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Introduction: entanglement and boundary law

Why studying entanglement (in condensed matter) ?

O A theoretical probe for quantum many-body wave-functions

O The scaling of the entanglement entropy can reveals some long-distance
properties of the system.

0 Understanding entanglement is useful to construct new algorithms to store

efficiently quantum states in a computer, or construct some variational
anstaz.
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Introduction: violations of the boundary law

.. Holzhey,Larsen,Wilczek 1994
Critical 1d systems Calabrese, Cardy 2004

0—0 00 0 06 0 06 0 0 0 ©

- ;Vidal, Latorrle, Rico,mﬁw;ﬁ%) | |
C I
Sa(L) = §|09(L)+O(1) 2|

S, | c=1/2 (ICTF)
| N
1. 5' ke IW**‘H alal

Systems with a Fermi surface 1:' Gapped (ICTF)
in dimension d: _
S, ~L“*log(L) — 10 20 , 30 40

Wolf 2006; Gioev & Klich 2006
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Introduction: subleading corrections to the boundary law
Boundary law -----------------=-------=¢ -
/4

S.(L) = IL+ (d=2)
D= i0gL)

Discrete symmetry breaking — 7 =log(deg)
Goldstone modes — ﬁ~%#modes Metlitsky & Grover 2011

“Topologically ordered” states: ¥ =—109(D,,) Levinwen 2006 Kitaev Preskil 2006
0 Gapped, no broken symmetry, no local order parameter, no “conventional order”

0 But... ground state degeneracy which depends on the topology
The degenerate ground states cannot be distinguished by any local observable

0 Fractionalized excitations
0 Examples: fractional quantum Hall fluids, some “RVB” spin liquids, ...
0 Example: FQHE Laughlin v=1/3— y=-log(3)

Critical states

Casini & Huerta 2007;

Metlitski, Fuertes, Sachdev 2009, Grover 2014
+ this work
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How to compute the entanglement entropy ?

1+1d CFT
Entanglement entropy of an interval — correlator of twist fields

Free fermions / free bosons
Reduced density is completely determined by two-point function:

+ N - +
<Ci Cj >ijeA Wick ,pA eXp(Z hijCi Cj ) Peschel 2003
J|

Numerics

DMRG in 1D or 2D

Tensor network states in 2D (PEPS, ...)

Exact diagonalizations (lattice spin systems, FQHE, ...)

Quantum Monte Carlo (if no sign problem + integer Rényi index >1)  Hastings et al. 2010
Humeniuk & Roscilde 2012

Rokhsar-Kivelson states

This work
14



Rokhsar-Kivelson states

Rokhsar& Kivelson 1988; Henley 2004

2 : —E(cC
Start from a 2d classical (stat. mech) system Z — e (©)

with short-ranged interactions. C
A 4
Examples : > >
. Y A
Ising model > | »
(6-,8-) vertex models Y 4
. — e
hard-core dimer model D

Promote the classical configurations to orthogonal basis states, and the
partition function above to a wave-function :

)= Ze 2

-one can import some knowledge about 2D stat. mech to build tractable quantum models
E (C) (observable which are diagonal in the “classical” basis have the same
expectation values in the RK state and in the classical models)
- It is the ground-state of some local Hamiltonian
- some non-RK wave functions can be approximated by RK states
- Entanglement properties are simple !

(and make contact other classical entropies)

15



Rokhsar-Kivelson stateS' Schmidt decomposition

) = rz 2 c)

Furukawa & GM 2007; Stéphan et al. 2009.
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Rokhsar-Kivelson states: Schmidt decomposition

——E(C)

¥)=

c)

L3

Boundary configuration i

B

Furukawa & GM 2007; Stéphan et al. 20009.
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Rokhsar-Kivelson states: Schmidt decomposition

~2E(c)
) “e)
_LeAcai) ETLION
ze | ze b
1 ZG;EA(aI)‘a>][ 1 Z 1EB(b,i)‘b>J
A B
Boundary configuration i \/Z i g A\/Z ° .
Rg )

B

classical probability of i

Furukawa & GM 2007; Stéphan et al. 20009.
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Rokhsar-Kivelson states: Schmidt decomposition

~2E(c)
w)= Lye g
_LeAcai) ETLION
ze | ze b
1 zm][ Ly 153“"”\@]
A B
Boundary configuration i \/Z i g A\/Z ° .
) )

