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Motion of a System  
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Strongly Self-Gravitating  
Bodies 

in General Relativity
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Conventions:  signature -+++; curvature tensor and Ricci>0 for spheres

present when using a moving frame
In a coordinate basis c_{\mu\nu\lambda}=0, and the Riemann tensor reads

Ricci tensor:

Einstein tensor:

Poincare-Minkowski metric vs curved spacetime metric:

⌘µ⌫ = diag(�1,+1,+1,+1) ! gµ⌫(x
�) = ⌘µ⌫ + hµ⌫(x

�)

Gµ⌫ = Rµ⌫ � 1

2
Rgµ⌫ where R = gµ⌫Rµ⌫

Einstein equations, 
and Einstein-Hilbert 
action :

Gµ⌫ =
8⇡G

c4
Tµ⌫

Harmonic coordinates: 0 = H� ⌘ ⇤gx
� ⌘ �gµ⌫��

µ⌫ ⌘ 1
p
g
@µ(

p
ggµ�)

SEH[g] =

Z
d

D
x
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16⇡G
R(g)
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Rµ⌫ = 0

ds

2 = gµ⌫(x
�) dxµ

dx

⌫

= 0

harmonic coordinates:



Long History of the GR Problem of Motion 

Einstein 1912 : geodesic principle 

Einstein 1913-1916  post-Minkowskian  

Einstein, Droste : post-Newtonian 

Weakly self-gravitating extended bodies:

Einstein-Grossmann ’13,  
1916 post-Newtonian: Droste, Lorentz, Einstein (visiting Leiden), De Sitter ;  
   Lorentz-Droste ‘17, Chazy ‘28, Levi-Civita ’37 …., 

Eddington’ 21, …, Lichnerowicz ‘39, Fock ‘39, Papapetrou ‘51,  
   … Dixon ‘64, Bailey-Israël ‘75,  Ehlers-Rudolph ‘77…. 



Einstein Eqs and Motion at the 1PN Approximation

Using the PN  formal approximations in the nonlinear terms

one gets  (Blanchet-Damour ’89;Damour-Soffel-Xu’91): 

⇤ = ⌘µ⌫@µ@⌫ = �@2
0 + @i@i = � 1

c2
@2

@t2
+�

Explicit Einstein eqs in harmonic coordinates:

and in the stress-energy tensor:



Convenient Parametrizations of the Metric
Exponential parametrization of the PN metric  (Blanchet-Damour ’89; Damour-Soffel-Xu’91)

(1PN flat)

Linked to temporal KK reduction  
(Kol-Smolkin’08)

3+1 decomposition (Foures-Bruhat’56) and Arnowitt-Deser-Misner (ADM)  
Hamiltonian approach (Jaranowski-Schaefer’18)



rµT
µ⌫ = 0Then need to integrate over the volume of each body:

and define some  « center of mass » at the 1PN accuracy for the bodies  
(which are ~ Lorentz-contracted and Einstein-contracted ellipsoids)

1PN-accurate metric and Eqs of Motion



1PN-accurate  Lagrangian and Hamiltonian  (Lorentz-Droste ’17, Einstein-Infeld-Hoffmann’38, Landau-Lifshitz’41)

H(xa, pa) = HN (xa, pa) +H1PN (xa, pa) +O(
1

c4
)
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BASICS OF BLACK HOLES
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r = 0 SINGULARITÉ

r = 2M
HORIZON

ÉCLAIR
LUMINEUX

ÉMIS DEPUIS
LE CENTRE

ÉTOILE EN 
EFFRONDREMENT

temps

espace

1916 Schwarzschild (non rotating) Black Hole (BH)

Horizon: cylindrical-like regular null  
hyper-surface whose sectional area  

is nearly constant, and actually  
slowly increasing (Christodoulou ’70, 

Christodoulou-Ruffini ’71, Hawking ’71)

ds2 = �(1� 2GM

c2r
)dt2 +

dr2

1� 2GM
c2r

+ r2(d✓2 + sin2 ✓d'2)

