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Abstract

One of the most powerful tools for understanding quantum aspects of gravity is the holo-

graphic principle which asserts a duality between a theory of quantum gravity on a given mani-

fold and a field theory living on its boundary. A concrete realization in spacetimes with negative

curvature is the AdS/CFT correspondence but it remains an important open question if and

how the holographic principle is realized for general spacetimes. Recently, the holographic dual

of quantum gravity in asymptotically flat spacetimes has been conjectured to be a codimension-

two conformal field theory which lives on the celestial sphere at null infinity and is referred to

as celestial CFT. Encouraging is the equivalence between the action of the Lorentz group and

global conformal transformations on the celestial sphere. Moreover, when recast in a basis of

boost eigenstates, scattering amplitudes transform as conformal correlators of primary operators

in the dual celestial CFT. These celestial correlators appear to have some, but not all, of the

properties of standard CFT correlators. The goal of this course will be to give an introductory

guide to recent advances in celestial holography. From the CFT perspective 2D is special: the

global conformal group gets enhanced to local conformal symmetries. Remarkably, this infinite

dimensional enhancement also appears in the 4D S-matrix which will be a main protagonist in

this course. Even more surprisingly, the symmetry structure is much larger – every soft factor-

ization theorem gives a dual current thus yielding a rich celestial symmetry algebra. Clearly, the

exploration of celestial holography has just begun!



Plan of the course:

I. Asymptotic structure of Minkowski space. Penrose diagram. Bondi coordinates. Antipodal

matching. Asymptotically flat spacetimes. BMS fall-offs and constraint equation. BMS

supertranslations and Virasoro/Diff(S2) superrotations. BMS charges.

II. Soft theorems of the gravitational S-matrix. Mode expansion and saddle point approxi-

mation. Soft operators. BMS symmetry of gravitational scattering. Ward identities for

asymptotic symmetries from soft theorems: boundary stress tensor and Kac-Moody cur-

rent. Loop corrections to soft theorems and stress tensor renormalization.

III. 4D 7→ 2D map. Isometry between 4D Lorentz and 2D global conformal. Primaries and (pri-

mary) descendants. Null states. 4D conformal primary wavefunctions. Shadow transform.

2D celestial operators.

IV. Celestial amplitudes. Symmetry constraints. Collinear limits as celestial OPEs. Examples

of celestial amplitudes. Analytic structure.

V. Conformally soft symmetries. Conformally soft theorems. Celestial diamonds. 2D gen-

erators of 4D asymptotic symmetries. Soft charge operators. Celestial OPEs from soft

symmetries. w1+∞ algebra.

VI. IR divergences and conformal dressings [bonus].

Prerequisites: Working knowledge of general relativity and quantum field theory.

Literature: The material presented in this course covers a range of original research arti-

cles as well as textbook material and overlaps with (and complements) various lecture notes:

S. Weinberg “The Quantum theory of fields. Vol. 1: Foundations”, P. Di Francesco, P. Mathieu,

D. Senechal “Conformal Field Theory” aka the yellow book, A. Strominger “Lectures on the

Infrared Structure of Gravity and Gauge Theory” 1703.05448, and the lecture notes by G. Com-

pere and Adrien Fiorucci “Advanced Lectures on General Relativity” 1801.07064, Blagoje Oblak

“From the Lorentz Group to the Celestial Sphere” 1508.00920, A-M. Raclariu’s “Lectures on Ce-

lestial Holography” 2107.02075, S. Pasterski’s “Lectures on Celestial Amplitudes” 2108.04801.

Check them out!

About the course notes: These are preliminary lecture notes written up on the go. If you

spot an error/typo/missing reference shoot me a message: andrea.puhm@polytechnique.edu
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1 Introduction

One of the most powerful tools for understanding quantum aspects of gravity is the holographic

principle which asserts a duality between a theory of quantum gravity on a given manifold and a

field theory living on its boundary. A concrete realization in spacetimes with negative curvature

is the AdS/CFT correspondence but it remains an important open question if and how the

holographic principle is realized for general spacetimes. Of primary interest here is of course

de Sitter space describing our universe at late times, and asymptotically flat spacetimes which

provide a good approximation to physical processes in our universe away from sources.

In this course we will discuss recent developments in celestial holography which conjectures

the holographic dual of quantum gravity in asymptotically flat spacetimes to be a codimension-

two conformal field theory which lives on the celestial sphere at null infinity, referred to as

celestial CFT. We will focus on four spacetime dimensions for the purpose of these lectures.

The recent effort to tackle holography in asymptotically flat spacetimes emerged from a series

of new insights about the infrared regime of gravity that connects universal aspects of quantum

field theory scattering amplitudes to the asymptotic symmetries of asymptotically flat spacetimes

which in turn can be recast as memory effects. Proposals for measuring the gravitational memory

effect via gravitational wave interferometry in the coming decade already exist, thus connecting

these interrelated theoretical topics even to experiment!

The basic observable for quantum gravity in asymptotically flat space is the S-matrix which

already has a holographic character in that it is defined in terms of on-shell momenta at the

boundary at infinity. The novel developments towards celestial holography have offered a new

framework for studying QFT scattering processes by recasting the S-matrix as a celestial ampli-

tude. When changing the basis of energy-momentum eigenstates, in which scattering is usually

discussed, to a basis of boost eigenstates the S-matrix takes the form of a correlation function of

operators inserted on points on the celestial sphere at null infinity and labeled by the conformal

dimension and spin under the 2D global conformal group that arises from the action of the 4D

Lorentz group on the celestial sphere

boost〈out|S|in〉boost = 〈O∆1,J1(w1, w̄1) . . .O∆n,Jn(wn, w̄n)〉celestial CFT . (1.1)

While in the plane wave basis the S-matrix is translation invariant, in the new basis conformal

symmetry becomes apparent. This offers a novel opportunity to study properties of amplitudes

with manifest conformal covariance. At the same time, the map (1.1) offers a first glimpse at a

potential holographic celestial CFT at the null boundary of asymptotically flat space.

In the approach to celestial holography symmetries are front and center. Following the initial

success story of AdS/CFT, one of the first question is about the symmetries of asymptotically

flat spacetimes and how they manifest themselves in the theory on the boundary. While under-
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standing all the symmetries of nature (even just in asymptotically flat spacetimes) is a rather

daunting task, progress has been made in understanding “soft symmetries” which are already

infinitely many!

Most of the recent insights have been obtained in a bottom-up approach where we translate

knowledge of e.g. features of scattering amplitudes into statements about the structure and

symmetries of celestial CFT. Building a holographic dictionary in this way has taught us about

the notion of conformally soft particles, celestial current algebras, OPEs, conformal dressings,

powerful constraints on celestial amplitudes from symmetries that are obscured in the usual

framework, ... and put us in a position to contemplate about the possibility of bootstrapping

celestial CFT. Ultimately we will strive for a top-down approach starting from a concrete re-

alization of celestial holography within quantum gravity. Because celestial amplitudes mix the

infrared and the ultraviolet, there is interesting room for string theory.

2 Infrared aspects of gravity

We begin this course by reviewing some of the important results connecting different aspects of

low-energy gravitational physics that have led up to the celestial holography program. The first is

the notation of an asymptotic symmetry group which requires specifying the kinematics (i.e. the

spacetime and its boundaries), the bulk dynamics (specified by a Lagrangian), and the boundary

dynamics (i.e. boundary conditions). We will focus on Einstein gravity in asymptotically flat

spacetimes and restrict to four spacetime dimensions for this course. This section is based on

the original papers, in particular [1], and the reviews/lecture notes [2, 3].

2.1 Asymptotic structure of Minkowski space

Before introducing the notion of asymptotically flat spacetimes it will be useful to recall a few

facts about Minkowski space. Several coordinate systems will be useful in this course. Cartesian

coordinates Xµ with µ = 0, 1, 2, 3 in which the metric is

ds2 = ηµνdX
µdXν (2.1)

with ηµν = diag(−1, 1, 1, 1) are convenient for many purposes, as are spherical coordinates in

which the metric is

ds2 = −dt2 + dr2 + r2dΩ2
2 , (2.2)

with ranges −∞ < t < +∞ and 0 ≤ r < +∞ and where dΩ2
2 = dθ2 + sin2 θdφ2 denotes the

metric on the unit two-sphere. To study causal motion on the spacetime we introduce retarded

and advanced null coordinates

u = t− r , v = t+ r , (2.3)
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with ranges −∞ < u ≤ v < +∞ for which the metric is

ds2 = −dudv +

(
u− v

2

)2

dΩ3
2 . (2.4)

To make the coordinate range compact we introduce rescaled coordinates

u = tanU , v = tanV , (2.5)

in which the spacetime is spanned by U, V ∈ (−π
2
, π

2
) and the line element is

ds2 = Ω−2(U, V )
(
−4dUdV + sin2(U − V )dΩ2

2

)
, (2.6)

with Ω = 4 cos2 U cos2 V . Note that the points U, V = ±π
2

correspond to u, v = ±∞, and the

metric diverges as we approach the boundary of Minkowski space where U or V → ±π
2
. After the

conformal map ds2 7→ Ω2ds2 the metric is finite at the boundary and we can add the “points at

infinity”, U = ±π
2

and V = ±π
2
. This operation goes by the name of conformal compactification.1

Figure 1: The shaded region in the Einstein static universe, R × S3, is conformally related to

Minkowski space.

To illustrate this, it is convenient to go to new timelike and radial coordinates

T = U + V , R = V − U , (2.7)

in which the metric (2.6) can be seen to be conformally related to a patch of RT × S3

ds2 = Ω−2(T,R)
(
−dT 2 + dR2 + sin2RdΩ2

2

)
, (2.8)

1While distances get considerably warped, angles are preserved and, in a Lorentzian spacetime, metrics related

by a conformal transformation have the same causal structure.
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where Ω = cosT + cosR. The rescaled metric Ω2ds2 is now spanned by the compactified coordi-

nates 0 ≤ R < π and |T |+ R < π. The entire R× S3 can be drawn as a cylinder in which each

circle of constant T represents a three-sphere. The shaded region in figure 1 represents Minkowski

space (interior of the diagram including R = 0). The conformal compactification is the union of

the original spacetime and the boundaries referred to as conformal infinity. Unrolling the shaded

region gives the Penrose diagram for Minkowski space shown in figure 2.

(a) The S2 is depicted by a pair of points. (b) Exept for the origin every point is an S2.

Figure 2: Penrose diagram of Minkowski space.

We can now read off the causal structure of the spacetime:

� Massive particles follow timelike trajectories that begin at past timelike infinity i− at

(R, T ) = (0,−π) and end at future timelike infinity i+ at (R, T ) = (0,+π, ). Timelike

infinity is reached by keeping r fixed and taking t→ −∞ for i− and t→ +∞ for i+.

� Massless particles follow lightlike geodesics that begin at past null infinity I− parametrized

by U = −π
2

and V ∈ (−π
2
,+π

2
), get reflected at the origin R = 0, and end at future null

infinity I+ parametrized by V = +π
2

and U ∈ (−π
2
,+π

2
). Or, R ∈ (0, π) while T = −π+R

for I− and T = π − R for I+. Null infinity is reached by taking r → ∞ while keeping v

fixed for I− and u fixed for I+.

� Spacelike geodesics both begin and end at spatial infinity i0 at (R, T ) = (π, 0). Spatial

infinity is reached by taking r →∞ while holding t fixed.

The null infinities I+ and I− are null surfaces with induced metric ds2 = 0 + dΩ2
2 with zero

determinant while the topology is R× S2. The timelike and spacelike infinities i+, i− and i0 are
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actual points (R = 0 and R = π are the north and south poles of S3), albeit singular ones (fields

propagating on Minkowski space get multivalued). The singular structure can be resolved by

choosing a foliation of spacetime around the singular point with well-chosen three-surface: dS3

foliation near i0, Euclidean AdS3 foliation near i±; see figure 3.

Figure 3: Hyperbolic slicing of Minkowski space.

So far we have neglected the S2 hiding at (nearly) every point in the Penrose diagram. For

discussing scattering and asymptotic symmetries it will be useful to resolve the north and south

pole, as shown in figure 2. Moreover, the hope to find a 2D CFT at the conformal boundary of

Minowski space motivates us to introduce complex coordinates (z, z̄). These are related to the

angular coordinates (θ, φ) by a stereographic projection

z = tan
θ

2
eiφ , z̄ = tan

θ

2
e−iφ , (2.9)

so that z̄ = z∗ in (1, 3) signature. Here z runs over the entire complex plane; z = 0 is the north

pole (θ = 0), z = ∞ the south pole (θ = π), zz̄ = 1 the equator (θ = π
2
), and z 7→ −1

z̄
is the

antipodal map (θ 7→ π − θ, φ 7→ π + φ).

2.2 From I− to I+ linking across i0

We can now set the stage for discussing scattering in Minkowski space. The classical version

of the scattering problem is to find a classical map from the phase space defined on I− to the

phase space defined on I+. The quantum version consists in finding the S-matrix that evolves

incoming states defined on I− to outgoing states defined on I+. To capture outgoing radiative

data near future null infinity I+, we use retarded coordinates (u, r, z, z̄). The Minkowski metric
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takes the form

ds2 = −du2 − 2dudr + 2r2γzz̄dzdz̄ , (2.10)

with the round sphere metric

γzz̄ =
2

(1 + zz̄)2
, (2.11)

which is used to raise and lower z and z̄ indices. These retarded Bondi coordinates are related

to Cartesian coordinates Xµ by the transformation

t = u+ r X iXi = r2 , X1 + iX2 =
2rz

1 + zz̄
, X3 = r

1− zz̄
1 + zz̄

, (2.12)

with inverse transformation

u = t− r , r2 = XiX
i , z =

X1 + iX2

X3 + r
. (2.13)

If we keep (u, z, z̄) fixed and take r → ∞ we move out along a null line to I+ (along this path

du = dz = dz̄ = 0 and so ds2 = 0). Retarded coordinates are thus convenient near future null

infinity I+ because we can expand in powers of 1
r
. They are less suitable near past null infinity

I− because u = −∞ there. Instead, in a neighborhood of I− we use advanced coordinates

(v, r, z, z̄) in which the metric is given by

ds2 = −dv2 + 2dvdr + 2r2γzz̄dzdz̄ . (2.14)

This is suitable for describing incoming radiative data near past null infinity I− which is reached

by taking r large while keeping (v, z, z̄) fixed. These advanced Bondi coordinates are related to

Cartesian coordinates Xµ by the transformation

t = v − r X iXi = r2 , X1 + iX2 = − 2rz

1 + zz̄
, X3 = −r1− zz̄

1 + zz̄
, (2.15)

with inverse transformation

v = t+ r , r2 = XiX
i , z = − X3 + r

X1 − iX2
. (2.16)

To have a well-defined scattering problem it is important to identify a Lorentz invariant

matching conditions between the fields on I− and on I+. A natural relation can be derived from

the conformal compactification of (asymptotically) Minkowskian spacetimes we just discussed.

The null generators of I run from I−+ to I+
− through i0 suggesting the following matching

condition: label all points on a null generator by the same coordinate z so that z stays constant

along the generator. A light ray crossing the interior flat Minkowski space then begins and

ends at the same value of z. Comparing the coordinate change from Cartesian to retarded

and advanced Bondi coordinates, (2.13) and (2.16), we see that the z in retarded coordinates

9



is related to the z in advanced coordinates by the antipodal map z 7→ −1/z̄. Imposing this

antipodal relation for the coordinates, fields are continuous along the generators of I, including

when they cross i0 (even though it is generically a singular point). This antipodal relation was

proposed by Strominger in [4] as a matching conditions between the charges at I− and I+ to

have a well-defined scattering problem consistent with CPT and Lorentz invariance. We will

come back to this in section 3.2.

2.3 Asymptotically flat spacetimes

We are now ready to add gravity to the picture and define the notion of asymptotic flatness. We

would like to use coordinates in which gravitational waves propagate radially outwards and the

wavefronts are spherical. Consider a family of outgoing null hypersurfaces labeled by constant u.

The normal to these hypersurfaces is nµ = gµν∂νu and the condition that the hypersurfaces

are null amounts to vanishing of the norm gµν∂µu∂νu = guu = 0. Note that besides n2 = 0

we also have nµ∇µn
ν = 0 so that the normal vector is also tangent to the null hypersurface.

The transverse spacelike S2 is labeled by the angular coordinates xA where A = z, z̄ which are

constant along the null rays, i.e. nµ∂µx
A = gµν∂µu∂νx

A = 0, so that guA = 0. Finally, we take

the radial coordinate r to be the luminosity distance, i.e. we fix ∂rdet
(
gAB

r2

)
= 0. It parametrizes

outgoing null geodesics. In these socalled Bondi-Sachs coordinates (u, r, xA), or Bondi gauge2

(lowering the indices on the above conditions)

grr = 0 , grA = 0 , ∂rdet
(gAB
r2

)
= 0 , (2.17)

the four-dimensional line element takes the form

ds2 = guudu
2 + 2gurdudr + 2guAdudx

A + gABdx
AdxB . (2.18)

Asymptotically flat spacetimes have the same causal structure as Minkowski space at infinity

and admit a radial expansion around the Minkowski metric near null infinity where we can relate

the retarded Bondi coordinates to the standard Minkowski coordinates u = t− r + . . . . To define

the notion of asymptotic flatness we need to impose fall-off conditions on the metric components

in (2.18) in the r → ∞ limit at constant (u, z, z̄). Finding good boundary conditions can be a

tricky business as it requires a balancing act: they should be weak enough to capture all solutions

of interest but strong enough to rule out unphysical ones. A natural choice due to Bondi, van

der Burg, Metzner and Sachs [5,6] is to constrain the large r structure of the metric near future

2Bondi coordinates are used in most of the literature on asymptotically flat spacetimes which is why we adopt

them here. We will later encouter harmonic gauge which will be more useful for discussing celestial CFT.
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null infinity I+ as3

ds2 =− du2 − 2dudr + 2r2γzz̄dzdz̄

+
2mB

r
du2 + rCzzdz

2 +

[
DzCzz +

1

r

(
4

3
(Nz + u∂zmB)− 1

4
Dz(CzzC

zz)

)]
dudz + c.c.

+ . . .

(2.19)

where DA denotes the covariant derivative with respect to γAB. The first line is the Minkowski

metric while the remaining terms are the leading corrections, corresponding to the large r fall-offs

guu = −1 + O(r−1) , gur = −1 + O(r−2) , guz = O(1) ,

gzz = O(r) , gzz̄ = r2γzz̄ + O(1) .
(2.20)

The radiative data at null infinity is given by4

{mB, NA, CAB} (2.21)

where mB is the Bondi mass aspect5, NA is the angular momentum aspect, and CAB is the

gravitational data. mB(u, z, z̄) and NA(u, z, z̄) describe the angular density at future null in-

finity of, respectively, energy and angular momentum. CAB(u, z, z̄) is symmetric and traceless

(γABCAB = 0)6, it therefore contains two polarizations and describes gravitational radiation

around null infinity. From it one constructs the socalled Bondi news tensor

NAB = ∂uCAB , (2.22)

which is the gravitational analogue of the Maxwell field strength Fuz = ∂uAz. Its square,

NABNAB, is proportional to the energy flux across null infinity.

While all quantities in (2.21) vary as functions of (u, z, z̄), only the gravitational data CAB

can be specified freely on I+. The evolution of mB and NA in retarded time is constrained.

Solving the Einstein equations

Rµν −
1

2
gµνR = 8πGTMµν , (2.23)

order by order in a large r expansion in the presence of massless matter7 with fall-offs

TMuu = O(r−2) , TMur = O(r−4) , TMrr = O(r−4) ,

TMuA = O(r−2) , TMrA = O(r−3) , TMAB = O(r−1) ,
(2.24)

3The definition of Nz here is as in [2] and differs from others the literature. It is proportional to the Weyl

tensor and related to e.g. the expression in Barnich-Troessaert [7] by 4(Nz + u∂zmB) = 4NBT
z + CzzDzC

zz +
3
4Dz(CzzC

zz).
4Note that we have Nz̄ = (Nz)

∗ and Cz̄z̄ = (Czz)
∗.