B
=exact Schmidt decomposition <RKA‘RKA> _ s
of a (constrained) RK state i T

classical probability of i

Furukawa & GM 2007; Stéphan et al. 20009.
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Rokhsar-Kivelson states: Schmidt decomposition

c)

——E(c)

¥)=

L3

\// Ze——E (al)‘ ][ Z ——E (bl)‘ >J
Boundary configuration i \/ZT \/Z/B /

‘RKA ‘RKF>

=exact Schmidt decomposmon
of a (constrained) RK state

‘RKA> = 5,

P, = Z classical probability of i
Eigenvalues of p, = classical boundary probabilities
The entanglement Hamiltonian is classical & acts on boundary degrees of

freedom S,=-) plo — boundary law
A Z Pilog(p;) Y orikawa & GM 2007; Stéphan et al. 2009.
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Rokhsar-Kivelson states: long cylinders & transfer matrix
_ oM o)
B " et

T =2 g)gl

dominant eigenvector of the
transfer matrix

A
T
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Rokhsar-Kivelson states: long cylinders & transfer matrix

<_ 0 [T Ly/Z‘ i><i [T Ly/Z‘ n oo> When L,— the probability of a
B P = <_ ~ ’T W ‘+ OO> boundary configuration |i> is :

T~ 7g)lg p, =|(ig)

‘ 2

dominant eigenvector of the
transfer matrix

A
e
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Rokhsar-Kivelson states: long cylinders & transfer matrix

4 <_oo"|'Ly/2‘ i><i ’TLV/Z‘+00> When L,— the probability of a
B P = 2 boundary configuration |i> is :
(=0T [ +e0)
L/2 _ L/2 _ ‘<| ‘ >‘2
L, T s ‘QXQ‘ Pi =119
| | Entanglement entropy
zgr:sl?;n:nzlgs(nvector of the S(L) = _Zi: D, |09(pi)

A
e
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Rokhsar-Kivelson states: long cylinders & transfer matrix

B

L |

A
e

(= oofT )i T ] oo)

T e

T L2 /1'-y/2‘9><g ‘

dominant eigenvector of the
transfer matrix

S(L)log(2)

When L,—« the probability of a
boundary configuration |i> is :

‘ 2

p; =|(i[g)

Entanglement entropy

S(I—) — _Z P |Og(pi)

30

25

20

15

10 F

5 L

0 =

| Triangular lattice dimer RK state

A
+

AVAVAVAVARRRNES

0917*L -0.999999996 1

—

5 10 15 20 25 30
L

35
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Rokhsar-Kivelson states: long cylinders & transfer matrix

B
|

S(L)

o O o A o
L

(= oofT )i T ] oo)

T e

T L2 /1'-y/2‘9><g ‘

dominant eigenvector of the
transfer matrix

Square lattice dimer RK state

0.451%L -0.501

0 5 10 15

20
L

When L,—« the probability of a
boundary configuration |i> is :

p, =[(i|g)
Entanglement entropy

S(I—) — _Z P log(pi)

‘ 2

30 ‘
T
T
25 Triangular lattice dimer RK state + | 1
R EAVAN / LT
o A VAN
R VAVAVAV VAR,
= ’ _ +
» 107 T
+
St F
4
0 r | 0917%L -0.999999996
0 5 10 15 20 25 30 35

L
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L
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T e
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‘ 2
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T
T
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o A VAN
R VAVAVAV VAR,
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+
St F
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L
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Rokhsar-Kivelson states: long cylinders & transfer matrix

B
|

S(L)

(= oofT )i T ] oo)

T e

T L2 /1'-y/2‘9><g ‘

dominant eigenvector of the
transfer matrix

L

| Square lattice dimer RK state 4 +
8 uE + N
S| ot
4 t+ e A+
L
0r |
) ‘ | 0451*L -0.501

0 5 10 15 20 75 20

S(L)log(2)

When L,—« the probability of a
boundary configuration |i> is :

. 2
p, =[(i|g)
Entanglement entropy

S(I—) — _Z P |Og(pi)

30

-+
25 Triangular la}tice dimer RK state +J—
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+ Z, topological order
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T e
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8 uE + N
S| ot
4 t+ e A+
L
OF P N
) ‘ | 0.451%L, :9.501 -
0 5 10 15 50 08 20

S(L)log(2)

