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PN, EOB, NR, PHENOMD

PN accuracy loss during late inspiral
-> necessity to develop an improved description
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Analytical GW Templates for BBH Coalescences ?
PN corrections to Einstein’s quadrupole frequency « chirping »
from PN-improved balance equation dE(f)/dt = - F(f)
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Effective One Body (EOB) Method)

Buonanno-Damour 1999, 2000; Damour-Jaranowski-Schaefer 2000; Damour 2001 ;Damour-lyer-Nagar 2008

Resummation of perturbative PN results — description of the coalescence
+ addition of ringdown (Vishveshwara 70, Davis-Ruffini-Tiomno 1972)
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Predictions as early as 2000 :
continued transition, non adiabaticity, first complete waveform, final spin (OK within 10%), final
mass



First complete waveforms for BBH coalescences: analytical EOB
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EOB THEORY + EOB[NR] + EOB[SF] DEVELOPMENTS

Buonanno,Damour 99 (2 PN Hamiltonian)
Buonanno,Damour 00 (Rad.Reac. full waveform)
Damour, Jaranowski,Schafer 00 (3 PN Hamiltonian)
Damour 01, (spinning bodies)
Buonanno, Chen, Damour 05,

Damour-Jaranowski,Schafer 08, @ Barausse, Buonanno, 10, Nagar 11,

Balmelli-Jetzer 12, Taracchini et al 12,14, Damour,Nagar 14

Damour, Nagar 07, (factorized waveform)

Damour, lyer, Nagar 08,
Pan et al. 11

Damour, Nagar 10 (BNS tidal effects)
Bini-Damour-Faye 12
Bini, Damour 13, Damour, Jaranowski, Schafer 15 (4 PN Hamiltonian)

EOB vs NR and EOBINR] Reduced Order Model version (Purrer 2014, 2016) of

Buonanno, Cook, Pretorius 07 L
’ ’ o ’ EOB[NR] (Taracchini et al 2014
Buonanno, Pan, Taracchini 08- INRI )
Damour-Nagar 08- Phenomenological model (Ajith et al 2007, Hannam et

al 2014, Husa et al 2016, Kahn et al 2016)

EOB vs SF and EOBJ[SF] of FFT of hybrids EOB + NR
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EOB: resumming the dynamics of a two-body system (Im_1,m_2,S 1,S 2)
in terms of the dynamics of a particle of mass mu and spin S*
moving in some effective metric g(M,S)

Effective metric for non-spinning bodies: a nu-deformation of Schwarzschild

M =mq + mo =" 1) — 17772
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Real dynamics versus Effective dynamics

Real dynamics

-

G
1 Ioop
G3 G4
2 loops 3 loops

G~

H — HO+ ((1H1—|——H2—|——H3+

Effective metric for non-spinning bodies: a nu-deformation of

Schwarzschild

Effective dynamics

_‘

%

—/,uds

—H
5 14

1 |
c? L

minig

V =

(m1 + mo)

dsog = —A(r;v) dt* + B(r;v) dr® + r* (df” + sin® 0 dp?)

31



TWO-BODY/EOB “CORRESPONDENCE”:

THINK QUANTUM-MECHANICALLY (J.A. WHEELER)

Real 2-body system
(in the c.o.m. frame)
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Figure 1: Sketch of the correspondence between the quantized energy levels of
the real and effective conservative dyvnamics. n denotes the ‘principal quantum
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2-body Taylor-expanded N + 1PN + 2PN Hamiltonian
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Technical aspects of EOB (1)
1. Go to the c.m. frame (p_1=-p_2=p)

2. Compute both the real and the effective Delaunay Hamiltonian,
l.e. H_real(l_real) and H_eff(l_eff), functions of the action integrals |_a, and
look for an energy map f(E), such that:

f[Hreal(Ia)] — Heff(la)

3. Alternatively, look for a canonical transformation G(q,p’), and

an energy map f(E), such that: . 8G(g,p)  9G(a.p)

Hgf:f’:(qlspl) _ [f (Hreal((L p)):|

o c? . ’
g - (a,p)3(a’.p")

4. Parametrizing a general energy-map:

E Ebmdmg Eblndmg Ebmdmg Ebmdlng
() =1 P (1 P (Pl ) g (P ) )
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ComPUting radial integrals a la Sommerfeld (Damour-Schaefer’88)
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Technical aspects of EOB (2)

the coefficients of the spherically-symmetric effective metric,

g% dat de¥ = — A(R;v) ¢ dT? + B(R; v) dR? + R*(d§? + sin® 6 dy?) .

