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PN, EOB, NR, PHENOMD
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 PN accuracy loss during late inspiral
-> necessity to develop an improved description

Dimensionless « quality factor » of GW phase 
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Analytical GW Templates for BBH Coalescences ?

Cutler et al. ’93:
« slow convergence of PN »

Brady-Creighton-Thorne’98: 
« inability of current computational 
techniques to evolve a BBH through its last
 ~10 orbits of inspiral »  and to compute the
merger 

Damour-Iyer-Sathyaprakash’98:
use resummation methods for E and F

Buonanno-Damour ’99-00:
novel, resummed approach:
Effective-One-Body
analytical formalism

PN corrections to Einstein’s quadrupole frequency « chirping »
from PN-improved balance equation dE(f)/dt = - F(f)
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Effective One Body (EOB) Method)
Buonanno-Damour 1999, 2000; Damour-Jaranowski-Schaefer 2000; Damour 2001 ;Damour-Iyer-Nagar 2008

Predictions as early as 2000 : 
continued transition,  non adiabaticity, first complete waveform, final spin (OK within 10%), final 
mass

Resummation of perturbative PN results             description of the coalescence 
+ addition of ringdown (Vishveshwara 70, Davis-Ruffini-Tiomno 1972)

Buonanno-Damour 2000



First complete waveforms for BBH coalescences: analytical EOB

Non-spinning BHs
Buonanno-Damour 2000

Spinning BHs
Buonanno-Chen-Damour
Nov 2005: 
« to show the 
promise
of a purely 
analytical 
EOB-based
approach »



EOB THEORY + EOB[NR] + EOB[SF] DEVELOPMENTS
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Buonanno,Damour 99                                          (2 PN Hamiltonian)  
Buonanno,Damour 00                                          (Rad.Reac. full waveform) 
Damour, Jaranowski,Schäfer 00       (3 PN Hamiltonian) 
Damour 01,                                                                                       (spinning bodies) 
Buonanno, Chen, Damour 05, 
Damour-Jaranowski,Schäfer 08,  Barausse, Buonanno, 10,      Nagar 11,  
Balmelli-Jetzer 12, Taracchini et al 12,14, Damour,Nagar 14 
Damour, Nagar 07,                                                                          (factorized waveform) 
Damour, Iyer, Nagar 08,  
Pan et al.  11     
Damour, Nagar 10                                                                             (BNS tidal effects) 
Bini-Damour-Faye 12                                                       
Bini, Damour 13, Damour, Jaranowski, Schäfer 15    (4 PN Hamiltonian) 

EOB vs NR and EOB[NR]    
Buonanno, Cook, Pretorius 07,  
Buonanno, Pan, Taracchini 08- 
Damour-Nagar 08-  

EOB vs SF and EOB[SF] 
Damour 09 
Barack-Sago-Damour 10 
Barausse-Buonanno-LeTiec 12 
Akcay-Barack-Damour-Sago 12 
Bini-Damour 13-16 
LeTiec 15 
Bini-Damour-Geralico 16 
Hopper-Kavanagh-Ottewill 16 
Akcay-vandeMeent 16

Reduced Order Model version (Pürrer 2014, 2016) of 
EOB[NR] (Taracchini et al 2014) 
 
Phenomenological model (Ajith et al 2007, Hannam et 
al 2014, Husa et al 2016, Kahn et al 2016) 
of FFT of hybrids EOB + NR 
 
 
 

EOB vs PM
Damour 16



EOB: resumming the dynamics of a two-body system (m_1,m_2,S_1,S_2) 
in terms of the dynamics of a particle of mass mu and spin S*  
moving in some effective metric g(M,S)

Effective metric for non-spinning bodies: a nu-deformation of  Schwarzschild

ds2e↵ = �A(r; ⌫) dt2 +B(r; ⌫) dr2 + r2
�
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Real dynamics versus Effective dynamics

G G2
1 loop

G3
2 loops

G4
3 loops

Real dynamics Effective dynamics 

Effective metric for non-spinning bodies: a nu-deformation of 
Schwarzschild
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TWO-BODY/EOB “CORRESPONDENCE”: 
 THINK QUANTUM-MECHANICALLY (J.A. WHEELER)
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1:1 map
(m1, m2)

µ =
m1m2

m1 + m2

ge�
µ⇥

Bohr-Sommerfeld’s  
Quantization Conditions 
(action-angle variables & 
  Delaunay Hamiltonian)