5E.g. for Kerr spacetimes, mB = GM is constant and proportional to the black hole mass.
6This is implied by ∂rdet

(
gAB
r2

)
.

7The massive case was discussed by Campiglia and Laddha in [8, 9].
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yields the constraint equations

∂umB =
1

4

[
D2
zN

zz +D2
z̄N

z̄z̄
]
− Tuu , (2.25)

for the Bondi mass aspect, while for the angular momentum aspect we have

∂uNz =
1

4
∂z
[
D2
zC

zz −D2
z̄C

z̄z̄
]
− u∂u∂zmB − Tuz . (2.26)

Here where we collected the quadratic and matter terms

Tuu =
1

4
NzzN

zz + 4πG lim
r→∞

r2TMuu ,

Tuz = −1

4
∂z(CzzN

zz)− 1

2
CzzDzN

zz + 8πG lim
r→∞

r2TMuz .
(2.27)

Thus, we specify the metric components near future null infinity I+ (2.19) by the initial values of

m, Nz, Czz as u→ −∞, and by Nzz(u, z, z̄) which is traceless and comprises two unconstrained

real functions on I+ as one expects for the two helicities of the massless graviton. A similar

analysis can be carried out at past null infinity I− where we specify m, Nz, Czz as v → −∞,

and by Nzz(v, z, z̄). In addition to (2.19) we will have to specify boundary conditions near I+
±

of future null infinity and I−± of past null infinity, such as the fall-offs of the Bondi news tensor

to avoid infinite energy. We will discuss these boundary conditions in more detail in section 3.2.

2.4 Symmetries

Global symmetries preserve the Lagrangian up to a boundary term. Here we are interested in

global symmetries whose generator arbitrarily depends upon the coordinates, i.e. gauge trans-

formations. We have to be careful in distinguishing “small” from “large” gauge transformations.

The former have gauge parameters that vanish at the boundary and therefore do not change

the physical state; these are redundancies of the theory, something we have invented to deal

with massless particles. The gauge parameter of the latter does not vanish at the boundary

and therefore changes the physical state. So, small or local (i.e. with compact support) gauge

transformations are fake, while large gauge transformations are real symmetries.

Isometry: A necessary and sufficient condition for a vector field to be an isometry of a space-

time is that it satisfies the Killing equation:

δξgµν = Lξgµν = 0 ⇔ ∇(µξν) = 0 . (2.28)

Killing vectors form the Lie algebra of the isometry group of the manifold. When such an

isometry exists we can construct a conserved current J satisfying dJ = 0, whose integral over
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an arbitrary Cauchy slice Σ produces a conserved scalar quantity Q =
∫

Σ
J , the charge. E.g.

translations in Minkowski space (homogeneous) give rise to energy-momentum conservation P µ =∫
Σ
dΣT µ0, Lorentz transformations in Minkowski space (isotropic and relativistic) give rise to

angular momentum conservation Mµν =
∫

Σ
dΣ[xµT ν0 − xνT µ0]. More generally, any Killing

symmetry is associated with a conserved surface charge in the bulk of spacetime.

Asymptotic symmetry: When the Killing equation is only satisfied asymptotically,

δξgµν = Lξgµν ≈ 0 as r →∞ (2.29)

one speaks of an asymptotic symmetry. As a consequence, the charges associated to ξ will be

conserved only in the asymptotic region. An asymptotic symmetry is a gauge symmetry whose

parameter falls off slowly enough to give rise to non-zero charges, hence the name “large” gauge

symmetry. This is in contrast to “small” gauge symmetries whose parameter vanishes at the

boundary; these are redundancies of the theory. Asymptotic symmetries, on the other hand, are

true symmetries in the sense that they act non-trivially on the phase space. We thus arrive at

the following definition for the group of asymptotic symmetries:

Asymptotic symmetry group =
allowed gauge symmetries

trivial gauge transformations

This extracts the group of state-changing transformations. As emphasized in [3], it the closest

concept in gravity to the group of global symmetries of field configurations that obey a given

set of boundary conditions. Practically, to identify the asymptotic symmetry group, we pick

a gauge that will be convenient for analyzing the behavior of the fields, identify the physically

relevant fall-off conditions and the free data that specifies a given solution, and find any residual

diffeomorphisms that act non-trivially on this data.

2.4.1 Poincare symmetry

The symmetries of Minkowski space are defined as vector fields that preserve the background

Lξηµν = 0 . (2.30)

The Poincaré generators in retarded Bondi coordinates (u, r, z, z̄) can be expressed as

ξ =
(

1 +
u

2r

)
Y z∂z −

u

2r
Dz̄DzY

z∂z̄ −
1

2
(u+ r)DzY

z∂r +
u

2
DzY

z∂u + c.c.

+ f∂u −
1

r
(Dzf∂z +Dz̄f∂z̄) +DzDzf∂r .

(2.31)

Global translations are given by

f0 = 1 , f1 =
z + z̄

1 + zz̄
, f2 = i

z̄ − z
1 + zz̄

, f3 =
1− zz̄
1 + zz̄

, (2.32)
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while global Lorentz transformations are given by

Y z
12 = iz , Y z

13 = −1

2
(1 + z2) , Y z

23 = − i
2

(1− z2) ,

Y z
03 = z , Y z

01 = −1

2
(1− z2) , Y z

02 = − i
2

(1 + z2) .
(2.33)

The Killing vectors obey the Poincaré algebra, that is the Lie algebra of the Poincaré group

SO(1, 3) × R1,3. While translations commute [ξf , ξf ′ ] = 0, we note that [ξY , ξY ′ ] = ξ[Y,Y ′] shows

that the Lorentz algebra is isomorphic to sl(2,C), the algebra of global conformal Killing vectors

(CKVs) of S2. After exponentiation we get the isometry group of Minkowski space:

Poincaré = Lorentz n Translations .

2.4.2 BMS symmetry

The seminal work of Bondi, van der Burg, Metzner and Sachs (BMS) from the 1960s [5,6] asked

the question: What is the subgroup of diffeomorphisms of asymptotically flat spacetimes that

act non-trivially on the asymptotic data? Since the gravitational field becomes weak at large

distances, the expectation was to recover the Poincaré group. That’s not what they found. The

asymptotic symmetry group of the asymptotically flat metric (2.19) is generated by vector fields

ξ that preserve the Bondi gauge (2.17) and the boundary conditions (2.18). Preserving the gauge

imposes

Lξgrr = 0 , LξgrA = 0 , Lξ∂rdet(r−2gAB) = 0 , (2.34)

while to preserve the metric fall-offs requires

Lξguu = O(r−1) , Lξgur = O(r−2) , LξguA = O(1) , LξgAB = O(r) . (2.35)

Such vector fields are of the form (2.31).

Supertranslations The transformations generated by

ξf = f∂u −
1

r
(Dzf∂z +Dz̄f∂z̄) +DzDzf∂r + . . . (2.36)

where f = f(z, z̄) is an arbitrary function on the S2 are called of supertranslations. They

constitute an infinite enhancement of the 4 global translations obtained for f ∈ {1, z, z̄, zz̄}
in (2.32). At null infinity supertranslations act as angle-dependent translations in retarded time,

as illustrated in figure 4. The infinite enhancement from translations to supertranslations was the

surprising result of Bondi, van der Burg, Metzner and Sachs: the asymptotic symmetry group of
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general relativity in asymptotically flat spacetimes does not reduce to that of special relativity,

instead the Poincaré group is infinitely enhanced to the BMS group:

BMS = Lorentz n Supertranslations .

We will discuss the physical implications of this towards the end of this section, and will show

in section 3.2 that supertranslation charge conservation is equivalent to the leading soft graviton

theorem.

Figure 4: Supertranslations acting separately along every null generator on I+.

Superrotations The situation is more subtle for superrotations which are a proposed infinite-

dimensional extension of the Lorentz group [1, 7, 10,11]8. They are generated by

ξY =
(

1 +
u

2r

)
Y z∂z −

u

2r
Dz̄DzY

z∂z̄ −
1

2
(u+ r)DzY

z∂r +
u

2
DzY

z∂u + c.c.+ . . . (2.37)

where Y A = (Y z, Y z̄) is a two-dimensional vector field on the celestial sphere. To obey the last

fall-off condition in (2.35), it has to satisfy the conformal Killing equation on the S2, namely

DAYB +DBYA = γABDCY
C . (2.38)

The AB = zz̄ components are automatically satisfied, while the zz and z̄z̄ components enforce

∂z̄Y
z = 0 , ∂zY

z̄ = 0 . (2.39)

This requires Y z to be holomorphic, and Y z̄ its antiholomorphic counterpart. Expanding in a

Laurent series Y z = zk with k ∈ Z, then zk∂z is globally well-defined only for k = 0, 1, 2: when

k < 0 it is singular at the origin z = 0 (North pole θ = 0) while for k > 2 it is singular at

8See also [12] and the prescient work of de Boer and Solodhukin [13].
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the point at infinity z = ∞ (South pole θ = π)9. For Y z ∈ {1, z, z2, i, iz, iz2} we recover the

Lorentz transformations (2.33) generated by the 6 global conformal Killing vectors on the sphere.

Originally, all other values of k were excluded in the asymptotic symmetry analyses of BMS since

the fall-offs are violated at isolated points.

More recently, Barnich and Troessaert [1, 7, 10, 11] proposedto allow the full range of k, thus

generalizing the Lorentz transformations to meromorphic superrotations with Y z(z) a meromor-

phic function with a finite set of poles on the sphere. The conformal Killing equations are now

obeyed locally, that is up to poles. For example,

Y z =
1

z − w
⇒ ∂z̄Y

z = 2πδ(2)(z − w) 6= 0 . (2.40)

This violates the last fall-off condition in (2.35) at z = w, which was interpretated physically

as due to cosmic strings in [14]. Allowing for meromorphic vector fields lands us on the whole

infinite-dimensional local conformal group generated by Y z = zk for all k! This sounds like a

good idea - after all local conformal = Virasoro symmetry plays an important role in conformal

field theories which exist on a two-sphere and our goal in celestial holography is to recast the bulk

physics in asymptotically flat spaectimes in terms of 2D CFTs. Moreover, we will see in section 3.2

that the subleading soft graviton theorem implies a Ward identity for Virasoro superrotation

symmetry [15] and a 2D stress tensor [16] for celestial CFT. The asymptotic symmetry group

thus gets enhanced from BMS to:

extended BMS = Vir× Vir n Supertranslations .

An a priori distinct10 extension of the Lorentz group was proposed by Campiglia and Lad-

dha [17] which allows the entire group of diffeomorphisms on the 2-sphere, Diff(S2), thus yielding

the asymptotic symmetry group

generalized BMS = Diff(S2) n Supertranslations .

In this case, the leading order metric gAB is allowed to fluctuate, while preserving its determinant

via (2.17). This extension was motivated by the equivalence [18] of the Ward identities of

Diff(S2) symmetry with the subleading soft graviton theorem [19]. In either case, Virasoro or

Diff(S2), the price to pay for an infinite-dimensional extension of the Lorentz group is that to

have finite canonical charges associated to superrotation symmetry requires a renormalization of

the symplectic structure [20].

9Under z 7→ w−1 we have zk∂z 7→ −w2−k∂w.
10We will later see that Virasoro and Diff(S2) superrotations are related in celestial CFT - albeit non-locally.
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BMS algebra On future null infinity we have the vector field

ξf |I+ = f∂u , ξY |I+ =
u

2
DCY

C∂u + Y A∂A . (2.41)

It obeys the BMS algebra

[ξf , ξf ′ ] = 0 , [ξY , ξf ] = ξf̂ , [ξY , ξY ′ ] = ξŶ , (2.42)

with respect to the Lie standard bracket [ξ, ξ′]ν = ξµ∂µξ
′ν − ξ′µ∂µξν and where we defined

f̂ = Y A∂Af −
1

2
DAY

Af , Ŷ A = Y B∂BY
′A − Y ′B∂BY A . (2.43)

Expanding f, Y A into spherical harmonics corresponds to the original take on BMS in the 60s

where the elements of the algebra were required to be globally well-defined. The recent develop-

ments suggest instead that the algebra elements should be allowed to be meromorphic functions

(thus admitting pole singularities) and we will thus expand f, Y A in Laurent modes in section 4.

To realize the BMS algebra in the bulk one has to take care of field-dependent terms in

ξf = f∂u −
1

r
DAf∂A +

1

2
D2f∂r + . . .

ξY =
u

2
DAY

A∂u −
u+ r

2
DAY

A∂r + [Y A − u

2r
DADBY

B]∂A + . . .
(2.44)

that arise at subleading order in the . . . . This is done via the modified Lie bracket [1] defined

by [ξ, ξ′]∗ = [ξ, ξ′] + δξξ
′ − δξ′ξ. The asymptotic Killing vectors then satisfy

[ξf , ξf ′ ]∗ = 0 , [ξY , ξf ]∗ = ξf̂ , [ξY , ξY ′ ]∗ = ξŶ . (2.45)

BMS transformations Finally, we compute how these diffeomorphisms (2.36) and (2.37) act

on the radiative data, noting that δξ = Lξ. They have a non-trivial action on the free data

δfCzz =f∂uCzz − 2D2
zf ,

δYCzz =
1

2
D · Y (u∂u − 1)Czz + LYCzz − uD3

zY
z ,

(2.46)

and the Bondi news
δfNzz =f∂uNzz ,

δYNzz =
1

2
D · Y u∂uNzz + LYNzz −D3

zY
z ,

(2.47)

where LY is the Lie derivative along the sphere vector field Y A and we defined Y ·D ≡ Y ADA. In

the next section we will define supertranslation and superrotation charges whose Dirac bracket

commutator will land us on the Lie derivatives (2.46) and (2.47).
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Gravitational vacua and phase space What does the action of supertranslations mean

physically? Starting with Minkowski spacetime, which has mB = Nz = Czz = 0, we see that

supertranslated Minkowski spacetime will still have zero Bondi mass because of

δfmB = f∂umB +
1

4

[
N zzD2

zf + 2DzN
zzDzf + c.c

]
, (2.48)

and zero Bondi new as read off from (2.47), as well as vanishing Riemann tensor (a diffeomorphism

cannot create gravitational waves). However, from (2.46) we see that it causes an inhomogenous

shift in the data

δshiftf Czz = −2D2
zf , (2.49)

so that after a supertranslation Czz 6= 0. In fact Czz = −2D2
zC(z, z̄) is enough to have vanishing

curvature. The function C is called Goldstone boson of spontaneously broken supertranslation

invariance because under a supertranslation LfC = f . While the four global translations are

unbroken (since killed by D2
z), different values of C give classically inequivalent gravitational

Poincaré vacua.

2.5 Charges

The Einstein-Hilbert action is invariant under small diffeomorphisms but there are non-trivial

boundary terms for large diffeomorphisms such as the ones we just encountered. The charges

corresponding to these asymptotic symmetries are codimension-two and are defined in terms

of the data at the boundary of a given Cauchy surface. There is an extensive literature on

constructing canonical charges, see e.g. the lecture notes [21] for an introduction to the topic.

Here, we will just briefly outline the procedure.

2.5.1 Covariant phase space formalism

On an d-dimensional manifold we consider a theory of dynamical fields, collectively denoted by φ,

which consist of a Lorentzian metric gµν and potentially other fields. We start by varying the

Lagrangian d-form density

δL = E(φ)δφ+ dΘ[δφ;φ] , (2.50)

which defines the presymplectic potential Θ, which is defined up to a shift Θ 7→ Θ + dθ. The

Euler-Lagrange equations of motion are E = 0. The presymplectic structure which is a local

function of a field configuration φ and two linearized perturbations δ1φ and δ2φ off of φ is obtained

from the antisymmetrized variation of the presymplectic potential

ω[δ1φ, δ2φ;φ] = δ1Θ[δ2φ;φ]− δ2Θ[δ1φ;φ] . (2.51)
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It is a two-form in field space and a (d − 1)-form in d dimensional spacetime. The symplectic

structure ΩΣ is then obtained by integrating (2.51) over a Cauchy slice Σ. We are interested

in the situation where φ is the background metric gµν and one of the variations is a BMS

transformation ξ. The symplectic structure is

ΩI[δg, δξg; g] =

∫
I

ω[δg, δξg; g] , (2.52)

where we pushed the Cauchy slice Σ to null infinity I. In general one is not guaranteed that Ω

is finite or integrable. When it diverges one may be able to renormalize the symplectic structure

by exploiting the ambiguity in Θ 7→ Θ + dθ. When it is finite (or renormalized) and integrable,

ΩI[δg, δξg; g] = −δQξ, we can construct the charge Qξ.

2.5.2 Supertranslation and superrotation charges

For the purpose of this course we will only need the finite canonical charges at I+ whose linear

part is integrable (see [7, 10, 11,22] for more details11)

Q+[f, Y ] =
1

8πG

∫
I+
−

d2z
√
γ
[
2fmB + Y ANA

]
. (2.53)

The special case for which f is one of the of the global translations (2.32) corresponds to con-

servation of total energy (f = 1) and ADM momentum (` = 1 harmonic f = Y 1
m), while the

case for which Y A corresponds to one of the global Lorentz transformations (2.33) corresponds

to conservation of ADM angular momentum and boost charge.

One can show in the canonical formalism using [23–26]

[Nz̄z̄(u, z, z̄), Cww(u′, w, w̄)] =
iκ2

2
γzz̄δ

(2)(z − w)δ(u− u′) , (2.54)

that supertranslation symmetries at I+ are generated via Dirac brackets with Q+
f

[Q+
f , ...] = iδf , (2.55)

while superrotation symmetries are generated by the commutator with Q+
Y

[Q+
Y , ...] = iδY . (2.56)

We thus recover (2.46)- (2.47). In particular, because supertranslations commute with the time

translation, their associated charges commute with the Hamiltonian [Q+
f , H] = 0 with H = Q+

f=1.

11Note that the definition of the angular momentum aspect NA in (2.19) following [2] absorbed various terms

to obtain the form of the charge (2.53).
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This means that all these degenerate states have the same energy. However, supertranslations

do not commute with superrotations. As a consequence, there is no BMS invariant definition of

angular momentum. Nevertheless, given a choice of vacuum, there is a unique Poincaré subgroup

of BMS+ under which it is invariant.

Another important comment is that commutators with Q+
Y shift the news by a function that

approaches a constant near the boundaries of I+, while Czz diverges linearly. This violates

the boundary conditions and maps points originally inside the phase space to points outside.

Indeed, the cosmic strings that have been proposed as physical interpretation for these isolated

singularities, destroy asymptotic flatness [14]. A larger phase space will be required to properly

define and understand superrotations. Recent progress on this front was made in [27].