Schwarzschild radius  (singularity ?): r_S= 2GM/c^2

1963 Kerr Rotating BH: M, S 

1939 Oppenheimer-Snyder « continued collapse »

1969 Penrose 

1965 Doroshkevich, Zel’dovich, Novikov 

AS(r) = 1� 2GM

c2r

radial potential



Challenge: Motion of Strongly Self-gravitating Bodies (NS, BH)
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Multi-chart approach to motion 
of strong-self-gravity bodies, 
and matched asymptotic expansions
[EIH ’38], Manasse ’63, Demianski-
Grishchuk ’74, D’Eath’75, Kates ’80, 
Damour ’82

Useful even for weakly self-gravitating bodies,   
i.e.“relativistic celestial mechanics”,   
Brumberg-Kopeikin ’89, Damour-Soffel-Xu ‘91-94

Combine two expansions in two charts:

gµ⌫(x) = ⌘µ⌫ +Gh

(1)
µ⌫ (x) +G

2
h

(2)
µ⌫ (x) + · · ·G↵�(x) = G

(0)
↵�(x) +G

(1)
↵�(x) + · · ·



Perturbations of a Spherically Symmetric background metric (1)

Perturbations of a background metric:

Perturbed Einstein eqs: �Rµ⌫ = 8⇡G�(Tµ⌫ � 1

2
Tgµ⌫)

Tensorial spherical-harmonics decomposition of exterior perturbations 
(around a Schwarzschild metric) (Regge-Wheeler’57, Zerilli’70) 

Eqs for the various coefficients H0, H1, … coupled to matter perturbations 



Perturbations of a Spherically Symmetric background metric (2)

Background:

Even-parity and Odd-parity perturbations

Multipolar decomp. 
(Regge-Wheeler gauge)

Decoupled equation for H=H_0  (Lindblom, Mendell, Ipser ’97)
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Love numbers for compact objects and
 effacing property up to 5PN  (Damour, 82)

H`m|`=2 = D`m[R̂(R̂� 2) + k`R̂(R̂� 2)

Z 1

R̂

5dx

x3(x� 2)3
]



G↵�(x) = G

(0)
↵�(x) +G

(1)
↵�(x) + · · ·

gµ⌫(x) = ⌘µ⌫ +Gh

(1)
µ⌫ (x) +G

2
h

(2)
µ⌫ (x) + · · ·

Matched Asymptotic Expansion between the two solutions in  
a domain  R_* << r << D

->  « singular boundary conditions »  (1/r^n)  for h_munu near the 
worldline representing the « center of field » of each body

x

µ = z

µ(X0) + e

µ
a(X

0)Xa + 0(X2)



Formal Skeletonized Description of N Gravitating Bodies

S
point particle

= �
X

a

ma

Z q
�gµ⌫(za)dz

µ
adz⌫a

S[gµ⌫(x), za(�)] = SEH[g] + Spoint particle[g, za]

SEH[g] =

Z
d

D
x

1

16⇡G
R(g)
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2
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NB: when considering only one body, an all order dim-reg computation of the  
harmonic metric perturbatively generated by a delta function source (point mass)  

is the G-expansion of the harmonic-coordinates Schwarzschild solution (e.g. Damour’83). 
With r_g=2GM/c^2:

gµ⌫ = ⌘µ⌫ +
X

n

h

(n)
µ⌫

✓
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Practical Techniques for Computing the Motion of Compact Bodies (NS or BH) 
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Skeletonization :                     point-masses   (Mathisson ’31) 

delta-functions in GR : Infeld ’54, Infeld-Plebanski ’60 

justified by Matched Asymptotic Expansions ( « Effacing Principle » Damour ’83) 

UV divergences linked to self-field effects (loops on external lines) [Dirac, 1938] 