J = ⌃� =
1
2�

�
p�d⇥

N = n� = Ir + J

Ir =
1
2�

�
prdr

Real 2-body system 
(in the c.o.m. frame)

An effective particle 
in some effective metric

Hclassical(q, p) Equantum(Ia = nah) = f�1[Equantum
e� (Ie�

a = nah)]

E = f(E)

Hclassical(Ia)

µ2 + gµ⇥
e�

⇥Se�

⇥xµ

⇥Se�

⇥x⇥
+O(p4) = 0



2-body Taylor-expanded N + 1PN + 2PN Hamiltonian
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Technical aspects of EOB (1)
1. Go to the c.m. frame (p_1=-p_2=p)

4. Parametrizing a general energy-map:

2. Compute both the real and the effective Delaunay Hamiltonian, 
i.e. H_real(I_real) and H_eff(I_eff), functions of the action integrals I_a, and

look for an energy map f(E), such that:  

3. Alternatively, look for a canonical transformation G(q,p’), and
an energy map f(E), such that: 

f [Hreal(Ia)] = He↵(Ia)
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Ir(E, J) =
1

2⇡

I
pr(E, J, r)dr

Computing radial integrals à la Sommerfeld (Damour-Schaefer’88)

I' =
1

2⇡

I
p'd' = p' = J

N = Ir + I' = Ir + J
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Technical aspects of EOB (2)

System of algebraic eqs for unknown coefficients: a_n, b_n, alpha_n; impose b1=2:
-> unique solution at 2PN (Buonanno-Damour’99)

—>

—> 2PN effective metric
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EOB results at 1PN and 2PN



2-body Taylor-expanded 3PN Hamiltonian [JS 98, DJS 01]
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EOB results at 3PN   (DJS’00)

Less eqs than unknowns ? Need to introduce higher-in-momenta contributions

post-geodesic effective mass-shell condition

at 3PN

DJS gauge:  z1=z2=0 to have only pr^4 terms
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3PN EOB 



2-body Taylor-expanded 4PN Hamiltonian [DJS, 2014]
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Resummed (non-spinning) 4PN EOB interaction potentials

ds2e↵ = �A(r; ⌫) dt2 +B(r; ⌫) dr2 + r2
�
d✓2 + sin2 ✓ d'2

�
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Rc2

AEOB(u) = Pade14[A
PN (u)]
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Padé-resumming A(u; nu)

u =
GM

c2r

⌫ =
m1m2

(m1 +m2)2



Resummed EOB waveform
(Damour-Iyer-Sathyaprakash ’98) Damour-Nagar ’07, Damour-Iyer -Nagar ’08, Pan et al. ‘10

NB: T_lm 
resums an
infinite number
of terms and
already contains,
eg, 4.5PN tail^3
terms
(Messina-Nagar17)



HAMILTON’S EQUATIONS & RADIATION REACTION
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Circular orbit

     Last-Stable-Orbit (LSO): r < 6M
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resummed conservative dynamics

resummed radiation reaction



STRUCTURE OF THE EOB FORMALISM

EOB Hamiltonian

Resummed (BD99)

PN dynamics 
(DD81,D82,DJS01,IF03,BDIF04
)

EOB Rad. Reac. force

F̂�HEOB

Factorized waveform

h⇧m = h(N,⇥)
⇧m ĥ(⇥)

⇧m

ĥ(⇥)
⇧m = Ŝ(⇥)

effT⇧mei��m�⇧
⇧m

Resummed (DN07,DIN08)Resummed (DIS98)

BH perturbations  
RW57, Z70, Z72

hEOB
�m = �(tm � t)hinsplunge

�m (t) + �(t� tm)hringdown
�m (t)

hringdown
⇤m (t) =

�

N

C+
Ne��+

N (t�tm)

EOB waveform

PN waveform 
BD89, B95&05,ABIQ04,

PN rad losses 
WW76, BDIWW95, BDEFI 
05

Matching at merger time

⇥N = �N + i⇤N

QNMs spectrum

BNS: tides 
(Love numbers)
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Black Hole Quasi-Normal Modes (QNMs) (Vishveshwara’70,Press’71)
Perturbations of Schwarzschild spacetime: Regge-Wheeler57-Zerilli70 equation

Quasi-Normal Modes: no incoming wave:
linked to unstable lightring null geodesic at r_LR=3 GM/cˆ2

complex frequency: omega=omega_0- i alpha