2.5.3 Asymptotic boundary conditions

We restrict to spacetimes which decay to the vacuum in the far past I−− and future I+
+ :

Nz|I−− = Nz|I+
+

= mB|I−− = mB|I+
+

= 0 . (2.57)

Such spaces have been studied rigorously by Christodoulou and Klainerman who showed that it

exists a class of Cauchy data which decays sufficiently fast at spatial infinity such that the Cauchy

problem leads to a smooth geodesically complete solution [28]. Moreover, near all boundaries

I±± of null infinity I no radiative modes are excited:

Nzz|I±± = 0 . (2.58)

Following Christodoulou and Klainerman [28] we take Nzz ∼ |u|−
3
2 on I+ and Nzz ∼ |v|−

3
2 on

I− together with corresponding fall-offs for the stress tensor. This implies via the constraint

equation (2.26) that12 [
D2
zCz̄z̄ −D2

z̄Czz
]
|I±± = 0 , (2.59)

with solution

Czz|I+
−

= −2D2
zCI+

−
, Czz|I−+ = +2D2

zC|I−+ , (2.60)

where C is a real boundary field.13 In addition, a minimal extension of Christodoulou-Klainerman

spaces in the presence of meromorphic superrotations (but no cosmic strings) is

∂zNz̄z̄|I±± = ∂z̄Nzz|I±± = 0 . (2.61)

12Alteratively to imposing these boundary conditions, one can allow for dual supertranslations [29].
13Note that via (2.46) we could in principle set C = 0 with a BMS transformation f = C on I+, but that

would break BMS symmetry, which we want to study here, and so defeat the purpose.
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2.5.4 Charge conservation

To have a well-defined scattering problem the action of BMS+ on I+ and BMS− on I− cannot

be independent. A matching condition is required to relate fields at the past boundary of I+

to the future boundary of I−. A Lorentz and CPT invariant choice is the antipodal matching

condition encountered earlier. It relates

f(z, z̄)|I+
−

= f(z, z̄)|I−+ , Y z(z)|I+
−

= Y z(z)|I−+ , (2.62)

where (z, z̄)|I+
−

= (−1
z
,−1

z̄
)|I−+ , i.e. points on the celestial sphere are antipodally identified

between I+
− and I−+ . This antipodal matching condition fixes the BMS+ frame in terms of the

BMS− frame and it is the diagonal subgroup of BMS+×BMS− generated by (2.62) that is a

symmetry of gravitational scattering. By the matching condition

C|I+
−

= C|I−+ , mB|I+
−

= mB|I−+ , Nz|I+
−

= Nz|I−+ , (2.63)

the charges at I+

Q+[f, Y ] =
1

8πG

∫
I+
−

d2z
√
γ
[
2fmB + Y ANA

]
. (2.64)

and the charges at I−

Q−[f, Y ] =
1

8πG

∫
I−+

d2z
√
γ
[
2fmB + Y ANA

]
. (2.65)

obey

Q+[f, Y ] = Q−[f, Y ] . (2.66)

Note that there are infinitely many such relations for every choice of f and Y . These correspond

to conservation of energy-momentum and angular momentum at every angle. So far the BMS

analysis was in terms of classical fields for weakly gravitating spaces of the type studied by

Christodoulou and Klainerman. In the next section we consider their realization in terms of a

Fock basis of quantum particles and show that the statement of charge conservation at the level

of the S-matrix is implied by the soft graviton theorem.

3 Soft gravitons in the S-matrix

In the previous section we introduced BMS transformations which are the proposed asymptotic

symmetric group for Einstein gravity at null infinity. We will show in this section that BMS su-

pertranslations and superrotations are a symmetry of the gravitational S-matrix. The discussion

of the soft graviton theorem in section 3.1 is based on the textbooks [2, 30] as well as [31, 32]

while sections 3.2-3.4 review the original papers referenced therein.
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3.1 Soft graviton theorem

Asymptotic single particle states will be denoted by |p, `〉, where p is the four-momentum and

` is the helicity, and are normalized so that

〈p′, `′|p, `〉 = (2π)3(2p0)δ``′δ
(3)(~p− ~p′) . (3.1)

We focus on tree-level scattering of n particles with momenta p1 . . . , pn and helicity `1, . . . , `n

with the in or out states in plane wave bases and denote an n particle S-matrix element by

An ≡ 〈out|S|in〉 . (3.2)

Gauge theory amplitudes with an additional gauge boson exhibit universal behavior as the mo-

mentum of that gauge boson is taken soft, i.e. to zero. These universal factorization properties of

amplitudes are known as soft theorems. We will review here Weinberg’s soft graviton theorem [32]

and its subleading extension [19].

Let us focus on the simplest case, discussed in [31], of Einstein gravity coupled to a free

massless scalar described by the action

S = −
∫
d4x
√
−g
[

2

κ2
R +

1

2
gµν∂µφ∂νφ

]
, (3.3)

where κ =
√

32πG and G is Newton’s constant. In the weak field perturbation expansion

gµ = ηµν + κhµν the leading terms in the action are

− 2

κ2
R = −1

2
[∂ρhµν∂

ρhµν − ∂ρh∂ρh] + ∂µhµν [∂ρh
νρ − ∂νh] + . . .

−1

2

√
−ggµν∂µφ∂νφ = −1

2
∂µφ∂µφ+

κ

2
hµν

[
∂µφ∂νφ−

1

2
ηµν∂

ρφ∂ρφ

]
+ . . .

(3.4)

where the last term gives the interaction Lagrantian L = κ
2
hµνTµν and the term in the bracket

defines the flat space energy-momentum tensor Tµν = ∂µφ∂νφ− 1
2
ηµν∂

ρφ∂ρφ.

Now consider the amplitude of n external scalar particles with momenta pµi along with an

extra graviton of four-momentum kµ = ωqµ, where q2 = 0, with energy k0 = ω and polarization

tensor ε±µν(k) satisfying the gauge condition kµεµν = 1
2
kνε

µ
µ, and the ± label corresponding to

the helicity of the graviton. When this graviton is attached to an external particle, its effect is

simply to multiply the original S-matrix element (3.2) by an extra factor of the propagator and

the vertex. In harmonic gauge ∂µhµν = 1
2
∂νh we get[

−i
(p+ ηk)2 − iε

]
×
[
iκ

2
(pµ(pν + ηkν) + (pν(pµ + ηkµ)− ηµνp · (p+ k)

]
k→0−→ κ

2
η
pµpν

p · k
(3.5)
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where η = ± depending on whether the graviton is attached to an outgoing or incoming parti-

cle.1415

Taking ω to zero, the n+1 point amplitude factorizes into the n point amplitude (3.2) without

the soft particle multiplied by a sum of soft poles of the form (3.5), one for each outgoing or

incoming particle. This factorization property persists at subleading order:

lim
ω→0

A±n+1(ωqµ) =
[
ω−1S(0)±

n + ω0S(1)±
n + O(ω)

]
An . (3.6)

In gravity the leading and subleading soft factors respectively take the form16

S(0)±
n =

κ

2

n∑
j=1

ηj
(pj · ε±)2

pj · q
, S(1)±

n = −iκ
2

n∑
j=1

ηj
(pj · ε±)(q · Jj · ε±)

pj · q
, (3.7)

where the sum is over incoming and outgoing particles distinguished by a sign ηj = ±1 and we

expressed the polarization tensor as ε±µν = ε±µ ε
±
ν . The leading soft graviton theorem was found by

Weinberg in the 1960s [32] with the soft factor S
(0)±
n . Meanwhile, the subleading soft graviton

theorem with soft factor S
(1)±
n , where Jj denotes the angular momentum (orbital + spin)17, was

only uncovered recently by Cachazo and Strominger [19] using modern amplitude techniques.

An important point about the formulae (3.6)-(3.7) (see [2, 30]) is the following. Under a

gauge transformation εµν 7→ εµν + Λµ(k)kν + εµν + Λν(k)kµ the soft factors ω−1S
(0)±
n and ω0S

(1)±
n

shift by terms proportional to, respectively, the sum over momenta and angular momenta (after

using the antisymmetry of Jµν). Thus, gauge invariance of the soft factors requires global energy-

momentum and angular momentum conservation

n∑
j=1

ηjp
µ
jAn = 0 ,

n∑
j=1

ηjJ
µν
j An = 0 . (3.8)

Moreover, had we considered different couplings κj, we would find that they all have to be equal

to not forbid all non-trivial scattering processes. In other words, low-energy massless particles

of spin two couple in the same way to all forms of energy and momentum - the equivalence

principle.

14For a scalar particle of mass m the propagator is −i
(p+k)2+m2−iε and when using that all external lines must

be on-shell, k2 = 0 and p2 = −m2, we arrive at the same result for the k → 0 limit.
15Note that gravitons attached to internal lines are subleading in the soft limit: since they are never on-shell,

there is no cancellation in the propagator and so they do not contribute to the pole 1
p·k in the soft limit. They

do, however, contribute to the subleading soft graviton theorem which is much more subtle to show [19].
16The soft factors are typically written in terms of the soft momenta so that the pole 1/ω is included in S

(0)±
n .

To compare to conformally soft theorems in section 6 it is more convenient to write energies explicitly. Note, that

there is also a subsubleading soft graviton theorem at O(ω) with soft factor S
(2)±
n = −κ4

∑n
j=1 ηj

(q·Jj ·ε±)2

pj ·q which

we will say more about in section 5.
17In a momentum eigenbasis J = L+ S acts as a differential operator on An, see section 3.2.
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While we have illustrated the derivation of the soft graviton theorem for processes involving

external scalars, the final result (3.6)-(3.7) is universal: it is independent of the precise theory,

and only depends on the momenta of the external particles. Note that similar statements hold

in gauge theory. Upon replacing κ
2
7→ e and pj 7→ Qj we obtain the soft photon theorem. The

analogous statement to (3.8) is global charge conservation
∑n

j=1 ηjQj = 0. Introducing color

factors we further obtain the soft gluon theorem and color charge conservation. There are further

subleading soft theorems: a subleading soft photon/gluon theorem in [33–36] and a subsubleading

soft graviton theorem (the factor S
(2)±
n corresponding to the O(ω) term in (3.7)) [19, 37–42]. In

supersymmetric theories there are further soft theorems associated to the soft photino/gluino,

and the leading and subleading soft gravitino theorem, see e.g. [43].

3.2 From soft theorems to Ward identities of asymptotic symmetries

In section 2 we argued that the asymptotic symmetry group of Einstein gravity in asymptotically

flat spacetimes is the BMS group. In the quantum theory, conserved charges Q commute with

the S-matrix

[Q,S] = 0 . (3.9)

In the following, we will show that the charges corresponding to supertranslations and superro-

tations satisfy (3.9) and therefore are symmetries of the S-matrix. Sandwiched between in and

out states the statement of charge conservation (3.9) becomes [2]

〈out|Q+S− SQ−|in〉 = 0 , (3.10)

where we use Q− to act on in states and Q+ to act on out states, with the original quantum

scattering amplitude denoted by 〈out|S|in〉. The claim of [31] and [15] is that the Ward identities

resulting from (3.10) for supertranslation and superrotation charges are equivalent, respectively,

to the leading and subleading soft graviton theorems. To show this they split the charges into

a ‘soft’ piece which being linear in the metric perturbation Czz creates a soft graviton, and

a ‘hard’ piece containing quadratic terms and the matter contributions which generates the

diffeomorphisms ξ on the hard particles

Q± = Q±S +Q±H . (3.11)

Charge conservation (3.10) then becomes

〈out|Q+
SS− SQ−S |in〉 = −〈out|Q+

HS− SQ−H |in〉 . (3.12)

Our goal is to recast this as a Ward identity that is equivalent to (or at least implied by) the

soft graviton theorem (3.6). In particular, we will see that the lhs of (3.12) acts non-trivially
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on vaccum states while the rhs acts non-trivially on finite energy particles. Using the result of

section 3.1, namely

lim
ω→0

ω〈out|aout− S|in〉 = S(0)−〈out|S|in〉 ,

lim
ω→0

(1 + ω∂ω)〈out|aout− S|in〉 = S(1)−〈out|S|in〉 ,
(3.13)

we will be able to prove the Ward identity (3.12).

3.2.1 From momentum to asymptotic position space

We want to make contact between the momentum space discussion of soft theorems in the

previous section and the position space analysis of BMS transformations in section 2 . Recall

that the Cartesian coordinates in which momentum eigenstates are usually described are related

to retarded coordinates as

X0 = u+ r , X i = rX̂ i(z, z̄) , X̂ i(z, z̄) =
1

1 + zz̄
(z + z̄,−i(z − z̄), 1− zz̄) , (3.14)

A null vector is labeled by a point on the sphere up to an overal magnitude. There is thus a

natural map from null vectors to points on the sphere towards which the null vector is directed.

At late times and large r the wave packet for a massless particle with spatial momentum centered

around ~p gets localized on the sphere

~p = p0 ~X =
p0

1 + zz̄
(1 + zz̄, z + z̄, i(z̄ − z), 1− zz̄) . (3.15)

We can then parametrize the momentum of the jth particle by

pµj =
ωj

1 + zj z̄j
(1 + zj z̄j, zj + z̄j, i(z̄j − zj), 1− zj z̄j) . (3.16)

At late times the gravitational field becomes free and we can approximate it by the on-shell

mode expansion

hµν(X) =
∑
α∈±

∫
d3k

(2π)3

1

2k0

[
εα∗µν(

~k)aoutα (~k)eik·X + εαµν(
~k)aoutα (~k)†e−ik·X

]
, (3.17)

where α = ± are the two helicities and

[aoutα (~k), aoutβ (~k′)†] = 2ωδαβ(2π)3δ(3)(~k − ~k′) . (3.18)

Final-state insertions of aoutα (k) correspond to outgoing gravitons with momenta kµ = ωqµ with

k0 = ω and q2 = 0. We parametrize their momenta as

kµ =
ω

1 + ww̄
(1 + ww̄, w − w̄, i(w̄ − w), 1− ww̄) . (3.19)
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and write their polarization tensor as ε±µν = ε±µ ε
±
ν with

ε+µ =
1√
2

(w̄, 1,−i,−w̄) , ε−µ=
1√
2

(w, 1, i,−w) . (3.20)

which satisfy

ε± · q = 0 , ε± · ε± = 0 , ε± · ε∓ = 1 . (3.21)

In retarded Bondi coordinates, we see from (2.19) that

CAB(u, z, z̄) = κ lim
r→∞

1

r
hAB(r, u, z, z̄) . (3.22)

Focusing on the negative helicity graviton hz̄z̄ = ∂z̄X
µ∂z̄X

νhµν , we find

Cz̄z̄ = κ lim
r→∞

1

r

∑
α=±

∫
d3k

(2π)3

1

2ω

[
εα∗z̄z̄ a

out
α (ω,w, w̄)e−iωu−iωr(1−cos θ) + h.c.

]
, (3.23)

where εz̄z̄ = ∂z̄X
µ∂z̄X

νεµν and q̂ · X̂ = cos θ with q̂ =
~k
ω

and X̂ =
~X
r

. The sphere integral at

large r can be computed in a saddle point approximation: as we take r → ∞ while holding u

fixed the rapidly oscillating phase in (3.23) localizes the direction in momentum to be parallel

to the position space direction towards which the particle scatters:18

lim
r→∞

sin θeiωr(1−cos θ) =
i

ωr
δ(θ) + O((1/ωr)2) . (3.24)

This takes (w, w̄)→ (z, z̄) and we get [15,31]

Cz̄z̄ = − iκ

8π2
ε̂z̄z̄

∫ ∞
0

dω
[
aout− (ω, z, z̄)e−iωu − aout+ (ω, z, z̄)†e+iωu

]
, (3.25)

where ε̂z̄z̄ = 1
r2 ε

+
z̄z̄ = 2

(1+zz̄)2 . A similar expression holds for the positive helicity graviton.

3.2.2 Soft graviton operators

We are now ready to identify the LHS in (3.12) as the S-matrix with the insertion of a soft

graviton. Integrating by parts in u and using the constraint equations (2.25) and (2.26), the soft

part of the supertranslation charge is

Q+
S [f ] = − 1

16πG

∫
I+

dud2z(D2
zfN

z
z̄ +D2

z̄fN
z̄
z ) ,

Q−S [f ] = +
1

16πG

∫
I−
dvd2z(D2

zfN
z
z̄ +D2

z̄fN
z̄
z ) ,

(3.26)

18Out of the two stationary points θ = 0, π the contribution from the second vanishes in the large r limit.
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while the soft part of the superrotation charge is given by

Q+
S [Y z] = − 1

16πG

∫
I+

dud2zD3
zY

zuN z
z̄ ,

Q−S [Y z] = +
1

16πG

∫
I−
dvd2zD3

zY
zvN z

z̄ .

(3.27)

The soft charges are linear in the Bondi news and pick out particular soft graviton modes. To

see this we make use of the expansion of the news tensor NAB = ∂uCAB = ∂u limr→∞
1
r
ĥAB into

modes (3.25) and define the Fourier mode

Nω
z̄z̄ ≡

∫ +∞

−∞
dueiωuNz̄z̄ , (3.28)

which, using the large r saddle point result (3.25), gives

Nω
z̄z̄ = − κ

4π
ε̂z̄z̄ωa

out
− (ω, z, z̄) , N−ωz̄z̄ = − κ

4π
ε̂z̄z̄ωa

out
+ (ω, z, z̄)† . (3.29)

From there we can define hermitian zero-frequency operators. The leading soft graviton operator

is

N
(0)out
z̄z̄ ≡

∫
duNz̄z̄

=
1

2
lim
ω→0+

(Nω
z̄z̄ +N−ωz̄z̄ )

= − κ

8π
ε̂z̄z̄ lim

ω→0+
ω[aout− (ω, z, z̄) + aout+ (ω, z, z̄)†] ,

(3.30)

while the subleading soft graviton operator is

N
(1)out
z̄z̄ ≡

∫
duuNz̄z̄

= − i
2

lim
ω→0+

(∂ωN
ω
z̄z̄ + ∂−ωN

−ω
z̄z̄ )

=
iκ

8π
ε̂z̄z̄ lim

ω→0+
(1 + ω∂ω)[aout− (ω, z, z̄)− aout+ (ω, z, z̄)†] ,

(3.31)

wich are constructed to be hermitian. The opposite helicity modes are given by N
(0)out
zz and

N
(1)out
zz . Repeating the same analysis at I− gives the corresponding modes for out 7→ in.

The relevant matrix element for the LHS of (3.12) using (3.26) for supertranslations is

〈out|N (0)out
z̄z̄ S+ SN

(0)in
z̄z̄ |in〉 = − κ

8π
ε̂z̄z̄ lim

ω→0
ω〈out|aout− (ω, z, z̄)S− Sain+ (ω, z, z̄)†|in〉 , (3.32)

which corresponds to 〈out|S|in〉 with a leading soft graviton insertion. Meanwhile for the LHS

of (3.12) using (3.27) for superrotations we need

〈out|N (1)out
z̄z̄ S+ SN

(1)in
z̄z̄ |in〉 =

iκ

8π
ε̂z̄z̄ lim

ω→0
(1 + ω∂ω)〈out|aout− (ω, z, z̄)S− Sain+ (ω, z, z̄)†|in〉 , (3.33)
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which corresponds to 〈out|S|in〉 with a subleading soft graviton insertion. Above we have used

that aout+ (ω, z, z̄)† (ain− (ω, z, z̄)) annihilates the out (in) state for ω → 0. By CPT invariance, or

the matching condition (2.63) which implies Nz̄z̄|I+
−

= −Nz̄z̄|I−+ , we have equal contributions to

the matrix elements from aout− (ω, z, z̄) describing the S-matrix element with a single outgoing

negative helicity soft graviton and −(ain+ (ω, z, z̄))† describing the S-matrix element with a single

incoming positive helicity soft graviton. For the LHS of (3.12) we thus arrive at the following

result [31]

〈out|Q+
S [f ]S− SQ−S [f ]|in〉 = − 1

2πκ

∫
d2zγzz̄D2

zf ε̂z̄z̄ lim
ω→0

ω〈out|aout
− (ω, z, z̄)S|in〉 , (3.34)

and [15]

〈out|Q+
S [Y ]S− SQ−S [Y ]|in〉 = − i

2πκ

∫
d2zγzz̄D3

zY
z ε̂z̄z̄ lim

ω→0
(1 + ω∂ω)〈out|aout

− (ω, z, z̄)S|in〉 .
(3.35)

The commutator of the soft charge with the S-matrix is associated to the insertion of a soft

graviton.

3.2.3 Hard charges and quantum states

Let us now turn to the RHS of (3.12). Using the constraint equations (2.25) and (2.26) we can

integrate in the canonical charges (2.64). This yields the hard charges at I+

Q+
H [f, Y ] =

1

8πG

∫
I+

dud2z
√
γ [2fTuu + Y z(Tuz + u∂zTuu) + Y z̄(Tuz̄ + u∂z̄Tuu)] , (3.36)

and a similar expression at I−. Using (2.54) and the commutators (2.27), the action of the hard

charges via (2.55) and (2.56) on in and out states is given by

Q−H [f ]|in〉 = +
∑
j∈in

f(zj, z̄j)ωj|in〉 ,

〈out|Q+
H [f ] = −

∑
j∈out

f(zj, z̄j)ωj〈out| ,
(3.37)

and, focusing on scalar particles as in section 3.1 for illustration,

Q−H [Y z]|in〉 = −i
∑
j∈in

(
LY (zj) −

1

2
DzjY

zj(zj)ωj∂ωj

)
|in〉 ,

〈out|Q+
H [Y z] = +i

∑
j∈out

(
LY (zj) −

1

2
DzjY

zj(zj)ωj∂ωj

)
〈out| .

