A%, and have helicity F respectively. Labelling explicitly the amplitudes by #;-angles associated with
the states, the amplitudes must solve

.0 .
WE Mg, o, = ui Mo, o, HiMo, 0, = Z%Mel...en , Vi=1,...,n. (3.11)
Finally, since amplitudes are functions of invariant contractions only, these equations are equivalent
to the following set of differential equations:©

<zl>zn: (1) 0 + (ji >i log M = u; (3.12a)

j:1 j 8<] > J a<J > g ‘91~~~0n _NZ 9 N
S (0 i 0+ ) tog Moo, = i (3.12b)

2 \Pag) au 1" L = Hy

Exp (—iwH;) Mg, o, = Mo, . (0:40)...0n > (3.12¢)

where we explicitly display differentiation w.r.t. massless spinors while ellipsis contain as well deriva-
tives w.r.t. massive spinors, such as e.g. (j I i) 5 (?ﬁ) for W_, whenever present. The amplitudes in these

differential equations are functions of massless and massive spinors that may appear in the problem

Mel...en - ~/V191...6’n (<ZJ>7 <ZJ>7 <IJ>7 <7‘]>7 <7’J>7 <7'J>7 [Z]L [U]v s ) ) (313)

but typically momentum conservation, on-shell conditions, and Schouten identities reduce the number
of independent contractions to be considered.

We observe that the space of functions of spinors can actually be larger than the one we considered
so far. It can contain as well complex conjugate spinors that carry complex conjugate irreps, within
the complexified Lorentz group SL(2,C)x SL(2,C). We study amplitudes resulting from this extended
space of functions in Section 5.5. Until then, we restrict to functions that are analytic in the spinors.

5 Since [ii] and (ii) are both Lorentz and little-group covariant, it may be sometimes practlcal to fix their normalization
to e.g. —1 and +1 respectively. In fact, p-dilation operators D = paa and D = p(18 commute with all elements
of little-group and Poincaré algebra so that by Schur’s lemma they act as multiple of the identity on irreps of this
larger group. Decomposing them into Lorentz irreps tells us that rescaling p, and ps corresponds to multiplying valid
amplitudes by various overall factors that we can interpret effectively as changing coupling constants. This is analogous
to the unphysical phases carried by the variables m and m for the massive spinors of reference [25].



3.2 Three-point Amplitudes

In this section, we present first some simple fully worked-out solutions to the kinematic constraints
(3.12) for three-point amplitudes involving CSPs, in preparation for the general n-point amplitude
presented in the next sections.

3.2.1 2-CSP and 1 massive spin-j

This simple example covers several of the interesting general features that CSP amplitudes display. It
is moreover interesting on its own to extract the partial-wave (PW) expansion [26] of a general 4-CSP
amplitude, as it can be interpreted as the Poincaré Clebsh-Gordan coefficients (CGCs) for amplitudes
with external CSPs, following [25, 27, 28]. This is discussed in Section 4.4.

We assign particles ¢ = 1,2 to be CSPs, and ¢ = 3 the particle of mass m = ms. Momentum
conservation [37)[3;] = —|1)[1| —|2)[2], on-shell conditions (12)[21] = m2, and the Schouten identities”
tell that the only non-trivial and independent contractions transforming under /.SO(2) are (12), (21),
[12], [21], and either one between (ij) and [ij]. Therefore, the first two differential equations WM =
i for i = 1,2 in (3.12a) and (3.12b) greatly simplify to

0 "y 0 i
<21>m10g/\49192 = ﬁ , [21]m log Mo, g, = ﬁ , (3.14a)
- +
<12>8g2>10g/\46192 = % , [12]8[?2]1%;/\/19192 = {;—2} . (3.14b)
Their solutions are
B pr (21) oy [21 py (12) | pg 12\
Moo =0 (155501 + fig o) o (537 19 * (i) Mo @19

where Mv9192 is a function of ordinary massless and massive spinors, dependent on #;—; » (and possibly
on the p; and/or other constants).

The final constraint from the helicity equation (3.12c) is trivially solved by the exponential pref-
actors in (3.15), e.g. pe01(21)/(21) — pe*®1+9)(21) /(21) under Exp(—iwH1), because i) and |7)
have helicities +1/2 and —1/2, respectively. The remaining non-trivial constraint imposed by (3.12c¢)
on M@lgz can be solved in a similar vein, namely

Mv0192 = Z Mh1h2€fih191fih292 s (316)
{hi}

where Mp,p, = Mpn,(]9),17],13),|3]) are ordinary three-point amplitudes between two (ordinary)
massless particles of helicity h;—1 2 and a massive particle of spin-j. These are completely classified,
see e.g. [25], and therefore the problem is fully solved, see (3.19).

Finally, we highlight two features that are discussed in full generality in the following: i) the
massless limit m — 0 where all particles are degenerate is singular because (12)[21] = m?; ii) the high-
energy limit® of CSPs just returns Mop,0, = M@lgw which Fourier-transformed back to helicity-basis

"We remind that (ii) and [ii] are ISO(2) invariant set to constants. Moreover, the Schouten identity (12)(12) +
(11)(22) + (12)(21) = 0, and analogous for square brackets, makes (12) and [12] linearly dependent w.r.t. the other
contractions.

8For three-point amplitudes, this limit requires all the mass scales to be large (or equivalently taking p — 0), see
discussion of Section 3.4.



gives the ordinary amplitudes My, p, in (3.16). Therefore, one can think of the three-point amplitude
(3.15) as the IR deformation of a UV theory that had only ordinary massless particles of helicity h;
in the three-point amplitude, with infinitely many helicities recoupling-in as the momenta are lowered
down to u. For instance, choosing

Miny = 65,105, (12)/ - + 83,03, 12/ f+ (3.17)

corresponds to two CSPs coupled to a massive scalar j = 0, in a way that at high energy only helicities
+1 remain coupled, with strenght set by decay constants fi. That is the high-energy limit is the same
as produced by (a linear combination of) field theory interactions Fj,, F'**¢ and F, uvﬁ " ¢ for higgs-like
and/or axion-like particles.

Another example is the coupling of two CSPs that in the high-energy limit reduces to the “minimal
coupling” of +1-helicity photons coupled to a massive j = 2 particle, corresponding to the choice

4 4
_ s1511(13) +15-113]
Mh1h2 - 5h1 6h2 <12>2 /f— + 5h1 5h2 [12]2 /f—l— ) (318)
where the interaction strength is set by decay constants fi. In a parity preserving theory f_ = fi

and this is what it is obtained by coupling a massive spin-2 particle to the photon energy-momentum
tensor.

The resulting general amplitude that is useful e.g. for the PW-decomposition is reported here for
later convenience:

pr (21)  pf [21] py (12)  py [12]\
Mo, g, =exp <<11><21> + [11][21]) exp <<2§><12> + [222][12]) My, 0, , (3.19a)

6—i91h1—ih292

M9192 =c;j T <1j>]’+h27h1 <2j>j+h1 —ha [12]j+h1+h2 ) (3.19b)
m

hihg

3.2.2 1-CSP, 1 massless particle and 1 massive spin-j

This example is a simple variation of the case study in previous Section 3.2.1 where now one of the
two p; is set to zero, for instance po = 0. For this reason, we highlight only its main steps.