When L,—« the probability of a
boundary configuration |i> is :

. 2
p, =[(i|g)
Entanglement entropy

S(I—) — _Z P |Og(pi)

30

-+
25 Triangular la}tice dimer RK state +J—
o O T

NE
5 AN, T

A
10 -+ Gapped
+ Z, topological order
5t +F Quantum dimension D=2
+ U

Or 0.917%L £0.999999996 &

—

0 5 10 15 20 25 30
L

35

28



Rokhsar-Kivelson states: long cylinders & transfer matrix

B
|

S(L)

o O o A o
L

(= oofT )i T ] oo)

P;

el e

T L2 /1'-y/2‘9><g ‘

dominant eigenvector of the
transfer matrix

Square lattice dimer RK state

. e
_~_

|
T

A+
= -~ Critical state (c=1)
T

-+

algebraic correlations |
Free fermion exponents

-

25

10 15 20077

L

30

S(L)log(2)

When L,—« the probability of a
boundary configuration |i> is :

. 2
p, =(i|9)
Entanglement entropy
S(L)= _Z P, |Og(pi)
i
30 ‘
25 Triangular lattice dimer RK state +J— 1
JNSAVAN / LT
. A VARNES
i !
VAVAVASS
10 -+ Gapped
+ Z, topological order
5t +F Quantum dimension D=2
-+ emmmes
0 | 0.917%L £0.999999996 ]
0 5 10 15 20735 30
L

35
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VVon Neumann entropy, classical entropy, Shannon entropy

A

Classical model —

Z=>) eFl
~

> VVon Neumann entropy

S, =11 [pA IOQPA]

g
Shannon entropy

— 2P log(p;)

30



VVon Neumann entropy, classical entropy, Shannon entropy

A

T
]
2

Classical model —

_ —E(c)
L = Ze ------->  Transfer matrix
c ;

> VVon Neumann entropy
S, =11 [pA IOQPA]

g
Shannon entropy

‘ g> """" > P = Kl \g>‘2~-—---—>— Z p. log(p,)
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VVon Neumann entropy, classical entropy, Shannon entropy

A

_ -E(c)
/,Z - Ze ~==> Transfer matrix
/ C ,'

~
~<.

T
]
2

A Sy =—1Tr [pA IOQPA]
Classical model —

........ > VVon Neumann entropy

g
Shannon entropy

‘ g> """" > P = Kl \g>‘2~-—---—>— Z p. log(p,)

] Classical entropy of a line
) or classical mutual information
lass=Q cl | |
M |C aSS_SAC +SBC _SABC
(some models)
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VVon Neumann entropy, classical entropy, Shannon entropy
A

T
]
2

........ > VVon Neumann entropy
r s, =-Tr[p.logp,]
Classical model —

_ —E(c)
/,Z — Ze > Transfer matrix
C ]

g
Shannon entropy

g> -------- >p. = ‘<| ‘g>‘2>_zp| log(p;)

'Quantum Hamiltonian
| (spin chain, ...)

] Classical entropy of a line
) or classical mutual information
lass=Q cl | |
M |C aSS_SAC +SBC _SABC
(some models)

~
~<o
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Shannon entropies of wave-functions

1d XXZ spin chain & Luttinger liquids
1d quantum Ising chain

2d systems with Goldstone modes

34



Shannon entropy of an XXZ ground state — definition

‘g> - il/j| ‘ |> grOund- State Of H = —Z (SiXSi):-l + Siysii-l)_i_ AZSiZSiz_i_l
i=1 : i

i) =[JTT > "Isingconfigurations" S? :i%

p =i \g}‘z Y p,=1 probabilifes (normalized)

35



Shannon entropy of an XXZ ground state — definition
9)= i‘/’im ground- state of H :_Z(Sixsi)jrl+Siniy+1)+AZSiZSiZ+1

i) =N o), Isingconfigurations Sf:i%

b =[lilg)" Xp =1 probabilites (normalized) Shannon-Renyi entropy

Sn = ﬁ'OG[Z(pi )”j

Sn—>1 = _Z P Iog(pi)

Sn—>oo = Iog(pmax)
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Shannon entropy of an XXZ ground state — definition

19)=>"w,|i) ground-stateofH = _Z(sixsiﬁl LSSy
i=1 i

i i+1

)+ Isingconfigurations Sf:i%
Zpi =1 probabilifes (normalized)

J+aY sist,

Shannon-Rényi entropy

1 n
= | .
S, =-=—log >(p))

Sn—>1 = _Z P Iog(pi)

Sn—>oo - Iog(pmax)

Remarks: S, .; is similar to participation ratios
but here the sum (CPU time!) is exponential in L

37



S,(L)

16
14
12 +
10

o O o B O
N e B

Shannon entropy of an XXZ ground state — definition

9)- 3wl

i i+1

ground- stateof H = 3" (S"S”, +S?S?