QFT’s analytic (Riesz ’49) or dimensional regularization (Bollini-Giambiagi ’72, 

t’Hooft-Veltman ’72) imported in GR (Damour ’80, Damour-Jaranowski-Schäfer 

’01, …): D=4+ epsilon 

Feynman-like diagrams and  

« Effective Field Theory » techniques 

Bertotti-Plebanski ’60,  

Damour-Esposito-Farèse ’96,  

Goldberger-Rothstein ’06, Porto ‘06, Gilmore-Ross’ 08, Levi ’10, 

Foffa-Sturani ’11 ‘13, Levi-Steinhoff ‘14, ‘15



Post-Minkowskian Computation of Metric and EOM
To avoid the near-zone-only pitfalls of PN expansion,  Post-Minkowskian computations were used.

(Westpfahl-Goller’79, Bel-Damour-Deruelle-Ibanez-Martin’81). Another motiviation for a 

Post-Minkowskian approach was to avoid using any ill-proven « balance » between near-zone energy 
and far-zone fluxes



NB: when considering only one body, an all order dim-reg computation of the  
harmonic metric perturbatively generated by a delta function source (point mass)  

is the G-expansion of the harmonic-coordinates Schwarzschild solution (e.g. Damour’83). 
With r_g=2GM/c^2:

gµ⌫ = ⌘µ⌫ +
X
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Explicit  2PM, O(G^2)  Eqs of Motion



(v/c)^5, i.e. 2.5PN, Expansion of the PM Eqs of Motion  
(Damour-Deruelle’81, Damour’82)

adding some 
3PM, G^3, two-loop 

contributions

Sufficient to describe the motion of binary pulsars



Beyond 2.5PN :   
Separate  

Conservative and Radiation Damping Effects

Conservative Dynamics:  use the post-Newtonian (PN) approximation method

Radiation Damping: assume balance and compute radiation losses at infinity 
using a Multipolar Post-Minkowskian (MPM) approach

Idea:  More heuristic, but more efficient for going to higher perturbative orders



g = ⌘ + h

S(h, T ) =

Z ✓
1

2
h⇤h+ @@hhh+ ...+ (h+ hh+ ...)T

◆

⇤h = �T + ... ! h = GT + ...

Sred(T ) =
1

2
T GT + V3(GT,GT,GT ) + ...

Reduced (Fokker-type) Action in Gravity and its Diagrammatic Expansion

Needs gauge-fixed* action and time-symmetric Green function G.
*E.g. Arnowitt-Deser-Misner Hamiltonian formalism or harmonic coordinates.

Perturbatively solving (in dimension D=4 - eps) Einstein’s equations 
to get the equations of motion and the action for the conservative dynamics

Damour-Esposito-Farese ‘96

O(G)= Newtonian 
+ (v/c)^n corrections

O(G^2)=1PN
=1 loop

O(G^3)=2PN
=2 loop

O(G^5)=4PN
=4 loop

Sgf = k

Z
dDxgµ⌫H

µH⌫
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Alternative Computation of Effective Action
Instead of classically «  integrating out » the field dofs 

Formal  functional integral over the field (QED: Feynman ’50; …;
GR: « Effective Field Theory » approach 

(Goldberger-Rothstein ’06, Porto ‘06, Gilmore-Ross’ 08, Levi ’10,Foffa-Sturani ’11 ‘13, 
Levi-Steinhoff ‘14, ’15; Foffa-Mastrolia-Sturani-Sturm’16, Damour-Jaranowski '17 )

Saddle-point estimation:

However, the explicit 
computations are 
done differently:

by means of 
Wick’s theorem,

and p-space integrations 
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Electrodynamics (Fokker 1929)

S

tot

[xµ
a , Aµ] = �

X

a

Z
madsa +

X

a

Z
eadx

µ
aAµ(xa)�

Z
d

D
x

1

16⇡
Fµ⌫F

µ⌫

« Integrate out » the field A_mu in the total (particle+field) action

One-graviton-exchange diagram (1PM)

+Sgf

time-symmetric Green function G.

