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Basics of Gravitational Waves
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In linearized GR (Einstein 1916,1918):
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D � 2
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Massless, two helicity states s=±2, i.e. two Transverse-Traceless (TT) tensor polarizations propagating at v=c 
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Perturbative Theory of the Generation of Gravitational Radiation
Einstein ’16, ’18 (+ Landau-Lifshitz 41, and Fock ’55) : h+, hx and quadrupole 
formula
Relativistic, multipolar extensions of LO quadrupole radiation :
Sachs-Bergmann ’58, Sachs ’61, Mathews ’62, Peters-Mathews ’63, Pirani '64
Campbell-Morgan ’71, 
Campbell et al ’75, 
nonlinear effects:
Bonnor-Rotenberg ’66,
Epstein-Wagoner-Will ’75-76
Thorne ’80, .., Will et al 00
MPM Formalism:
Blanchet-Damour ’86, 
Damour-Iyer ’91, 
Blanchet ’95 ‘98
Combines multipole exp. ,
Post Minkowkian exp., 
analytic continuation, 
and PN matching
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Multipolar Expansions Using STF Tensors
A convenient form for  (2l+1)-dim irrep of SO(3): STF tensors
multi-index notation (Blanchet-Damour ’86)

bTL = Thi1i2···ili TLSL @L = @i1i2···il

Multipolar expansions of
Newtonian potentials

with STF tensors
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Multipolar expansions of retarded potentials with STF tensors

Fundamental spherically symmetric solution of  ⇤�(x) = 0

�(t, r) =
F (t� r/c)

r

Irreducible multipolar outgoing wave solution of ⇤�(x) = 0

�

(`)(t, xi) = @i1i2···i`

✓
Fi1i2···i`(t� r/c)

r

◆

where F_L is STF 
 F_L is source-rooted and, when the source

rotates under R_ij, it rotates by   

F 0
i1i2···i` = Ri1j1Ri2j2 · · ·Ri`j`Fj1j2···j`

(exterior solution)
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STF Multipolar Analysis of Linearized Gravity (Damour-Iyer ’91)

linearized
gravity

generalizing the
scalar field case 
(Blanchet-Damour’89)

Two infinite sequences of « mass -type » M_L and « spin-type » S_L multipole moments
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Radiative
multipole 
moments



MULTIPOLAR POST-MINKOWSKIAN FORMALISM (BLANCHET-DAMOUR-IYER)
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Decomposition of space-time in various overlapping regions:
1. near-zone: r << lambda :  PN theory
2. exterior zone: r >> r_source:  MPM expansion
3. far wave-zone: Bondi-type expansion

followed by matching between the zones

in exterior zone, iterative solution of  Einstein’s vacuum field equations by means
of a double expansion in non-linearity and in multipoles, with crucial use of

analytic continuation (complex B) for dealing with formal UV divergences at r=0

g = ⌘ +Gh1 +G2h2 +G3h3 + ...,
⇤h1 = 0,
⇤h2 = @@h1h1,
⇤h3 = @@h1h1h1 + @@h1h2,
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TOOLS TO SOLVE ITERATIVELY
EINSTEIN’S EQS IN MPM (BLANCHET-DAMOUR, BLANCHET)
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Analytic continuation wrt to B -> 0: take the Finite Part of Laurent expansion

Decomposition in orbital spherical harmonics (i.e. in \hat nˆL)
and use of integration formulas:

Use of LL-improved definition of « source multipole moments »
in linearized-gravity multipole expansion:

—>

Matching to the PN_expanded near-zone solution
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Nonlinearities in harmonic coordinates 
(Blanchet-Damour’88,’89,’92)

h↵�
2 = ⇤�1

R (r�2Q↵�) +⇤�1
R (r�3N↵�

3 + · · · ) +
X

`=0,1

@L(r
�1T↵�

L )

M/r light-cone deviation
Both cured by coord. transformation

X↵ = x↵ +G⇠↵ +G2�↵ +O(G3)Linked to the « null »,or « no stiffening »,
property of Einstein eqs.