(3.38)

Thus, for the RHS of (3.12) we have for supertranslations

− 〈out|Q+
H [f ]S− SQ−H [f ]|in〉 =

∑
j

f(zj, z̄j)ωj〈out|S|in〉 , (3.39)
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and for superrotations

− 〈out|Q+
H [Y z]S− SQ−H [Y z]|in〉 = −i

∑
j

(
LY (zj) −

1

2
DzjY

zj(zj)ωj∂ωj

)
〈out|S|in〉 , (3.40)

where j now runs over both in and out states.

3.2.4 Ward identity from soft theorem

To show that (3.34) is equal to (3.39), and (3.35) is equal to (3.40) we make use of the definition

of the soft factors from section 3.1, namely

lim
ω→0

ω〈out|aout− S|in〉 = S(0)−〈out|S|in〉 ,

lim
ω→0

(1 + ω∂ω)〈out|aout− S|in〉 = S(1)−〈out|S|in〉 ,
(3.41)

The LHS of (3.39) can then be further written as [31]

〈out|Q+
S [f ]S− SQ−S [f ]|in〉 = − 1

2πκ

∫
d2zγzz̄D2

zf ε̂z̄z̄S
(0)−〈out|S|in〉 , (3.42)

while the LHS of (3.39) is [15]

〈out|Q+
S [Y ]S− SQ−S [Y ]|in〉 = − i

2πκ

∫
d2zγzz̄D3

zY
z ε̂z̄z̄S

(1)−〈out|S|in〉 . (3.43)

Finally, to show that the soft factors inserted in the above expressions give rise to the action of

the hard charges use the parametrizations for the momenta pµj and kµ as in section 3.2.1. Then

the leading soft factor becomes

S(0)− = −κ
2

∑
j

z − zj
z̄ − z̄j

1 + zz̄

1 + zj z̄j
ωj , (3.44)

wich obeys (use ∂z̄
1
z

= 2πδ(2)(z) and make sure to use the covariant derivative)

γzz̄D2
z(ε̂z̄z̄S

(0)−) = −2πκ
∑
j

ωjδ
(2)(z − zj) . (3.45)

For the subleading soft factor19 we have the orbital term

S
(1)−
L = −κ

2

∑
j

(
(z − zj)(1 + zz̄j)

(z̄ − z̄j)(1 + zj z̄j)
ωj∂ωj

+
(z − zj)2

(z̄ − z̄j)
∂zj

)
, (3.47)

19Note that we have (see [30])

Ljµν = −i(pjµ∂pjν − pνj∂pjµ)

Sjµν = −i`j
[
ε+µ (pj)ε

−
ν (pj)− ε−µ (pj)ε

+
ν (pj)

]
+ `jε

+
ρ (pj)Ljµνε

−ρ(pj) .
(3.46)
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which obeys

γzz̄D3
z(ε̂z̄z̄S

(1)−
L ) = −πκ

∑
j

[
Dzδ

(2)(z − zj)ωj∂ωj
+ 2δ(2)(z − zj)∂zj

]
, (3.48)

and the spin term

S
(1)−
S =

κ

2

∑
j

z − zj
z̄ − z̄j

`j , (3.49)

which obeys

γzz̄D3
z(ε̂z̄z̄S

(1)−
S ) = πκ

∑
j

`jDzδ
(2)(z − zj) . (3.50)

After integrating by parts these expressions in (3.42) and (3.43) gives the final result [31]

〈out|Q+
S [f ]S− SQ−S [f ]|in〉 =

∑
j

f(zj, z̄j)ωj〈out|S|in〉 , (3.51)

and [15]

〈out|Q+
S [Y ]S− SQ−S [Y ]|in〉 = −i

∑
j

(
Y zj∂zj + 1

2
DzjY

zj(−ωj∂ωj
+ `j)

)
〈out|S|in〉 , (3.52)

where we have now generalized to spinning particles. Putting the pieces together we finally arrive

at the promised result:

〈out|Q+[f, Y ]S− SQ−[f, Y ]|in〉 = 0 . (3.53)

Thus, the soft graviton theorem implies BMS supertranslation and superrotation symmetry of

the S-matrix. We can now conclude. The leading soft theorem implies conservation of super-

translation charge, thus enhancing Poincaré to BMS. Furthermore, the tree-level subleading soft

theorem implies conservation of superrotation charge, thus enhancing the Lorentz to Virasoro

symmetry. To make the converse statement, i.e. that the Ward identity implies the soft theorem,

appears to require a choice of non-smooth diffeo vector field [4, 17, 18]. Moreover, to show that

superrotation symmetry implies the subleading soft graviton theorem it was suggested to relax

the boundary conditions further and allow non-meromorphic vector fields (so that the bound-

ary conditions are not only violated at isolated points but everywhere on the sphere), that is

enlarge the symmetry group from conformal Killing vectors (CKVs) to Diff(S2) [17, 18]. A full

understanding of the gravitational radiative phase space is still outstanding.

3.3 Kac-Moody current and stress tensor

Taking a closer look at the the soft graviton operator insertions reveals a Kac-Moody current

and stress tensor Ward identity. This section is based on [4, 31] and [16].
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3.3.1 Kac-Moody Ward identity

We quote again the leading soft factor

S(0)− = −κ
2

∑
j

ωj
z − zj
z̄ − z̄j

1 + zz̄

1 + zj z̄j
, (3.54)

for which the soft graviton insertion gives

〈out| : N (0)
z̄z̄ S : |in〉 = − κ

4π

2

(1 + zz̄)2
S(0)−〈out|S|in〉

=
κ2

4π

∑
j

ωj
z − zj
z̄ − z̄j

1

(1 + zz̄)(1 + zj z̄j)
〈out|S|in〉 .

(3.55)

Defining

Pz̄ =
8π

κ2
γzz̄∂zN

(0)
z̄z̄ , (3.56)

and denoting by : Pz̄S : the normal ordered product where N
(0)out
z̄z̄ acts on the out state and

N
(0)in
z̄z̄ on the in state according to (3.32), then (3.55) implies

〈out| : Pz̄S : |in〉 =
∑
j

ωj
1

z̄ − z̄j
〈out|S|in〉+

∑
j

ωj
zj

1 + zj z̄j
〈out|S|in〉 . (3.57)

The second term on the RHS vanishes due to total energy-momentum conservation. Thus [4,31]

〈out| : Pz̄S : |in〉 =
∑
j

ωj
z̄ − z̄j

〈out|S|in〉 , (3.58)

which is the Ward identity for a Kac-Moody current.

3.3.2 Stress tensor Ward identity

This section is a bit of an appetizer for section 4 as it introduces several key ingredients for

celestial holography. The subleading soft factor can be expressed as [16]20

S(1)− =
κ

2

∑
j

(z − zj)2

z̄ − z̄j

[
2ĥj
z − zj

− Γzjzjzj ĥj − ∂zj + |`j|Ωzj

]
, (3.60)

where Γzzz is the connection with respect to the unit round metric γzz̄ on the sphere, Ωz = 1
2
Γzzz

is the spin connection21, and we have introduced the operator

ĥj ≡
1

2
(−ωj∂ωj

+ `j) ,
ˆ̄hj ≡

1

2
(−ωj∂ωj

− `j) . (3.61)

20Using the identity
1 + zz̄j
1 + zj z̄j

1

z − zj
=

1

z − zj
+

z̄j
1 + zj z̄j

=
1

z − zj
− 1

2Γzjzjzj . (3.59)

21The zweibein is (e+, e−) =
√

2γzz̄(dz, dz̄), and Ω±± = ± 1
2 (Γzzzdz − Γz̄z̄z̄dz̄). This is related to the choice of

little group phase in the polarization vectors. [16]
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This is motivated by the Mellin transform of an operator O(ω,w, w̄) given by

O∆(w, w̄) =

∫ ∞
0

dωω∆−1O(ω,w, w̄) , (3.62)

which has weights (h, h̄) = 1
2
(∆ + J,∆− J). The soft graviton insertion becomes

〈out| : N (1)
z̄z̄ S : |in〉 =

iκ

4π

2

(1 + zz̄)2
S(1)−〈out|S|in〉

=
iκ2

8π(1 + zz̄)2

∑
j

(z − zj)2

z̄ − z̄j

[
2ĥj
z − zj

− Γzjzjzj ĥj − ∂zj + |`j|Ωzj

]
〈out|S|in〉

(3.63)

One can now show that the this subleading soft graviton insertion behaves like the stress tensor

of a 2D CFT. To see this we look at the expression (3.52) and set Y zj = 1
z−zj . Defining the soft

charge with Y z = 1
z−w (and a factor 2i) as

Tzz ≡
4i

κ2

∫
d2w

1

z − w
D2
wD

w̄N
(1)
w̄w̄ (3.64)

and denoting by : TzzS : the normal ordered product where N
(1)out
z̄z̄ acts on the out state and

N
(1)in
z̄z̄ on the in state according to (3.33), then (3.63) gives [16]

〈out| : TzzS : |in〉 =
∑
j

[
ĥj

(z − zj)2
+

Γ
zj
zjzj

z − zj
ĥj +

1

z − zj
(∂zj − |`j|Ωzj)

]
〈out|S|in〉 . (3.65)

As we will discuss in the next section, using (3.62) this can be expressed as

〈TzzO1 . . .On〉 =
∑
j

[
hj

(z − zj)2
+

Γ
zj
zjzj

z − zj
hj +

1

z − zj
(∂zj − |`j|Ωzj)

]
〈O1 . . .On〉 . (3.66)

This is the stress tensor correlation function in a 2D conformal field theory on a curved back-

ground [44]. Thus (3.64) is a 2D stress tensor for 4D gravity! Notice that its definition is non-local

on the S2, in fact it is a well-known integral transform in CFT: the shadow transform

Õh,h̄ =
k1−h,1−h̄

2π

∫
d2w

1

(z − w)2h(z̄ − w̄)2h̄
O1−h,1−h̄ . (3.67)

Integrating by parts on the sphere (3.64) we get 1
(z−w)4 in the integrand and, comparing

with (3.67), we find that the stress tensor (3.64) has indeed weights (h, h̄) = (2, 0). Thus, gravity

enhances the global conformal group that arises from the action of Lorentz on the celestial sphere

to the infinite-dimensional local one!
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3.4 Loop corrections to the soft graviton theorem

At tree-level, the subleading soft graviton theorem gives rise to a Virasoro (superrotation) sym-

metry that acts on the celestial sphere at null infinity. In the quantum theory, an anomaly arises

from one-loop exact infrared divergences [45] whose implications for the Virasoro symmetry are

not yet fully understood. One possibility, argued for in [46], is that the Virasoro symmetry ex-

tends to the the full quantum theory but the symmetry generators are renormalized at one-loop.

We briefly review this now.

While the leading Weinberg soft factor in the soft graviton theorem is uncorrected and the

matrix element (3.55) is exact, the subleading Cachazo-Strominger soft factor receives one-loop

exact corrections [45] that modify the matrix element (3.63). The `-loop expansion of the n-

particle scattering amplitude is22

An =
∞∑
`=0

κ2`A(`)
n . (3.68)

In dimensional regularization with d = 4− ε, there is a univeral relation between the divergent

one-loop and the tree-level amplitude [47,48]

A(1)
n |div =

σn
ε
A(0)
n , (3.69)

where

σn = − 1

4(4π)2

n∑
i,j=1

(pi · pj)log
µ2

−2pi · pj
. (3.70)

Because pure gravity is on-shell one-loop finite and there are no collinear divergences, this O(ε−1)

singularity is entirely due to IR divergences. Using the tree-level soft theorem (3.6) for a negative-

helicity soft graviton, the divergent part of the one-loop amplitude takes the form

lim
ω→0

A
(1)−
n+1 (ωqµ)|div =

σn+1

ε

(
ω−1S(0)−

n + S(1)−
n + O(ω)

)
A(0)
n , (3.71)

where σn+1 expanded in powers of the soft energy ω has an O(1) and an O(ω) contribution:

σn+1 = σn + ωσ′n+1. Up to O(ω0) one then finds the all-loop soft graviton theorem

lim
ω→0

A−n+1(ωqµ) =

[
ω−1S(0)−

n + S(1)−
n + κ2

(
σ′n+1

ε
S(0)−
n − 1

ε
(S(1)−

n σn) + ∆finS
(1)−
n

)]
An , (3.72)

where the terms in the round brackets correct the subleading soft factor S
(1)−
n . Here we have

included a potential one-loop finite correction ∆finS
(1)−
n which in principle can be there [45] but

in practise has been found to vanish in numerous examples [45,49].

22There is a factor κ2 for each loop, and a factor κn−2 inside A
(`)
n from the n external lines.
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The infrared divergences in soft exchanges between external lines correcting the subleading

soft factor S(1)− now imply

〈out|N (1)
z̄z̄ S|in〉|div =

iκ3

8π
ε̂+z̄z̄ lim

ω→0
(1 + ω∂ω)

(
σ′n+1

ε
S(0)−
n − 1

ε
(S(1)−

n σn)

)
〈out|S|in〉 , (3.73)

which translates into an IR divergent one-loop correction to the stress tensor Ward identity.

In [46] this was interpreted as an “IR renormalization” of the stress tensor

〈out|TzzS|in〉|div ≡ 〈out|∆TzzS|in〉 , (3.74)

where

∆Tzz = − 2

πκ2ε

∫
d2w

γww̄

z − w

(
2N (0)

wwDwN
(0)
w̄w̄ +Dw(N (0)

wwN
(0)
w̄w̄)
)
. (3.75)

The shifted stress tensor T′zz ≡ Tzz − ∆Tzz satisfies the (unshifted) Ward identity (3.65) to all

orders, whenever ∆finS
(1)−
n = 0.

4 From 4D gravity to 2D celestial CFT

The interpretation of the leading and subleading soft graviton insertion in the quantum gravity

S-matrix as a Ward identity for a Kac-Moody current and a stress tensor in a 2D CFT moti-

vates us to identify what exactly this celestial CFT is. In this section we will introduce a new

basis of asymptotic states which diagonalize the action of the dilation operator h + h̄ = −ω∂ω.

The scattering problem in asymptotically flat spacetimes will then be reformulated in terms of

an observable living on the celestial sphere. We begin by reviewing the isomorphism betwen

4D Lorentz transformations and 2D global conformal transformations in section 4.1. A great

reference are the beautiful lecture notes [50]. We then introduce in section 4.2 the map that

diagonalizes boost rather than momentum eigenstates based on [51–53]. This lands us on the

basis of conformal primary wavefunctions in section 4.3 first studied in [54] which allows us to

construct 2D celestial operators as done in [55,56]. Aspects of this map where also discussed in

the recent lecture notes [57,58].

4.1 Lorentz group and the celestial sphere

The isometry group of Minkowski space is the Poincaré group O(1, 3)nR1,3 which takes the form

of a semi-direct product of Lorentz transformations and translations. The Lorentz group

L ≡ O(1, 3) =
{

Λ ∈ GL(4,R)|ΛTηΛ = η
}
, (4.1)
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is the subgroup of the Poincaré group that stabilizes the origin. The proper orthochronous

Lorentz group is the subgroup of the Lorentz group

L↑+ ≡ SO+(1, 3) =
{

Λ ∈ O(1, 3)|det(Λ) = +1,Λ0
0 ≥ 1

}
, (4.2)

that preserves the orientation of space and the direction of the arrow of time. Upon adding

parity and time reversal transformations one recovers the full Lorentz group.

4.1.1 Isomorphism

Of central importance to this course is the isomorphism

SO+(1, 3) ∼= SL(2,C)/Z2 , (4.3)

where

SL(2,C) = {M ∈ GL(2,C)|det(M) = 1} (4.4)

is the group of volume-preserving linear transformations of the vector space C2. To show (4.3)

we write23

Mαβ̇ =

(
a −b
−c d

)
αβ̇

(4.5)

for {a, b, c, d} ∈ C satisfying ad − bc = 1 and use the Infeld-van der Waerden symbols of the

Lorentz group

(σµ)αβ̇ = (1, σi)αβ̇ , (σ̄µ)α̇β = (1,−σi)α̇β , (4.6)

where σi are the Pauli matrices

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
, (4.7)

to map 4-vectors to 2× 2 matrices and back

vαβ̇ = vµ(σµ)αβ̇ , vµ = −1

2
tr(vσµ) . (4.8)

Here, the undotted (dotted) indices refer to left (right) handed SL(2,C) spinors and these indices

are raised and lowered with

εαβ = εα̇β̇ = −εαβ = −εα̇β̇ =

(
0 1

−1 0

)
. (4.9)

23The signs are chosen such that the Lorentz transformations on celestial spheres coincide with the standard

expressions for the Möbius transformations (4.19).
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One can then show

M †XµσµM = σµΛµ
νX

ν , (4.10)

where

Λµ
ν =

1

2


aā+ bb̄+ cc̄+ dd̄ ab̄+ āb+ c̄d+ cd̄ i(ab̄− āb+ cd̄− c̄d) −aā+ bb̄− cc̄+ dd̄

ac̄+ āc+ bd̄+ b̄d ad̄+ ād+ bc̄+ b̄c i(ad̄− ād− bc̄+ b̄c) −ac̄− āc+ bd̄+ b̄d

i(−ac̄+ āc− bd̄+ b̄d) i(−ad̄+ ād− bc̄+ b̄c) ad̄+ ād− bc̄− b̄c i(ac̄− āc− bd̄+ b̄d

−aā− bb̄+ cc̄+ dd̄ −ab̄− āb+ cd̄+ c̄d i(−ab̄+ āb+ cd̄− c̄d) aā− bb̄− cc̄+ dd̄

 . (4.11)

One can check that det(Λ) = 1 and Λ0
0 ≥ 1. The Z2 quotient in (4.3) follows from the invariance

under M 7→ −M .

Example Rotations by θ around X3 and boosts with rapidity χ along X3,

Λrotation =


1 0 0 0

0 cos θ sin θ 0

0 − sin θ cos θ 0

0 0 0 1

 and Λboost =


coshχ 0 0 sinhχ

0 1 0 0

0 0 1 0

sinhχ 0 0 coshχ

 , (4.12)

are represented by

Mrotation = ±

(
e−iθ/2 0

0 eiθ/2

)
and Mdilation = ±

(
eχ/2 0

0 e−χ/2

)
. (4.13)

4.1.2 Global conformal transformations

Let’s now turn to the action of the Lorentz group on the celestial sphere. The quotient

SL(2,C)/Z2 is the group of conformal transformations on the Riemann sphere. To see this

let’s start with the plane R2 endowed with a Euclidean metric. A generic diffeomorphism in R2

seen as the complex plane C with complex coordinate z and metric ds2
C = dzdz̄ (or any metric

of the form ds2
C = Ω(z, z̄)dzdz̄) is a map

C 7→ C : z 7→ Z(z, z̄) . (4.14)

For the map (4.14) to be an orientation-preserving conformal transformation of R2 the function

Z(z, z̄) must be meromorphic. Moreover, for (4.14) to be a smooth bijection, Z(z) must be

regular, and linear in z with non-zero coefficient. Conformal transformations of the plane thus

are of the form

Z(z) = az + b , a, b ∈ C with a 6= 0 . (4.15)
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They naturally split into three classes:

Translations: z 7→ z + b , b ∈ C

Rotations: z 7→ eiθz , θ ∈ R

Dilations: z 7→ e−χz , χ ∈ R .