G(x) = �(�⌘µ⌫x

µ
x

⌫) =
1

2r

(�(t � r) + �(t + r)) ; ⇤G(x) = �4⇡�4(x)

Linear Approximation: 1PM (one-particle exchange)

Linearized gravity

One-photon-
exchange 
diagram

u

µ
a ⌘ dx

µ
a

dsa
Sred[xa(sa)] =�

X

a

madsa

+
X

a,b

Gmamb

Z Z
dsadsbu

µ
au

⌫
a(ubµub⌫ � 1

D � 2
⌘µ⌫)�((xa � xb)

2)

Sgf = k

Z
d

D
x(@µA

µ)2



Use slow-motion-weak-field PN expansion: in powers of 1/c^2:  
1PN= (v/c)^2; 2PN= (v/c)^4, etc nPN=(v/c)^(2n)

⇤�1 = (�� 1

c2
@2
t )

�1 = ��1 +
1

c2
@2
t�

�2 + ...

1PN expansion of the Fokker-type Gravity Action

2PM  (one-loop) EOM have been explicitly computed
(Westpfahl et al. ’79,’85; Bel-Damour-Deruelle-Ibanez-Martin’81)

but, no classical PM calculations beyond one-loop

1PN= G[ (v/c)^2+ Gm/(r c^2) ]

L(1) =
X

A

�mAc
2

r
1� v2A

c2
=

X

A
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2
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8c2
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4
A + · · ·
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after some 
integration by 

parts to eliminate 
second time 
derivatives

retardation 
expansion  

(Lagrange exp) 
only valid in 
near zone 

r<< lambda

Free 
action

One-graviton 
exchange



1PN computation of the Fokker-type Gravity Action: 
«  one-loop » terms O(G^2)

Much easier to compute in 1PN approximation: 
cubic vertex, propagator, matter coupling 

(first computation: Infeld-Plebanski’60)



Using the temporal KK decomposition (Kol-Smolkin’12) 



L

(3) = c1

Z
d

3
xV @iV @iV + c2

Z
d

3
xV

2�V

= c3

Z
d

3
xV

2
� = c3

X

A

mA[V (zA)]
2

Simplicity of the 1PN, one-loop computation
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Arnowitt-Deser-Misner (ADM) Hamiltonian approach 
(Kimura’61, Kimura-Toiya’72, Ohta-Okamura-KImur-Hiida’74, Schaefer’85, Jaranowski-Schaefer’18)

constraints

ADMTT
coordinate

gauge

Elliptic eqs for phi and V^i  and
Hyperbolic eqs for hTT,piTT
Technically quite efficient



Beyond 1-loop order needs to use PN-expanded Green function for explicit computations. 
This transforms spacetime diagrams (between two worldlines) into 

(massless) two-point space diagrams (in three dimensions)

⇤�1 = (�� 1

c2
@2
t )

�1 = ��1 +
1

c2
@2
t�

�2 + ...

Higher PN computation of the Fokker-type Gravity Action

E.g. at 3PN, a 3-loop space diagram 
 ~ G^4 m_1^3 m_2^2 

(Damour-Jaranowski-Schaefer 2001)

E.g. at 4PN, some 4-loop space diagrams 
 ~ G^5 m_1^3 m_2^3 

among 515 4PN-level diagrams,
(Damour-Jaranowski-Schaefer ’14, 
Bernard et al ’16, Foffa et al  ’17)

PN expansion: in powers of 1/c^2:  1PN= (v/c)^2; 2PN= (v/c)^4, etc nPN=(v/c)^(2n)



32

Analytic Continuation
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Analytic Continuation and Dimensional Regularization
Self-energy of classical point-particles