Isingconfiguratons S’ = i%

Zpi =1 probabilifes (normalized)

Shannon entropy of the XXZ spin chain

A=0.5 n=1
A=2 n=1
A=2 n=oco

Lo s
- +
]

i i+1

J+aY sist,

Shannon-Rényi entropy
Sn Z (pl )n

ik)g
1-n
Sn—>1 = _Z P; Iog(pi)

S 109 (Prax)

Remarks: S, .; is similar to participation ratios
but here the sum (CPU time!) is exponential in L

N—owo
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Shannon entropy of an XXZ ground state — definition

9)- 3wl

i i+1

ground- state of H = —>"(S7S*, +S?S?, )+ AY S7S?,

Isingconfiguratons S’ = i%

Y pi=1 probabilifes (normalized)

Shannon entropy of the XXZ spin chain

A=0.5n=1 + +,,/+
14 A=2n=1 X e
oL AZnze L] e
A
10 L »
i ¥ N
8 —F/r7|‘: />< ><"’><
6 Yy
A Y
41~ AT e N
g hRN ;XX -
0~ !
/
\'g f—— //\\' | | | | |
0TS 0 15 20 25

Shannon-Rényi entropy
Sn Z (pl )n

ik)g
1-n
Sn—>1 = _Z P; Iog(pi)

S 109 (Prax)

Remarks: S, .; is similar to participation ratios
but here the sum (CPU time!) is exponential in L

N—owo

| Volume law and subleading constant

_|_|%): + .-
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Shannon entropy of an XXZ ground state — numerics

Volume law and subleading constant

T N
S,(L)~a L+ b,

n ) T
Stéphan et al. 2011
0.2 - .
0 L
= ; h,_,EE:::::._.L]
é '. . _.:=======_-
9:-0.2— X '5,"-;- 2
= I
0.4r o J,J=0.2411 A
. Nl A=0.4 X
Theory for these . /’.j S A0 o
: 06ty / A=-0.4 &
subleadlng entropy 1l / In[R(A)]Hog(n)/(2n-2)
constants ? ° ° ° ° 10

4
N (=Rényi index
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Luttinger liquid — Continuum limit

Algebraic correlations & Luttinger parameter K
(S5S7) ~ ar 2+ b(—=1)"z 2 £...

<SJS;> ~ crTIR + d(—l)"r:;r_r_gﬁ_% 4.

K — [1_ arccos(A)]l

T

Bosonization:

microscopic configurations — compactified scalar field
h

HEELEEE = o™

h(X,7)=h(X,7)+ 27

Gaussian effective action

space Imaginary time

S, [h] = 4—’;j(€h)2 dx__dr

1 1

K: =
2k R?

41



Gaussian Free field : boundary probabilities
Z

42



Gaussian Free field : boundary probabilities
Z

- exp(—xA{g))-Z,(0)

“~-.__ Partition function

Gaussian factor with Dirichlet condition (¢=0)
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Gaussian Free field : boundary probabilities

/
p(9)=7 ()] Z, = '

- exp(—xA{g))-Z,(0)

“~-.__ Partition function

Gaussian factor with Dirichlet condition (¢=0)

e n-x-Alg])x(Z,(0)"
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Gaussian Free field : boundary probabilities
Z

= exp(—xAlp) -Z,(0)

T Partition function

Gaussian factor with Dirichlet condition (¢=0)

- -~
~ <

n - A . e, =
- exp(— n-x- Alg]) x(Z,(0))" Z,,.(0)

45



Gaussian Free field : boundary probabilities

VA
%
p(@)="7 (0 Z, = !
= exp(—xAlp]) - Z,(0)
/\ T Partition function
Gaussian factor with Dirichlet condition (¢=0)
" T e _Znlo)
~exp(- n-x-Alg)x(Z,(0))  Zu(©
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Gaussian Free field : boundary probabilities