Particle 1 is the CSP, particle 2 is the ordinary massless particle of helicity ho, while particle 3 has
mass m = mg. We can choose the non-trivial contractions with the black-board spinors to be (12)
and [12]. The differential equations (3.12a) and (3.12b) for W* reduce again to just (3.14a). Mutatis
mutandis the solution is

ey ) i
My, = exp <<11><21> + [1;‘][21]> ;Mhlhge ha6 (3.20)

where again My, p, = Mp,n,(]7),7],13),|3]) are ordinary three-point amplitudes between two (ordi-
nary) massless particles of helicity h;—12 and a massive particle of spin-j. These are classified and
the problem is fully solved. Notice again that the high-energy limit is trivially set by My, p,, and the
massless limit mg — 0 is singular because momentum conservation and on-shell conditions demand
(12)[21] = m3.

We note that adding black-board spinors |2) and |2] for ordinary massless particle 2 is just equiv-
alent to repeat the example in Section 3.2.1 and take po = 0. The solution collapses to (3.20) after
Fourier transforming, effectively setting #; = 0. This is actually a general fact: adding black-board



spinors to ordinary massless particles j can not enlarge (non-trivially) the space of solutions. The
reason is that from W]i/\/l = 0 it follows that the amplitude can at most carry the dependence on
black-board spinors only via the choice of normalizations (jJ) and |jj].

3.2.3 1-CSP and 2 massive spin ji, jo

We choose for this example particle 3 as the CSP, while particles 1 and 2 carry spin ji, jo and masses
mq, mg. From playing with previous examples, it is not hard to guess the solution to the IS0O(2)
functional problem (3.12), namely

+
M3 <3’P1|3] >y 3|P1\3> —ih30
Moy, = + My, 3Y3 , 3.21

g eXp(Bs] Bl T (33) Glpl3 Z i (3:21)

where M, is again an ordinary amplitude between one massless particle of helicity {h3} and the two
massive spinning particles. Its choice fixes the high-energy limit of the CSP to be the same as the one
of a massless particle of helicity hs coupled to those spins. Finally, the limit where two particles are
degenerate in mass is again singular because momentum conservation and on-shell condition enforce
m3 —m? = (3|p1]3] — 0 and the amplitude has an essential singularity. We checked that there are no
other solutions to the equations (3.12a) and (3.12b) in the case m; = mg because the only independent

contraction is (3|p1|3].

This amplitude may be used to describe the excitation of a composite particle or extended system
that has more energy levels, through the absorption or the emission of CSPs.

3.2.4 3-CSP and the mass-splitting selection rule

The most striking observation of this subsection is that three-massless interactions with at least one
CSP are always kinematically forbidden.”

We remind the reader that three-point massless kinematics requires the vanishing of all Mandelstam
invariants

sy = (i =0 ¥(i,j) . (3.22)

Complex momenta allow for a solution of this constraint where either
[ij] =0 V(i,j), or (ij)=0 V(ij), (3.23)

to which we usually refer as holomorphic and anti-holomorphic configurations, respectively. While
complex kinematics is enough for ordinary massless particles to admit non-trivial three-point ampli-
tudes, this is not the case for CSPs. In order to show this, we consider a holomorphic configuration,
such that the only non-vanishing square brackets are [ij|. Therefore, the W' -differential equations
(3.12b) demand

i
Z[j M91 o [Z?” Mo,,0, , Vi=1,2,3. (3.24)
J#i

Enforcing momentum conservation and using (ki)[iJ] + (kj)[jJ] = 0 for i # j # k, we can express [i]]
in terms of angle bracket and constant [jJ]. The resulting system has no solutions unless all u; = 0.
An equivalent argument applies to the anti-holomorphic configuration.

9This conclusion can be avoided by extending the space of amplitudes by including non-analytic functions of spinors
and their complex conjugate. We defer the discussion of exotic non-analytic three-point amplitudes to Section 5.5.

10



The same conclusion can be reached by guessing the solution (see also (3.27))

3 L _
py (€ opd 6N o
geXp ((ii> (&) * [ii] [51]) M, (3.25)

for some pair of spinors |£) and |{]. As soon as one requires these auxiliary spinors to be a non-
vanishing linear combination of the spinors of the problem!?, and demand momentum conservation,
either one between [€i] or (£7) has to vanish, and so the solution diverges unless all u; = 0.

Taken at face value, this conclusion, along with the results of previous subsections, implies that no
on-shell three-point amplitude exists (within the assumptions made) among at least one CSP and two
other particles of degenerate mass.'! We refer to this condition as the “mass-splitting selection rule”.

The mass-splitting selection rule has interesting consequences:

1. No on-shell coupling of CSP to (massless) gravitons is possible. Similarly, CSPs cannot be
coupled on-shell to photons.

2. CSPs have no on-shell three-point self-interactions, e.g. no CSP-like gravitons nor non-abelian
(massless) gauge theory can be recovered, on-shell, in the high-energy limit.

3. Mass-preserving on-shell coupling to matter fields is forbidden and the CSP can’t reduce to an
on-shell graviton in the UV limit.

The only on-shell three-point configurations that are consistent with all assumptions are those that
we discussed in previous subsections.

However, we emphasise that in certain higher-point amplitudes, that satisfy factorisation into con-
sistent three-point amplitude (hence respecting the mass-splitting selection rule), the limit of degen-
erate masses does actually exist. This arises typically when one of the would-be degenerate particles
appears off-shell in some higher n-point amplitude, see e.g. Section 5.2 where we couple CSPs to
massive gravitons and take the limit of massless gravitons at the end. Moreover, even though some
three-point amplitudes may vanish on-shell because of the mass-splitting selection rule, some of them
admit a mass deformation which is suggestive that off-shell observables, such as expectation values of
certain operators, may exist. We provide an example in Section 5.2, where the massive spin-2 particle
can be thought of as an insertion of a stress-energy tensor.

3.3 n-point Amplitudes

We have seen in the previous sections that amplitudes are solutions of a linear differential problem
defined by the little-group of each particle as realized in the space of spinors, (3.12). Solving these
constraints for n-point amplitudes is simplified by the existence of the following family of solutions

wh Glef 1l uy (ley 1] 9
Uil GpT s ., G5 GleT 15 + v+ + v+ + . +
X;’(p;r) —e Jlpy 9] , Xj (pj ) =e glpy 9] , Wj Xj = 1 Xj , H]’Xj = Z%Xj s
(3.26)

10%We will discuss possible way to relax this assumption in Section 5.4.
" This conclusion cannot be avoided by the so-called x-factor in the classification of [25], as it is already appearing in
the numerator of the exponents of the kinematic phases, while the denominator is always vanishing.
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for any (non-singular) choice of pj“ (space-, light- or time-like vector). Thus, if such a choice exists,
we can write

ot il
exp - Gloj ) wg Gy la) | —,
'W’Z 2 WGt T G0 Gy 1] | 7 oete (8:27)

with C' the number of continuous-spin particles, and pgt are analytic functions of bi-spinors such that

on real kinematic p; — p; *,!2 and

WEMG, 4. =0,  HMj, (3.28)

'7 n
90 - 89] 61...0¢c -

Occasionally, we do not display all labels and indices of this expression.