> looked for as usual-type PN expansions:

| _GM _ (GM\* _ (GM\® _ (GM\® |
A(R,l/) = l+a1ﬁ+a2 ﬁ + Qg 2R + a4 ﬁ + .-

~ GM ~ [(GM\? GM\*
B(R,V) 1+blﬁ+b2 (ﬁ) +b3(ﬁ) -+

System of algebraic egs for unknown coefficients: a_n, b_n, alpha_n; impose b1=2:
-> unique solution at 2PN (Buonanno-Damour’99)

a,=0, a;=2v, b,=4—6v. —> 2PN effective metric
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EOB results at 1PN and 2PN

Theorem 1: The Lorentz-Droste-Einstein-Infeld-Hoffmann 1PN dynamics, considered in the
center-of-mass frame, is mapped (at 1PN accuracy) onto the geodesic motion of a particle of mass

p = mimg/(mi + my) in a Schwarzschild background of mass M = m; 4+ mgy, modulo the very
simple (but non trivial) energy map

Eer  (E224)? —mic* —mjct

rea
uc? 2 mq mo ct

(at the 1PN, 2PN, 3PN, and 4PN levels).

Theorem 2: The full 2PN dynamics (whose general-frame Hamiltonian contains thirteen 2PN-
level independent terms besides the five 1PN-level ones), when considered in the center-of-mass

frame, is mapped (at 2PN accuracy) onto the geodesic motion of a particle of mass p in the
following simple v-deformation of the Schwarzschild metric of mass M,

1—6v (%5
(ds2g)®™N = (1 2G4y, (GM ) ) cdt? +— _”2(0 ). dR*+ R?(d6*+sin® fde?),

c2R 2R

c?R

modulo the same energy map (Enl ;rgﬁaaf appeared at the 1PN level.
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2-body Taylor-expanded 3PN Hamiltonian [JS 98, DJS 01]
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EOB results at 3PN (DJS00)

Less egs than unknowns ? Need to introduce higher-in-momenta contributions

S = —#/dseg [1 + A, uea(z) vt u” u” u + .. ] :

post-geodesic effective mass-shell condition
! D/ 2 .2 'y
eff ,uPy—i_/l'C +Q(P,u)_07
at 3PN
Q(P,) =

1 1 [(GM)?
N ( i ) [31 P/4 +22 P/2(n/ ) P/)2 +z3(n’ . Pl)4]

821 +425 + 323 = 6v(4 — 3v).

DJS gauge: z1=z2=0 to have only pr*4 terms
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3PN EOB

Theorem 3: The full 3PN dynamics (whose general-frame Hamiltonian contains ~ 40 3PN-
level terms), when considered in the center-of-mass frame, is mapped (at 3PN accuracy), via the
simple energy map (54) that appeared at 1PN, onto the motion of a particle of mass p submitted
to the mass-shell condition (38) where gfg is given by Eq. , with

, 94 41
AN =1 - 2u+2vu® + ( 3~ 3 7r2) vut, (71)

D (u) = 1+ 6vu? + (52v — 6v2) ud, (72)

and where
(73)

Here D = (AB)™!, we used the scaled momentum p, = P£°B/u (with dimension [p] = [velocity]
so that p/c is dimensionless, and we introduced the convenient dimensionless EOB variable

GM
c2RgoB

(74)

u

18



2-body Taylor-expanded 4PN Hamiltonian [DJS, 2014]
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Resummed (non-spiming) 4PN EOB interaction potentials
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Padé-resumming A(u; nu)
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Resummed EOB waveform
(Damour-lyer-Sathyaprakash ’98) Damour-Nagar '07, Damour-lyer -Nagar 08, Pan et al. ‘10

N NQC
:h( e)h(e)h Q NB: T _Im
resums an
infinite number

ilgir)z —_ S(E)T mez5gm Pom of terms and

already contains,

' - 2 , 4.5PN tail’3
_ i 2ik) 4 2ik In(2kro) | o5 A

TEm — e e erms

F(f -+ 1) (Messina-Nagar17)

. ( 551 43 ) ( 195837 330250 20555
poslaiv) =1+ —_— T T o ~ N r ) -
54 12 42336 21168 10584

10620745 62920611 {17 180939251/ 128 | 1556919113\ .
<+ —_ . -+ —_ —_ enlerle . (r) + xr
30118464 3250872 192 0779616 105 - 122245200

hﬁm

9202 IRT216563023Y | 139877 | L6094530514677T\ .
4 —eulerlog, () , : Tr - ——— ulerlog, () - T
22(): - 160190110080 00000 H33967033600

_ = ')

4 C’(.r“ ).



HAMILTON’S EQUATIONS & RADIATION REACTION

oy ,=38 [inspiral]

1051 —p_{warphi} = 3.2 [LSO] -
— Py~ 2.8 [plunge] ‘

il K‘ Circular orbit

resummed conservative dynamics

resummed radiation reaction
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STRUCTURE OF THE EOB FORMALISM
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Black Hole Quasi-Normal Modes (QNMSs) (vishveshwara’70,Press’71)

Perturbations of Schwarzschild spacetime: Regge-Wheeler57-Zerilli70 equation
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3.3
Quasi-Normal Modes: no incoming wave:

linked to unstable lightring null geodesic at r_LR=3 GM/c 2
complex frequency: omega=omega_0-1 alpha
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