Z
t
p(P)="7 ()] Z, = !
- exp(~xAlg]) - Z,(0)
/A T Partition function
Goaussian tactor * with Dirichlet condition (¢=0)
I G _Z,(9)
=exp(- n-x - Alp]) x (z ©)"  Z.0
N
SN T (2] TR
p¢ anc(o) ZK‘ ’

J

a7



2n-sheeted partition function & Rényi entropy

=2.p,
@
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2n-sheeted partition function & Rényi entropy
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2n-sheeted partition function & Rényi entropy

_Zp

a3

“g-factor” Affleck-Ludwig 1991 =+2k =R
Fendley, Saleur, warner 1994

S(L)_—log[z j

50



2n-sheeted partition function & Rényi entropy

2.p,
@

e \
/D

zl

o /

=/nR

\_

Z

“g-factor’ Affleck-Ludwig 1991 .-/

Fendley, Saleur, warner 1994

®

K

>
P
e

(gDirichIet

V2K =

2

R

P

1log(n)

SN R

Nn-1

51



Stéphan et al. 2011

1uBISU0D \895@ @c_nmm_psw

Shannon entropy of an XXZ ground state — numerics
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Shannon entropy of an XXZ ground state — numerics

subleading entropy constant

0.2

-0.2

-0.4

Stéphan et al. 2011

N\
N\
N
/A‘\
A A . .
//1 | e
V74 N ﬁaﬂ
£ T iaeass :
4 j/rsT
/A | J,/J;=0.2411 A
' og(n A=0.4 X
| )71/ Sn<nc = ( )_ g( ) ’ 3;0;2 *
d 2(n—1) A0 T
" A=-04 &
/8 | | In[R(A)]-log(n)/(2n-2)
2 4 6 8
n
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Boundary phase transition in the Shannon-Rényi entropy

. 4
Vertex operator cos(2h(x,T)) has dimension Xy,ungay () = —
K

(relevant at the boundary if x<1)
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Boundary phase transition in the Shannon-Rényi entropy

4
Vertex operator cos(2h(x,T)) has dimension Xboundary(K) = —

K
(relevant at the boundary if x<1) o

Rényi index — effective stiffness multiplied by 2n :

p.(p)"~

N O(X)
Beyond some critical n, the vertex operator cos(2h/r) become relevant

. 2
— boundary phase transition at n,=— (XXZ at zero magnetization)
K
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Boundary phase transition in the Shannon-Rényi entropy

4
Vertex operator cos(2h(x,T)) has dimension Xboundary(K) = —

K
(relevant at the boundary if x<1) o

Rényi index — effective stiffness multiplied by 2n :

p.(p)"~

N O(X)
Beyond some critical n, the vertex operator cos(2h/r) become relevant

. 2
— boundary phase transition at n,=— (XXZ at zero magnetization)
K

n>n_decoupled replicas
1 2N

Dirichlet Dirichlet Dirichlet
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K =

Shannon entropy of an XXZ ground state — summary

0.2

-0.2

O(1) term

-0.4

2NK

-0.6

Stéphan et al. 2011

A
A=0.4 x
’ A=0.2 *
2(n—-1) A4 A
IN[R(A)]-log(n)/(2n-2)
4 6 8

n

i 1 K K 2 K
H B N
Dirichlet Dirichlet Dirichlet

Remark: the scaling of the largest weight
in the wave function gives the compactification radius:

Sn=oo — _Iog(pmax) — a‘ooL + Iog(R)
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Ising model

Shannon entropy of the critical Ising chain in transverse field
or classical entropy of a line in a 2d classical model

L—-1 L—1
- — Tal, . — =
H = —u E 050541 E o)
g=0 J=
L
Chain (L=40,42,44): 0.254393 | | |
0.8 Triangular (L=12,13,14): 0.254 /

Square {L=12,13,14): 0.255

Boundary phase transition at n.=1 06

0.2

R,(T.,L)-0.41"L

Universal (and mysterious)
Subleading entropy constant ) —

at n=1. Stéphan, GM, Pasquier 2010
; . Chair] +
NB: a replica approach fails ! onl | | | | | ISqugrr:?:l s |
0 5 10 15 20 25 30 35 40 45
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Shannon entropy in 2+1d & Goldstone modes

HHeisenberg = <Z>SI ) Sj
1)