(4.16)

The sphere is diffeomorphic to the plane up to the point at infinity which compactifies C:

S2 ∼= C ∪ {z =∞} . (4.17)

The natural metric on the sphere arises from its definition as a submanifold of R3 which, endowing

R3 with a Eulcidean metric, yields ds2
S2 = 2r2γzz̄dzdz̄ where γzz̄ = 2

(1+zz̄)2 in stereographic

coordinates (2.9). For the map

C ∪ {z =∞} 7→ C ∪ {z =∞} : z 7→ Z(z, z̄) (4.18)

to be a conformal transformation on the Riemann sphere, we repeat the above arguments. Now,

because the point at infinity is added, Z(z) no longer needs to be analytic but rather a rational

function. Requiring the map (4.18) to be injective, with exactly one point mapped to the North

pole and one to the South pole, imposes that the numerator and denominator of that rational

funtion be linear in z. The orientation preserving conformal transformation of the Riemann

sphere is

Z(z) =
az + b

cz + d
, {a, b, c, d} ∈ C with ad− bc = 1 , (4.19)

where the last condition fixes the overall normalization of the matrix M ∈ SL(2,C). Such

transformations are called Möbius transformations. In addition to the conformal transforma-

tions (4.16) of the plane, we also have

Special conformal transformations: z 7→ −b
2

z
, b ∈ C∗ . (4.20)

4.1.3 Lorentz action on S2

To connect conformal transformations to the action of the Lorentz group on the celestial sphere

we express the transformation Xµ 7→ Λµ
νX

ν with Λ given in (4.11) in Bondi coordiantes and

take the large r limit. For retarded Bondi coordinates (2.12) we find

r 7→ rF (z, z̄) + O(1/r) , u 7→ u

F (z, z̄)
+ O(1/r) , (4.21)

with

F (z, z̄) =
|az + b|2 + |cz + d|2

1 + zz̄
. (4.22)
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As expected, Lorentz transformations do not spoil the limit r → ∞, the transformations for r

and u are well-defined and amount to an angle-dependent rescaling. Meanwhile

z 7→ az + b

cz + d
+ O(1/r) , (4.23)

in agreement with (4.19). Thus, Lorentz transformations coincide with conformal transformations

of the celestial sphere.

4.1.4 Embedding global conformal into Lorentz

Let us consider the conformal group of a d-dimensional Euclidean CFT. This is isomorphic to

SO(d + 1, 1). The generators of the algebra are D,Pa, K
SCT
a , Jab (where Latin indices take the

values 1, . . . d), which respectively define infinitesimal dilatations, translations, special conformal

transformations and SO(d) rotations. Their respective Killing vectors are

kD = −ixa∂a , kaP = −i∂a , kaKSCT = −i(2xaxb∂b − x2∂a) , kabJ = i(xa∂b − xb∂a) . (4.24)

The generators satisfy the following commutation relations

[D,Pa] = iPa , [Pa, Jbr] = i(ηabPr − ηarPb) ,
[D,KSCT

a ] = −iKSCT
a , [KSCT

a , Jbr] = i(ηabK
SCT
r − ηarKSCT

b ) ,

[KSCT
a , Pb] = 2i(ηabD − Jab) , [Jab, Jrs] = i(ηbrJas ± perm) .

(4.25)

When d = 2 the algebra contains only 6 generators, KSCT
1 , KSCT

2 , P1, P2, D, J12 which can be

used to define

L0 = 1
2
(J12 − iD) , L−1 = − i

2
(P1 − iP2) , L1 = − i

2
(KSCT

1 + iKSCT
2 ) ,

L̄0 = −1
2
(J12 + iD) , L̄−1 = − i

2
(P1 + iP2) , L̄1 = − i

2
(KSCT

1 − iKSCT
2 ) ,

(4.26)

which correspond to the following Killing vectors

kLn = −wn+1∂w , kL̄n
= −w̄n+1∂w̄ . (4.27)

This redefinition of generators is useful for embedding the global conformal algebra into the

Virasoro algebra

[Lm, Ln] = (m− n)Ln+m +
c

12
(m3 −m)δn+m,0 . (4.28)

Notice that for m,n = −1, 0, 1 the central extension does not play any role.

We want to embed the 2D global conformal algebra into the Lorentz algebra. Finite Lorentz

transformations can be obtained by exponentiating the generators with parameters ω as follows

U = exp( i
2
ωµνJ

µν
R1,3). On the Hilbert space, we want this representation to be unitary. Unitarity
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of U implies that the generators JµνR1,3 are Hermitian. In terms of the boosts ~K and rotations ~J

we can write JµνR1,3 as follows

JµνR1,3 =


0 K1 K2 K3

−K1 0 J3 −J2

−K2 −J3 0 J1

−K3 J2 −J1 0

 . (4.29)

Meanwhile, it is known that one can embed the d-dimensional conformal algebra into the d+ 2-

dimensional Lorentz one (e.g. see [59]). We choose the following embedding

JµνC =


0 −P1−KSCT

1

2
−P2−KSCT

2

2
D

P1−KSCT
1

2
0 J12

P1+KSCT
1

2
P2−KSCT

2

2
−J12 0

P2+KSCT
2

2

−D −P1+KSCT
1

2
−P2+KSCT

2

2
0

 . (4.30)

It is thus natural to group 4D generators in a manner that reflects the conformal algebra in 2D,

L0 = 1
2
(J3 − iK3) , L−1 = 1

2
(−J1 + iJ2 + iK1 +K2) , L1 = 1

2
(J1 + iJ2 − iK1 +K2) ,

L̄0 = 1
2
(−J3 − iK3) , L̄−1 = 1

2
(J1 + iJ2 + iK1 −K2) , L̄1 = 1

2
(−J1 + iJ2 − iK1 −K2) .

(4.31)

They satisfy two copies of the Witt algebra

[Lm, Ln] = (m− n)Ln+m , [L̄m, L̄n] = (m− n)L̄n+m , [Lm, L̄n] = 0 , (4.32)

or rather its sl(2,C) subalgebra with n ∈ {−1, 0,+1}.

4.2 4D 7→ 2D map

We are now ready to explain the map (1.1) which recasts S-matrix elements as correlatation

functions on the celestial sphere:

boost〈out|S|in〉boost = 〈O∆1,J1(w1, w̄1) . . .O∆n,Jn(wn, w̄n)〉celestial CFT . (4.33)

While asymptotic plane wave solutions to the free wave equation have manifest translation sym-

metry (they aquire phases that cancel due to momentum conservation), the SL(2,C) Lorentz

invariance is more subtle (plane waves transform non-trivially into each other). We would like to

find a basis of asymptotic states that recasts the S-matrix in a SL(2,C) covariant form. Single

particle momentum eigenstates do not diagonalize the dilation operator h + h̄ = −ω∂ω, so we

are looking for a map that does that. We distinguish massless and massive particles.
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Figure 5: The S-matrix maps to a correlation function on the celestial sphere.

Massless particles We start by embedding complex w-plane into light cone of R1,3 via the

null vector

qµ = (1 + ww̄, w + w̄, i(w̄ − w), 1− ww̄) , (4.34)

which has the convenient property that it transforms linearly under SL(2,C) Lorentz transfor-

mations (as opposed to the action of (4.19) on (w, w̄)), namely

qµ(w′, w̄′) = |cw + d|2Λµ
νq
ν(w, w̄) . (4.35)

A massless spin-s particle in 4D is labeled by its null momentum four vector

kµ = ±ωqµ(w, w̄) , with k2 > 0 , k0 > 0 , (4.36)

which defines a null cone of momentum directed at a point (w, w̄) on the celestial sphere. Thus

for massless particles the map (4.33) only has to trade ω for h+ h̄ = ∆ and is simply given by a

Mellin transform in the energy24

M(.) =

∫ ∞
0

dω

ω
ω∆(.) . (4.37)

On-shell plane waves e±iωq·X then map to25

φ∆,±(X;w, w̄) ≡
∫ ∞

0

dω

ω
ω∆e±iωq·X−εq

0ω=
(∓i)∆Γ(∆)

(−q ·X±)∆
, (4.38)

where Xµ
± = Xµ ± iε{−1, 0, 0, 0} is a regulator that renders the Mellin integral convergent.

The massless scalar wavefunction (4.46) transforms as a 4D spin s = 0 field under Lorentz

transformations (4.11) and a 2D conformal primary under Möbius transformations (4.19)

φ∆,±
(

Λµ
νX

ν ;
aw + b

cw + d
,
āw̄ + b̄

c̄z̄ + d̄

)
= |cw + d|2∆φ∆,±(X;w, w̄) , (4.39)

24This is a slight abuse of language as the energy is k0 = ωq0 = ω(1 + zz̄).
25Recall that Γ(y) =

∫∞
0
dxxy−1e−x, Re(y) > 0.
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with conformal dimension ∆. Massless spin-s particles map to (4.46) dressed with appropri-

ate polarization spinors/vectors/tensors as we will discuss in detail in the next section. The

map (4.33) for scattering massless spin-s particles then amounts to a Mellin transform (4.40)

applied to each of the n external particle energies

n∏
j=1

∫ ∞
0

dωj
ωj

ω
∆j

j 〈out|S|in〉 =
〈 n∏
j=1

O±∆j ,Jj
(wj, w̄j)

〉
celestial CFT

. (4.40)

This celestial amplitude defines the massless observable on the celestial sphere.

Massive particles There is no direct way to relate the momenta of massive particles to points

on the celestial sphere since they do not reach null infinity. Instead they are labeled by momenta

pµ = ±mp̂µ(y, z, z̄) , with p2 = −m2 , p0 > 1 , (4.41)

and thus points (y, z, z̄) on a hyperboloid. We embed the hyperbolic space26 H3 into the upper

branch (p̂0 > 0) of the unit hyperboloid of R1,3 via the unit time-like vector

p̂µ =
1

2y
(1 + y2 + zz̄, z + z̄, i(z̄ − z), 1− y2 − zz̄) , (4.42)

which transforms linearly under Lorentz transformations

pµ(y′, z′, z̄′) = Λµ
νp
ν(y, z, z̄) . (4.43)

The map (4.33) now is a change of basis that integrates over all p̂, namely

M(.) =

∫
H3

d3p̂i

p̂0
G∆(p̂; q(w, w̄))(.) =

∫ ∞
0

dy

y3

∫
d2zG∆(y, z, z̄;w, w̄)(.) , (4.44)

where (w, w̄) ∈ R2 is a point on the boundary of H3 and

G∆ =
1

(−q · p̂)∆
=

(
y

y2 + |z − w|2

)∆

, (4.45)

is the scalar bulk-to-boundary propagator in H3 [60]. Massive plane waves e±imp̂·X then map to27

φ∆,±
m (X;w, w̄) ≡

∫
H3

d3p̂i

p̂0
G∆(p̂; q(w, w̄))e±imp̂·X−εq

0ω=
4π

im

(
√
−X2)∆−1

(−q ·X±)∆
K∆−1(m

√
X2) , (4.46)

where K is the modified Bessel function of the second kind. The massive scalar wavefunc-

tion (4.46) transforms as a 4D spin s = 0 field and as a 2D conformal primary wavefunction with

26For y, z, z̄ coordinates of H3 with y > 0 and (z, z̄) ∈ R2 the metric is ds2
H3

= dy2+dzdz̄
y2 with boundary y = 0.

27Note that, in contrast to the situation in AdS/CFT, here m and ∆ are not related.
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conformal dimension ∆. Importanty, the mass m is not related to ∆. Massive wavefunctions with

spin s were discussed in [61–63]. The scattering of n massive particles is achieved by applying

the map (4.33) to each external particle, yielding the S-matrix in the boost eigenbasis.

The above discussion can be generalized to spin-s wavefunctions. While the amplitudes

〈out|S|in〉 studied in the previous sections describe probabilities for scattering momentum eigen-

states, the celestial amplitudes boost〈out|S|in〉boost scatter wavepackets for spin-s particles that

transform with definite (∆, J) under an SL(2,C) transformation. These are known as conformal

primary wavefunctions.

Boost eigenstates The above scalar wavefunctions are solutions to the wave equation

(2−m2)φ∆
m = 0 . (4.47)

They are hightest weight with respect to the Lorentz group SO(1, 3). To show this let us consider

for simplicity scalar wavefunctions for which the null vector qµ = (1, 0, 0, 1) is pointing along the

X3-axis (corresponding to (w, w̄) = (0, 0), or the North pole). They take the form

φ∆(X; 0, 0) ∝ 1

(X0 −X3)∆
. (4.48)

Noting from section 4.1 that we have

L0 + L̄0 = −iD = −iK3 = (X0∂X3 +X3∂X0) ,

L0 − L̄0 = J12 = J3 = i(X1∂X2 −X2∂X1) ,
(4.49)

we see that the wavefunctions obey

(L0 + L̄0)φ∆ = ∆φ∆ , (L0 − L̄0)φ∆ = 0 . (4.50)

Similarly, using the relations from section 4.1, one can show that

L1φ
∆ = L̄1φ

∆ = 0 . (4.51)

Thus, the conformal primary wavefunction (4.48) diagonalizes boosts in the X3 direction and

obeys the highest weight condition (4.51).

4.3 Bulk wavefunctions and boundary operators

In this section we will define the 4D bulk wavefunctions known as conformal primary wavefunc-

tions and construct from them 2D celestial operators.
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4.3.1 Conformal primary wavefunctions

Definition: Conformal primary wavefunctions are functions on R1,3 × C which depend on a

spacetime vector Xµ ∈ R1,3 and a point (w, w̄) ∈ S2, and which transform under simultaneous

SO+(1, 3) ∼= SL(2,C)/Z2 Lorentz transformations of Xµ and Möbius transformation of (w, w̄)

Xµ 7→ Λµ
νX

ν , w 7→ aw + b

cw + d
, w̄ 7→ āw̄ + b̄

c̄w̄ + d̄
, (4.52)

as 2D conformal primaries with SL(2,C) conformal dimension ∆ and 2D spin J , namely

Φs
∆,J

(
Λµ

νX
ν ;
aw + b

cw + d
,
āw̄ + b̄

c̄w̄ + d̄

)
= (cw + d)∆+J(c̄w̄ + d̄)∆−JDs(Λ)Φs

∆,J(Xµ;w, w̄) . (4.53)

Here {a, b, c, d} ∈ C with ad − bc = 1, and Ds(Λ) is the spin-s representation of the Lorentz

algebra. Since the wavefunctions transform covariantly, a 4D transformation acts in the opposite

way of its respective 2D transformation, namely

(JµνR1,3 + JµνC )Φ∆,J(Xσ;w, w̄) = 0 , (4.54)

where now JµνR1,3 is realized via a Lie derivative on the corresponding tensor field,28 and similarly

for JµνC acting on a function of (w, w̄) with definite weights.29

We will distinguish two types of wavefunctions satisfying (4.53): Radiative conformal primary

wavefunctions have |J | = s and satisfy the equations of motion for massless spin-s fields in the

vacuum, while this condition is relaxed for generalized conformal primary wavefunctions which

have |J | ≤ s.

Radiative primaries. We now give an explicit construction of spin-s conformal primary wave-

functions. We will focus on massless scattering for the remainder of this section. Recall the

linearized equations of motion for massless particles of 4D spin s = |J | in vacuum of relevance

to any (super)gravity theory:

s = 0 Klein-Gordon 2φ = 0

s = 1
2

Dirac γµ∂µψ = 0

s = 1 Maxwell 2Aµ − ∂µ∂νAν = 0

s = 3
2

Rarita-Schwinger γµνρ∂νχρ = 0

s = 2 linearized Einstein ∂σ∂νh
σ
µ + ∂σ∂µh

σ
ν − ∂µ∂νh−2hµν = 0

(4.55)

with the linearized metric perturbation given in gµν = ηµν + hµν . The standard procedure for

finding scattering solutions to these equations is to start from the scalar solution to the massless

28The transformations ΛµνX
ν and D(Λ) appearing on the left and right sides of (4.53) are both captured by a

Lie derivative of the corresponding tensor field along the respective spacetime boost or rotation vector field.
29See, for instance, the weighted scalars of [64].
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Klein-Gordon equation given by the plane wave e±ik·X with k2 = 0 and find the appropriate

polarization spinor/vector/tensor to satisfy (4.55). Conformal primary wavefunctions are then

gauge equivalent to Mellin transforms of plane waves (4.46). The scalar conformal primary

wavefunction with conformal dimension ∆ and J = 0 is

ϕ∆,± =
1

(−q ·X±)∆
, (4.56)

where Xµ
± = Xµ ± iε{−1, 0, 0, 0} is a regulator. To construct massless conformal primary wave-

functions of spin-s it is convenient to introduce a null tetrad for Minkowski space

lµ =
qµ

−q ·X
, nµ = Xµ +

X2

2
lµ , mµ = ε+µ + (ε+ ·X)lµ , m̄µ = ε−µ + (ε− ·X)lµ , (4.57)

which satisfies the standard normalization conditions l ·n = −1, m ·m̄ = 1, and its decomposition

into a spin frame laḃ = oaōḃ, naḃ = ιaῑḃ, maḃ = oaῑḃ, m̄aḃ = ιaōḃ where

oa = i
√

2(−q ·X)−
1
2

(
w̄

−1

)
, ιa =

1√
2
Xaḃō

ḃ , (4.58)

up to an overall phase ambiguity which is fixed by setting ōȧ = (oa)
∗ and ῑȧ = (ιa)

∗ in the region

where q ·X > 0 and analytically continued from there. The SL(2,C) quantum numbers of these

null tetrad and spin frame are summarized in table 1.

lµ nµ mµ m̄µ oα ōα̇ ια ῑα̇

∆ 0 0 0 0 0 0 0 0

J 0 0 +1 −1 +1
2
−1

2
−1

2
+1

2

Table 1: SL(2,C) quantum numbers for the tetrad and spin frame.

Wavefunctions of spin-s transforming as (4.53) can then be constructed from (4.56) together

with the null tetrad (4.57) and spin frame (4.58) as

ψ∆,J=+ 1
2

= oϕ∆ , ψ̄∆,J=− 1
2

= ōϕ∆ ,

A∆,J=+1 = mϕ∆ , A∆,J=−1 = m̄ϕ∆ ,

χ∆,J=+ 3
2

= omϕ∆ , χ̄∆,J=− 3
2

= ōm̄ϕ∆ ,

h∆,J=+2 = mmϕ∆ , h∆,J=−2 = m̄m̄ϕ∆ .

(4.59)

These radiative massless conformal primary wavefunctions have been shown to form a complete

δ-function normalizable basis when their conformal dimension lies on the principal continuous

series ∆ ∈ 1 + iR of the SL(2,C) Lorentz group which captures finite energy solutions.
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Another basis of spin-s conformal primary wavefunctions is obtained from the shadow trans-

formation which takes the conformal primary wavefunctions (4.56)-(4.59) to wavefunctions of

flipped and shifted conformal dimension and flipped SL(2,C) spin

Φ̃∆,J = Φ̃2−∆,−J . (4.60)

The spin-0 conformal shadow primary of conformal dimension ∆ is given by [54]

ϕ̃∆ = (−X2)∆−1ϕ∆ , (4.61)

while the conformal primaries with spin get mapped to [54,65,66]30

ψ̃∆,J=− 1
2

= −(−X2)∆− 3
2

√
2ιϕ∆ , ψ̃∆,J=+ 1

2
= −(−X2)∆− 3

2

√
2ῑϕ∆ ,

Ã∆,J=−1 = −(−X2)∆−1m̄ϕ∆ , Ã∆,J=+1 = −(−X2)∆−1mϕ∆ ,

χ̃∆,J=− 3
2

= +(−X2)∆− 3
2

√
2ιm̄ϕ∆ , χ̃∆,J=+ 3

2
= +(−X2)∆− 3

2

√
2ῑmϕ∆ ,

h̃∆,J=−2 = +(−X2)∆−1m̄m̄ϕ∆ , h̃∆,J=+2 = +(−X2)∆−1mmϕ∆ .

(4.62)

These conformal shadow primaries have conformal dimension ∆ and SL(2,C) spin J flipped

relative to the 4D helicity ±s. Under the shadow transform, radiative conformal primaries

with ∆ ∈ 1 + iR get mapped to conformal shadow primaries with the same range of conformal

dimension which therefore also form a conformal basis [54].

Generalized primaries. Here we consider massless spin-s conformal primary wavefunctions

which do not necessarily solve the source-free equations of motion and have |J | < s. They may

be non-analytic and have distributional support, e.g. proportional to δ(q ·X), log(X2), Θ(X2)...