First, we enforce the H;-constraint in (3.28). It is promptly solved by a sum of harmonics weighed
by amplitudes of assigned helicities h; (and possibly other particles whose quantum numbers are not
displayed):

My = e " ZlMMp o with HiME g =By MR e - (3:29)
{hi}

Therefore, the W;-—L—constraints in (3.28) tell us that M} _he, Solves literally the same constraints that
apply for ordinary massless particles. For this reason, it is possible to show that the My, he Can
depend on all spinors but the black-board spinors p’s, with the exception of (ii) and [éi], Wthh are
instead allowed. As discussed in footnote 6, they are just constants set by the choice of normalization,
and their dependence in Mj ,  is left understood in the following.

As explained in Section 3.4, the high-energy limit of the n-point amplitude is fully determined by
the ordinary amplitudes M}, .

3.4 High-energy limit and spin-statistics for CSP

We have mentioned already a few times that the high-energy limit of amplitudes with CSPs is deter-
mined by the ordinary Mj = amplitudes which are found inside the ./\/l"1 6. that multiplies the
exponential solutions of the ISO( ) differential equations, see e.g. (3.15), (3.16), (3.27) and (3.29).

The form of the exponential factors suggests that the limit in which the energy'?® of the CSP is
larger than u; is effectively equivalent to p; — 0. By Fourier transforming back to the helicity basis, in
this limit one recovers the amplitudes le...hc for ordinary massless particles of helicities determined
by the support of the sum (3.29).

12 Tt may be convenient to introduce a compact notation for the covariant exponents of the CSPs, introducing the
polarisations

v 4ie; NjaPja — g, PiaNja . 4
€jag =€ =, €aa =€ T r=—, and i€jac = €jaq T €ag s

(1] (73)
where we emphasise that €; is real in real kinematics. The amplitude is thus written as
pt € "D \ —~n Pier Z o 6opi )\ —~n
Mn—zexp Zuj =+ L Mg, = D Texp [ D i | Mg,
’ J kj - p; P =1 i Pj
J

Notice that in real kinematics €; coincides with the 7(¢) of [18], appearing in a similar exponential structure. Nevertheless,
our definition naturally provides an analytic continuation to complex kinematics, while in [18] 7(¢) is kept real even when
complexifying the Mandelstam variables through an ie prescription. In this sense the 1(¢) is more colosely connected to
the non-analytic amplitudes discussed in Section 5.5.

13For three-point amplitudes (and, in some instances, for higher-point amplitudes with exchanges of CSPs), we need
to require also the masses (or their differences) to be larger than ;.
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For E; > p;, all helicities h; disappear from the amplitude except for those contained in M. We will
see this phenomenon in an explicit computation in Section 5.2. Whenever M contains only amplitudes
that correspond to a sensible massless particle of helicity h, we refer to it as “mostly-helicity-h” CSP.

In the opposite —soft— limit F; < u; all helicities re-couple and the exponential prefactor is wildly
oscillating, greatly changing the soft behaviour of a mostly-h CSP w.r.t. its exact p; = 0 counterpart.

An interesting observation is that the exponential prefactors for the three-point function in (3.15)
are even w.r.t. the exchange of the two identical CSPs in the same 6; configuration. Since the solution
of these three-point amplitudes is unique and even w.r.t. the exchange of the label of the two identical
CSPs, the fermionic or bosonic statistics is determined by the UV behaviour of this amplitude. That
is, CSPs in three-point amplitudes are bosons or fermions depending on whether the UV amplitude
associated —My, p,— is even or odd w.r.t. the exchange of 1 <+ 2, respectively.

4 Examples

In this section, we discuss some paradigmatic examples of four-point amplitudes involving CSPs —both
on-shell and off-shell— that respect several welcome properties: i) Lorentz invariance and little-group
covariance, i) factorisation in three-point-amplitudes, i) good high-energy behaviour at F; > p;
such that only one +h;-helicity remains interacting, iv) crossing symmetry.

Examples that relax these properties are discussed in Section 5.

4.1 CSPs and Euler-Heisenberg

We consider the theory of a mostly-(|h| = 1) CSP coupled to a spin-j = 0 particle. We later integrate
the latter to obtain an Euler-Heisenberg-like theory of CSPs.

The fundamental building block is the three-point amplitude for 2 CSPs and one massive particle
we discussed in Section 3.2.1. The only helicity structures allowed in the UV for the mostly |h| = 1-
CSP is the “helicity-flipping” ones, namely h; = he = +1 or hy = hg = —1, as reported in (3.17).
Restricting for simplicity to a parity-preserving theory, f+ = f— = f, we thus have:

o L u e 12 2] i@ u e [21]
M(1%120237=0) = exp{ et + ——e Wl — bexp e”? + ——e " — b
f (11 (12) ~ [11] [12] (22) (21)  [22] 2] @
. {<12>26i(01+02) + [12]26—2‘(01%2)} .
We can then write an ansatz for the 4-point amplitude with external CSPs satisfying factorisation in
the S12-, S13- and 814-channel:

1 ;o €1°potenp] . €3-Pateq-p3y
M(191 902 393494) — = ™ prmm ™ p3m
f?(s12 —m?)

. <12>2ei(91+92) + [12]2€—i(91+02)] . |:<34>2€Z(93+94) + [34]2€_i(93+04):| + (42)
+(203)+2e4).

By construction the UV behaviour matches a standard theory of photons: when s,¢,u > p? the
exponentials are negligible and the trasformation to helicity basis allows to select separately each of
the helicity structures.
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Figure 1: Euler-Heisenberg-like amplitude (s-channel).

Integrating out the massive particle we get the amplitude in the EFT for mostly-photon CSP-
version of Euler-Heisenberg:

1 jueupeteary 4 e3pateqps
e P1P2 e P3P4

Mepp(1912%23%34%4) = 2
m

. |:<12>2€i(91+92) 4 [12]267i(91+92):| . |:<34>2€i(93+94) 4 [34]267i(93+94):| 4 (43)

+(2e3)+2c4),

which is valid for s;; < m2.

4.2 CSP exchange at tree-level

In this subsection, we are interested in exploring the behaviour of amplitudes where interactions are
mediated by an intermediate CSP.

Since three-point interactions are subject to the mass-splitting selection rule discussed in Sec-
tion 3.2.4, we consider a mass-changing interaction through the exchange of a mostly-scalar CSP at
tree level. We may think of it as a two-level system with masses m; and m}, i = 1,2, that are coupled
via a CSP with three-point amplitude:

(4.4)

_|_ —
Ms(1 l’ke):Aexp<M (klp1 K] LM <k’p1|k}> :

[kk] Am? (kk) Am?

where the mass splittings are Am? = mgz — m? We consider the process 12 — 1’2'. The four-point

amplitude is computed by making an ansatz and probing it on its factorisation channels. In particular,
this process admits only an t-channel exchange, and therefore we have!

2
Res M(1122') = —/ %Mg(l 1KY M3 (22 (—k)?+™)
t=0 0 27

(4.5)
27 4o H+ H_
—x [ e ([kk]wqu] * g K] )
where k* = —p/ — p}' = pb + p§' and
" "
R R kg=0. (4.6)

= 2 2
Am{  Amj

Integration over 6 takes the following form and returns Bessel functions of the first kind:'®

2T 0 - _io _3\h
/ die eze“’—ze ‘gezhﬁ — ( Z) Jh(2\/£) . (47)
0

2m (zz)h/2

Y411 this Section 4.2 we use the following definition of Mandelstam invariants: s = (p1 + p2)?, t = (p1 + p})? and

u=(p1+ps)° .
15Notice that this integral can be used directly to map amplitudes in the 6 basis to amplitudes in the helicity basis.
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Figure 2: The t-channel exchange of a CSP.