Hy = S (S7S7 +57sY)

(i.1)
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Shannon entropy in 2+1d & Goldstone modes

. 1k
_ _ PRL 112, 057203 (2014) PHYSICAL REVIEW LETTERS 7 FEBRUS
HHeisenberg = ZSI ) Sj
(i) Universal Behavior beyond Multifractality in Quantum Many-Body Systems
H,, = Z (SiXS.X +S’SY ) David J. Luitz, Fabien Alet, and Nicolas Laflorencie
— ] ] Laboratoire de Physigue Théorigue, IRSAMC, Université de Toulouse, CNRS, 31062 Toulouse, France
(i.j) (Received 9 October 2013; published 6 February 2014)

___________________

S.(N)=a,N +1, log(N)+---

,

n=2,3,4,~ : accessible to quantum Monte-Carlo simulations
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Shannon entropy in 2+1d & Goldstone modes

S.(N)=a,N +1, log(N)+---

HHeisenberg = ZSI ) Sj

PRL 112, 057203 (2014}

PHYSICAL REVIEW LETTERS

week €
7 FEBRUA

(i5)

Hy = Y (S/S* +57SY)

(i.1)

___________________

,

Universal Behavior beyond Multifractality in Quantum Many-Body Systems

David J. Luitz, Fabien Alet, and Nicolas Laflorencie

Laboratoire de Physigue Théorigue, IRSAMC, Université de Toulouse, CNRS, 31062 Toulouse, France

(Received 9 October 2013; published 6 February 2014)

n=2,3,4,~ : accessible to quantum Monte-Carlo simulations

log( N} coef.

Model i Ref. [51]
Heisenberg

Jy =0 00 0.460(5)
Jo=-5 0.58(2)
Jo=0 2 1.0(2)

Jo=-5 2 1.25(4)
Jo=-5 3 1.06(3)
Jo=-5 4 1.0(1)

_ log(N) coef.
Model n Ref. [+1]
XY
Jy=0 o 0.281(8)
Jo=-1 o (0.282(3)
Jo—=0 2 0.585(6)
Jo=-1 2 (0.598(4)
Jh—0 3 0.44(2)
J=-1 3 0.432(7)
Jo—=0 4 0.35(8)
Jo=—1 4 0.38(2)
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Shannon entropy in 2+1d & Goldstone modes

HHeisenberg = ZSI ) Sj

(i5)

________

S.(N)=a,N +1, log(N)+---

PRL 112, 057203 (2014}

PHYSICAL REVIEW LETTERS

week €
7 FEBRUA

Hy = Y (S/S* +57SY)
i

,

David J. Luitz, Fabien Alet, and Nicolas Laflorencie
Laboratoire de Physigue Théorigue, IRSAMC, Université de Toulouse, CNRS, 31062 Toulouse, France
(Received 9 October 2013; published 6 February 2014)

log( N} coef.

log(N) coef.

Model Ref. [54] e Ref. [5] ERE=
Heisenberg
Jy =0 0.460(5) 0.5 0.281(8) 0.25
Jo = —5 0.58(2) 0.5 (0.282(3) 0.25
Ja =10 1.0(2) 1.5 [1.555(6}/,——— (.75
Jo=-5 1.25(4) 5 0.598(4) 0.75
— 0744(2) 0.5
Jo=-5 3 1.06(3) 1 /0.432(7) 0.5
0.35(8) 0.4166
Ja =—5 4 1.0(1) (0.8333 0.38(2) 0.4166
I

Work in progress, collaboration with V. Pasquier, M. Oshikawa & Toulouse

Universal Behavior beyond Multifractality in Quantum Many-Body Systems




Conclusions

Shannon entropy: probing a wave function directlty.
Subleading terms reveal the long-distance properties of the state:

Compactification radius R in Luttinger liquids, discrete symmetry breaking,
Goldstone modes, universality class (Ising), ...

A few things | have not talked about :
- Open chains
- Shannon entropy of a subsystem (a segment in 1d, a line in 2d, ...)
- Basis dependence

Some future directions:
- Better understanding of n=n.  (c=1 & marginal boundary sine-Gordon)
- Goldstone modes in 2d: dependence on the geometry (corners, topology, ...)
- Measure/characterize the correlations in “Renyified” states
(1d or 2d) :

)= Z%\C>—>\% )= rZ( Je)
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