The logarithmic factor naturally arises in the solution to the Klein-Gordon equation for ∆ = 1

and can be obtained from the limit

ϕlog,± ≡ lim
∆→1

∂∆(ϕ∆,± + ϕ̃2−∆,±) = −
log(X2

±)

(−q ·X±)
, (4.63)

where we used

log(X2) = lim
∆→1

(X2)∆−1 − 1

∆− 1
. (4.64)

The distribution can be obtained from the limt

lim
ε→0

(ϕ1,+ − ϕ1,−) = 2πδ(q ·X) . (4.65)

Finally, the conformally soft mode considered in [55] is constructed via

ϕCS =
1

2πi
(ϕlog,+ − ϕlog,−) =

(
Θ
(
X2
)

+ log[X2](q ·X)δ(q ·X)
)
ϕ1. (4.66)

30The shadow transform of 4D conformal primary wavefunctions Φ∆,J can be conveniently computed using

the embedding space formalism [54, 67]. As discussed in [68], we use a sign convention that matches the 2D

shadow [66], in contrast to [54].
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The first term will reappear in section 7 in the context of Goldstone bosons that serve as con-

formal dressings for celestial amplitudes, while the second term can be understood as the scalar

shockwave [65]. These scalar wavefunctions can then be dressed with (combinations of) the null

tetrad vectors (4.57) or the spinors (4.58).

4.3.2 Conformal primary operators

Definition: Given a 4D operator Os(Xµ) of spin-s in the Heisenberg picture, we can define a

2D operator in the celestial CFT by [56]

O
s,±
∆,J(w, w̄) ≡ i(Os(Xµ),Φs

∆∗,−J(Xµ
∓;w, w̄)) (4.67)

using standard inner products (. , .) computed on a Cauchy slice in the bulk.31 The 2D opera-

tors (4.67) inherit their conformal transformation properties from the conformal primary wave-

functions (4.59). The ± on the operator indicates whether it corresponds to an in or an out

state

|∆, J, w, w̄〉 = O
s,+
∆,J(w, w̄)|0〉 , 〈∆, J, w, w̄| = 〈0|Os,−∆∗,−J(w, w̄) . (4.68)

This selection is achieved via a prescription for analytically continuing the wavefunction as Xµ
± =

Xµ±iε{−1, 0, 0, 0} (or u 7→ u±iε in retarded Bondi coordinates). We thus have a single celestial

sphere on which the 2D celestial sphere lives, with the extra label ± distinguishing states defined

at I+ and I−. See figure 6.

Figure 6: Celestial sphere with operator insertions corresponding to in (•) and out states (×).

5 Celestial amplitudes

Using the 4D 7→ 2D map introduced in section (4) we can now define celestial amplitudes. In

section 5.1 we focus on massless scattering, and give a massive example in section 5.2. We will

31A standard choice for s = 0 is the Klein-Gordon inner product. The s = 1, 2 inner products were computed

in [56] where the operator O
s,±
∆,J was denoted by Q∆,J .
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then discuss in section 5.3 constraints on celestial amplitudes imposed by Poincaré symmetry. In

section 5.4 we will identify the collinear limit of scattering amplitudes with the OPE of celestial

operators as done in [69–72].

5.1 4D amplitudes as 2D correlators

Denoting the S-matrix element for n massless particles by

An({ωj, zj, z̄j}) ≡ 〈out|S|in〉 , (5.1)

the Mellin transformed celestial amplitude is given by

Mn({∆j, wj, w̄j}) =
n∏
j=1

∫ ∞
0

dωj
ωj

ω
∆j

j An({ωj, wj, w̄j}) . (5.2)

Since the external particles are now in boost eigenstates

Mn({∆j, wj, w̄j}) ≡ boost〈out|S|in〉boost , (5.3)

celestial amplitudes transform by construction as conformal correlators:

Mn

(
{∆j,

awj + b

cwj + d
,
āw̄j + b̄

c̄w̄j + d̄
}
)

=
n∏
j=1

(cwj + d)∆j+Jj(c̄w̄j + d̄)∆j−JjMn({∆j, wj, w̄j}) . (5.4)

Here the 4D helicity `j ≡ ±sj has been identified with the 2D spin Ji. When ∆ ∈ 1 + iR is on

the principal continuous series of the Lorentz group which captures finite energy radiation the

transform (5.2) can easily be inverted. The inverse Mellin transform is

An({ωj, wj, w̄j}) =
n∏
j=1

∫ 1+i∞

1−i∞

d∆j

2πi
ω
−∆j

j Mn({∆j, wj, w̄j}) . (5.5)

We will see in section 6 that the analytic continuation to ∆ ∈ C is of great interest in celestial CFT

where operators with ∆ ∈ 1
2
Z will correspond to conformally soft celestial currents generating

asymptotic symmetries, or give rise to celestial symmetries with no known asymptotic symmetry

interpretation as well as conformal dressings which render infrared amplitudes finite as will be

discussed in section 7.

5.2 A massive example

While our main focus in this section is massless particle scattering let us also introduce massive

celestial amplitudes, in the case of scalars, as an illustrative example. Consider the tree-level
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three-point amplitude of three massive scalars φi interacting through a local cubic vertex in R1,3,

L ∼ λφ1φ2φ3. For plane waves φi ∼ eipi·X = e±imip̂i·X with p2 = −m2, p0 > 1 the three-point

amplitude is simply

A({pi = ±mip̂i} = iλ

∫
d4X

3∏
i=1

eipi·X = i(2π)4λδ(4)(
3∑
i=1

pµi ) . (5.6)

For massive conformal primary wavefunctions φi = φ∆i,±
mi

introduced in (4.46) the celestial three-

point amplitude is given by

M({∆i, wi, w̄i}) = iλ

∫
d4Xφ∆1,−

m1
(Xµ;w1, w̄1)φ∆2,+

m2
(Xµ;w2, w̄2)φ∆3,+

m3
(Xµ;w3, w̄3) , (5.7)

where we take particle 1 to be incoming and particles 2,3 to be outgoing. SL(2,C) covariance

of the massive scalar conformal primary wavefunctions (4.46) fixes (5.7) to be proportional to a

2D CFT three-point function. We thus expect to find

M({∆i, wi, w̄i}) ∼
λ

|w1 − w2|∆1+∆2−∆3 |w2 − w3|∆2+∆3−∆1 |w3 − w1|∆3+∆1−∆2
. (5.8)

In [54] the case m1 = 2(1 + ε) with ε ≥ 0 and m2 = m3 = m was considered for which, using the

integral represenation of the wavefunctions (4.46). the spacetime integral (5.7) becomes

M({∆i, wi, w̄i}) = iλ(2π)4m−4

(
3∏
i=1

∫ ∞
0

dyi
y3
i

∫
dzidz̄i

)

×
3∏
i=1

G∆i
(yi, zi, z̄i;wi, w̄i)δ

(4)(−2(1 + ε)p̂µ1 + p̂µ2 + p̂µ3) ,

(5.9)

where we recall p̂µi ≡ p̂µ(yi, zi, z̄i) defined in (4.42). Some integrals can readily be performed

using the δ-functions while others can be computed via suitable changes of variables. The details

can be found in [54] with the result for the near-extremal limit 32 ε→ to subleading order given

by

M({∆i, wi, w̄i}) =
i2

11
2 π5λ

m4

√
ε

(∫ ∞
0

dy1

y3
1

∫
dz1dz̄1

3∏
i=1

G∆i
(y1, z1, z̄1;wi, w̄i)

)
+ O(ε)

=
i2

9
2π6λΓ(∆1+∆2+∆3−2

2
)Γ(∆1+∆2−∆3

2
)Γ(∆1−∆2+∆3

2
)Γ(−∆1+∆2+∆3

2
)
√
ε

m4Γ(∆1)Γ(∆2)Γ(∆3)|w12|∆1+∆2−∆3|w23|∆2+∆3−∆1 |w31|∆3+∆1−∆2
+ O(ε) ,

(5.10)

where wij ≡ wi − wj. Note that the term in parentheses in the first line corresponds to the

tree-level three-point Witten diagram in H3 computed in [73]. The three-point amplitude for

massive scalars in the near-extremal limit thus takes the form of a three-point function of scalar

primaries with conformal dimensions ∆i in a 2D CFT.

32In this limit the momenta pi become collinear.
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5.3 Poincaré constraints on celestial amplitudes

Celestial amplitudes obey various celestial symmetries which are either manifest of impose con-

straints. Lorentz symmetry in the 4D scattering process translates to global conformal symmetry

for celestial amplitudes [74]
n∑
j=1

L(j)
m Mn = 0 ,

n∑
j=1

L̄(j)
m Mn = 0 , with m = −1, 0, 1 , (5.11)

where L
(j)
m , L̄

(j)
m act on the jth particle wavefunction as

L0Φh,h̄ = (w∂w + h)Φh,h̄ , L−1Φh,h̄ = ∂wΦh,h̄ , L+1Φh,h̄ = (w2∂w + 2wh)Φh,h̄ ,

L̄0Φh,h̄ = (w̄∂w̄ + h̄)Φh,h̄ , L̄−1Φh,h̄ = ∂w̄Φh,h̄ , L̄+1Φh,h̄ = (w̄2∂w̄ + 2w̄h̄)Φh,h̄ .
(5.12)

Translation symmetry in 4D imposes [74]
n∑
j=1

P (j)
µ Mn = 0 . (5.13)

In the momentum eigenbasis translations acts as multiplication by the momentum kµ = ωqµ.

Under the Mellin transform multiplication by ω yields a shift in the conformal dimension [55]∫ ∞
0

dω

ω
ω∆ω(.) =

∫ ∞
0

dω

ω
ω∆+1(.) . (5.14)

Thus, the translation generators Pµ in the conformal basis act as weight-shifting operators

Pµ = ηqµe
∂∆ , (5.15)

where η = ±1. The action of e.g. 1
2
(P 0 + P 3) = ηe∂∆ on celestial amplitudes (5.13) imposes the

non-trivial constraint
n∑
j=1

ηjMn(∆1, ...,∆j + 1, ...,∆n) = 0 . (5.16)

Finally, let us note that by Poincaré symmetry any celestial four-point amplitude can be put

into the form (here (zi, z̄i) denotes the point on the sphere where the jth particle goes)

M4({hi, h̄i, zi, z̄i}) = Khi,h̄i(zi, z̄i)δ(z − z̄)fhi,h̄i(z, z̄) , (5.17)

where

Khi,h̄i(zi, z̄i) =
4∏

i<j=1

z
h/3−hi−hj
ij z̄

h̄/3−h̄i−h̄j
ij , (5.18)

with h =
∑

i hi, h̄ =
∑

i h̄i and the 2D conformally invariant cross ratios

z =
z13z24

z12z34

, z̄ =
z̄13z̄24

z̄12z̄34

. (5.19)

For massless scattering the cross ratios are related to the Mandelstam invariants s = −(p1 + p2)2

and t = −(p1 + p3)2 via z = − t
s
.
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5.4 Collinear limits as celestial OPEs

Collinear divergences of 4D momentum space scattering amplitudes extract the singularities in

2D celestial OPEs. Collinear singularities arise when pµi ||p
µ
j for massless particles coupling via a

three-point vertex to form a nearly on-shell internal particle. The resulting propagator ∝ 1
pi·pj

diverges as 1
zij

for zij → 0 (and 1
z̄ij

for z̄ij → 0). We vary independently z and z̄ spanning

the celestial plane (in (2, 2) signature where the celestial plane becomes Lorentzian they are

independent variables) and consider the ‘holomorphic’ limit zij ≡ zi − zj → 0 with z̄i, z̄j fixed.

Schematically, the OPE of 2D conformal primary operators O∆,J
33 takes the form34

O∆i,Ji(z1, z̄i)O∆j ,Jj(zi, z̄j) ∝
1

zij
O∆k,Jk(zj, z̄j) + order(z0

ij) . (5.20)

Similar results are obtained for the ‘antiholomorphic’ limit z̄ij ≡ z̄i − z̄j → 0 holding zi, zj

fixed.We will now determine the celestial OPE coefficient from the Mellin transform of collinear

limits of amplitudes in [69,72].

Figure 7: The collinear limit pµi ||p
µ
j extracts the celestial OPE as zi → zj.

Graviton-Graviton OPEs At the tree level, the leading collinear poles arise from partial

amplitudes with adjacent gauge bosons with momenta pµi , p
µ
j . In the collinear limit pµi ||p

µ
j the

momentum space amplitude becomes

lim
zij→0

À 1...`n(p1, . . . , pn) =
∑
s∈±2

Splitssisj(pi, pj)À 1...`n(p1, . . . P, . . . , pn) + order(z0
ij) (5.21)

33We will discuss here the collinear limit of outgoing gravitons, subsequently dropping the s and + label on the

operator.
34The symbol ∝ means proportional: we have only fixed the pole structure and will determine ∆k, Jk as well

as any dependence on z̄ij in due course.
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where the combined momentum of the collinear pair is

P µ = pµi + pµj = ωP q
µ
P , ωP = ωi + ωj , qµP = qµi = qµj . (5.22)

For positive helicity gravitons the collinear splitting factor takes the form

Split2
22(pi, pj) = −κ

2

z̄ij
zij

ω2
P

ωiωj
. (5.23)

Upon changing variables

ωi = tωP , ωj = (1− t)ωP (5.24)

the Mellin transform of the collinear limit (5.21) contains the integral∫ ∞
0

dωi
ωi
ω∆i
i

∫ ∞
0

dωj
ωj

ω
∆j

j Split2
22(pi, pj) = −κ

2

z̄ij
zij

∫ 1

0

dtt∆i−2(1− t)∆j−2

∫ ∞
0

dωPω
∆i+∆j−1
P (5.25)

where we recognize the integral represenation of the Euler beta function,

B(x, y) =

∫ 1

0

dt tx−1(1− t)y−1 =
Γ(x)Γ(y)

Γ(x+ y)
. (5.26)

Since the only t dependence of (5.21) comes from the splitting factor, we find

lim
zij→0

MJ1...22...Jn(∆1, z1, z̄1, . . . ,∆i, zi, z̄i, . . . ,∆j, zj, z̄j, . . .∆n, zn, z̄n) =

− κ

2

z̄ij
zij
B(∆i − 1,∆j − 1)MJ1...2...Jn(∆1, z1, z̄1, . . . ,∆i + ∆j, zj, z̄j . . .∆n, zn, z̄n) + order(z0

ij) .

(5.27)

From this we read off the celestial OPE between two positive helicity gravitons

O∆i,+2(zi, z̄i)O∆j ,+2(zj, z̄j) ∼ −
κ

2

z̄ij
zij
B(∆i − 1,∆j − 1)O∆i+∆j ,+2(zj, z̄j) , (5.28)

where ∼ means equal up to regular terms as usual. By similar arguments, using the splitting

factor

Split−2
2−2(pi, pj) = −κ

2

z̄ij
zij

ω3
j

ωiω2
P

, (5.29)

we find the OPE between opposite helicity gravitons

O∆i,+2(zi, z̄i)O∆j ,−2(zj, z̄j) ∼ −
κ

2

z̄ij
zij
B(∆i − 1,∆j + 3)O∆i+∆j ,−2(zj, z̄j) . (5.30)
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6 Conformally soft symmetries

In this section we discuss conformally soft aspects of celestial amplitudes, their relation to

asymptotic symmetries and celestial symmetries beyond those that have a clear spacetime in-

terpretation. In section 6.1 we consider the conformally soft limit of celestial amplitudes follow-

ing [55,75,76] (see also [69,77–79]). We discuss in section 6.4 the 2D generators of 4D asymptotic

symmetries based on [56,66]. These are naturally organized into conformal multiplets [80], build-

ing on the work of [81–83], which we discuss in section 6.3. In section 6.6 we show that the OPEs

obtained from collinear limits of amplitudes can be derived from dimensional analysis and sym-

metry arguments alone as done in [72]. Finally, in section 6.7 we discuss celestial symmetries

including ones that have no known asymptotic symmetry interpretation such as a recently found

w1+∞ algebra [84–87].

6.1 Conformally soft theorems

In an energy-momentum eigenbasis the S-matrix satisfies univeral low-energy factorization the-

orems whose implications we have studied in section 3. In particular, we have discussed how

the leading and subleading soft graviton theorem implies a conservation law for supertranslation

and superrotation charges. The supertranslation current and stress tensor were constructed from

low-energy limits of bulk gravitons, while celestial operators involve integrals over gravitons of

all energies. It is thus not apriori obvious whether and how these statements carry over to the

conformal basis. Nevertheless we will see that they do, and in a very interesting form.

The soft graviton theorem that arises in the energetically soft limit

lim
ω→0

A±n+1 =
[
ω−1S(0)±

n + ω0S(1)±
n + O(ω)

]
An , (6.1)

has a celestial analogue. This can be seen from∫ ω∗

0

dω

ω
ω∆−s =

ω∆−s
∗

∆− s
, (6.2)

where s = 1, 0, ... for the leading, subleading,... soft graviton theorem. This statement carries

over to other soft theorems in gauge theory, gravity in supersymmetric theories. We will see in

the following that for special conformally soft values of ∆ ∈ 1
2
Z the factorization theorems of

celestial amplitudes can be understood from the insertion of celestial currents which generate

asymptotic symmetries - this is summarized in table 2.

Note that while the values of ∆ table 2 produce the poles in celestial amplitudes, the values

of 2 − ∆ = ∆̃ = J are consistent with expectations in conventional 2d CFTs from saturating

unitarity bounds. For example, the insertion of the soft photon current gives a pole ω−1 in
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s = |J | ∆ ∆̃ soft pole celestial current asymptotic symmetry

1 1 1 ω−1 J large U(1)

3
2

1
2

3
2

ω−
1
2 S̃, S large SUSY

2 1 1 ω−1 P supertranslation

2 0 2 ω0 T̃, T superrotation

Table 2: Asymptotic symmetries generated by celestial currents.

momentum space amplitudes and is thus associated with a celestial operator

O±∆,J=1 =

∫ ∞
0

dω

ω
ω∆O±`=1(ω,w, w̄) , (6.3)

whose conformal dimension is taken ∆→ 1. To see this note that

lim
∆→1

(∆− 1)O±∆,J=1(w, w̄) = lim
∆→1

∫ ω∗

0

dω(∆− 1)ω∆−1O±`=1(ω,w, w̄)

= 2

∫ ∞
0

dωδ(ω)ωO±`=1(ω,w, w̄)

= lim
ω→0

ωO±`=1(ω,w, w̄) .

(6.4)

We will derive the conformally soft operators of table 2 for gravity explicitly from the defi-

nition of 2D celestial operators (4.67) when the conformal primary wavefunctions become pure

diffeomorphisms. The leading and subleading soft graviton theorem imply a supertranslation and

superrotation symmetry generated, respectively, by the Kac-Moody supertranslation current and

the boundary stress tensor (or its shadow).

6.2 Conformally soft primaries

The 2D operator (4.67) generates a shift on the bulk operator Os(Xµ) given by

[Os,±∆,J(w, w̄), Os(Xµ)] = iΦs
∆,J(Xµ;w, w̄) . (6.5)

When the conformal primary wavefunction Φs
∆,J defining the operator O

s,±
∆,J via (4.67) becomes

pure gauge, then the 2D operator becomes the generator associated to that (asymptotic) sym-

metry. These are summarized in tables 3 - 4.

Let’s focus again on the case of gravity. In a large-r expansion we can read off the behavior

of the pure diffeo conformal primary wavefunctions.
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A∆,J=±1 χ∆,J=+ 3
2

h∆,J=±2

∆ 1 1
2

1 0

symmetry large U(1) large SUSY supertranslation superrotation

Table 3: Goldstone modes of spontaneously broken asymptotic symmetries for 1 ≤ s ≤ 2.

Ã∆,J=±1 χ̃∆,J=− 3
2

h̃∆,J=±2

∆ 1 3
2

1 2

symmetry large U(1) large SUSY supertranslation superrotation

Table 4: Shadow Goldstone modes of spontaneously broken asymptotic symmetries for 1 ≤ s ≤ 2.