�� = �4⇡Gm�

(3)
, � =

Gm

r

Eself ⇠
Z

d

3
x(r�)2 ⇠ Gm

2

Z
r

2
dr

1

r

4
= Gm

2

Z
drr

�2 = 1

Eself ⇠ m�(0) = Gm

2[
1

r

]r=0 = 1

in dimension d=3

�� = �4⇡Gmkd�
(d) , � =

Gm

rd�2

Eself ⇠ m�(0) = Gm2


1

rd�2

�

r=0

= 0

Justified  by Matched Asymptotic Expansions, at least when being
able to use Marcel Riesz kernels (Damour ’82)

in dimension d=3+ eps

Eself ⇠
Z

d

d
x(r�)2 ⇠ Gm

2

Z
r

d�1
dr

1

r

2(d�1)
⇠ Gm

2

Z
drr

�(d�1) = 0



Explicit Computation of d-dim Space Integrals
Area S_{d-1}: Newtonian potential  

in d dimensions:

Riesz formula in d dimensions:

Generalized Riesz formula in  
d dimensions (Jaranowski-Schaefer’00):

�g = r2�d
1 r2�d

2
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Four-loop static contribution to the gravitational interaction 
potential of two point masses (Foffa-Mastrolia-Sturani-Sturm’16, Damour-Jaranowski ’17)

 

All integrals computable by the x-space
generalized Riesz integral (Jaranowski-Schaefer ’00)

(num.) Lee-Mingulov’15, 
Damour-Jaranowski ‘17



Post-Newtonian Equations of Motion [2-body, wo spins]
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• 1PN (including v2 /c2)  [Lorentz-Droste ’17], Einstein-Infeld-Hoffmann ’38 

• 2PN (inc. v4 /c4) Ohta-Okamura-Kimura-Hiida ‘74, Damour-Deruelle ’81 
                             Damour ’82, Schäfer ’85, Kopeikin ‘85 

• 2.5 PN (inc. v5 /c5)  Damour-Deruelle ‘81, Damour ‘82, Schäfer ’85, 
                                  Kopeikin ‘85 

• 3 PN (inc. v6 /c6) Jaranowski-Schäfer ‘98, Blanchet-Faye ‘00,  
                 Damour-Jaranowski-Schäfer ‘01, Itoh-Futamase ‘03,  
                 Blanchet-Damour-Esposito-Farèse’ 04, Foffa-Sturani ‘11 

• 3.5 PN (inc. v7 /c7) Iyer-Will ’93, Jaranowski-Schäfer ‘97, Pati-Will ‘02, 
              Königsdörffer-Faye-Schäfer ‘03, Nissanke-Blanchet ‘05, Itoh ‘09 

• 4PN (inc. v8 /c8) Jaranowski-Schäfer ’13, Foffa-Sturani ’13,’16  
          Bini-Damour ’13, Damour-Jaranowski-Schäfer ’14, Bernard et al’16 
  
New feature : non-locality in time  

  Inclusion of spin-dependent effects: Barker-O’ Connell’75, Faye-Blanchet-Buonanno’06, 
Damour-Jaranowski-Schaefer’08,   Porto-Rothstein ’06, Levi ’10, Steinhoff-Hergt-Schaefer 
’10, Steinhoff’11, Levi-Steinhoff’15-18 
  



2-body Taylor-expanded N + 1PN + 2PN Hamiltonian
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2-body Taylor-expanded 3PN Hamiltonian [DJS 01]

12



2-body Taylor-expanded 4PN Hamiltonian [DJS, 2014]

13
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Nonlocality in time: Tail-transported hereditary effects
(Blanchet-Damour ’88)

Hereditary (time-dissymetric) modification
of the quadrupolar radiation-damping force,
signalling a breakdown of a basic tenet of
PN expansion at the 4PN level: (v/c)^8 fractional

generates a time-symmetric
nonlocal-in-time 4PN-level action

(Damour-Jaranowski-Schaefer’14)
which was uniquely matched to the 
local-zone metric via the Regge-Wheeler-
Zerilli-Mano-Suzuki-Takasugi- based
work of Bini-Damour’13