In particular, recalling k- ¢ = 0 (and after performing algebraic manipulations of the spinors) we
obtain

A2
M(1122) = ——JO(ZAL\/ —¢%)+ O(s) . (4.8)
Restricting to the instructive case Am? = Am3 = Am?, we have ¢* = =7 o B2 and therefore
A? 2/ —s
1122y = —— . 4.
Mavaz) == (R0 1 o) (4.9

In particular, we may also consider mi = mo. In this case, we must take into account the Bose
symmetry of the scalar and we can provide a class of four-point functions which satisfies the correct
factorisation properties:

M(1122) = 2J0< 2= )—MJO(W> : (4.10)

at + Am? u au + Am?2

with « a generic parameter. One can even integrate these amplitudes over o against some measure.
A simple example could be:

Mavaz) = o0 (28 4V

o T Am —it+Am2>} + u-channel , (4.11)

where we summed over a = +4. While these are not the most generic class of functions that satisfy the
correct factorisation properties and are well-behaved in the high-energy limit, they provide nevertheless
simple examples of amplitudes showing the main features of internal CSP exchange. We highlight three
notable examples.

1. o = 0. There is no additional singularity in the Mandelstam variables, but the limit Am? — 0
is ill-defined. We can think of the mass difference as a regulator that cannot be completely
removed. In this case, the high-energy limit is good (as the amplitude decays fast enough) but
it does not match the p — 0 result.

2. a # 0 and a € R. The Bessel function introduces essential singularities at real values for the
2
Mandelstam invariants: ¢,u = —AT’”. This is inconsistent with (analytically extended) unitarity.

3. a # 0 and a € iR.' As shown in equation (4.11), the Bessel function introduces essential
singularities in ¢, u = —zAm on the imaginary axis. Since analyticity in the upper-half plane is

correlated to causality, these amplitudes may be at odd with the latter.

16This choice requires to sum over complex conjugate values of o to make the amplitude real analytic.
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Notice that the latter two cases admit at the level of the amplitude a well-defined Am? — 0 limit.
Naively, this would suggest this limit as a prescription to define amplitudes in the equal-mass case.
Nevertheless, these amplitudes exhibit pathological behaviours, as discussed in Section 5.1.3.

The example discussed in this subsection is instructive at the technical level.

a. As expected, the explicit dependence on the black-board spinors of the intermediate CS disap-
pears (the result cannot depend on the LG phase of the internal particles). In particular, we

<k[7,‘€qk‘]k L (and its
complex conjugate). It is easy to prove that such a term does not depend on |K|, as long as
q - k = 0 holds. This is a generic feature of sewing internal CSPs. For generic amplitudes, we

have always:

notice that the kinematic exponents of the in- and out-states combine to give

I 7
by, PR
¢ = - , (4.12)
(lpLlk]  (klprK]
where the respective minus sign comes from mapping the incoming CSP to an outgoing one

(0 — 0+ ), and L and R stand for left and right, respectively.

b. We pinpoint the appearance of Bessel-J functions as an essential feature of the exchange of a
CSP in a channel at tree level.

c. Finally, we can combine the tree-level amplitudes computed in this subsection (and those in the
following) to bootstrap the corresponding one-loop amplitudes from dispersion relations. Check-
ing the conditions for the one-loop amplitudes to be crossing-symmetric, may give constraints
on «. In particular, it would be interesting to understand whether the loop amplitudes develop
IR divergences. Indeed, from the study of three-point amplitudes, we should expect it to be
free of soft and collinear divergences. IR divergences would put at stake the well-definiteness of
perturbative scattering amplitudes for CSPs.

4.3 The Rayleigh-like amplitude

The closest example of a Compton-like amplitude is the absorption and emission of a mostly-scalar
CS particle mediated by the excitation of a non-elementary particle with two scalar energy levels m
and m’.

We start again from the three-point amplitude in equation (4.4), with Am? = m’2 — m2. The
contribution to the 4-point amplitude is:'”
c1patespy A2 . erpatespy A2
M(1912 3934) — _el,U« s—m?2 — _ elﬂ u—m2 m . (4.13)

where for the sake of compactness we expressed the CSPs exponentials in terms of 4-vectors, see
footnote 12.

Contrary to the previous examples, this result is uniquely fired by matching an ansatz to its
factorisation channels. For instance, any deformation of the denominators in the exponentials, e.g.
1 1

%
s—m2 " (1+a)s—m2—am

il (4.14)

and likewise for the u-channel, returns identical residues on the factorisation channels, but it would not
be compatible with the general covariant properties under LG transformations, fixed in equation (3.27).
The latter crucially demands the denominator to be (1|p2|1] = (3|p1]3] = s — m? and analogously for
the u—channel.

'"In this Section 4.3 we have s = (p1 + p2)?, t = (p1 + p3)?, and (p2 + p3)>.
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Figure 3: The s- and w-channel exchanges of excitations mediating a Compoton-like scattering of
CSPs.

4.4 The partial-wave decomposition of CSPs

In this section, we present the PW decomposition of four (identical) CSPs scattering,'® following the
strategy of reference [25, 27]. We decompose the Poincaré-reducible 2-CSP state into a sum of irreps
of definite angular momentum 5 at the mass s = m? = 2p; -po = 2p3-ps. That is, we glue two effective
three-point amplitudes (3.19) studied in Section 3.2:

M(191292 N 393494) =167 Z e*i(h191+...+h494)(_1)h3+h4e*i(h12*h34)¢x (4_15)
{hi}
DD (2D (M, () x P

J>lhiz| , |haal

where d{l y(0) are Wigner d-matrices, 6 the scattering angle, ¢ the rotation of the scattering plane,
hij = h; —h;, and ./\/liL1 n, the ordinary j-wave amplitude among massless particles of helicity h;. The
(—1)"sFh4_factor results from crossing particles 3 and 4 to the out-going state, corresponding to work
with all-ingoing three-point amplitudes of previous sections and send 634 — 03 4 + m, which also flips
the sign of one of the little-group exponentials.

The PW decomposition (4.15) can be inverted to extract the partial waves. This is done by
striping off from the amplitude the little-group exponential factors that appear in (4.15), then Fourier
transforming the 6;, and at this point project with Wigner-d matrices, as in the familiar case, thanks
to their orthogonality.

In the particular example of identical external CSPs (e.g. equation (1)), inverting the PW decom-
position partially cancels the LG exponentials on both sides of (4.15). The leftover LG exponential
factors on the left-hand side of (4.15) are associated with the ¢ and u channels, while the PW is an
expansion in s-channel intermediate states.

4.5 Analytic structure and unitarity

The examples that we have explored allow us to infer some general lessons about the structure of
four-point amplitudes involving CSPs.

First, by construction, the pole structure is consistent with (extended) unitarity because we used
well-defined three-point amplitudes that respect LG scaling and the mass-splitting selection rule. The
amplitudes are also crossing-symmetric and satisfy hermitian analyticity.