� For ∆ = 1 the spin-two primary becomes pure gauge

h1,+2;µν = ∇µξ1,+2;ν −∇νξ1,+2;µ = ∇µ∇νΛ1,+2 , (6.6)

At null infinity we have Λ1,+2 = −2rfww so that

lim
r→∞

1

r
h1,+2;zz = D2

zfww , (6.7)

with

fww = − 1

2!

z̄ − w̄
z − w

1

1 + zz̄
. (6.8)

This is precisely the inhomogeneous shift of the free data

δshiftξf
Ĉzz = −2D2

zfww , (6.9)

created by the action of supertranslations. Thus ξ1,+2;ν becomes the supertranslation vector

field near null infinity

ξf = f∂u +
1

2
D2f∂r −

1

r
∂Af∂A + . . . , (6.10)

where D2 = DAD
A is the Laplacian on the sphere, and fww is the the supertranslation

parameter. The 2D operator with ∆ = 1 and J = +2

Os=2
∆=1,J=+2 = −i(ĥ, h1,−2)I+ = −

∫
dud2z

√
γ(D2

zfwwN
zz +D2

z̄fwwN
z̄z̄) (6.11)

corresponds to the soft part of the BMS supertranslation charge

Os=2
∆=1,J=+2(w, w̄) = −κ2QS[f = fww] . (6.12)
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� There are two more spin-two pure diffeo wavefunctions:

h̃2,+2;µν = ∇µξ2,+2;ν −∇νξ2,+2;µ and h0,−2;µν = ∇µξ0,−2;ν −∇νξ0,−2;µ . (6.13)

At null infinity

lim
r→∞

1

r
h̃2,+2;µν = −uD3

zY
z
ww , lim

r→∞

1

r
h̃2,+2;µν = −uD3

zY
z
w̄w̄ , (6.14)

where

Y z
ww =

1

3!(z − w)
, Y z

w̄w̄ = − (z − w)2

2!(z̄ − w̄)
. (6.15)

This corresponds to the inhomogeneous shifts of the free data

δshiftξY
Ĉzz = −uD3

zY
z
ww , δshiftξY

Ĉzz = −uD3
zY

z
w̄w̄ , (6.16)

characteristic of superrotations. Indeed, the diffeomorphism vector fields ξ0,+2;ν and ξ2,+2;ν

near null infinity can be expressed as [56]

ξY = uα∂u −
(
αr + u

(
D2

2
+ 2
)
α
)
∂r +

(
Y A + u

2r
((D2 + 1)Y A − 2DAα)

)
∂A + . . . ,

(6.17)

where α ≡ 1
2
DCY

C . These are diffeomorphisms of the celestial sphere!35 At null infinity

ξ0,+2;ν and ξ2,+2;ν are then determined by Y z
ww and Y z

w̄w̄, respectively, while Y z̄
ww and Y z̄

w̄w̄

vanish. The 2D operators with ∆ = 2 and ∆ = 0, respectively, arising from these pure

gauge wavefunctions correspond to the soft part of the Virasoro and Diff(S2) superrotation

charges after renormalization36

Õs=2
∆=2,J=+2 = i(ĥ, h̃2,−2)I+ = −

∫
dud2z

√
γD3

zY
z
wwuN

zz = −κ2QS[Y z = Y z
ww] ,

Os=2
∆=0,J=−2 = i(ĥ, h̃0,+2)I+ = −

∫
dud2z

√
γD3

zY
z
w̄w̄uN

z̄z̄ = −κ2QS[Y z = Y z
w̄w̄] .

(6.18)

While the tables 3 - 4 exhaust the pure gauge modes in the conformal basis, we know from

(conformally) soft theorem of (celestial) amplitudes that there further subleading soft theorems

at special values of ∆. These are summarized in tables 5 - 6.

6.3 Celestial diamonds

How do we find all conformally soft currents? Are they primaries or descendants? What is their

relation to soft charges? It turns out these and more questions about the (conformally) soft

35Note that they are expressed in harmonic gauge as opposed to the Bondi gauge used in (2.37).
36The symplectic structure is divergent and needs to be renormalized [56]; see [88] for details.

55



ψ∆,J=+ 1
2

A∆,J=±1 χ∆,J=+ 3
2

h∆,J=±2

∆ 1
2

0 −1
2

-1

Table 5: Soft theorems without conformal Goldstones for 1
2
≤ s ≤ 2.

ψ̃∆,J=− 1
2

Ã∆,J=±1 χ̃∆,J=− 3
2

h̃∆,J=±2

∆ 3
2

2 5
2

3

Table 6: Soft theorems without conformal shadow Goldstones for 1
2
≤ s ≤ 2.

sector of quantum gravity in asymptotically flat spacetimes is captured by the structure of the

global SL(2,C) multiplets. In the following we will need the relations

|h, h̄〉 ↔ Oh,h̄ ⇒ L−1 ↔ ∂w , L̄−1 ↔ ∂w̄ . (6.19)

6.3.1 Global conformal multiplets

Consider an SL(2,C) primary state |h, h̄〉 which, by definition, is annihilated by both L1 and L̄1.

Its SL(2,C) descendants are built by acting with L−1 and L̄−1 an arbitrary number of times. A

primary descendant is a state in this module that is also annihilated by L1 and L̄1.

� A state of the form (L−1)k|h, h̄〉 is a primary descendant if

L1(L−1)k|h, h̄〉 = k(2h+ k − 1)(L−1)k−1|h, h̄〉 = 0 , (6.20)

where we used [L1, (L−1)k] = k(L−1)k−1(2L0 +k−1). This condition is satisfied for h = 1−k
2

for k ∈ Z>. The primary descendant has dimension h′ = 1+k
2

, which corresponds to a

reflection of the weight h→ 1− h.

� Repeating the same reasoning for the antiholomorphic algebra, a state of the form

(L̄−1)k̄|h, h̄〉 is a primary descendant when h̄ = 1−k̄
2

for k̄ ∈ Z>. This descendant has

dimension h̄′ = 1+k̄
2

.

� When both of these conditions are satisfied, namely

h =
1− k

2
, h̄ =

1− k̄
2

, with k, k̄ ∈ Z> , (6.21)

then we have a third primary descendant (L−1)k(L̄−1)k̄|h, h̄〉 with conformal weights

(h′, h̄′) = 1
2
(1 + k, 1 + k̄). Figure 8 illustrates how the two submodules intersect at the

position of this additional primary descendant forming a nested ‘diamond’ structure.
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|1−k
2
, 1−k̄

2
〉

(L̄−1)k̄

(L−1)k

|1−k
2
, 1+k̄

2
〉

(L−1)k
|1+k

2
, 1−k̄

2
〉

(L̄−1)k̄

|1+k
2
, 1+k̄

2
〉

Figure 8: Diamond illustrating the nested structure of SL(2,C) primary descendants.

There are three types of primary descendants that appear in 2D celestial CFT illustrated

in figure 9, depending on whether the spin J of the parent primary is smaller, larger or equal

in magnitude compared to the spin J ′ of the primary descendant. Meanwhile, the conformal

dimension of the primary descendant is always larger than that of its parent ∆′ > ∆.

Type I: These primary descendants have |J ′| > |J | and can arise from either radiative

or generalized conformal primaries: • For radiative parent primaries |J | = s the primary

descendants appear when ∆ = 1 − s − n with n ∈ Z>, and correspond to trivially null

primaries (there are no generalized primaries with |J ′| > |J | = s) with ∆′ = ∆ + n (Ia)

or ∆′ = ∆ + 2|J | + n (Ib). Note that while the wavefunctions vanish, the corresponding

operator algebra is anything but trivial [84, 85]! • Radiative primary descendants with

|J ′| = s arise from generalized primaries with |J | = s − n and ∆ = 1 − s with n ∈ Z>.

The primary descendant has ∆′ = ∆ + n (Ia) or ∆′ = ∆ + 2|J |+ n (Ib) and correspond to

generators of asymptotic symmetries. Their conformal dimensions ∆′ tell us where to find

a (conformally) soft theorem for the given spin J ′ = ±s.

Type II: These primary descendants arise from radiative primaries |J | = s when ∆ =

1 + s − n with n ∈ {1, ..., 2s − 1}. This implies that 1 − s < ∆ < 1 + s and they exist

for any half integer s ≥ 1. These primary descendants correspond to soft operators which

correspond to soft charges for asymptotic symmetries when smeared on the celestial sphere

with the corresponding symmetry parameters.

Type III: These primary descendants have J ′| = |J | and arise from parents with ∆ = 1−s,
and thus exist for s ∈ 1

2
Z>. The primary descendants have ∆′ = ∆ + 2s = 1 + s = 2−∆

and flipped spin J ′ = −J and correspond to the conformal shadow of the parent primary.
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The conformal dimension ∆ of the radiative parent primary tells us where to find the most

subleading conformally soft theorems for that spin J = ±s.

(a) Type I (b) Type II (c) Type III

Figure 9: Types of primary descendants in celestial CFT.

In the following sections we will discuss in some detail that operators appearing at the left

and right corners of celestial diamonds give rise to conformally soft factorization theorems, the

bottom corners correspond to conserved charges, while the top corners give rise to conformal

dressings for celestial amplitudes.

6.3.2 Shadows in the diamond

Of importance in the following sections will be the 2D shadow transform that already appeared

in section 3.3.2 taking a primary with (∆, J) to its shadow primary with (2−∆,−J):

Õh,h̄(w, w̄) =
Kh,h̄

2π

∫
d2w′

Oh,h̄(w
′, w̄′)

(w − w′)2−2h(w̄ − w̄′)2−2h̄
, (6.22)

where Kh,h̄ = 2 max{h, h̄} − 1 is a normalization constant. Given an operator O1−k
2
, 1−k̄

2
at the

top vertex of the diamond of figure 8, then its primary descendants of type Ia and Ib are related

by a shadow transform as follows,

1

k̄!

˜(
∂k̄w̄O1−k

2
, 1−k̄

2

)
=

(−1)k

k!
∂kwO1−k

2
, 1−k̄

2
,

1

k!

˜(
∂kwO1−k

2
, 1−k̄

2

)
=

(−1)k̄

k̄!
∂k̄w̄O1−k

2
, 1−k̄

2
. (6.23)

To obtain these relations we integrate by parts within the shadow integrand (6.22) and use

∂k̄w̄′
(w̄′ − w̄)k̄−1

(w′ − w)k+1
= 2π(k̄ − 1)!

(−1)k

k!
∂kw′δ

(2)(w′ − w) , (6.24)
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which follows from ∂z
1
z̄

= 2πδ(2)(z). With a similar demonstration one can prove that if two

primaries (not necessarily primary descendants) of the left and right corner of figure 9b are

related by shadow transform, then they must descend to the same primary descendant,37

6.3.3 Primary descendants vs null states

Note that since the generators Ki and Ji are taken to be Hermitian, we obtain the following

conjugation relations for the Ln,

L†n = −L̄n , L̄†n = −Ln (6.25)

as operators on the Hilbert space. This is different from the conjugation relations obtained

in radial quantization, L†n = L−n, which lead to vanishing inner products between primary

descendants with any other primary, i.e. they are null states. In celestial CFT, on the other

hand, primary descendants are in general not null. See section 3 of [80] for more discussion on

this. Note though that the discussion of SL(2,C) primary descendants is independent of the

choice of inner product.

6.4 2D generators of 4D asymptotic symmetries

Celestial diamonds capture the conformally soft sector of celestial CFT. In this section we will

discuss how/where the soft charges for supertranslations and superrotations arise in the conformal

multiplets in celestial CFT and compute the OPEs of their associated currents which will connect

back to the discussion of Ward identities in 3.3.

6.4.1 Conformally soft currents and soft charges

The soft charge corresponding to a given asymptotic symmetry transformation in 4D can be

expressed as

QS[ξ] =

∫
d2z ξ(z, z̄) · Osoft , (6.26)

where ξ is the symmetry transformation paramter and the · takes care of spinor/tensor contrac-

tions. Using the insight from global SL(2,C) conformal multiplets of section 6.3 we can now

identify the Kac-Moody supertranslation current and the Virasoro / Diff(S2) stress tensor for

celestial CFT and their relation to the soft supertranslation and superrotation charges.

37While the weights of the top and bottom corners seem to satisfy (h, h̄) 7→ (1 − h, 1 − h̄), the operators are

not related by a conformal shadow transformation.
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Leading soft graviton: supertranslation symmetry

N̄ww̄ = QS[fw̄w̄] QS[fww] = Nww

Pw̄ Pw

O
soft
3,0

(6.27)

The supertranslation current is a descendant of the charge operator QS consistent with our earlier

discussion. The latter can be expressed as a celestial sphere integral

Nww =

∫
d2zfwwO

soft
3,0 . (6.28)

The soft operator is a primary descendant operator at level 2

O
soft
3,0 =

1

4πκ
lim
∆→1

(∆− 1)(1 + zz̄)
[
∂2
z̄ (a∆,+2 + a†∆,+2) + ∂2

z (a∆,−2 + a†∆,−2)
]
, (6.29)

for the leading conformally soft graviton theorem. The two terms in the brackets are related by

a shadow transform and display the helicity degeneracy of the leading soft graviton theorem.

Subleading soft graviton: supertranslation symmetry

QS[Yww] = Tww

O
soft
3,1

T̃̄ww̄ = QS[Yw̄w̄]
(6.30)

The stress tensor and its shadow correspond to the soft charge operators for Viraroso and Diff(S2)

symmetry

Tww =

∫
d2zY z

wwO
soft
3,+1 , T̃̄ww̄ =

∫
d2zY z

w̄w̄O
soft
3,+1 . (6.31)

The primary descendant operator

O
soft
3,+1 =

i

4πκ
lim
∆→0

∆
[
∂3
z (a∆,−2 − a†∆,−2)

]
, (6.32)

is the soft operator for the sub-leading conformally soft graviton theorem. It corresponds to a

level 3 descendant of the ∆ = 0 shadow stress tensor or a level 1 descendant of the ∆ = 2 stress

tensor. Similar expressions hold for the opposite 2D spin.
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6.4.2 OPEs of asymptotic symmetry generators

Now that we have introduced 2D conformally soft primaries that generate the 4D BMS super-

translations and superrotations we can discuss their OPEs and connect back to the 4D Ward

identities of section 3.3 and recast them as 2D Ward identities.

Leading soft graviton: Kac-Moody current The OPE of the supertranslation opera-

tor (6.53)

Pz(z, z̄) = lim
∆→1

∂z̄O∆,+2 , (6.33)

with a primary of spin J = ±1,±2 is [55,71]

Pz(z, z̄)O∆,J(w, w̄) ∼ 1

z − w
O∆+1,J(w, w̄) . (6.34)

The OPE between two supertranslation currents vanishes

Pz(z, z̄)Pw(w, w̄) ∼ 0 , Pz(z, z̄)P̄w̄(w, w̄) ∼ 0 . (6.35)

Subleading soft graviton: stress tensor We are interested in the OPE of the 2D stress

tensor introduced in section 3.3.2 and re-discovered in this section

Tzz(z) ≡ lim
∆→0

∆Õ∆,−2(z, z̄) =
3!

2π

∫
d2w

1

(z − w)4
lim
∆→0

∆O∆,−2(w, w̄) (6.36)

with another (quasi-) primary operator. Following [70] we could compute the OPE of two

gravitons, incorporating the shadow transform, compute the Mellin transform, and then take the

∆→ 0 limit. Or, a faster route is [71] to start with the ∆→ 0 limit of the celestial amplitude and

use the conformally soft graviton theorem and the identity ∂z̄
1

z−w = 2πδ(2)(z−w). This lands us

on the Mellin transformed 2D Ward identity (3.66)38 from which we extract the OPE between

the 2D stress tensor and a conformal primary with conformal weights (h, h̄) = 1
2
(∆ + J,∆− J)

Tzz(z)O∆,J(w, w̄) ∼ h

(z − w)2
O∆,J(w, w̄) +

1

z − w
∂wO∆,J(w, w̄) , (6.37)

From tree-level amplitudes we also obtain the OPE between two stress tensors [71]

Tzz(z)Tww(w) ∼ 2Tww(w)

(z − w)2
+
∂wTww(w)

z − w
, Tzz(z)T̄ww(w) ∼ 0 . (6.38)

Note that we cannot access a potential central charge c with classical tree-level scattering.

38We have flattened the sphere.
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6.5 From Poincaré to extended BMS algebra

Now that we have defined conformal primary operators and OPEs in celestial CFT, let us express

the action of the Poincaré generators and their enhancement to BMS.

6.5.1 Poincaré generators

In section 4.1 and 5.3 we have already introduced the Lorentz (rotation and boost) and translation

generators. We summarize here their action on 2D operators Oh,h̄(w, w̄) with weights (h, h̄).

• The Lorentz generators Ln, L̄n with n = −1, 0,+1 satisfy

[Lm, Ln] = (m− n)Lm+n , [L̄m, L̄n] = (m− n)L̄m+n , [Lm, L̄n] = 0 , (6.39)

and act on operators as

[Ln,O
±
h,h̄

(w, w̄)] = wn[(n+ 1)h+ w∂w]O±
h,h̄

(w, w̄) ,

[L̄n,O
±
h,h̄

(w, w̄)] = w̄n[(n+ 1)h̄+ w̄∂w̄]O±
h,h̄

(w, w̄) ,
(6.40)

where ∆ = h+ h̄ is the boost weight and J = h− h̄ is the 2D spin (4D helicity).

• Translations Pk,l with k, l = ±1
2

satisfy

[Pi,j, Pk,l] = 0 , [Ln, Pk,l] = (
1

2
n− k)Pn+k,l , [L̄n, Pk,l] = (

1

2
n− l)Pk,n+l , (6.41)

and act distinctly on in / out massless operators as

[Pk,l,O
±
h,h̄

(w, w̄)] = ±wk+ 1
2 w̄l+

1
2O±

h+ 1
2
,h̄+ 1

2

(w, w̄)] . (6.42)

The Pk,l transform under global conformal symmetry as modes of a primary operator of weights

(h, h̄) = (3
2
, 3

2
). They are related to the translation generator

P µ = qµe(∂h+∂h̄)/2 (6.43)

with qµ = (1 + ww̄, w + w̄, i(w̄ − w), 1− ww̄) by

P∓ 1
2
,∓ 1

2
=

1

2
(P 0 ± P 3) , P± 1

2
,∓ 1

2
=

1

2
(P 1 ± iP 2) . (6.44)

In particular we have the weight shifting operator

P− 1
2
,− 1

2
= e∂∆ . (6.45)

with P− 1
2
,− 1

2
= ηω̂ with η = ±1 for outcoing/incoming particles so that

ω̂O(p) = ωO(p) ⇒ ω̂O∆(w, w̄) = O∆+1(w, w̄) . (6.46)
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6.5.2 BMS generators

In section 2 we have discussed how Poincaré symmetry gets infinitely enhanced to the (extended)

BMS group. In this section we expand the BMS generators (and a supersymmetric extension)

into modes that obey the (super) BMS algebra. Recall that a conformal field φh,h̄(w, w̄) or

operator Oh,h̄(w, w̄) of conformal weights (h, h̄) may be expanded into Laurent modes

Oh,h̄(w, w̄) =
∑
m,n

am,nw
−m−hw̄−n−h̄ , (6.47)

with

am,n =

∮
dw

2πi

∮
dw̄

2πi
wm+h−1w̄n+h̄−1Oh,h̄(w, w̄) . (6.48)

We focus on the operators that generate supertranslations and superrotations.

• The extended BMS algebra is generated by the boundary stress tensor and the supertranslation

current. The stress tensor can be written as39

T (w) =
∑
n∈Z

w−n−2Lm , T̄ (w̄) =
∑
n∈Z

w̄−n−2L̄n , (6.49)

with

Ln =
1

2πi

∮
dwwn+1T (w) , L̄n =

1

2πi

∮
dw̄w̄n+1T̄ (w̄) . (6.50)

Using the OPE between two stress tensors (6.38) and the residue theorem we see that the

operators (6.50) obey the (centerless) Virasoro algebra (4.28).