A priori « bad », slow asymptotic decay
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Hereditary (tail and memory) effects in GW 
reaction and generation (Blanchet-Damour ’88,’89,’92,….)

(�gnear�zone

00

)hereditary =

Hereditary tail effect (mass x quadrupole) in near-zone 

Memory and tail effects in wave-zone (radiative) GW multipoles 
(Blanchet-Damour ’89,92, Christodoulou’91,….)

dependence on infinite past

depends on multipoles of energy flux
tail-transported hereditary effect



2-body Taylor-expanded 4PN Hamiltonian [DJS, 2014, JS 2015]
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Nonlocality in time: Tail-transported hereditary effects
(Blanchet-Damour ’88)

Hereditary (time-dissymetric) modification
of the quadrupolar radiation-damping force,
signalling a breakdown of a basic tenet of
PN expansion at the 4PN level: (v/c)^8 fractional

generates a time-symmetric
nonlocal-in-time 4PN-level action

(Damour-Jaranowski-Schaefer’14)
which was uniquely matched to the 
local-zone metric via the Regge-Wheeler-
Zerilli-Mano-Suzuki-Takasugi- based
work of Bini-Damour’13
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Link radiative multipoles <->  source variables
(Blanchet-Damour ’89’92, Damour-Iyer’91, Blanchet ’95…)

tail
memory

instant.

tail-of-tail
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Explicit Source Quadrupole Moment at 3.5 PN for a binary system
(Blanchet-Damour-Esposito-Farese-Iyer’05; Blanchet et al;Faye-Marsat-Blanchet-Iyer’12) 



Perturbative computation of GW flux from binary system
• lowest order : Einstein 1918  Peters-Mathews 63
• 1 + (v2 /c2) : Wagoner-Will 76
• … + (v3 /c3) : Blanchet-Damour 92, Wiseman 93 
• … + (v4 /c4) : Blanchet-Damour-Iyer Will-Wiseman 95
• … + (v5 /c5) : Blanchet 96
• … + (v6 /c6) : Blanchet-Damour-Esposito-Farèse-Iyer 2004
• … + (v7 /c7) : Blanchet
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⇣
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Pioneering the GWs from coalescing compact binaries 
Freeman Dyson 1963, using Einstein 1918 + Landau-Lifshitz 1951 (+ Peters ’64)  
first vision of an intense GW flash from coalescing binary NS  
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Challenge: describe the intense flash of 
GWs emitted by the last orbits and the merger 

of a binary BH, when v~c and r~GM/c^2



Adiabatic, PN-expanded approach to inspiral phasing
Because of matched-filter technique, 

�output|htemplate⇥ =
�

df

Sn(f)
o(f)h�template(f)

the quantity to estimate with highest accuracy if the frequency-domain phase psi(f)

Using the stationary phase approximation, psi(f) is the Legendre
transform of the time-domain phase phi(t)

Z
dte�2⇡ifth(t) = h̃(f) = a(f)e�i (f)

where t_f is the time when the GW frequency omega(t)=d phi(t)/dt reaches 2pi f



PN-expanded phasing in the adiabatic approximation
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dE(x)

dt

=
dE(x)

dx

dx

dt

= �F(x)
-> ODE for x(t), i.e. phi(t),

solved by quadrature

v = x

1/2 = (⇡GMf/c

3)1/3

consider dimensionless « quality factor » of GW phase,
to eliminate the « gauge parameters » t_c and phi_c 

Q! = f2 d
2 (f)

df2
⇡ !2

!̇



Q! = f2 d
2 (f)

df2
⇡ !2

!̇
Dimensionless « quality factor » of GW phase 

Inaccuracy of LO Quadrupole phasing during late inspiral:
-> necessity of including high-order PN corrections

LO quadrupole approximation of Q_omega:

ratio to LO:

70% 



PN, EOB, NR, PHENOMD
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 PN accuracy loss during late inspiral
-> necessity to develop an improved description

Dimensionless « quality factor » of GW phase 
Q! = f2 d

2 (f)

df2
⇡ !2

!̇

Q! �QN
!

difference 
from LO

v=1/2 at merger !