Second, the presence of CSPs among initial or final states introduces essential singularities in the
Mandelstam variables. Crucially, the latter appear only outside or at the border of the physical region.

8Tn principle, we may consider the PW decomposition with other choices of states including non-CS and CS states.
The procedure described in the present section adapts easily, just picking the relevant three-point amplitudes from
Section 3.2, and including an extra factor of 1/2 for non-identical particle scattering whenever needed.
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Their significance w.r.t. extended unitarity deserves further investigation, in connection to the they
enter the PW expansion (see Section 4.4).

Third, the exchange of an intermediate — off-shell — CSP is connected to the presence of Bessel
functions, although the result is less universal as a family of solutions exists. In particular, tree-
level factorisation is not enough to uniquely fix the argument of the Bessel and, due to the intrinsic
non-polynomial structure, EFT arguments can not be invoked.

We notice the possibility of a choice without additional singularities in the Mandelstam variables
(o = 0 in equation (4.10)), but singular in the equal-mass limit. In this case the mass-splitting acts
as a regulator that cannot be removed. Conversely, the choice o # 0 introduces essential singularities
in the Mandelstam variables at generic values in the complex plane. This seems to violate either
(extended) unitarity if the singularity falls on the real axis. Instead, when the singularities appear at
imaginary values we should probably observe a violation of causality.

5 Weakening the Assumptions

We have seen in previous sections that requiring factorisation in well-defined on-shell three-point
amplitudes is heavily constraining, allowing only a limited set of interactions. For instance, taken at
face value, the mass-splitting selection rule together with exact factorisation, would forbid Compton-
like scattering among matter particles of the same mass and CSPs. In this section, we therefore explore
whether it is possible — and what consequences carries— weakening some of the assumptions.

We consider the possibility of starting directly from the four-point amplitudes, according to the
general structure given by (3.27). Notice that, without the input of factorisation, there are not enough
constraints to bootstrap the amplitudes, since the four-point kinematics is less stringent. In particular,
there are several allowed and inequivalent choices of the vectors pj[ appearing in the exponential LG
prefactors, even though different choices correspond to assigning a different overall (kinematically-
dependent) phase to the amplitude. In the following, we explore — with a critical eye but an open
mind — some possible strategies to fix these amplitudes.

5.1 Massless and degenerate limits
A first possibility is to consider amplitudes that can be built up using factorisation and then take the
massless or equal-mass limit. We explore this possibility in instructive examples.

5.1.1 Compton-like scattering

We consider the process described by the amplitude in equation (4.13). Taking now the equal-mass
limit Am? — 0 we get
S e1poteapg A2 ipELpates vy A2

19193034) — _ " Tk _ u—m
M( 3734) e P 0

(5.1)

This amplitude describes a Compton-like scattering of a mostly-scalar CSP and a massless scalar.

Notice that the essential singularities coming from the exponentials, which before appeared outside
the physical region, now overlap with the simple poles at the boundary of the latter. This reflects
the absence of the corresponding equal-mass three-point amplitude. The same situation persists if we
further take m — 0.
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Figure 4: The s- and u-channel Compoton-like scattering of CSPs in the equal-mass limit.

5.1.2 What about factorisation?

The previous example highlights a crucial feature of amplitudes with CSPs that cannot be obtained
via factorisation in three-point amplitudes: the poles that would be related to an on-shell exchange of
single particles overlap with the essential singularities that are imposed by little-group covariance. This
is directly correlated to the absence of three-point amplitudes violating the mass-splitting selection
rule. Are the resulting amplitudes healthy?

First, we observe that we can always imagine these amplitudes to be actually regulated by an
infinitesimal mass difference. This allows us to disentangle the poles dictated by unitarity from the
kinematical essential singularities. It forces us, however, to work in a regime where all the other
mass scales or momenta are larger than the regulator, preventing us from lowering them to zero. For
example, this would be an obstruction in taking an exact soft limit. Another example is when the
momenta are integrated over, including a region where they are smaller than the mass splitting, see
next section. In some cases, one can take a double scaling limit where the momentum is softer than
all other scales except for the IR regulator that controls the violation of the mass-splitting selection
rule (see the discussion in Section 5.3).

Another possibility is to just define amplitudes as the result of the equal-mass limits, as a pre-
scription. The absence of exact factorisation may not necessarily be a fatal pathology after all, since
factorisation is anyway recovered in an approximate sense in the high-energy limit. Indeed, as dis-
cussed in Section 3.4, the kinematical LG exponential factors become negligible in the high-energy
limit, and the exchange of an on-shell state can be resolved.

To understand if the presence of essential singularities, dictated by this prescription, is pathological,
we consider further examples of amplitudes and extract physical observables.

5.1.3 Mostly-scalar CS potential

We study the potential generated by the internal exchange of a mostly-scalar CSP. To this purpose
we consider the class of amplitudes described in equation (4.10), now keeping mj # ms to remove the
u-channel, and look at the s-channel process:

A® (2“\/?3 > : (5.2)

11722 = ——J,
M( ) t '\ at + Am?2

As we discussed, requiring factorisation is not sufficient to fix the amplitude, hence we will discuss
some paradigmatic examples.

First, we can consider the case a = 0:

(5.3)

2 /—
M(11'22) = —jtJo<2“ S) )

Am?2

The amplitude has the analytic structure dictated by unitarity, nevertheless it is singular in the equal-
mass limit. Therefore, we will keep Am? as a regulator, that cannot be completely removed, and

19



keep track of it only where necessary. In order to extract the potential induced by this exchange we
evaluate the amplitude in the center-of-mass (CoM) kinematics:

. q L q L q L q
p=ni+3), n=wui-5), pr=(w,—F=5), pp=(wn—+g), (64
with - =0, wig =p>+ % + mig, 5= (w1 +w9)? and t = —¢2. In the static limit s ~ (mq + m2)?,
we find It ( )
2u(my + mo
1122~ — )| —————— 5.9
Mav2z) = S (PR (5.5

where Iy is the modified Bessel function of the first kind. The potential is obtained from a three-
dimensional Fourier transform:

V(%) = ! /dgq TTM(1122)) (5.6)
4m1m2 (27T)3 ' '

The ¢ integral is then trivial and yields:

A2 1[ 2u(m1 —|—m2)> ’ (57)

V(@) =  16mmyma T O( Am?

where r is the radius in the spherical coordinates. The potential has a standard % scaling, but a
non-trivial dependence on the masses. Even at short distances the scale ;1 cannot be neglected and all
the helicities are exchanged, unless we take Am? > p? as well. In this case, only h = 0 is effectively
exchanged.

Then, we consider the case with o # 0. The analytic structure of this amplitude presents several
singular points, as discussed. Moreover, if the regulator is removed at the level of the amplitude sending
Am? — 0 we lose manifest factorisation, since the essential singularity overlaps with the simple pole
at t = 0. We just report the results obtained for the potential, keeping a finite mass-splitting until
the very end of the computation. A general feature is that at short distance ru < 1 we recover the
standard scalar potential:

r A% 1
v(z) "<

_ - 5.8
16mm2r’ (5-8)

as a consequence of the good UV behaviour.!” Then we can distinguish two cases:

1. When the singularities are on the real axis (e.g. « = 1 in equation (5.2)), at intermediate

distances i Lr K ﬁ the potential oscillates around 0 with exponentially growing amplitude,

while for distances r > A}nQ the mass-splitting acts as a regulator and the potential tends to

equation (5.7). If the regulator is removed, the intermediate regime with exponentially large
oscillations extends up to infinite distances.