Starting from the translation generator P− 1
2
,− 1

2
we can generate all supertranslation genera-

tors. The subset Pn− 1
2
,− 1

2
is given by

Pn− 1
2
,− 1

2
=

1

iπ(n+ 1)

∮
dwwn+1[T (w), P− 1

2
,− 1

2
] (6.51)

and the remaining generators Pn− 1
2
,m− 1

2
by

Pn− 1
2
,m− 1

2
=

1

iπ(m+ 1)

∮
dw̄w̄m+1[T̄ (w̄), Pn− 1

2
,− 1

2
] . (6.52)

We can group the generators into a ∆ = 3 scalar primary operator

P =
∑
m,n∈Z

w−n−1w̄−m−1Pn− 1
2
,m− 1

2

=
∑
k,l∈Z

w−k−
3
2 w̄−l−

3
2Pk,l ,

(6.53)

39Here T (w) ≡ Tww(w) of section 3.3.2.
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which, equivalently has weights (h, h̄) = (3
2
, 3

2
). The BMS algebra is given by (6.39) and (6.41)

for the extended range m,n ∈ Z and k, l ∈ 1
2
Z,

[Lm, Ln] = (m− n)Lm+n ,

[L̄m, L̄n] = (m− n)L̄m+n ,

[Pk,l, Ln] = (k − 1

2
n)Pk+n,l ,

[Pk,l, L̄n] = (k − 1

2
n)Pk,l+n ,

[Lm, L̄n] = 0 ,

[Pi,j, Pk,l] = 0 .

(6.54)

• The super-BMS algebra [43, 89] includes the (h, h̄) = (3
2
, 0) and (h, h̄) = (0, 3

2
) supercurrents

which have the Laurent expansions

S(w) =
∑
r∈Z+ 1

2

w−r−
3
2Gr , S̄(w̄) =

∑
r∈Z+ 1

2

w̄−r−
3
2 Ḡr , (6.55)

with

Gr =
1

2πi

∮
dwwr+

1
2S(w) , Ḡr =

1

2πi

∮
dw̄w̄r+

1
2 S̄(w̄) , (6.56)

which satisfy

[Gr,O∆,`(w, w̄)] = wr+
1
2O∆+ 1

2
,`+ 1

2
(w, w̄) ,

[Ḡr,O∆,`+ 1
2
(w, w̄)] = w̄r+

1
2O∆+ 1

2
,`(w, w̄) .

(6.57)

The super-BMS algebra is given by

{Gr, Ḡs} = Pk,l ,

{Gr, Gs} = {Ḡr, Ḡs} = 0 ,

[Gr, Pk,l] = [Ḡr, Pk,l] = 0 ,

[Gr, Lm] = (r − 1

2
m)Gr+m ,

[Ḡr, L̄m] = (r − 1

2
m)Ḡr+m ,

[Gr, L̄n] = [Ḡr, Ln] = 0 ,

(6.58)

together with the remaining commutators of the BMS algebra (6.54).

6.6 Celestial OPEs from soft symmetries

We are now in a position to discuss how the OPE coefficient can be fixed by dimensional analysis

and symmetry alone. This is based on the analysis in [72] (see also the recent work [86]) which

64



reasons as follows. The conformal dimension ∆k of the operator appearing in the OPE (5.20) is

determined by the bulk dimension of the three-point vertices of the relevant interaction. Con-

sider vertices V = ∂#∂Φi(X)Φj(X)Φk(X) where the #∂ spacetime derivatives are appropriately

distributed over the fields.40 Gravitons Φ = h have bulk scaling dimension 1 so that the di-

mension of the vertex is dV = 3 + #∂. Take hi, hj to be outgoing external legs (on-shell states)

that are taken collinear. In the conformal basis this translates to the OPE of two operators with

conformal dimension ∆i and ∆j. The conformal dimension ∆k of the operator appearing on the

rhs the OPE (5.20) is then given by the sum ∆i + ∆j shifted down by 2 (inverse powers of ωi,

ωj from the internal propagator ∝ 1
pi·pj ) plus the number of spacetime derivatives #∂ (each ∂

leads to an extra factor of ω in the Mellin transform). Thus, dimensional analysis tells us that

the conformal dimension of the operator in the OPE is constrained to be

∆k = ∆i + ∆j − 2 + #∂ = ∆i + ∆j + dV − 5 . (6.59)

For gravitons in Einstein gravity the three-point vertex has dV = 5. We thus make the ansatz

for the celestial graviton OPE

O+
∆1,+2(z1, z̄1)O±∆2,+2(z2, z̄2) ∼ z̄12

z12

C±(∆1,∆2)O±∆1+∆2,±2(z2, z̄2) , (6.60)

for some yet to-be-determined coefficients C+(∆1,∆2) = C+(∆2,∆1) and C−(∆1,∆2) while the

OPE between two negative helicity gravitons is non-singular as z12 → 0. To determine these

coefficients we use constraints arising from symmetries. Recall the soft graviton theorem

lim
ω→0

A±n+1(ωqµ) =
[
ω−1S(0)±

n + ω0S(1)±
n + ωS(2)±

n

]
An , (6.61)

with

S(0)±
n =

κ

2

n∑
j=1

ηj
(pj · ε±)2

pj · q
, S(1)±

n = −iκ
2

n∑
j=1

ηj
(pj · ε±)(q · Jj · ε±)

pj · q
, S(2)±

n = −κ
4

n∑
j=1

ηj
(q · Jj · ε±)2

pj · q
.

(6.62)

In the parametrization

pµj = ηjωj(1 + zj z̄j, zj + z̄j, i(z̄j − zj), 1− zj z̄j) ,
qµ = (1 + zz̄, z + z̄, i(z̄ − z), 1− zz̄) ,

(6.63)

and ε+µ = ∂zq
µ, ε−µ = ∂z̄q

µ, the leading soft factor is

S(0)+
n = −κ

2

n∑
j=1

z̄ − z̄j
z − zj

ωj , S(0)−
n = −κ

2

n∑
j=1

z − zj
z̄ − z̄j

ωj . (6.64)

40Taking into account quantum, stringy or other corrections would introduce higher dimension terms into the

effective action which may correct both the three-point vertices and the(sub)subleading soft theorems, and hence

the subleading terms in the OPEs.

65



while the pole 1
ω

as ω → 0 turns into the pole 1
∆−1

at ∆ = 1. The leading conformally soft

graviton theorem is

lim
∆1→1

O+
∆1,+2(z1, z̄1)O±∆2,+2(z2, z̄2) ∼

−κ
2

∆1 − 1

z̄12

z12

O±∆1+∆2,±2(z2, z̄2) (6.65)

This implies poles in C± which residues

lim
∆1→1

(∆1 − 1)C±(∆1,∆2) = −κ
2
. (6.66)

Moreover, the global symmetry assocated with the leading soft graviton theorem imposes a

constraint. Translation symmetry generated by P− 1
2
,− 1

2
≡ ±ω̂ acts on an operator O±∆,J as

δ(0)O
±
∆,J(z, z̄) = ±O±∆+1,J(z, z̄) . (6.67)

Acting on both sides of (6.60) with δP yields the recursion relation

C±(∆1,∆2) = C±(∆1 + 1,∆2) + C±(∆1,∆2 + 1) . (6.68)

Next, The subleading soft graviton theorem corresponds to conformal symmetry which gives no

new constraint, while a subsubleading soft graviton theorem provides a further constraint on the

OPE coefficient.41 Expressing the subsubleading soft graviton factor in the conformal basis

S(2)+
n = −κ

4

n∑
j=1

z̄ − z̄j
z − zj

[
2h̄j(2h̄j − 1)− 2(z̄ − z̄j)2h̄j∂z̄j + (z̄ − z̄j)2∂2

z̄j

]
ω̂−1
j , (6.69)

for positive helicity, and a similar expression for the negative helicity graviton. Here ω̂−1 im-

plements the inverse shift in conformal dimension wrt (6.67). Treating z and z̄ as independent

variables, we define the soft operator

δ̄(2) ≡
∮

dz

2πi
∂z̄S

(2)+
n (z, 0) = lim

∆→−1
(∆ + 1)

∮
dz

2πi
∂z̄O∆,+2(z, 0) , (6.70)

and a similar expression for the opposite helicity soft factor. The action of (6.70) on celestial

operators is

δ̄(2)O∆j ,±2(zj, z̄j) = −κ
4

[2hj(2hj − 1) + 8hj z̄j∂z̄j + 3z̄2
j∂

2
z̄j

]O∆j−1,±2(zj, z̄j) , (6.71)

This in particular implies for a positive helicity graviton

δ̄(2)O∆j ,+2(zj, 0) = −κ
4

[(∆j − 2)(∆j − 3)]O∆j−1,±2(zj, 0) ,

δ̄(2)∂z̄O∆j ,+2(zj, 0) = −κ
4

[(∆j − 2)(∆j + 1)]O∆j−1,±2(zj, 0) .
(6.72)

41Including all the descendants it has been argued [86] the OPE coefficient can be fixed by Poincaré symmetry

alone. Here we follow [72] and focus on the leading coefficients where Lorentz symmetry does not give more

constraints.
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After differentiating (6.60) wrt z̄1 and then setting z̄1 = z̄2 = 0 the action of (6.71) yields the

following recursion relation

(∆1 − 2)(∆1 + 1)C+(∆1 − 1,∆2) + (∆2 − 2)(∆2 − 3)C+(∆1,∆2 − 1) =

(∆1 + ∆2 − 2)(∆1 + ∆2 − 3)C+(∆1,∆2) .
(6.73)

The two recursion relations (6.68)and (6.73) and the normalization condition (6.66) are solved

by the Euler beta function42 and fixes the leading OPE coefficient

C+(∆1,∆2) = −κ
2
B(∆1 − 1,∆2 − 1) . (6.74)

Following similar arguments gives the OPE coefficient for the negative helicity graviton

C−(∆1,∆2) = −κ
2
B(∆1 − 1,∆2 + 3) . (6.75)

6.7 Infinity of soft symmetries

There is actually an infinity of soft operators lim∆→−n(∆ + n)O∆(w, w̄) for n = −2,−1, 0, 1, 2...

picks out the coefficients of the ωn term in an expansion of O(ω,w, w̄) =
∑

j ω
jO(w, w̄) around

ω → 0. These satisfy an interesting algebra [84–86]. Treating z and z̄ as independant variables

amounts to continuing (3, 1) Minkowski to (2, 2) Klein space with the celestial sphere becoming

the celestial torus and Lorentz SL(2,C) continued to SL(2,R)L × SL(2,R)R. Define a discrete

family of conformally soft positive-helicity gravitons

Hk = lim
ε→0

εOk+ε,+2 , k = 2, 1, 0,−1,−2, ... (6.76)

with weights

(h, h̄) =

(
k + 2

2
,
k − 2

2

)
, (6.77)

and a consistently-truncated antiholomorphic mode expansion

Hk(z, z̄) =

2−k
2∑

n= k−2
2

Hk
n(z)

z̄n+ k−2
2

. (6.78)

The commutators of the Hk
n satisfies an interesting algebra. Upon redefining

wpn =
1

κ
(p− n− 1)!(p+ n− 1)!H−2p+4

n (6.79)

on can show that [84–86]

[wpm, w
q
n] = [m(q − 1)− n(p− 1)]wp+q−2

m+n , (6.80)

42This uses Wieland’s theorem [90] which states that xf(x) = f(x+1) has the unique solution f(x) = f(1)Γ(x).
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with p, q running over positive half-integers p, q = 1, 3
2
, 2, 5

2
, .... Note that (6.79) is essentially the

light transform (or right-shadow in one dimension adapted to finite SL(2, R) representations).

The algebra (6.80) is called the wedge algebra of w1+∞ - ‘wedge’ because of the restriction

k − 2

2
≤ m ≤ 2− k

2
⇒ 1− p ≤ m ≤ p− 1 . (6.81)

Note that the closed subalgebra for p = 2 is the (centerless) Virasoro algebra generated by

Lm ≡ w2
m for m = −1, 0, 1. In terms of the original generators

L0 =
1

κ
H0

0 , L±1 =
2

κ
H0
±1 . (6.82)

Meanwhile, the k = 1 mode generates supertranslations. ExpandingH1
± 1

2

(z) =
∑

mH
1
± 1

2
,m
z−m−

3
2 ,

the 4 modes H1
± 1

2
,± 1

2

generate the 4 global translations P± 1
2
,± 1

2
.

The modes wpm(z) act as currents on the celestial sphere. The infinite tower of tree-level

soft graviton symmetries in asymptotically flat 4D quantum gravity can be organized into a

single chiral 2D Kac-Moody symmetry based on the wedge algebra of w1+∞ [84–86]. What the

implications of this result are remains an interesting open problem.

7 IR divergences and conformal dressings

Scattering amplitudes in gauge theory and gravity suffer from IR divergences which upon resum-

mation have the net effect of rendering all such amplitudes zero. Traditionally one deals with this

problem by computing inclusive cross sections out of all physically indistinguishable processes

which can then be compared to experiment. Alternatively, once can trade the Fock states for the

asymptotic states constructed by Fadeev and Kulish [91, 92] which can be interpreted as Fock

states dressed by an infinite number of soft bosons. This yields infrared finite S-matrix elements.

Recently, it has been argued that vanishing of all S-matrix elements in the traditional approach

should be interpreted as due to the non-conservation of the charges generating asymptotic sym-

metry transformations. [93, 94] The latter imply an infinity of degenerate vacua. Accounting

for vacuum transitions to occur one then finds that the resulting amplitudes are IR finite and

generically nonvanishing when the conservation laws are obeyed. This is not a new mathematical

result, rather the Fadeev-Kulish dressings implicitly generate precisely the required shift between

degenerate vacua. That is, among the scattering amplitudes constructed from eigenstates of the

BMS supertranslation charge, the ones that conserve this charge, are equal to those constructed

using Faddeev-Kulish states. Thus, Faddeev-Kulish states naturally arise as a consequence of

the asymptotic symmetries of perturbative gravity and all charge conserving amplitudes are IR

finite. In celestial amplitudes these dressings take a very nice form and directly connect to the

Goldstone bosons of spontaneously broken asymmptotic symmetries.
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7.0.1 Momentum space amplitude

We consider 2→ 2 scattering of gravitons in a general quantum theory of gravity with assumed

soft high-energy behavior. We describe this with a Wilsonian effective action with a cutoff at a

scale ΛUV and which is characterized by a double expansion ω/ΛUV and log(ω/ΛUV ). Loops of

gravitons with momenta below ΛUV correct the amplitudes. IR divergences arise from exchanges

of soft gravitons between external lines and we must introduce an IR regulator ΛIR on the internal

loop momenta. These divergences are known to exponentiate, and the scattering amplitude takes

the form

A= eBA0 , (7.1)

where A0 does not involve the regulators ΛUV and ΛIR and the exponent is given by

B = −γ
∑
ij

(pi · pj) log(pi · pj) , (7.2)

where

γ =
G

π
log ΛIR , (7.3)

is the gravitational cusp anomalous dimension times the logarithm of the IR cutoff.

7.0.2 Celestial amplitude

This exponentiation turns out to take a very nice form in the celestial basis where the exponential

factor takes the form of a 2D correlator of Goldstone bosons of spontaneously broken supertrans-

lation symmetry. A priori it is not obvious that a factorization should persist since energy is

not an argument of the S-matrix in the conformal basis. Rather than the hard-soft energy

factorization above we will find a conformally hard-soft factorization. The celestial amplitude is

M=
∏
k

∫ ∞
0

dωk
ωk

ω∆k
k eBA0 . (7.4)

Using momentum conservation and pi · pj = −2ηiηjωiωj|zij|2 we can write this as

B = 2γ
∑
ij

ηiηjωiωj|zij|2 log |zij|2 . (7.5)

Recall that the action of the translation operator P− 1
2
,− 1

2
≡ ηω̂ on the j-th particle is

ω̂jO(ωj, zj, z̄j) = ωjO(ωj, zj, z̄j)⇒ ω̂jO∆j
(zj, z̄j) = O∆j+1(zj, z̄j) . (7.6)

Replaceing the factors of ωj in B by the operators ω̂j we can then pull the exponential out of

the Mellin integrand and write

M= MsoftMhard . (7.7)
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Here, the hard amplitude is

Mhard =
∏
k

∫ ∞
0

dωk
ωk

ω∆k
k A0 , (7.8)

is an IR safe quantity. The conformally soft amplitude is an operator

Msoft = exp

[
2γ
∑
ij

ηiηjω̂iω̂j|zij|2 log |zij|2
]
. (7.9)

It can be represented as a 2D correlator of Goldstone bosons C(z, z̄) of spontaneously broken

supertranslation symmetry.43 Its celestial CFT two-point function was computed in [?] to be

〈C(z, z̄)C(w, w̄)〉 = −4γ|z − w|2 log |z − w|2 , (7.10)

and we can write

Msoft =

〈
n∏
j=1

eiηj ω̂j C(zj ,z̄j)

〉
. (7.11)

It turns out that this Goldstone boson C can be constructed from the inner product with a

non-gauge generalized primary metric with J = 0 and ∆ = −1

C= − i
2π

(ĥ, hgen,CS
−1,0 ) , (7.12)

whose level 2 descendant is the ∆ = 1 radiative primary hCS
1,±2 ≡ hG

1,±2Θ(X2) that is canonically

paired with the ∆ = 1 pure gauge primary hG
1,±2 ≡ mmϕ1 as [55,95]

i(hCS, hG) = (2π)2δ(2)(w − w′) . (7.13)

The BMS supertranslation current constructed from hG generates but is invariant under large

gauge transformations while Goldstone boson constructed from hCS shifts. The celestial diamond

involving the soft charge operators has a canonically paired diamond involving the Goldstone

bosons:

Cw̄w̄ = 1
2!
∂2
w̄C Cww = 1

2!
∂2
wC

C

1
2!
∂2
w

1
2!
∂2
w̄C (7.14)

43Recall that it is the boundary component of the asymptotic metric Czz|I+
−

= −2D2
zC which shifts δfC = f .
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7.0.3 Conformal Fadeev-Kulish dressing

Scattering amplitudes are rendered IR safe by the includion of Fadeev-Kulish dressings by soft

graviton clouds. While there are apriori infinitely many such dressings, in the conformal basis a

preferred dressing is singled out by conformal symmetry which is equivalent to the insertion of

the exponentiated Goldstone boson C. With that the conformally dressed scattering amplitude

is simply

Mdressed = Mhard . (7.15)

We will now compute this conformal dressing of the hard operators. For a single particle j we

have the gravitational dressing

Wj[φ] = exp
{
− κ

2

∫
d3k

(2π)3

φ(~k)

2k0

pµj p
ν
j

pj · k
[
aµν − a†µν

] }
, (7.16)

where aµν =
∑

α∈± ε
∗α
µνaα(~k) and φ(~k) is an arbitrary function obeying φ(0) = 1. The dressed

asymptotic states for gravity are then given by

Wj[φ]|pj〉 . (7.17)

The special choice of Faddeev-Kulish dressing φ(~k) = 1 was shown in [95] to yield the exponen-

tiated Goldstone boson C as the leading conformally soft dressing44

Wj = e−iηj ω̂j C(zj ,z̄j) . (7.18)

Notice that the expontents in (7.11) and (7.18) differ by a sign. Thus, once the hard particles

are dressed with (7.18) we find that the dressed celestian amplitude is equivalent to the hard

amplitude (7.15) which defines an IR safe scattering amplitude.

The OPE between the 2D operators at the top of the Goldstone diamonds (i.e. the Gold-

stone boson C and its cousins arising from other soft theorems) and memory diamonds (i.e. the

diamonds containing the soft charge operators) give rise to non-trivial levels and central exten-

sions when they are non-vanishing. These modes govern the spontaneous symmetry breaking of

asymptotic symmetriesand should be described by some intrinsically 2D effective theory. Various

elements of this theory have already been explored in the celestial CFT literature (e.g. the free

boson describes aspects of the conformally soft sector of QED) and it continues to be an active

area of research.

44Fadeev and Kulish did not consider φ(~k) = 1 because finiteness of the energy requires φ→ 1 as |~k| → ∞. In

the conformal basis we already integrated over all energies so this issue is not relevant.
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