2. When the singularities are on the imaginary axis, e.g. choosing;:
A? 20/ —s 20/ —s
1122) = —— | Jo| —— Jo| —/——— 5.9
M )= =% [ O<it—|—Am2) * 0<—it+Am2 ’ (5.9)

at intermediate distances i Lr K A,}ng the potential oscillates around 0 with an exponential

amplitude decaying as v~ 3, while for distances r > ﬁ the mass-splitting acts as a regulator
and the potential tends to equation (5.7). If the regulator is removed, the intermediate regime
with polynomially small oscillations extends up to infinite distance.

19The difference with the previous case is that now u enters always suppressed by powers of ¢.
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Figure 5: The t-channel exchange of a CSP in the equal-mass limit.

5.2 How do CS photons gravitate?

In this section, we would like to address the question of whether we can couple CSPs to standard
gravity and compute the momentum kick from the gravitational coupling. To this end, we consider
the coupling to a massive spin-2 particle, the contribution to the amplitude from its exchange and its
massless limit. To single out only the graviton in the massless limit, we will consider mostly-vectors
CSPs in the external states.

The relevant three-point amplitudes are

. . e1:patenp 13)4 . 23)4 .
M(1912923]—2) _ gew 1 p21-p22 1 ) [212;261(9192) + 212;261(9192)} , (510)
and )
_ 3|p1|3

M(1237=2) = ;WMIQ] , (5.11)

where M is the mass of the graviton. The resulting contribution to the four-point amplitude is

0 oy _ (P2 agpereatan [(Up2ld]? 0,0, , (4lp2(1]* 0,-0

M4(1 1¢¢4 4) - <§> et t [t—]\ﬁel( 1-0a) + Wez( 4=01) . (512)

We could have obtained the amplitude, with M = 0, simply by dressing the gravitational amplitude
of a photon-scalar scattering with the proper exponential factor. In principle, we may consider this as
the defining procedure for mostly-h CSP-scalar amplitudes, for h # 1. We leave this exploration for
future works.

We can now compute the momentum kick to the CSP scattering off the gravitational potential
generated by the scalar ¢, after taking M — 0. Following the discussion in reference [29]: we consider
an initial state which is a superposition of two-particle (the CSP and the scalar) states

2
P = /0 a0 / A (p1)dD (ps) W(0) ¥ (1) (pa) € P72 |py 0, po) | (5.13)

where d®(p;) is the Lorentz-invariant phase-space measure for the particle p;, ¥(p;) and ¥(0) are the
wavefunctions describing the momenta of the incoming particles and the helicity distribution of the
CSP, respectively. b* is the impact parameter between the two incoming wavepackets.

Then, the momentum kick is given by the difference of the expectation values of the momentum
operator in out and in states:
Apés = 1n<w|ST[Pf7S]|¢>ln . (514)

Expanding the S-matrix in perturbation theory, at leading order we find

a4 b - _ _
Aplg = < / ﬁ 5(2p1 - )0 (2p2 - q)e Tigh My(CS"="1p ¢ CS"=TT) pg_p2_q+...> . (5.15)

pa=—pi1+q
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Figure 6: The t-channel exchanges of massive graviton.

where the dots stand for radiative contributions, ¢ measures the momentum mismatches of the two
wavepackets [29] and (-) is a short-hand notation for the integration of the result against the chosen
wavepackets in .20 Indeed, since we are interested in the large-impact-parameter limit, the wavepack-
ets ¥(p1) have been chosen such that the characteristic lengths of the particles are much smaller than
the impact parameter. This is equivalent to taking the limit of large orbital angular momentum, i.e.
the eikonal limit. This will keep only the leading terms in the small-¢f expansion. Thus, the four-point
amplitude must be truncated to the leading order in ¢t = ¢*. It is advantageous to rewrite the Fourier
integrals using the parametrisation introduced in reference [30]:

" o v
+z + z + z ,
vVs—m 2\/s—m2 b\/—b2 V)

where v# = €"P?p1,pa,bs, the 2’s are the new integration variables and m is the mass of the scalar ¢.
The delta functions fix z; = 0 and zo = 0. The spinors can be rewritten in terms of Mandelstams:

(5.16)

" =z

(Upold]? = —e 729 [(s = m?)* + st] = —(s —m?*)* + O(¢?) , (5.17)
(Alpa|1]? = —e T2 [(s = m?)? + st] = —(s —m?)> + O(¢?) . '
Thus, we find

o 1tea)b . (ated)

2 . 721'# Vb2 —v2 b vt
At — [ iF /d2z oIV, 22422 (z ¥z > v
Pcs < (47)2 VT /02 (5.18)

(s —m?) cos 66
X— )
22 + 22 + M?

where 60 = 0, — 0,4 is a measure of the LG-phase mismatch of the two wavefunctions used to compute
the expectation value. We can now introduce polar coordinates on the z-plane, rescale the radial
coordinate with v/ —b? and integrate over the angle:

2 o0 B,|-Z +V 2
u [ K cosdl 2‘ al =2 2\/ b2 /72 5| (s—m?)

where

. 2 .
Bz:(61+64) b q and V:w

+ ;
1 —b? 2y —b2p vV —v2

(5.20)

20We have defined ) )
(F(0r,64)) = / 6, [ 6,07 (0)(61) £(61,6) |
0 (0]

where ¥(0) is the angular wavepacket of the initial state.
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Now we can set M = 0 and consider two limiting cases:

V<l k2 (s —m?)
8 (—b2)

Vo1 K2 (s —m?) b1 .
Aplg ~ ™~ & =) cos 68 Jo [ 2(—b*p?)% B0+\/]m

We notice that we recover the usual result from Einstein-Hilbert gravity in the UV, as expected. For
intermediate impact parameters v/—b2u ~ 1, the momentum is deflected outside the scattering plane,
by spin-orbit-like contributions. At large distances, the scattering happens in the scattering plane
(the spin-orbit interactions are averaged away), and the deflection oscillates rapidly and decays as

(V=02p) %
z>1 [2cos (f — x)
Jo(x) R \/;\4/5 . (5.22)

It is now interesting to study two limiting cases for the wavepackets for the helicity configuration
of the CSP. We choose the wavefunctions in the helicity basis because it makes the physics clearer,
and then consider the Fourier transform to the 6 basis. We consider a Gaussian and a single-helicity
distribution:

Apiis (cos d0) |

(5.21)

_ (h—h)?
\I/Ah(h) = NAhe ARz \Ijﬁ(h) = 5hfz ,
where Aap, is a proper normalisation such that Y22 _|¥(h)|? = 1. In the 6 basis, the wavepackets
become
o—iho

Wan(0) = Ny Ah e~ 107 AR =ik0 9. <—wﬁ+;mm29,e—““h2>, v (0) = 5
T

where 3 is a Jacobi elliptic theta function. For flat helicities distributions Ah > 1, Wax(0) becomes
sharply peaked around 6 ~ 0, i.e. we can take Wa(0) = §(0).

Computing the expectation value in equation (5.19) with a flat distribution is equivalent to taking
00 — 0. Then the integral simplifies drastically. Indeed, the polarisations are fixed as in footnote 12:

€4 =—€llp g, 150 T OG) ~ —e1 (5.23)

and the scattering angle recovers the GR result for any value of v —b%pu.

On the other hand, in case we consider the initial state to be building out of a single helicity state
h, we find two qualitatively different results.

1. In the UV, only one helicity state is coupled and we have a non-zero deflection iff h = +1, as
expected. The scattering angle is the same as in GR.

2. In the IR, all the helicity states are coupled and we will have a non-trivial contribution from all of
them. The scattering angle is analytically similar to the result in GR, up to a (v/—b?u)-dependent
factor, coming from the non-trivial angular integration in the second line of equation (5.21).

5.3 Soft limits
An important property of scattering amplitudes is their behaviour when an external massless particle is

given soft momentum. In the following, we study this regime amplitudes obtained via the prescription
described in the previous section.
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Figure 7: One of the diagrams contributing to the 5-point amplitude.

5.3.1 Soft CS radiation

As a first example, we consider the limit of soft CSPs. For this purpose, we consider the following
five-point amplitude with three external CSPs and two massive particles of equal mass:

. €1'py ; €3-(patp5) . €5'P4 A2 A

M(1012 3034 595) — e”b,um'pz el,up3~(p4+p5) e o5pa 3 3 3 3 + (permutat;ions) .

(p1 4 p2)* —m? (pa+ps)> —m
(5.24)
We consider the amplitude in the soft limit ps < p;:

i €1'P2 . €3°D4 A2 1 . enpa

M(19123%45%) ~ | —e"More e rsvs 5 2} . [—Aewi’s'm] + (permutations) .

(p1+p2)? —m?| 2psa-ps

(5.25)
The other orderings are analogous and, as usual, the soft insertions on internal lines are negligible?!.
Summing all the leading contributions we get

1

M(19123%45%) ~ M(1%123%4) . S;(5%) 5.26
( ) ( ) 2;4 0 (5%) (5.26)

where we defined the mostly-scalar CS soft factor:
Sy (5%) = —Aerin (5.27)

Thus, the amplitude satisfies factorisation for soft external CSPs. The soft factor has the correct
transformation properties under Lorentz and little group and agrees with the results of [14, 15]. This
result is easily generalized to any amplitude (at least tree-level) built via factorisation and using the
prescription for the equal-mass limit:

1

S;(nfn) | 5.28
ST (n”) (5.28)

ML —=1n%) ~ M(1.n—1)- >

7

where index ¢ runs over all the external scalar legs of the hard amplitude. Notice that this statement
comes with a caveat: if we are implicitly assuming the amplitude to be regulated by an infinitesimal
mass, then the factorisation in the soft limit should be understood in an approximate sense, that is in
the regime in which the soft momentum is larger than the regulator but much smaller than the other
external momenta.

21The essential singularities do not change this fact, since they are bounded, hence the leading contributions are still
determined by the poles.
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5.3.2 Soft non-CS radiation
We consider now the case of non-CS soft external massless legs, in the presence of external CSPs. In
particular, we start from the three-point amplitude for two mostly-scalar CSPs and a massive scalar:

€1°P2 i €2°P1

M(1912%23) = Aet o Moo | (5.29)

We can build the five-point amplitude via factorisation®? and then take the massless limit. Taking the
limit in which particle 5 is soft, we find

M (19120230 4015) ~W6W””’2 o2 p1 M p v
b1+ p2

1 2 deﬁl m <4p3 —ip €4°'P5 p3-p4 s
et parse” Mpaps pyps e Paps 4 (permutations) |
2psa - ps Jo

(5.30)

2T

where we have expressed the Bessel function in its integral form. Including permutations, we get

4 27 /
do’ /
M (191292305 4045 — / —ZEMy(..i% S;(5) , 5.31
( ) ; 0 2w 4( )2]% - ps ( ) ( )
with )
. €;°P i Pq . €4t
Si(5) = _Ae Wrims ais ¢ aie , (5.32)

where ¢; is the momentum of the CS leg attached to the same vertex as the soft particle. Hence, the
soft factor depends conformally on another momentum of the hard amplitude and loses in this sense
its key feature of universality.

5.4 Backgrounds and pair-wise helicity

As we have seen in Section 3, the main obstruction to building generic three-point amplitudes is the
mass-splitting selection rule that emerges from the absence of four-vectors p;*L in (3.27), when we restrict
to (complex) on-shell kinematics where the three particles’” momenta are conserved. Nevertheless, a
general feature of ;loii is that they enter always in a scale-invariant combination, see (3.27). This
suggests that we may look at the on-shell three-point amplitude in the presence of a non-trivial
background.

Indeed, in presence of an external four-vector £# we could easily write a three-point amplitude by
setting pgt = £ for every CS particle:

e (4G i Gl o
) = Tlesw (5 + i i) - 5

This background may e.g. be a plane wave of momentum &*. If now we try to remove the background
sending & — 0 we notice that the amplitude does not have a well-defined limit, in the sense that it
conserves a dependence on the spatial direction.This is effectively an ordinary four-point amplitude in
the soft ¢-limit of the fourth (spin-0) leg.

This “memory” of arbitrarily soft momenta suggests that CSPs are quite sensitive to infrared
boundary conditions at infinity. For instance, it would be interesting to study CSPs amplitudes in the

22For the gluing of the internal CSP we use the equivalent of the o = 1 prescription in (5.2).
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presence of extended objects, such as e.g. strings and monopoles, and possibly uncover a non-trivial
interplay between CSPs and topological properties of the environment. We leave this investigation to
future work.

In connection with this discussion, we may consider the coupling of CSPs to generic multi-particle
states with non-vanishing pair-wise helicity [31]. These states can describe e.g. monopole scatter-
ing and the amplitudes can be described as well using spinor-helicity variables [32]. It is unclear
whether introducing such states can bring non-trivial kinematics to the three-point amplitudes, and
this connection deserves a closer study.

5.5 Non-analytic amplitudes

Up to now we considered the amplitude as an analytic function of the (complex) spinors |i), |i), |i], .. ..
The physical value of the amplitude is then recovered as a boundary value. This property is correlated
to the notion of causality. Nevertheless, from the mathematical point of view, we observe that if we
allow the amplitude to depend as well on the complex-conjugate spinors |i)*, [i)*, |i]*,..., we can
construct three-point amplitudes consistent with the little-group constraints. In fact we require the
weaker condition that the little group scaling is satisfied only under the real section of the complexified
Lorentz group. Hence, we impose

(aW} + W, )My, .0, = (@i + iy ) Mo, g, | (5.34)

for generic complex ao— = (a4)*. Indeed, in the presence of complex-conjugate spinors the representa-
tion of the complexified Lorentz algebra®?® is no more complex-linear (but only real-linear). To obtain
a linear representation we need to restrict to the real Lorentz algebra. In particular, Wi must be
expressed as —WE — W2,

We consider the example of a three-point amplitude with two standard massless (1,2) and one CSP
(3). In previous sections, we have seen that analytic solutions to the little-group constraints do not
exist. So we start by considering kinematics with [ij] = 0 and look for non-analytic cases. The only
non-trivial brackets under 150(2) translations are then (31) and (31), but only a linear combination
of the two is independent, thanks to the Schouten identity. Then, consider the following ansatz:

_ py (13) M+ (13)" —ih303
Mos = exp <<33§> (13) <3§>* <13>*) %Mhse " >:35)

which satisfies equation (5.34) and the helicity constraint. It is manifest why we cannot look at the
complexified LG algebra: indeed, the amplitude is still annihilated by W™, while the transformation
under W™ is such that the real generators W; and W5 have independent real eigenvalues proportional
to pcos® and psinf. Therefore, we see that imposing LG constraints provides us with a prescription
to extend the amplitude to complex kinematics, as an alternative to the analytic continuation. This
amounts to a different choice of the ie prescription, corresponding, in our understanding, to the one
of [18]. We remark that the non-analyticity is restricted to the exponential factor, hence in the
high-energy limit we recover an analytic amplitude.

We can push this example further and try to build a four-point amplitude. In particular, we con-
sider a mostly-scalar CSP with a coupling to massless scalars. We can take the three-point amplitude

23 A generic element T of the complexified Lorentz algebra acts on the complexified spinors as TA* = (TA)*
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in the holomorphic and anti-holomorphic kinematics to be

)y py (18)  py (18)°
MH(1239 ) = Aexp <<3%> (13) B <3§>* <13>*) 7

i N py [13]  pg [13)
MI(23%) = Aexp ([3?:%][131 R [131*) ’

(5.36)

and a natural ansatz for the Compton scattering is

Loatigy _ A2 pr (21) o () pd 43] pz [43)°
M2 =~ e (5 ~ i ) o (i)~ ar )

A (”T 21 [21]*> X (“’5 us) _ _pg <43§:)+(2H4).

512 [11] [21] i3]~ [21] (33) (43)  (33)* (43
(5.37)
A weak form of factorisation can be checked by looking at the limits:24
lim sy - M(19223%4) |
(12),[34]—0
P (5.38)
lim 312'./\/1(1 12344) y
[12],(34)—0

and analogously for s14. Taking the first limit we observe that the second line on equation (5.37) would
factorize correctly in the product of three-point amplitudes, nevertheless the first line has essential
singularities.?> Taking the second limit the role of the two lines is just reversed. Even if we included
only one of the two lines in the amplitude, there would always be a direction in complex kinematics
along which the limit is ill-defined.

This example illustrates the difficulty of defining a non-analytic continuation of the scattering
amplitude to complex kinematics satisfying even a weak form of factorisation. We leave for future
study the investigation of this problem. Furthermore, even when successfully constructing unitary
amplitudes, it would be crucial to understand whether they can be consistent with causality, computing
an observable such as e.g. the time delay.

6 Discussion and future directions

In this paper, we initiated the study of continuous-spin particles (CSPs) from the perspective of
on-shell consistency conditions. Poincaré invariance, little-group covariance, analyticity, and good
high-energy behaviour impose stringent constraints, more so than for ordinary massless particles. We
found unique solutions for three-point on-shell amplitudes in the space of functions of bi-spinors,
reminiscent of the massive ones,?6 whenever the mass-splitting selection rule is obeyed. In essence,
CSPs cannot couple (on-shell, under the given assumptions) to any other pair of particles unless those
are non-degenerate in mass. This implies, among other things, that 3-CSPs on-shell amplitudes vanish,
as do CSP-particle-antiparticle amplitudes and 2-CSPs-1-graviton amplitudes.

We also classified higher on-shell n-point amplitudes and showed that they can be uniquely fixed
under favourable conditions. In particular, we bootstrapped on-shell four-point amplitudes for CSPs

24Gince the amplitude is not an analytic function we cannot define properly the residues.

25The exponentials are pure phases by construction, so this amounts to a fastly-oscillating phase.

26This is no accident, as the SU(2) little group of massive particles contracts to CSPs 1SO(2) for m — 0 and j — oo
with mj held fixed.

27



(with or without ordinary particles) via on-shell factorisation—unitarity—whenever the resulting
three-point amplitudes exist. We illustrated these findings through several examples, including the
case of intermediate off-shell CSPs. In all cases, the UV amplitudes for CSPs match those of ordinary
massless |h|-only helicity amplitudes. Infinitely many helicities decouple at short distances, making
CSPs a new IR deformation of UV theories, with infinitely many seemingly free degrees of freedom
that recouple at low energy.

We also explored various strategies to fix four-point amplitudes when the on-shell three-point
function does not exist in a strict sense. Specifically, we examined the consequences of approximate
on-shell factorisation, where same-mass particle scattering with CSPs is obtained via a limit of nearly
degenerate masses.

Some results obtained this way are ambiguous, depending on whether certain integrations are
performed before or after the mass-degenerate limit is taken. For instance, the potential generated
by a CSP exchange between ordinary particles of finite spin or helicity falls into this category. If
the mass-splitting is removed initially, the results are divergent. Likewise, the soft emission of CSPs
among same-mass particles is only approximate, with the soft factors from [14, 15] arising for CSPs
momenta softer than any other scales except for the mass splitting of the emitting/absorbing particles.

Conversely, this loose sense of on-shell factorisation works for CSPs coupled to a graviton. By
giving the graviton a finite mass during intermediate steps and eventually removing it (along with all
longitudinal polarizations) at the level of physical observables, we obtain well-defined results, such as
the momentum-kick (equivalently, the scattering angle) calculated in Section 5.2. This suggests that
matrix elements for the momentum tensor and two CSPs, (T'(q)|p1 01; p2 62), indeed exist.

How do our results align with the intriguing findings of [18, 24]? One possibility is that the explicit
model presented there—a gauge theory coupled with worldline matter—relaxes some of the basic
assumptions about S-matrix theory that we have made in this work. This prompted us to investigate
further departures from these assumptions in Section 5.5, where we relaxed strict analyticity (recovered
whenever the Pauli-Lubanski scale vanishes and in the high-energy limit). This would allow keeping the
little-group exponential factors carried by CSPs real even for complex kinematics, as done in [18, 24]
to claim unitarity. However, we have not yet reconciled non-analyticity with on-shell factorisation
within the framework of on-shell scattering amplitudes pursued in this manuscript. We believe this
important point warrants further analysis, which we leave for future investigations.

Finally, we highlight a couple of directions for further study. While we focused on some consistency
conditions, an entire class of stress tests remains, i.e. loop corrections. Are cross-sections for CSPs
finite or IR divergent? Do we need to discuss inclusive observables rather than exclusive scattering
amplitudes?

Another interesting direction, briefly touched upon in Section 5.4, involves the IR sensitivity of
CSPs. Studying CSP theory in the environment of extended objects, such as topological defects, could
be insightful.

An obvious question is whether one can construct recursive relations, similar to BCFW, to effi-
ciently reconstruct high n-point amplitudes from lower ones. This is a non-trivial task due to the
essential singularity appearing in the LG factors of CSPs.

Besides these formal investigations, it would be phenomenologically interesting to calculate how
many effective thermalized degrees of freedom g¢.(7") contribute to the entropy density of our universe at
any given temperature, given stringent experimental constraints. Although we have firmly established
that scattering amplitudes for CSPs make sense, experiments may have already strongly constrained
them.
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